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Abstract

We consider the question for which square integrable analytic functionsf andg on the polydisk
the densely defined productsTf Tḡ are bounded on the Bergman space. We prove results analo
to those we obtained in the setting of the unit disk [K. Stroethoff, D. Zheng, J. Funct. Ana
(1999) 289–313].
 2003 Elsevier Science (USA). All rights reserved.

1. Introduction

Throughout letn be a fixed integern� 2. Denote the unit disk inC by D, and letν be
Lebesgue volume measure onDn, normalized so thatν(Dn)= 1.

Forλ ∈ D, letϕλ be the fractional linear transformation onD given byϕλ(z)= (λ− z)/
(1 − λ̄z). Eachϕλ is an automorphism on the disk, in fact,ϕ−1

λ = ϕλ. Forw = (w1, . . . ,

wn) ∈ Dn the mappingϕw on the polydiskDn given byϕw(z)= (ϕw1(z1), . . . , ϕwn(zn)) is
an automorphism onDn. The Bergman spaceL2

a(D
n) is the space of analytic functionsh

on Dn which are square-integrable with respect to Lebesgue volume measure onDn. The
reproducing kernel inL2

a(D
n) is given by
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es a

on the
t give

that it
e final

suf-
Kw(z)=
n∏
j=1

1

(1− w̄j zj )2 ,

for z,w ∈ Dn. If 〈· , ·〉 denotes the inner product inL2(Dn), then〈h,Kw〉 = h(w), for every
h ∈ L2

a(D
n) andw ∈ Dn. The orthogonal projectionP of L2(Dn) ontoL2

a(D
n) is given by

(Pg)(w)= 〈g,Kw〉 =
∫
Dn

g(z)

n∏
j=1

1

(1−wj z̄j )2 dν(z),

for g ∈ L2(Dn) andw ∈ Dn. Givenf ∈ L∞(Dn), the Toeplitz operatorTf is defined on
L2
a(D

n) by Tf h= P(f h). We have

(Tf h)(w)=
∫
Dn

f (z)h(z)

n∏
j=1

1

(1−wj z̄j )2 dν(z),

for h ∈ L2
a(D

n) andw ∈ Dn. Note that the above formula makes sense, and defin
function analytic onDn, also iff ∈ L2(Dn). So, ifg ∈L2

a(D
n) we defineTḡ by the formula

(Tḡh)(w)=
∫
Dn

g(z)h(z)

n∏
j=1

1

(1−wj z̄j )2 dν(z),

for h ∈ L2
a(D

n) andw ∈ Dn. If alsof ∈ L2
a(D

n), thenTf Tḡh is the analytic functionf Tḡh.
We consider the following problem, which forn= 1 was raised by Sarason in [2].

Problem of boundedness of Toeplitz products on L2
a(D

n). For whichf andg in L2
a(D

n)

is the operatorTf Tḡ bounded onL2
a(D

n)?

In this paper we extend our results for boundedness of these Toeplitz products
Bergman space of the unit disk [4] to higher dimension. In the next section we will firs
a necessary condition for boundedness of the Toeplitz productTf Tḡ onL2

a(D
n). A recent

counter-example of Nazarov [1] for Toeplitz products on the Hardy space indicates
may not be possible to prove that this necessary condition is also sufficient. In th
section of the paper we will show that this condition is, however, very close to being
ficient, as shown for Toeplitz products on the Hardy space of the unit circle in [5].

2. Necessary condition for boundedness

Supposef andg are inL2(Dn). Consider the operatorf ⊗ g onL2
a(D

n) defined by

(f ⊗ g)h= 〈h,g〉f,
for h ∈ L2

a(D
n). It is easily proved thatf ⊗ g is bounded onL2

a(D
n) with norm equal to

‖f ⊗ g‖ = ‖f ‖‖g‖.
We will obtain an expression for the operatorf ⊗ g, wheref,g ∈ L2

a(D
n). This is

most easily accomplished by using the Berezin transform: writingkw for the normalized
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r

e

reproducing kernels, we define the Berezin transform of a bounded linear operatoS on
L2
a(D

n) to be the functioñS defined onDn by

S̃(w)= 〈Skw, kw〉,
for w ∈ Dn. The boundedness ofS implies that the functioñS is bounded onDn. The
Berezin transform is injective, for̃S(w) = 0, for all w ∈ Dn, implies thatS = 0, the zero
operator onL2

a(D
n) (see [3] for a proof). Using the reproducing property ofKw we have

‖Kw‖2 = 〈Kw,Kw〉 =Kw(w)=
n∏
j=1

1

(1− |wj |2)2 ,

thus

kw(z)=
n∏
j=1

1− |wj |2
(1− w̄j zj )2 , (2.1)

for z,w ∈ Dn. It follows from (2.1) that

S̃(w)=
n∏
j=1

(
1− |wj |2

)2〈SKw,Kw〉,

forw ∈ Dn. It is easily seen thatTḡKw = g(w)Kw . Thus〈Tf TḡKw,Kw〉 = 〈TḡKw,Tf̄ Kw〉
= 〈g(w)Kw,f (w)Kw〉 = f (w)g(w)〈Kw,Kw〉, and we see that

