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Abstract Motivated by recent works of Ahern and Cuckovi¢ on the disk, we
study the generalized zero product problem for Toeplitz operators acting on
the Bergman space of the polydisk. First, we extend the results to the polydisk.
Next, we study the generalized compact product problem. Our results are new
even on the disk. As a consequence on higher dimensional polydisks, we show
that the generalized zero and compact product properties are the same for
Toeplitz operators in a certain case.
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1 Introduction

Let D be the unit disk in the complex plane. For a fixed positive integer n, the
unit polydisk D" is the cartesian product of n copies of D. Let LP = LP(D")

The first three authors were partially supported by KOSEF(R01-2003-000-10243-0) and the last
author was partially supported by the National Science Foundation.

B. R. Choe
Department of Mathematics, Korea University, Seoul 136-701, Korea
e-mail: cbr@korea.ac.kr

Y. J. Lee
Department of Mathematics, Chonnam National University, Gwangju 500-757, Korea
e-mail: leeyj@chonnam.ac.kr

K. Nam
Department of Mathematics, Hanshin University, Gyeonggi 447-791, Korea
e-mail: ksnam@hanshin.ac.kr

D. Zheng (<)
Department of Mathematics, Vanderbilt University, Nashville, TN 37240, USA
e-mail: zheng@math.vanderbilt.edu

@ Springer
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denote the usual Lebesgue space with respect to the volume measure V =V,
on D" normalized to have total mass 1. The Bergman space A? is then space of
all L?-holomorphic functions on D". Due to the mean value property of holo-
morphic functions, the space A? is a closed subspace of L2, and thus is a Hilbert
space. The Bergman projection P is defined to be the Hilbert space orthogonal
projection from L? onto A2. For a function u € L™, the Toeplitz operator T,
with symbol u is defined by

T.f = P(uf)

for f € A%. Itis clear that T,, : A> — A? is a bounded linear operator.

In their recent paper Ahern and Cugkovi¢ [2] studied the “generalized zero
product” problem for Toeplitz operators acting on the Bergman space of the
unit disk. Namely, they studied the problem of when the product of two Toep-
litz operators is another Toeplitz operator. More explicitly, they considered
bounded harmonic symbols u, v and bounded C?-symbol o with bounded invari-
ant Laplacian and proved that if T, T, = T, then either u is co-holomorphic or
v is holomorphic, and in either case o = uv. More recently, Ahern [1] has shown
that, for bounded harmonic symbols u, v and L*°-symbol o, T}, T, = T, if and
only if either u is co-holomorphic or v is holomorphic, and o = uv.

The results of Ahern and Cuckovi¢ ([1,2]) quite naturally suggest further
studies at least in two directions. One is to investigate the same generalized
zero product problem on higher dimensional domains and the other is to inves-
tigate the analogous “generalized compact product” problem. In this paper we
take the polydisk as our domain and study the generalized zero and compact
product problems.

Working on higher dimensional polydisks, we naturally consider plurihar-
monic symbols in place of harmonic ones. Let C> = C?*(D") for simplicity.
Recall that a complex-valued function u € C? is said to be pluriharmonic if
its restriction to an arbitrary complex line that intersects D" is harmonic as
a function of single complex variable. It turns out that every pluriharmonic
function on D" can be expressed, uniquely up to an additive constant, as the
sum of a holomorphic function and a co-holomorphic function. Note that every
pluriharmonic u satisfies

8j8iu=0, Lj=1,2,...,n

where 9; denotes the complex partial differentiation with respect to jth variable.
See Chapt. 2 of [9] for details.

For the generalized zero product problem, our main result is Theorem 1
below. For n = 1, the theorem is just a restatement of the result of Ahern
mentioned above. While our method is basically adapted from [1], substan-
tial amount of extra work is necessary for the setting of higher dimensional
polydisks.

Theorem 1 Letu,v € L™ be pluriharmonic symbols and assume o € L*°. Then
the following statements are equivalent:
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(@) T.T,=T,.
(b) o =uv and either dju = 0 or 9;v = 0 for each j.

When some additional assumptions are imposed on ¢ in Theorem 1, one
might be able to derive a more concrete characterization. In [2] the case of
harmonic o is considered and it is deduced that characterization reduces to a
complete triviality. As a higher dimensional analogue, we consider n-harmonic
symbols o. Recall that a function u € C? is called n-harmonic as in [12] if u is
harmonic in each variable separately. More explicitly, u is n-harmonic if

3]'5]'1/!:0, j:1,2,...,n.

For a more concrete description when the symbol ¢ is n-harmonic, see
Theorem 5. It turns out that the characterization is symmetric in u and v.
Also, our result shows that the characterization for n > 2 does not reduce to
such a triviality as in [2].

We need more terminology and notation. We let Cyp = Co(D") denote the
class of all continuous functions » on D" such that ¥ (a) — 0 as a — D"
where dD" denotes the topological boundary of D”. Also, we let o/ C L™
denote the algebra of functions that are uniformly continuous with respect to
the pseudohyperbolic distance; see Sect. 2 for definition.

For the generalized compact product problem, our result is Theorem 2 below.
It is new even on the disk. Moreover, the case o = uv recovers the main result
on the semi-commutator of two Toeplitz operators on the disk [16] and the
analogous result on the polydisk [4]. In case o is n-harmonic, we also have a
symmetric characterization as in Theorem 7. Meanwhile, in case symbols are
continuous up to the boundary, the characterization for n = 1 can be much
simplified as in Corollary 3.

Theorem 2 Letu,v € L™ be pluriharmonic symbols and assume o € L*°. Then
the following two statements are equivalent:

(a) T,T,— Ty is compact.
(b) T,T,— Ty, and Ty, —s are both compact.

If, in addition, o € <7, then the above conditions are also equivalent to
(¢) T,T,— Ty is compact and o — uv € Cy.

