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N × N complex Hermitian matrix A.

eigenvalues Λ(A) = {λ1(A) ≥ λ2(A) ≥ . . . ≥ λN (A)} ⊂ R
N
↓

Question. Characterize (α, β, γ) ∈ (RN
↓ )3 such that there exist

Hermitian matrices A,B, and C such that α = Λ(A), β =

Λ(B), and γ = Λ(C) such that C = A + B.
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Notation:

I = {i1 < i2 < . . . < ir}.

Ic = N \ I.

Ic
p = set consisting of the p smallest elements of Ic.

|I| = |J | = |K| = r

Theorem. (conjectured by A. Horn, proved by Klyachko,

Totaro, Knutson and Tao.)

Let (α, β, γ) ∈ (RN
↓ )

3
. The following are equivalents:

(1) There exist Hermitian N ×N matrices A, B, and C = A + B

with α = Λ(A), β = Λ(B), γ = Λ(C).

(2) For every Horn triple (I, J,K) ∈ TN
r , 1 ≤ r ≤ N −1, the triple

(α, β, γ) satisfies the Horn inequality

∑

k∈K γk ≤
∑

i∈I αi +
∑

j∈J βj

and the trace equality

∑N

i=1 γi =
∑N

i=1 αi +
∑N

i=1 βi .
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From Hermitian matrices to compact selfadjoint operators

A = compact operator

Λ+(A) = {λ1(A) ≥ λ2(A) ≥ · · ·}

Theorem. Let α, β, γ ∈ R
N

↓ , with limit zero. The following

conditions are equivalent:

(1) There exist positive compact operators A and B such that

Λ+(A) = α, Λ+(B) = β, Λ+(A + B) = γ.

(2) For every Horn triple (I, J,K), and all positive integers p, q,

we have the Horn inequality

∑

k∈K

γk ≤
∑

i∈I

αi +
∑

j∈J

βj

and the extended reverse Horn inequality:

∑

k∈Kc
p+q

γk ≥
∑

i∈Ic
p

αi +
∑

j∈Jc
q

βj .
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‘Cut and interpolate’

α = (α1, . . . , αN ) ∈ R
N

α∗ = decreasing rearrangement of α.

α, α′, α′′ ∈ R
N .

Definition. α is between α′ and α′′ if min{α′
i, α

′′
i } ≤ αi ≤

max{α′
i, α

′′
i }.

Lemma. If α′, α′′ ∈ R
N are decreasing and α is between α′

and α′′, then α∗ is between α′ and α′′.

Proposition. For N ∈ N. Let α, α′, β, β′, γ, γ′ ∈ R
N
↓ , and

satisfying all Horn and reverse Horn inequalities for all r ≤ N ,

i.e. for every (I, J,K) ∈ TN
r ,

∑

k∈K

γ′
k ≤

∑

i∈I

α′
i +

∑

j∈J

β′
j

and
∑

k 6∈K

γ′′
k ≥

∑

i 6∈I

α′′
i +

∑

i 6∈J

β′′
j .

Then, there exist Hermitian N ×N matrices A,B,C such that

C = A+B and Λ(A) (resp. Λ(B), Λ(C)) is between α′ and α′′

(resp. β′ and β′′, γ′ and γ′′).
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A selfadjoint compact operator on H,

Ah =
∑

k µk(h, ek), h ∈ H, {ek} o.n. system, limk→∞ µk = 0.

λ±n

λn is the n-th largest non-negative term of (µk)

λ−n is the n-th smallest non-positive term of (µk)

Denote Λ0(A) the sequence λ1 ≥ λ2 . . . ≥ λ−2 ≥ λ−1.
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Inserting a gap

(a technical lemma)

Lemma. Fix (I, J,K) ∈ TN
r , 0 ≤ p, q, p+q ≤ r and M ∈ N.