T̃f Tḡ(w)= f (w)g(w). (2.2)

Since〈(f ⊗ g)Kw,Kw〉 = 〈〈Kw,g〉f,Kw〉 = 〈Kw,g〉〈f,Kw〉 = f (w)g(w), we also have

f̃ ⊗ g(w)=
n∏
j=1

(
1− |wj |2

)2
f (w)g(w). (2.3)

For a multi-indexβ = (β1, . . . , βn), it follows from (2.2) that the Berezin transform of th
Toeplitz productTzβ Tf TḡTz̄β = Tzβf Tgzβ is equal to the functionw 
→wβf (w)g(w)wβ =
|w1|2β1 . . . |wn|2βnf (w)g(w). Writing

n∏
j=1

(1− xj )2 =
∑
(−1)k

(
2

k1

)(
2

k2

)
. . .

(
2

kn

)
x
k1
1 . . . x

kn
n ,

wherek = k1 + k2 + · · · + kn and the sum is over allk1, . . . , kn from {0,1,2}, we see
from (2.3) and the injectivity of the Berezin transform that

f ⊗ g =
∑
(−1)k

(
2

k1

)(
2

k2

)
. . .

(
2

kn

)
T
z
k1
1 ...z

kn
n
Tf TḡT

z
k1
1 ...z

kn
n

,

wherek = k1+k2+· · ·+kn and the sum is over allk1, . . . , kn ranging over the set{0,1,2}.
Using that‖Tzj ‖ = 1, for eachj , it follows that‖f ⊗ g‖ � 4n‖Tf Tḡ‖, and thus

‖f ‖‖g‖ � 4n‖Tf Tḡ‖, (2.4)

for f andg in L2
a(D

n).
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ional
ng
We will next apply the invariance under composition of the symbols with the fract
transformations. We need some preliminaries to make this precise. The mappiϕw
has real Jacobian

∏n
j=1ϕ

′
wj
(zj )ϕ′

wj
(zj ) = ∏n

j=1 |ϕ′
wj
(zj )|2, which by (2.1) is equal to

|kw(z)|2, so we have the following change-of-variable formula∫
Dn

h
(
ϕw(z)

)∣∣kw(z)∣∣2dν(z)= ∫
Dn

h(u) dν(u), (2.5)

for everyh ∈ L1(Dn). It follows from (2.5) that the mappingUwh = (h ◦ ϕw)kw is an
isometry onL2

a(D
n):

‖Uwh‖2 =
∫
Dn

∣∣h(ϕw(z))∣∣2∣∣kw(z)∣∣2dν(z)= ∫
Dn

∣∣h(u)∣∣2dν(u)= ‖h‖2,

for all h ∈L2
a(D

n). It is easily verified that

kw
(
ϕw(z)

)= 1

kw(z)
.

Sinceϕw ◦ ϕw = id , we see that(
Uw(Uwh)

)
(z)= (Uwh)

(
ϕw(z)

)
kw(z)= h(z)kw

(
ϕw(z)

)
kw(z)= h(z),

for all z ∈ Dn andh ∈L2
a(D

n). ThusU−1
w =Uw, and henceUw is unitary. Furthermore,

Tf ◦ϕwUw =UwTf . (2.6)

Proof. Forh ∈H∞ andg ∈ L2
a(D

n) we have

〈UwTf h,Uwg〉 = 〈Tf h,g〉 = 〈f h,g〉 =
∫
Dn

f (u)h(u)g(u) dν(z)

=
∫
Dn

f
(
ϕw(z)

)
h
(
ϕw(z)

)
g
(
ϕw(z)

)∣∣kw(z)∣∣2dν(z)
=
∫
Dn

f
(
ϕw(z)

)
h
(
ϕw(z)

)
kw(z)g

(
ϕw(z)

)
kw(z)dν(z)

= 〈fUwh,Uwg〉 = 〈Tf ◦ϕwUwh,Uwg〉,
establishing (2.6). ✷

It follows from (2.6), applied tof andḡ, that

Tf ◦ϕwTḡ◦ϕw = (Tf ◦ϕwUw)Uw(Tḡ◦ϕwUw)Uw
= (UwTf )Uw(UwTḡ)Uw =Uw(Tf Tḡ)Uw.