The differences of the function theory between on the polydisks and on the
disk have shown that the theory of Toeplitz operators on the polydisks is quite
different, especially when pluriharmonic symbols are considered, from that on
the disk as is shown in [4,6,8,15]. The next theorem provides another evidence
for such differences.

Theorem 3 (n > 2) Let u,v € L*> be pluriharmonic symbols and assume that
o € L™ is an n-harmonic symbol. Then the following statements are equivalent:
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(@) TuTy=T,.
(b) T,T,— Ty is compact.

Of course, one cannot expect the same on the disk. For example, take u =
v =zando = 1. Then, T, Tz — I is compact by Theorem 2, but 7,77 # I where
I = T denotes the identity operator. One cannot expect the same for general
o € &/, either. For example, consider the case u = v = 0. In case the symbol
o is in addition pluriharmonic, there is a more concrete description which in
turn yields the remarkably simple characterization for zero products of Toeplitz
operators with pluriharmonic symbols (see Theorem 9 and Corollary 5).

This paper is organized as follows. In Sect.2, we briefly review basic facts
and some recent results on the Berezin transform which is the main tool for our
proofs. In Sect. 3, we prove Theorem 1 and observe its consequences. In Sect. 4,
we prove a strengthened version of Theorem 2 and observe its consequences.
Finally, in Sect. 5, we prove Theorem 3 and observe its consequences.

2 Back ground: Berezin transform

One of the main tools in the theory of Toeplitz operators is the Berezin trans-
form. We briefly review basic facts and some recent results related to the Bere-
zin transform. Throughout the section we let a € D" denote an arbitrary point,
unless otherwise specified.

Since every point evaluation is a bounded linear functional on A2, there
corresponds to every a € D" a unique function K, € A% which has following
reproducing property:

f@ = (f.Ka), feA? (2.1)
where the notation (, ) denotes the inner product in L2. The function K, is the
well-known Bergman kernel and its explicit formula is given by

n

1
K,(z) = —— zeD"

Here and elsewhere z; denotes the jth component of z. We let k, denote the
normalized kernel, namely,

n

k@) = [ L

1 - ﬁ]’Zj)z ’

2
| z € D" (2.2)

We let ¢,(2) = (d)al (21)s- - s Pa, (zn)) where each Pa; is the usual Mobius map
on D given by

ai — z;
i~ &

¢a]-(Zj) = —1 — Zj € D.
- 4z
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The map ¢, is an automorphism on D" such that ¢, o ¢, = id. It has real Jaco-
bian ]_[]’.‘:1 |¢;j (z)) |2, which by (2.2) is equal to |k,(z)|2, so we have the following
change of variable formula:

/ 7(0a() ko ()P AV (2) = / hw) dV(w) 23)
Dn Dn

for every h e L.
Let £(A?) be the algebra of bounded linear operators on A%, Recall that the
Berezin transform of S € £(A?) is the function B[S] on D" defined by

B[S1(a) = (Ska, ka).

It is easily seen that B[S] is a continuous function on D". It has been recently
proved by Coburn [5] that B[S] is actually Lipschitz p-continuous where p
denotes the pseudohyperbolic distance on D" defined by p(z,w) = maxj<j<y |¢;
(wj)| for z,w € D". More precisely, there is a constant C;, > 0 such that

[B[S1(z) — BISIwW)| = CullSllp(z,w) (24)

for all z,w € D".
For u € L*°, we simply let Bu = B[T,]. Note that we have

Bu(a) = (uka, k) = / ulkal*dV, (2.5)
Dil
so that by (2.3)
Bu(a) = / (uo@g)dV. (2.6)
Dn

This integral representation provides some useful information. First, it allows
us to extend the notion of the Berezin transform to functions u € L'. Moreover,
the mean value property yields Bu = u for n-harmonic functions # € L!. In
particular, we see from (2.4) that bounded n-harmonic functions are all con-
tained in 7. Next, it is easily seen from (2.6) that the Berezin transform is
automorphism invariant; B(u o ¢,) = (Bu) o ¢,. Finally, for u € C(D"), we have
Bu € C(D"). Moreover, if u € Cp, then Bu € Cy, because ¢,(z) — 9D" as
a — dD" for each z € D".

The Berezin transform turns out to provide a compactness criterion for
certain type of operators. Consider operators which are finite sums of finite
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products of Toeplitz operators with bounded symbols. Thus, such an operator
S is of the form

M

S = Z Tun -+ Ty, (2.7)
i=1

where each u;; € L*. The compactness of operators of this form is character-
ized by the boundary vanishing property of the Berezin transform as in the next
lemma. See Axler-Zheng [3] on the disk and Englis [7] on the polydisk.

Lemma 1 Let S be as in (2.7). Then S is compact if and only if B[S] € Co. In
particular, if u € Cy, then T, is compact.

We now introduce quite recent results about the Berezin transform. The
same notation B will be used for the Berezin transform on D and D". Dimen-
sions involved in B should be clear from the context. First, we need a couple
of one-variable facts describing certain ranges of the Berezin transform on D.
The following is taken from Theorem 1 of [1].

Lemma 2 Let f and g be nonconstant holomorphic functions on D and assume
that fg = Bt for some t € LY (D). Then there are nonconstant holomorphic
polynomials p,q with deg(pq) < 3 and a point b € D such that f = p o ¢} and
g = q o ¢p. Hence pq = B(t o ¢p).

Moreover, we have the following.

Lemma 3 Let p and q be nonconstant holomorphic polynomials with deg(pq) <
3and assume that pq = Bt forsome t € LY(D). Thent(}) = n(A)+¢; log A%+
o 30! for some constants c;, not all 0, and n € L*°(D).

