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To approximate a curve around a point p.
- Tangent line: Best choice among lines

Slope of curve = slope of the tangent line.

- slope = f "(x0)



Osculating circle: Best choice among circles..

1 .
radius of the osculating circle

Curvature of curve =

dg

ds
¢ is the angle between the tangent line and x-axis, s

curvature = y

1s parameterized by arc length.






What is curvature for surface M < R3? |
~ Euler: Studied the surface at a point by using the
curvature of the curves in which the surface inter-
sects with various normal planes at the point. If we
fix a normal direction at the point, we can give the
curvature of each curve a sign, positive or negative,
depending on whether it curves to or away from the
normal direction.

If those curvatures are not all the same, then there
are two most important directions (perpendicular to
each other), one with the minimum curvature k.,
one with méﬁmum curvature k,,,,. The curvature
of other directions can be expressed in terms of these

two curvatures.



Gauss: knmipn - kmgz 1S importa,xit. We define it to be
Gauss curvature. ,

Theorema Egregium. M C R}, N C R? are
C*-surfaces. If f: M — N is a C* one to one map |
satisfying

(*) for any curve I' C M,

arc-length(I') = arc-length(f(T")),

~ then for any point p € M,

G-curvature of M at p = G-curvature of N at f(p)

A map satisfying (*) is called an isometric map.

Gauss curvature is invariant under isometric maps.
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Gauss curvature could be defined in terms of met-

ric of surface alone.

Notation: For a manifold M, let

B.(M,p) = {z € M,dist(z,p) <r}

e M

Let k(p) be Gauss Curvature of M at point p € M

Vol Br(Map) _ k(p) 2 2
Vol B(R20) - " aa " T

This defines Gauss Curvature in terms of metric of

surface alone.



Scalar Curvature k(p): n-manifold M

1 Vol B.(M,p)

_ . "~ Vol B-(R*,0)
k‘(p) — 6(77' + 2) },IL% 7‘2

Or equivalently,
Vol B,(M,p) k(p)

Vol BB 0) - 6(n+2)

k(p) > 0: Locally small.



n-manifold M 3 p, TM, = R".

For each 2-dimensional subspace Y C TM, = R",
the sectional curvature of U/ is defined to be Gauss
curvature of exp(i{) C M, where exp(U) is a 2-
dimensional submanifold of M completely determined
by U.

Definition. Suppose that {ej,es, -, e,} forms an
orthonormal basis for TM,. Then the scalar cur-

vature at p is defined to be

k(p) = _il sectional curvature(U(e;, e;)).
L=

Scalar curvature is an intrinsic invariant of metric

structure. It is a local invariant.



S™ has a metric with positive scalar curvature, but

T™ can not have a metric with positive scalar curva-

ture.
Problem What kind of manifolds permit metrics
with positive scalar curvature?

Gromov, Lawson, Schoen, Yau, Rosenberg, Stolz.



Definition. A Riemannian manifold is called uni-
formly contractible if for any » > 0, there exists
r’ > r, such that every ball B,(M,p) with radius r
can be contracted to a point in the ball B.(M,p)
with radius 7'

Example 1. $% x R" is not contractible.

Example 2. M is obtained by attaching B3 to the

end of S? x [0,00): Not uniformly contractible.
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For this blue ball of radius 2 to be
contracted to a single point, it must go
through the end.



Example 3. Rotate y = 22 about y-axis.

7

Any r-ball can be contracted to a single point in-

S
rd
X

z

side a ball with radius 72 + 1.
Uniformly contractible

(choosing 7' = 72 4+ 1)

Example 4. Universal covering space of compact

K (m,1)-manifold is uniformly contractible.

Uniformly contractible: Globally large.
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Conjecture. (Gromov) A uniformly contractible com-
plete Riemannian manifold M can not have uni-
formly positive scalar curvature. (That is, there is
no € > 0 such that for any p € M, k(p) > ¢.)

Globally large manifolds can’t be locally small.

Example 1 and Example 2 have uniformly positive
scalar curvatures.

Example 3 does not have uniformly positive scalar
curvature.