So if the Toeplitz productTf Tḡ is bounded onL2
a(D

n), then so is the productTf ◦ϕwTḡ◦ϕw ,
and‖Tf ◦ϕwTḡ◦ϕw‖ = ‖Tf Tḡ‖. By (2.4) we have

‖f ◦ ϕw‖2‖g ◦ ϕw‖2 � 4n‖Tf ◦ϕwTḡ◦ϕw‖ = 4n‖Tf Tḡ‖,
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t for

t for

ll

nt of
hence

|̃f |2(w)|̃g|2(w)� 4n‖Tf Tḡ‖2,

for all w ∈ Dn. So, forf,g ∈L2
a(D

n), a necessary condition for the Toeplitz productTf Tḡ
to be bounded onL2

a(D
n) is

sup
w∈Dn

|̃f |2(w)|̃g|2(w) <∞. (2.7)

In the next section we will show that this condition is very close to being sufficien
boundedness.

3. Sufficient condition

In this section we will prove that a condition slightly stronger than (2.7) is sufficien
boundedness of the Toeplitz productTf Tḡ . In fact we have the following result.

Theorem 3.1. Letf andg be inL2
a(D

n). If for ε > 0,

sup
w∈Dn

|̃f |2+ε(w)|̃g|2+ε(w) <∞,

then the operatorTf Tḡ is bounded onL2
a(D

n).

In the proof of Theorem 3.1 we will need estimates onTf̄ h and its derivatives, as we

as an alternative way to write the inner product formula inL2
a(D

n).

3.1. Inner product formula inL2
a(D

n)

In this subsection we will establish a formula for the inner product inL2
a(D

n) needed
to prove our sufficiency condition for boundedness of Toeplitz products. Our poi
departure is the following inner product formula proved in [4]:∫

D

u(z)v(z)dA(z)= 3
∫
D

u(z)v(z)
(
1− |z|2)2dA(z)

+ 1

6

∫
D

u′(z)v′(z)
(
1− |z|2)2(5− 2|z|2)dA(z),

for u,v ∈ L2
a(D). Let f,g ∈ L2

a(D
2). For fixedz2 ∈ D we have∫

D

f (z1, z2)g(z1, z2) dA(z1)= 3
∫
D

f (z1, z2)g(z1, z2)
(
1− |z1|2

)2
dA(z1)

+ 1

6

∫
∂f

∂z1
(z1, z2)

∂g

∂z1
(z1, z2)

(
1− |z1|2

)2(5− 2|z1|2
)
dA(z1).
D
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n.
Integrating both sides of the above equation with respect toz2 results in∫
D

∫
D

f (z1, z2)g(z1, z2) dA(z1) dA(z2)

= 9
∫
D

∫
D

f (z1, z2)g(z1, z2)
(
1− |z2|2

)2(
1− |z1|2

)2
dA(z1) dA(z2)

+ 1

2

∫
D

∫
D

∂f

∂z1

∂g

∂z1

(
1− |z1|2

)2(1− |z2|2
)2(5− 2|z1|2

)
dA(z1) dA(z2)

+ 1

2

∫
D

∫
D

∂f

∂z2

∂g

∂z2

(
1− |z1|2

)2(1− |z2|2
)2(5− 2|z2|2

)
dA(z1) dA(z2)

+ 1

36

∫
D

∫
D

∂2f

∂z1∂z2

∂2g

∂z1∂z2

(
1− |z1|2

)2(1− |z2|2
)2

× (
5− 2|z1|2

)(
5− 2|z2|2

)
dν(z1, z2).

To formulate a formula for the inner product inL2
a(D

n) we first introduce some notatio
For a nonempty subsetα = {α1, . . . , αm} of {1, . . . , n} with α1 < · · ·< αm let µα be the
measure onDn defined by

dµα(z)= 3n−m

6m
(
1− |z1|2

)2
. . .
(
1− |zn|2

)2∏
j∈α

(
5− 2|zj |2

)
dA(z1) . . . dA(zn),

for z= (z1, . . . , zn), wherem is the cardinality ofα, and let

Dαh=Dα1 . . .Dαmh,

whereDjh(z)= ∂h/∂zj . DefineD∅h= h. Note that

dµ∅(z)= 3n
(
1− |z1|2

)2
. . .
(
1− |zn|2

)2
dA(z1) . . . dA(zn)

and

dµα(z)� 3n
(
1− |z1|2

)2
. . .
(
1− |zn|2

)2
dA(z1) . . . dA(zn),

for all subsetsα of {1, . . . , n}. Then the following formula for the inner product inL2
a(D

n)

is proved by repeating the above procedure:∫
Dn

f (z) g(z)dν(z)=
∑
α

∫
Dn

Dαf (z)Dαg(z) dµα(z), (3.2)

whereα runs over all subsets of{1, . . . , n}.
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will

f

3.2. Estimates

In the proof of our sufficiency condition for boundedness of Toeplitz products we
also need the estimates contained in the following lemmas.