Proof The Lemma is implicit in the proof of Corollary 1 of [1]. Also, one
may directly verify the lemma by using the straightforward identities AA =

B(1 +log|¢?) and 3% = BQC — ¢ 1. O

Next, we need recent results on higher order Berezin transforms. In [14]
Suérez first introduced and studied higher order Berezin transforms for opera-
tors on the disk. Nam and Zheng [11] have recently extended such notions to
the polydisk. All the results about higher order Berezin transforms mentioned
below are taken from [11], unless otherwise specified, to which we refer for the
proofs or details and further results.

We introduce more notation first. We define a linear operator U, on A” by

Ugr = ( o pa)kya
for ¢ € A2 It follows from (2.3) that each U, is an isometry on A”. It is
easily verified that U,k, = (k, o ¢4)k, = 1. It follows that U,U, = I and thus
U, 1 = U,. Now, being an invertible linear isometry, U, is unitary. We set

Sqe = U,SU,
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for S € £(A?). For f,g € A2, we let f ® g denote the operator & — (h,g)f on
A?. Tt is easily seen that f ® g is a trace class operator whose trace is given by
tr[f ® gl = (f,g). Using this notation, note that we have

B[S](a) = (Ska, ka) = (Sa1,1) = tr[S,(1 ® 1)].
Now, fix an integer m > 0. Nam and Zheng [11] adopted this more insightful

formula to define the m-Berezin transform of an operator S € £(A?). More
explicitly, they have given a definition as follows:

n
1 z* 7%
B, [Sl(@) =(m+1)"tr | S Cina ®
" o\ 2 o Haj+1 lzel = lze

la|<mn j=1
where || || denotes the L2-norm and ¢, = (—1) (2’:) . (;’;) Here, we use the
conventional multi-index notation. That is, given an n-tuple « = (aq,...,0y)
of nonnegative integers, we let la| = 37 jo; and z* = z{' - zy". They then
deduce the formula

BulSl@) = (m+1)" D" cma (S2K), 2°K])) 2.8)

lee] <mn

where

m+2
n /1 — |Ll]'|2
k'@ =] —=— , zeD"
a i1 1 —ajz;

It is this formula which was used by Suarez [14] for the definition of B,, on the
disk. It is now clear from (2.8) thatif S; — S in the weak operator topology of
£(A?), then Bu[Sj] — BplS] pointwise on D". Clearly, By = B.

For u € L*>, we let B,,u = B,,[T,] as in the case m = 0. It turns out that
there is also an integral representation for B, u:

Buut(a) = / (1 0 ¢a) dv (2.9)
D”

where dvy,,(z) = (m + 1)" H}Ll(l - |Z]'|2)m dV (z). For a positive u € L*, it is
clear from (2.6) and (2.9) that if Bu vanishes on the boundary, then so does B, .
With regard to such a boundary vanishing property, Nam and Zheng proved
that

B[Sl € Co = BulS] € Co, (2.10)

which is not at all clear for general S.
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It is well known that
(Ty)a = Tuoga,,- (2.11)

So, as is the case for m = 0, it follows from (2.9) that B, (u o ;) = (Bmit) o ¢4,
or said differently, B,,[(T,)q] = Bm[Tyu] o .. More generally, the m-Berezin
transform is automorphism invariant in the sense that

BlSal = BiulS] o ¢a. (2'12)

Finally, one of the main properties of B, is the approximate identity property
as in the following.

Lemmad4 Let S € £(A?). If there is some p > 3 such that

sup | TB,,is,11llr <00 and sup ||T§m[sa]1||Lp <00, (2.13)
aeD" m>0 aeD" m>0

then T, s — S as m — oo in the norm topology of £(A?).

3 Zero products

In this section we prove Theorem 1 and then derive Theorem 5 as a conse-
quence. Before proceeding to the proof, we recall some well known facts. The
notation H(D™) denotes the class of all functions holomorphic on D”.

Given 0 < p < o0, let H? (D") be the well-known Hardy space on D". For a
pluriharmonic function u = f + g € L*> where f,g € H(D"), it is well known
that f,g € HP(D") for all 0 < p < oo by the LP-boundedness of the Cauchy
projection. Hence, in particular, we have f,g € A2.

By the reproducing property (2.1), the Bergman projection P can be repre-
sented by

Py (a) = / YvK,dV, aeD"

Dn

for functions v € L?. It follows that P naturally extends via the above formula
to an integral operator from L! into H(D"). Moreover, we have Pf = f and

P(fks) = f(a)ky, a € D" (3.1)

for functions f € L' n H(D™). It is well known that P : L? — LP N H(D") is
bounded for 1 < p < oo. See, for example, Theorem 4.2.3 of [17] for details on
the disk; the same proof works on D".

The special case 0 = uv of Theorem 1 has been already noticed by many
authors (see [4,6,16]).
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Lemma$5 Let u,v € L™ be pluriharmonic symbols withu = f +g, v = h + k
forsome f,g,h,k € H(D"). Then T,/ T, = Ty, if and only if fk is n-harmonic.

Now, we are ready to prove Theorem 1. We actually prove the following
version of Theorem 1.

Theorem 4 Let u,v € L™ be pluriharmonic symbols withu = f +3,v=h+k
for some f,g,h,k € H(D") and assume o € L. Then the following statements
are equivalent:

() TuTv=T, _
(b) o = uvand fk is n-harmonic.

Proof As is mentioned in the introduction, the theorem for n = 1 is just a
restatement of the result of Ahern(Corollary 1 of [1]). So, let n > 2.