I ′ℓ =

{

Iℓ if l ≤ r − p

Iℓ + M if ℓ > r − p

J ′
ℓ =

{

Jℓ if ℓ ≤ r − q

Jℓ + M if ℓ > r − q

K ′
ℓ =

{

Kℓ if ℓ ≤ r − (p + q)
Kℓ + M if ℓ > r − (p + q)

Then, (I ′, J ′,K ′) ∈ TN+M
r .
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Extended Horn inequalities

Proposition. Fix compact self-adjoint operators A, B, C on

H, C ≤ A + B, (I, J,K) ∈ TN
r , 0 ≤ p, q, p + q ≤ r. Then

the sequences α = Λ0(A), β = λ0(B), γ = Λ0(C) satisfy the

inequalities

r−(p+q)
∑

ℓ=1

γKℓ
+

r
∑

ℓ=r−(p+q)+1

γKℓ−N−1

≤

r−p
∑

ℓ=1

αIℓ
+

r
∑

ℓ=r−p+1

αIℓ−N−1 +

r−q
∑

ℓ=1

βJℓ
+

r
∑

ℓ=e−q+1

βJℓ−N−1 .

Proof. Choose a projection P whose range contains all the

eigenvectors of A, B, C corresponding with α±n, β±n, γ±n,

n ≤ N , rank of P equals N + M . Apply Lemma.
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C↓0↑

α = (α1 ≥ α2 ≥ . . . ≥ αn ≥ . . . ≥ α−n ≥ . . . ≥ α−1)

limn→∞ α±n = 0.

α = (α±n)

α = (−α−1 ≥ −α−2 ≥ . . . ≥ −α+2 ≥ −α+1)

Theorem. Consider sequences α′, α′′, β′, β′′, γ′, γ′′ ∈

C↓0↑. Assume both (α′, β′, γ′), (α′′, β′′, γ′′) satisfy all the

extended Horn inequality. Then there exist compact self-adjoint

operators A, B, C such that C = A + B,

Λ0(A) is between α′ and α′′

Λ0(B) is between β′ and β′′

Λ0(C) is between γ′ and γ′′ .

Corollary. (Horn conjecture for compact self-adjoint opera-

tors). Let α, β, γ ∈ C↓0↑. The following are equivalent:

(i) There exist compact self-adjoint operators A, B, C such

that C = A + B, Λ0(A) = α, Λ0(B) = β, Λ0(C) = γ.

(ii) (α, β, γ) and (α, β, γ) satisfy all the extended Horn inequal-

ities.
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Partially specified eigenvalues

Under what conditions we can find operators

A,B,C, C = A + B, such that Λ0(A),Λ0(B), and Λ0(C) are

only partially specified.

Matrix Case:

α ∈ R
N
↓ , with αi1 ≥ αi2 ≥ . . . αip

are specified.

αmin
i =







αi1 if i ≤ i1
−∞ if ip < i ≤ N

αij+1
if ij < i ≤ ij+1

αmax
i =







+∞ if i < i1
αip

if ip ≤ i ≤ N

αij
if ij ≤ i < ij+1

β ∈ R
N
↓ agrees with α on the specified indices iff αmin ≤ β ≤

αmax. Write β ⊃ α.
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Proposition. N ∈ N, partially specified decreasing vectors α,

β, γ ∈ R
N
↓ . TFAE:

(i) ∃ A, B, C Hermitian such that C = A + B, Λ(A) ⊃ α,

Λ(B) ⊃ β, Λ(C) ⊃ γ;

(ii) ∀(I, J,K) ∈ TN
r , r ≤ N ,

∑

k∈K

γmin
k ≤

∑

i∈I

αmax
i +

∑

j∈J

βmax
j

and
∑

k 6∈K

γkmax ≥
∑

i 6∈I

αmin
i +

∑

j 6∈J

βmin
j .

Theorem. Let α, β, γ ∈ C↓0↑ be partially specified. TFAE

(i) ∃ compact self-adjoint operators A, B, C with C = A + B

and Λ0(A) ⊃ α, Λ0(B) ⊃ β, Λ0(C) ⊃ (γ);

(ii) both (αmax, βmax, γmin) and (αmin, βmin, γmax) satisfy all

the Horn inequalities.
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