Lemma 3.3. For f ∈ L2
a(D

n) andh ∈H∞(Dn) we have∣∣(Tf̄ h)(w)∣∣� n∏
j=1

1

1− |wj |2 |̃f |2(w)1/2 ‖h‖,

for all w ∈ Dn.

Proof. By the inequality of Cauchy–Schwarz,

∣∣(Tf̄ h)(w)∣∣2 �
( ∫

Dn

∣∣f (z)∣∣∣∣h(z)∣∣ n∏
j=1

1

|1−wj z̄j |2 dν(z)
)2

�
∫
Dn

∣∣f (z)∣∣2 1

|1−wj z̄j |4 dν(z)
∫
Dn

∣∣h(z)∣∣2 dν(z)
=

n∏
j=1

1

(1− |wj |2)2 |̃f |2(w)‖h‖2,

and the stated inequality follows.✷
Lemma 3.4. Let f ∈ L2

a(D
n), h ∈H∞(Dn) andε > 0. If α = {α1, . . . , αm} is a subset o

{1, . . . , n} with α1< · · ·< αm, then∣∣Dα(Tf̄ h)(w)∣∣� 22n
n∏
j=1

1

1− |wj |2 |̃f |2+ε(w)1/(2+ε)

×
( ∫

Dn

∣∣h(z)∣∣δ n∏
j=1

1

|1−wj z̄j |2 dν(z)
)1/δ

,

for all w ∈ Dn, whereδ = (2+ ε)/(1+ ε).

Proof. We will first prove the estimate forα = {1, . . . , n}. For f ∈ L2
a(D

n) and h ∈
H∞(Dn) we have

(Tf̄ h)(w)=
∫
Dn

f (z)h(z)

n∏
j=1

1

(1−wj z̄j )2 dν(z),

thus

∂n

∂w1 . . . ∂wn
(Tf̄ h)(w)= 2n

∫
n

f (z)h(z)

n∏
j=1

z̄j

(1−wj z̄j )3 dν(z).

D
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Let ε > 0. Applying Hölder’s inequality we get∣∣∣∣ ∂n

∂w1 . . . ∂wn
(Tf̄ h)(w)

∣∣∣∣
� 2n

∫
Dn

∣∣f (z)∣∣ n∏
j=1

1

|1−wj z̄j |4/(2+ε)
∣∣h(z)∣∣ n∏

j=1

1

|1−wj z̄j |(2+3ε)/(2+ε) dν(z)

� 2n
( ∫

Dn

∣∣f (z)∣∣2+ε
n∏
j=1

1

|1−wj z̄j |4 dν(z)
)1/(2+ε)

×
( ∫

Dn

∣∣h(z)∣∣δ n∏
j=1

1

|1−wj z̄j |(2+3ε)/(1+ε) dν(z)
)1/δ

= 2n
(

n∏
j=1

1

(1− |wj |2)2 |̃f |2+ε(w)
)1/(2+ε)

×
( ∫

Dn

∣∣h(z)∣∣δ n∏
j=1

1

|1−wj z̄j |(2+3ε)/(1+ε) dν(z)
)1/δ

.

For eachj ,

1

|1−wj z̄j |(2+3ε)/(1+ε) � 2

|1−wj z̄j |2 (1− |wj |2)ε/(1+ε) ,

so ∣∣∣∣ ∂n

∂w1 . . . ∂wn
(Tf̄ h)(w)

∣∣∣∣
� 22n

n∏
j=1

1

1− |wj |2 |̃f |2+ε(w)1/(2+ε)
( ∫

Dn

∣∣h(z)∣∣δ n∏
j=1

1

|1−wj z̄j |2 dν(z)
)1/δ

,

proving the estimate forα = {1, . . . , n}.
Now suppose thatα = {α1, . . . , αm}, whereα1 < · · · < αm. For f ∈ L2

a(D
n) andh ∈

H∞(Dn) we have

Dα(Tf̄ h)(w)= 2
∫
Dn

∏
)∈α

z̄)

1−w)z̄) f (z)h(z)
n∏
j=1

1

(1−wj z̄j )2 dν(z).