We first prove the implication (a) = (b). So, assume (a). Having n-harmo-
nicity of f%, we have T, = T,T, = T,, by Lemma 5 and hence o = uv. We
now prove n-harmonicity of fk. We need to show ajﬁj(fz) = 0 for each j. By
symmetry, it is sufficient to prove only for j = 1. Since u and v are bounded,
functions f, g, h and k are all in A?, asis mentioned above. Fix an arbitrary point
a € D". By (3.1), we have

Ty, 5ka = PLh + )ky] = [h + k(@)]kq.
Therefore, we have
Tr 15Ty, tka = fhka + fR(@)kq + g(a) k(@)ka + P(hgka).
It follows from (2.5) that

BIT,Tyl(a) = (TergT}H,Eka, ka)
= f(@h(a) + f(@k(a) + g(a) k(@) + B(hg)(a)
= B(fh + gk + hg)(a) + f(a)k(a).
Since 7,7, = T, by assumption, we have B[T,T,] = B[T,] = Bo and thus
f(a)k(a) = Byr(a), ae D" (32)
where v = o — fh — gk — hg. Now, inserting a = (1,0), A € D, into (3.2), we
have
(1= 1aP?

A0k 0) = [ ————— dv =Bt(A 3.3
F0 0KG0) D/'l‘“'“@ 1©) = Br() (33)

where

T(§) = / V(,2)dV,1(2), ¢e€D.
n—1

D

Since o € L™ andfh,EE hg € LY(D™), we see T € L1(D).
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Since f € H*(D"), we have f(¢,-) € H*(D" 1) for each ¢ € D by Lemma 3.3
of [4]. In particular, we have f(¢,-) € A>(D""!) for each ¢ € D. The same is
true for g, 4, k and hence (fh) (¢, -), (gk)(¢, -) are all in A1 (D"~1) for each ¢ € D.
Thus, an application of the mean value property yields

@) =1ul)—n@)—-uK&), teD

where

11(¢) = / 0(£,2)dV,_1(2),

pn—1

n() = / h(¢,2)8(5,2)dV,—1(2),
pn—1
3(8) = f(£,0h(£,0) +g(¢,0) k(£,0).

Clearly, we have t; € L®(D) and t3 is continuous on D. Note that, given a
compact subset K C D, we have

sup |h(2,2)g(¢,2)| < C [ |h(h, 208, 2)|dVi(R), ze€ D" ! (34)

ek
¢ D

for some constant C independent of z. This is easily seen by submean value
property of subharmonic functions |A(-, z)g(:, z)|. Also, note that the function
Z fD |A (X, 2)g(X,2)|dV{ () is integrable on D"—1. Thus, by the Lebesgue
dominated convergence theorem, we see that 1 is continuous on D. Combin-
ing all these observations together, we see that 7 is essentially bounded on each
compact subset of D. So, by Lemmas 2 and 3, we conclude that either f(,0) or
k(x,0) is a constant function of A € D. In other words,

either 9;f(2,00=0 or 8k(,0)=0 (3.5)

for A € D.

Next, we consider arbitrary points. So, fix z = (zy,...,2,) € D". Since
T,T, = T, by assumption, we have Tyop, Tvop, = T5op, by (2.11). Thus, replac-
ing u,v and o, respectively, by 0 90.z5,....2,), V © ©(0,23,....z,) ANd 0 0 Q0 75, ... .7,,) IN
the above argument, we see from (3.5) that either

,,,,,

0="01(f 0o 90z,..20)(—21,0) = =011 (2)

or

0=01(ko@oz,.z))(—21,0) = —01k(2).
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Consequently, we have either d1f = 0 or djk = 0 on D". In other words, we
have 9,9 (fk) = 0, as desired.

Next, we prove the implication (b) = (a). So, assume (b). Since fk is n-har-
monic, we have 7,7, = T,, by Lemma 5. Now, since 0 = uv by assumption,
we have (a). The proof is complete. O

In what follows, for J; ¢ J = {z1,...,2x}, we write H(J1) for the set of
all holomorphic functions on D" independent of variables z; ¢ Ji. In par-
ticular, H(¥) consists of all constant functions. Also, note H(J) = H(D").
For n-harmonic symbols o, we have the following symmetric characterization.
For pluriharmonic symbols o, much more turns out to hold for n > 2. See
Theorem 9 below.

Theorem 5 Let u,v € L™ be pluriharmonic symbols and assume that o € L™
is an n-harmonic symbol. Then the following statements are equivalent:

(a) T,T,=T,.

b)) T,T,=T,.

(¢c) o = uv and there are sets J1,J, C J, functions f € H(J1), g € H(J2),
he HJ\J2), ke HJU\Jy) suchthatu =f+gandv=h+k.

In case n = 1, the above is already noticed in [2]. Note that the second part of
condition (c) above reduces to trivial cases for n = 1. Namely, it simply means
that one of the following conditions holds: (i) « is constant, (ii) v is constant,
(iii) u, v are both holomorphic, (iv) u, v are both co-holomorphic. Thus, what
seems interesting here for n > 2 is that there are something more in addition to
such trivial cases.

Proof As is mentioned before, the theorem is already noticed for n = 1 in [2].
So, let n > 2. Note that we only need to prove the equivalence (a) <= (c)
by symmetry. The implication (c) = (a) follows from Theorem 4. It remains
to prove the implication (a) = (c). So, assume (a) and write u = f + g,
v = h+ k for some f,g,h,k € H(D"). Then, by Theorem 4 and assumption,
o =uv = fh+ fk + hg + gk is n-harmonic. Since fh + gk is already n-harmonic
and fk is n-harmonic by Theorem 4, it follows that Ag is also n-harmonic. Now,
(c) follows from n-harmonicity of fk and hg. The proof is complete. O

4 Compact products
In this section we first prove Theorem 2 and then derive Theorem 7 as a
consequence. As applications, we will observe some consequences in case sym-

bols are continuous up to the boundary. We also recall some well known facts.
We let A; denote n-Laplacians defined by

Ajo(2) = (1 —|zj1*)?8dj0(z), zeD", j=1,...,n.
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We remark in passing that n-Laplacians commute with automorphisms. That is,
we have

Zj(o 0 @) = (Zja)ogoa, j=1,...,n

for o € C? and a € D". Note that u is n-harmonic if and only if « is annihilated
by all Zj. Thus, we will say that u is boundary n-harmonic it Zju € Cp for each.