The above conjecture for the case of Example 4 im-
plies the conjecture (Gromov-Lawson): No K(r,1)-
manifold can have metric with positive scalar curva-

ture everywhere.
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Theorem (Gong-Yu). For a uniformly contractible,
complete, Riemannian manifold M, if its volume has
sub-exponential growth, i.e.

o In(sup,eys volume B,(M,z))
7—00 r

= 0,

where B,(M,z) = {y : dist(z,y) < r}, then M can
not have uniformly positive scalar curvature.
Before this result, the conjecture was open even
for the case of polynomial volume growth.
Conclusion: Globally large +(small) can’t be lo-
cally small.
Still open: Globally large +(large) can’t be locally
small
Proof involves Index Theory for open manifolds,

Coarse geometry, Noncommutative topology.
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Any elliptic differential operator D on a compact man-

ifold M is Fredholm, one can define
indez(D) = dim(ker D) — dim(kerD*).

Atiyah-Singer Index Theory: The index can be ex-
pressed as an integration of certain local invariants.

Heat equation approach:

index(D) = Trace(e™*P"P) — Trace(e~tPP").

. neam

When ¢ — 0, the formula gives local invariant.
If D*D1p = Ay, then e~tP"Dojp = e=tAy).

IfA>0,thene ™ = 0ast — oo.
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As t gets larger, the operator e~*P"P (or e7*PD") van-
ishes on the eigenspaces of D*D (or DD*) corresponding
to large eigenvalues. As ¢t — oo, both operators vanish
“on the eigenspaces correspondi.ng to any positive eigenval-
ues. What is left is the dimension of ker(D) or ker(D*).
This gives Fredholm Index.

Large eigenvalues —» high energies — short distance.

Taking index really means “coarsening” the space.

Atiyah—Kasparov—Brown—Dnglas-Fillmore: Any ellip-
tic operator D defines an element [D] in K-homology
group Ko(M). Taking index means identifying the whole

manifold M into a single point on the level of K-homology.

Index : [D] € Ko(M) — Ko({pt}) = Ko(K).
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But for non-compact manifold, an elliptic operator
D is no longer Fredholm. This means we can not
identify the whole manifold to a single point to get
any interesting index.

Another way to “coarsen” the space: Identify any

bounded set to a single point.
Example: Z ~ R # {pt}.

_
D= e

R =

Use C*-algebras: noncommutative quotient spaces.

X—CX)={f; f:X-0C}
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Noncommutative quotient space (Connes):
X = {z,y}, ~ identifying 2 and y

X/ ~={pt}, C(X/ ~)=C
Noncommutative quotient:

C(X)=C & C — M,(C) by

a0
0b
10 00
T ~ y: means p := ~ Q=
00 01

0 -
] has initial space

(a,b) —

The partial isometry v := (
10

p and final space g.
Put v (and v*) in: then p(= v*v) ~ g(= vv*).

M,(C)—the noncommutative quotient space

Ko(M>(C)) = Ko(C) = Ko(K)
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M: complete Riemannian manifold
Noncommutative coarse space C*(M) (Roe algebra):

Closure of the set of all locally compact bounded linear

operators T € B(L*(M)) (or B(L¥M,E)), E is the

spinor bundle on which D acts on) with finite propagation.
Locally compact: f € Cy(M) implies TM £, MsT
compact, where Mg = f - g, for g € L*(M, E).

Finite propagation: There is a r > 0 such that if
dist(supp(f), supp(g)) > r, then M;TM, = 0. Or

supp(T's) C {z € M, dist(z, supp(s)) < r},

Vs € L*(M)(orL3(M, E)).

™M Conru* = ¢¥m) = k)
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In general, an elliptic operator D on M isnot Fredhoim,
1.e., not invertible modulo K, but it is invertible modulo
C*(M).

Index theory of non—compéct manifold: Use K,(C*(M))
to replace K, (K) = Z.

Index: K, (M) — K,(C*(M))

Coarse Baum-Connes Conjecture: This index
map 18 an isomorphism, if M is uniformly contractible.

Coarse B-C conjecture can be formulated for géneral
metric spaces. The conjecture for the spaces of finitely
generated discrete groups with word length metrics im-

plies Novikov conjecture.
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Coarse B-C Conjecture implies Gromov’s Conjec-

ture
(Rosenberg)
Dirac Operator D: [D] # 0 € K,(M).
If coarse B-C holds, then

indez([D)) # 0 € K.(C*(M))

But if M has uniformly positive scalar curvature

k(p), then (Lichnerowicz)
D? =V*V + %k

must be invertible. Hence index([D]) = 0.

We prove Coarse B-C Conjecture for the spaces
with subexponential volume growth. As a conse-

quence we obtain Gromov’s Conjeture for this case.
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