Noting that∏
)∈α

1

|1−w)z̄)| = 1

|1−w1z̄1| . . . |1−wnz̄n|
∏

j∈{1,...,n}\α
|1−wj z̄j |

� 2n−m
,
|1−w1z̄1| . . . |1−wnz̄n|
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eplitz

e-
we get∣∣Dα(Tf̄ h)(w)∣∣� 2n−m+1
∫
Dn

∣∣f (z)∣∣∣∣h(z)∣∣ n∏
j=1

1

|1−wj z̄j |3 dν(z),

and the stated inequality follows from the proof of the first part of the lemma.✷
3.3. Sufficient condition for boundedness

We are now in a position to prove our sufficiency condition for boundedness of To
products.

Proof of Theorem 3.1. Let h andk be bounded analytic functions onDn. It follows from
Lemma 3.3 that∣∣(Tf̄ h)(w)(Tḡk)(w)∣∣� n∏

j=1

1

(1− |wj |2)2 |̃f |2(w)1/2 |̃g|2(w)1/2‖h‖‖k‖,

thus ∫
Dn

∣∣(Tf̄ h)(z)(Tḡ)(z)∣∣dµ∅(z)� 3n‖h‖‖k‖ sup
w∈Dn

|̃f |2(w)1/2|̃g|2(w)1/2.

Using Lemma 3.4 we have∣∣DαTf̄ h(w)DαTḡk(w)∣∣� n∏
j=1

1

(1− |wj |2)2 |̃f |2+ε(w)1/(2+ε)|̃g|2+ε(w)1/(2+ε)

×Q[|h|δ](w)1/δQ[|k|δ](w)1/δ,
whereQ is the integral operator defined by

Q[u](w)=
∫
Dn

u(z)

n∏
j=1

1

|1−wj z̄j |2 dν(z),

for u ∈L1(Dn, dν) andw ∈ Dn. If

|̃f |2+ε(w)1/(2+ε) |̃g|2+ε(w)1/(2+ε) �M,
for all w ∈ Dn, then the above inequality implies∫

Dn

∣∣DαTf̄ h(w)DαTḡk(w)∣∣dµα(z)� 3nM
∫
Dn

Q
[|h|δ](z)1/δQ[|k|δ](z)1/δ dν(z).

That the operatorQ is Lp bounded, for each 1< p <∞, is easily shown as in the on
dimensional case (see, for example, Chapter 4 in [6]). Sinceδ < 2, p = 2/δ > 1, so there
exists a constantC such that∫

n

Q[u](z)p dν(z)� Cp
∫
n

∣∣u(z)∣∣p dν(z).

D D
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t

nd-

at
In particular,∫
Dn

Q
[|h|δ](z)p dν(z)� Cp‖h‖2,

and a similar inequality for functionk. By the Cauchy–Schwarz inequality,∫
Dn

Q
[|h|δ](z)1/δQ[|k|δ](z)1/δ dν(z)

�
( ∫

Dn

Q
[|h|δ](z)2/δ dν(z))1/2( ∫

Dn

Q
[|k|δ](z)2/δ dν(z))1/2

�
(
Cp‖h‖2)1/2(Cp‖k‖2)1/2 = C2/δ‖h‖‖k‖.

Thus∫
Dn

∣∣DαTf̄ h(w)DαTḡk(w)∣∣dµα(z)� 3nMC2/δ‖h‖‖k‖,

for every subsetα of {1, . . . , n}. Using (3.2) we conclude that there is a finite constanC′
such that∣∣〈Tf Tḡk,h〉∣∣� C′‖h‖‖k‖,
for all bounded analytic functionsh andk on Dn. Hence the operatorTf Tḡ is bounded on
L2
a(D

n). ✷
3.4. Compact Toeplitz products

The following theorem states that the Toeplitz productTf Tḡ is only compact in the
trivial case that it is the zero operator.

Theorem 3.5. Let f andg be inL2
a(D

n). ThenTf Tḡ is compact if and only iff ≡ 0 or
g ≡ 0.

Proof. If Tf Tḡ is compact onL2
a(D

n), then its Berezin transform vanishes near the bou
ary ofDn:

T̃f Tḡ(w)→ 0

asw in Dn approaches∂(Dn). We have seen that̃Tf Tḡ(w)= f (w)g(w), so∣∣f (w)g(w)∣∣= ∣∣T̃f Tḡ(w)∣∣→ 0

asw in Dn approaches∂(Dn), and it follows from the maximum modulus principle th
fg ≡ 0. ✷
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