The following characterization of compact semi-commutators has been known
(see [4]). Also, see [16] on the disk.

Lemma 6 Let u,v € L™ be pluriharmonic symbols withu = f + g, v = h + k
for some f,g,h,k € H(D"™). Then T,T, — T,, is compact if and only if fk is
boundary n-harmonic.

Our proof will rely on some auxiliary function class related to the maximal
ideal space of 7. Recall that the maximal ideal space 9t of <7 is defined to be
the set of all nonzero multiplicative linear functionals on 7. As is well known,
we have & ¢ C(9M) via the Gelfand transform. We will use the same notation
for a function u € & and its continuous extension u on the whole 1.

Identifying z € D" with the multiplicative evaluation functional f +— f(z),
we can regard D" as a subset of 9. So, given z € D", we can think of ¢, as a map
from D" to M. In other words, ¢, € MP". Equipped with product topology, the
function space MP" is compact by Tychonoff’s theorem. Now, we let

® = (closure of D)\ D"

where the closure is taken in 1. Let m € ® be given and choose a net {z,} in D"
such that z, — m. By compactness the net {¢., } in 9MP" contains a convergent
subnet {‘Pzaﬁ }. That is, there is a function ¢ € 9P" such that u o Pay —> UOP
pointwise on D" for every u € /. It is noticed on the disk in [14] that such ¢
does not depend on the net. The same continues to hold on the polydisk by the
same proof. The map ¢ will be denoted by ¢n,.

The following lemma comes from [14] of the disk case. The proof is the same
as the disk case and included here for completeness.

Lemma 7 Let {z,} be a net in D" converging to m € ®&. Then the following
statements hold:

(a)  @m is a continuous map from D" into 9.
(b) uogme A foreveryu e .
(¢) uo@;, — uo gy uniformly on compact subsets of D" for every u € /.

Proof Suppose w € D" and u € «/. Given € > 0 there is § > 0 such that
lu(z) — u(z)| < € if p(z,z7’) < 8. Take w' such that p(w’,w) < §. Since p is
automorphism invariant, we have p (¢, (W), ¢z, (W)) = p(w',w) < 8. Thus we
have
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|t 0 (W) — 1t 0 (W)
< o pmwW) —uo gz, (w)|
+ 1t 0 @z, W) — 10 @z, (W)| + |1t 0 @z, (W) — 11 0 (W)
<luo (Pm(W/) —uo (Pza(w/)| + o @z,(W) —uopmw)| +e¢

for every «. Taking the limit z, — m, we have |u o pm(W) — 1 o Pu(W)| < €
when p(w’,w) < 8. This proves (a) and (b).

To prove (c), suppose that it is not true. Then there are u € 7,0 < r < 1 and
€ > O such that |u o ¢, (§y) — 0 pm(&y)| > € for some points &, € rD". We can
also assume that &, — &. Since (1 o0 ¢z, )(§) — (u o ¢m)(£), this contradicts the
uniform p-continuity of u. The proof is complete. O

For u € L pluriharmonic(rn-harmonic), Lemma 7 gives that u o ¢, € L™ is
also pluriharmonic(n-harmonic) for m € ®. We will use, often without further
comments, these additional consequences of Lemma 7.

Proposition 1 Let u,v € o« and o € L*. Assume that T, T, — T, is com-
pact. Then, to each m € ®, there corresponds a function oy, € L such that
Tyogw Tvopw = Ton- If, in addition, o € o, then o = 0 0 .

Let S be an operator of the form (2.7) with u;; € <. Then the proof below
actually shows that the above proposition remains true with S in place of 7, T,.

Proof Letm € @ be given and choose a net {z,} in D" converging to m. Lemma
7 gives that Tyop,, Tvop,, = Tuogy Tvoy,, in the weak operator topology. Thus,
for f,g € A%, we have

(Tuogm Tvognf>8) = lim(Tuoy,, Tvop., f8)- (4.1
Let m > 0 be an arbitrary integer. It follows from (4.1) and (2.8) that
Bin[Tuogy Tvopn1(2) = 1im Bl Tuog., Trop,, 1(2), 2 € D" (4.2)
Put K =T,T, — T,. Then K is a compact operator by assumption. Noting that
Tuog,, Tvop,, = Toop,, + Kz,»
we have by (2.6) and (2.12)
BiulTuog,y Tvop,, 1(z) = Bm(0 0 ¢z,)(2) + Bl Kz, 1(2)

= /(U 0 @z, © ®7) Avy + Byl K] (¢za (Z))
Di‘l

so that
|Binl Tuog., Tvop,, ()| < llollze + |Bm[K](¢z, (2))|
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for each z4 and z € D". Since K is compact, we have B[K] € Cy by Lemma 1 and
thus B,,[K] € Cp by (2.10). Note ¢, (z) — dD" and thus B,,[K](¢2, (z)) — Oas
Zo — m. So, taking the limit z, — m (with m and z fixed), we therefore obtain
by (4.2)

1Bim[Tuogm Tvopn 1(2)| < llolle, z € D" (43)

and this is true for all m > 0.

Now, by (4.3), we have a subsequence {m;} such that B, [Tyopy, Tvop,, | cON-
verges in the weak-star topology of L°° to some function oy, with |joy| L~ <
lo || Lo, such that

(TBmk[Tuocﬂm Tvo«im ]f’ g) = / Bmk [TMOWm TVO(Pm ]fg dV
Dn

—>/0mfng
Dn
= <T(7mf»g>

for each f,g € A%. Hence, on one hand, we have TByy [ Tuopen Tropm
the weak operator topology. The estimates (2.13) with § = Tyop, Tvop, are
easily verified by (4.3), because the Bergman projection P is L”-bounded for
I < p < oo. Thus, on the other hand, we see TB,,, [Tyop, Tropn] = Tuopm Tvopn
in the norm topology by Lemma 4. So we conclude that Top, Tvopy = Loy, as
desired. This completes the proof of the first part.

For the second part, assume o € /. Then we also have Toop,, — Toop,, N
the weak operator topology by Lemma 7. So, for each a € D", we have by (2.11)

] —> To‘m in

(Twopm Tvopm — Toopm Yha = ligl(Tuowm TVOgam —To 09z,)ka
=lim U, (T,T, — T5) U, ka
o
=0

where the last equality holds by the weak convergence of {U,_k,} to 0 and the
compactness of T, T, — T,,. Since {k,} spans a dense sunset of A2 it follows that
Tuogm Tvopm = Toopy, - Accordingly, we have o = 0 o g by what we’ve just
proved above. The proof is complete. O

We are finally ready to prove Theorem 2. In fact we prove a strengthened
version of the theorem.

Theorem 6 Letu,v € L™ be pluriharmonic symbols withu = f+g, v = h+k for

some f,g,h,k € H(D") and assume o € L°°. Then the following three statements
are equivalent:
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(a) T,T,— Ty is compact.
(b) TuTy — Ty and Ty are both compact.
(¢) fkis boundary n-harmonic and B(oc — uv) € Cy.

If, in addition, o € <7, then the above conditions are also equivalent to either one
of the following statements:

(d) Tuopm Tvopm = Toopy for each m € ®.
(e) TuT, — T,y is compact and o — uv € Cy.

Proof The equivalence (b) <= (c) holds by Lemmas 1 and 6. The implica-
tion (b) = (a) is trivial. We now prove the converse implication (a) = (b).
Suppose that T, T, — T, is compact. First we show that

ligrb BT, T, — T,wl(z) =0, ze D" (4.4)
ZA) 1n
Having this, we deduce from Lemma 1 that 7,7, — T,,, is compact and hence

Tyuy—o is compact.
It remains to prove (4.4). Suppose not. Then there is a subnet {z4} C D"
converging to some m € & such that

limsup |B[T, T, — Tuy1(zo)| > 0. (4.5)

By Proposition 1, there is a function o, € L such that Tyep, Tvopm = Loy - BY
Theorem 4, we have that o, = (uv)ogm and thus Tyop, Tvopn = Tuv)oes - Recall
that Tyop., Tvop., — Twviop., —> Tuopm Tvopm — Tuv)op,, 1N the weak operator
topology by Lemma 7. It follows from (2.11) and (2.12) that

0 = BlTuogpn Tvopm — Twvyogm 1(0)
= 1im B[ Tuog.,, Tvop:, — Ttunop:, 1(0)
= lim B[(TuTv = Tuv)z, 1(0)
=lim BTy Ty — Tuwl(za),

which contradicts (4.5). This completes the proof of the first part of the theorem.

Next, we further assume o € /. The implications (¢) =— (b) = (d) hold
by Lemma 1 and Proposition 1. It remains to prove the implication (d) = (e).
So, assume (d). Fix an arbitrary m € ® and let {z,} be any net in D" such that
Z¢ — m. Since o0 € &/, we also have o o ¢y € &/ by Lemma 7. Now, since
Tuogm Tvopm = Toop, DY assumption, we have o o ¢om = (uv) o ¢ by Theorem
4. Note that ¢y (0) = lim ¢, (0) = lim z, = m. Thus, we have

(0 —uv)(zg) = m(oc —uv) = (0 — uv) o g (0) = 0. (4.6)

Since m € @ is arbitrary, one may repeat a similar argument as above to con-
clude from (4.6) that o — uv € Cy, as desired. Also, one may repeat the proof

@ Springer



310 B. R. Choe et al.

of (a) = (b) to verify that T, T\, — T, is compact. (One may also repeat the
proof of Theorem 1.3 in [4] to derive the boundary n-harmonicity of fk.) The
proof is complete. O

Having seen Theorem 6, one may ask whether the hypothesis o € & is
essential for the second part of the theorem. The answer is yes and it is most
easily seen simply by considering the case u = v = 0 which yields the following
characterization.

Corollary 1 Let o € o/. Then T, is compact if and only if Bo € Cy if and only
ifa € Co.

The study in the direction of this corollary has been of some independent
interest. Stroethoff [13] first studied the compactness of Toeplitz operators with
symbols in <7 on the disk (actually on the ball) and obtained that 7, is compact
if and only if Bo € Cy. Later Axler and Zheng [3] showed that this is true for
bounded symbols on the unit disk and Englis [7] showed that this is true on the
polydisk. Let % be the C*-algebra in L™ generated by H°, the space of all
bounded holomorphic functions on D”. Clearly,  C <. For symbols in % on
D, the above corollary has been long known by McDonald and Sundberg [10].

Now, we remark yet another consequence of the above corollary and the
maximum principle.

Corollary 2 Let f,g € H*®. If B(fg) € Cy, then either f =0 or g = 0.

In the case of disk, it turns out that continuity up to the boundary already
implies boundary harmonicity of fk in the condition (c) of Theorem 6.

Corollary 3 Let u,v € C(D) be harmonic symbols and assume o € L*®(D).
Then T, T, — T, is compact if and only if T, _, is compact.

Proof We first recall a well-known fact that the Bergman projection P maps
C(D) into By(D), the little Bloch space on D which consists of functions y €
H (D) such that

lim (1 — APy’ (W) = 0.
[A]—1

See, for example, Theorem 5.2.5 of [17]. Now, let u = f+gand v = h+ k
for some f,g,h,k € H(D). Then, we have P(u) = f + g(0) € Byo(D) and thus
f € Bo(D). Applying the same reasoning to v, we obtain k € By(D). In particu-
lar, fk is boundary harmonic. Now, the corollary follows from Theorem 6. The
proof is complete. O

Suppose n > 2 and consider a function f € H(D") such that (1— |zj|2)8]-f e Gy
for each j. Fix zq, let (z2,...,2,1) — aD"1 and then apply the maximum prin-
ciple. The result is 9;f = 0. Similarly, 9;f = 0 for each j and thus f is constant.
This shows that the proof of Corollary 3 does not extend to n > 2. In fact,
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the corollary itself is false for n > 2 if harmonicity hypothesis is replaced by
pluriharmonicity. We will see a counter-example after Theorem 8.

As another consequence, we have the following symmetric characterization
when o is n-harmonic, as in the case of generalized zero products (Theorem 5).
Recall that bounded n-harmonic functions are all contained in «7. As is seen
in Theorem 9 below, Theorem 7 can be much improved for higher dimensional
polydisks when o is in addition pluriharmonic.

Theorem 7 Let u,v € L™ be pluriharmonic symbols withu = f +g, v =h +k
for some f,g,h,k € H(D") and assume that ¢ € L™ is an n-harmonic symbol.
Then the following statements are equivalent:

(a) T,T,— Ty is compact.

(b)y T,T,— Ty is compact.

(c) fE, hg are both boundary n-harmonic and o — uv € Q.
(d) fk, hg are both boundary n-harmonic and B(c — uv) € Cy.
(e) T,T,— Ty, TvT, — Ty, Tyy—o are all compact.

Proof Since u,v € L are pluriharmonic, so are u o ¢, and v o ¢, for each
m € ®. Similarly, since o € L is n-harmonic, so is o o ¢y, for each m € ®. Thus,
the theorem follows from Theorems 6 and 5. O

In the special case where ¢ = 0 and each of u and v is holomorphic or
co-holomorphic, Theorem 7, together with the maximum principle, yields a
remarkably simple characterization of compact products.

Corollary 4 Letu,v € H* U H®. Then the following statements are equivalent:

(a) T,T,=0.
(b) T,T,is compact.
(c) Eitheru=0o0rv=0.

5 The case n > 2

In the theory of Toeplitz operators on higher dimensional polydisks, it has been
known that the zero and compact properties often coincide, especially when
pluriharmonic symbols are considered, as one can see from results in [4,6,8,
15]. For example, we have the following characterization of compact semi-com-
mutators (see [6] and [4]).

Lemma 8 (n > 2) Let u,v € L* be pluriharmonic symbols. Then T, T, = T,
ifand only if T, T, — Ty, is compact.

Here, we prove Theorem 3, which is another result showing such a phenome-
non. We restate the theorem combined with Theorems 5 and 7 for convenience.

Theorem 8 (n > 2) Let u,v € L™ be pluriharmonic symbols with u = f + g,
v =h+k forsome f,g,h,k € H(D") and assume that o € L* is an n-harmonic
symbol. Then the following statements are equivalent:
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(a) T,T,=T,.

b)) TWT,=T,.

(¢) T,T,— T, is compact.

(d) T,T,— Ty is compact.

(e) fk, hg are both n-harmonic and o = uv.

Proof We already have the equivalences (a) < (b) and (¢) <= (d) by
Theorems 5 and 7. Now, since the implication (a) = (c) is trivial and the
implication (e) = (a) holds by Theorem 4, we only need to prove the impli-
cation (c) = (e). So, assume that 7}, T, — T, is compact. We then see that fE
and hg are both boundary n-harmonic by Theorem 7 and thus they are actually
n-harmonic by Lemmas 8 and 5. This yields the first part of (e¢). Having seen
that fk and hg are both n-harmonic, we also see that uv is n-harmonic. Now,
o — uv is n-harmonic and vanishes on the boundary by Theorem 7. So, we have
o = uv by the maximum principle. The proof is complete. O

The proof above depends on Lemmas8 and 5. Here, we provide a direct
proof of the implication (¢) = (e) in order to illustrate how the assumption
n > 2 plays its role.

Proof (Another proof) Suppose that 7, T\, — T,; is compact. We continue using
notation introduced in the proof above. Also, we introduce temporary notation
®, = @ in order to avoid confusion with dimensions. By Theorems 6 and 1 we
have

djWopm) =0 or Jy(vopm) =0, j=1,....n (5.1)

for each m € ®,. So, for the first part of (e), it is sufficient to show df = 0
under the hypothesis that 9, (¢ o ¢ry) = 0 for each m € ®,,.

Fix w € D" and consider the function F(X) = d2f (A, wo,...,wy) for A € D.
It is sufficient to show that F vanishes everywhere on D. We claim that all the
radial limits of F exist and are zero. Note that F € H*(D) by Lemma 3.3 of [4].
So, using the claim, we conclude F = 0 on D, as desired.

Now, we prove the claim. Suppose not. Then there exist a point £ € D and
a sequence {r¢} of radii such that r, — 1 and

F(re§) = oaof (re§,wa, ... ,wn) - 0 (52)

as £ — oo. By compactness of 9t; we may take a subsequence (still called {r,})
of {r¢} such that r/é — my € ®; for some my. Now, we extend m; to m =
(my,0,...,0) € ®, in the canonical way. This means that m = lim(r,&,0,...,0).
Note that u o gm(W) = u(¢pm, (W1),w2,...,w,) by Lemma 7. Also, by Lemma 7,
we have

@ Springer



Products of Bergman space Toeplitz operators 313

0 =0@woen)0,wy,...,wy)

=1im 3 (1 0 9(rz.0...0)) O, w2,...,wy)
= 1im(32f) o @£ ,0,..0) (0, w2, ..., wy)
= hm aZf(r[S’ WZ’ o 7Wn),

which is a contradiction to (5.2). This completes the proof of the claim. The
proof of o = uv is the same as the proof above. The proof is complete. O

We now observe several consequences of Theorem 8. First, we give an exam-
ple demonstrating that Corollary 3, when harmonicity hypothesis is replaced
by pluriharmonicity, cannot be extended to n > 2.

Example Let n = 2 for simplicity. Consider functions

uiz1,22) =1 —z)A —z2) + A =711 — 22),
v(z1,22) = A+ 200+ 22) + 1+ 7)1 + 22),
0(z1,22) = (1 —z2H(1 = 23) + (1 =2 (1 — 73) +2(z1 — 21)(22 — Z2).

Clearly, u,v are pluriharmonic on D? and o is 2-harmonic. A straightforward
calculation yields

w—o =2(1—|z1)A = |z2%)

sothatuv—o € Cy. Thus, T,,,_, is compact. However, T, T\, — T, is not compact
by Theorem 8.

Next, recall that the condition (e) of Theorem 8 goes back to the condition
(c) of Theorem 5. For pluriharmonic o, we have a more concrete description as
in the next theorem.

Theorem 9 (n > 2) Let u,v,0 € L* be pluriharmonic symbols. Then the fol-
lowing statements are equivalent:

(a) T.T,=T,.
(b) T,T,=T,.
(¢) T,T,— Ty is compact.
(d) T,T,— Ty is compact.
(e) o = uv and one of the following conditions holds;
(i) uis constant.
(ii) v is constant.
(i) wu,v e H*®.
(iv) wu,ve H®,
(v) There are constants «, B, a set J1 C J and functions f € H(Jy),
geHU\Jy) suchthatu=f+gandv=a(f —g + B.

Proof By symmetry and Theorem 8 we only need to prove the equivalence
(a) <= (e). Note that the implication (¢) = (a) follows from Theorem 4.
Thus, it remains to prove the implication (a) = (e).
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Assume (a) and let u = f +3, v = h + k for some f,g, h,k € H(D"). By
Theorem 5 we have f € H(Jy),g € HJ \ J2),h € H(J2), k € H(J \ J1) for some
J1,J2 € J. To avoid trivial cases, we may further assume that functions f, g, A,
k are all nonconstant. Moreover, o = uv is pluriharmonic. Thus, since 4 + gk
is already pluriharmonic, we see that fk + hg is also pluriharmonic so that, for
any indices i and j, we have (9;)(9;k) # 0 if and only if (a,»h)(aTg) # 0. So, we
may take J; = J. We may further assume J; = {z1, ..., z,} for simplicity. Now,
letl <i<randr+1 <j<n.Then, we have

0if (2)0jk(w) = —0;h(2)9;g(w) (5.3)
forallz € D",w € D" ".Since f, g, h, k are all nonconstant, this yields indices i,

Jo and points zq, wo such that d;,f(zo), 9;,8 (W), dj,1(20), dj,k(wo) are all nonzero.
Now, putting

By
dj,8(wo) diof (z0)~

we see from (5.3) that
dih = adif, 3]_]( = —a(%)

forall1l <i<randr+1 <j < n. It follows that & — af and k + og are both
constant. Note that we may assume 4 = «f by modifying # if necessary. So, we
conclude (e), as desired. The proof is complete. ]

Theorem 9 has some immediate consequences which might be of some inde-
pendent interest. We consider three special cases, as is done in [2]. First, taking
o = 01in Theorem 9, we see that the zero and compact product properties are
the same for Toeplitz operators with bounded pluriharmonic symbols on higher
dimensional polydisks.

Corollary 5 (n > 2) Let u,v € L* be pluriharmonic symbols. Then the follow-
ing statements are equivalent:

(a) T,T,=0.
(b) T,T,is compact.
(c) Eitheru=0o0rv=0.

Next, consider the case o = 1 in Theorem 9 and suppose that condition (v) of
(¢) in Theorem 9 holds with & # 0. Then, we have uv = af2 + gf —ag’+ g = 1
and thus both af? + Bf and @g”? — Bg are constant. Now, since af? + Bf is
constant, we have 0 = 8]~[0tf2 + Bf1 = (3;/)2af + B) and thus either 9;f = 0
or 2af + B = 0 for each j. It follows that f is constant. Similarly, g is also con-
stant. So, u and v are both constant. Thus, we see that a Toeplitz operator with
bounded pluriharmonic symbol can have an (essential) inverse of the same type
only in the obvious cases, as in the following corollary.
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Corollary 6 (n > 2) Let u,v € L* be pluriharmonic symbols. Then the follow-
ing statements are equivalent:

(a) TuT,=1

(b)) T, T,=1

(¢) T,T,—Iiscompact.

(d) T,T, —1Iis compact.

(e) uv=1and either u,v € H*® oru,v € H®.

As is pointed out in the introduction, the fact that T; 77 — I is compact shows
that Theorem 3 cannot be extended to n = 1. The same example shows that
Corollary 6 cannot be extended to n = 1. Next, take nonzero functions u, v
harmonic on D and continuous on D such that they, when restricted to dD, are
supported on disjoint sets. Then, 7,7, is compact, because uv = 0 on dD. This
shows that Corollary 5 cannot be extended to n = 1, either.

Finally, by taking # = v = o in Theorem 9, one can see that there is no
nontrivial (essentially) idempotent Toeplitz operator with bounded plurihar-
monic symbol, as in the following corollary. The equivalence (a) <= (c) in the
following corollary still holds for n = 1, as is noticed in [2].

Corollary 7 (n > 2) Let u € L* be a pluriharmonic symbol. Then the following
statements are equivalent:

(@) T2=T,
(b) T3 — Ty is compact.
(c) Eitheru=0oru=1.

When the symbols are confined to those that are continuous up to the boundary,
the above corollary remains true for n = 1 by Corollary 3.
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