FINITE RANK COMMUTATORS AND SEMICOMMUTATORS OF
TOEPLITZ OPERATORS WITH HARMONIC SYMBOLS
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ABSTRACT. In this paper we completely characterize finite rank semi-
commutator or commutator of two Toeplitz operators with bounded
harmonic symbols on the Bergman space. We show that if the product
of two Toeplitz operators with bounded harmonic symbols has finite
rank, then one of the Toeplitz operators must be zero.

1. INTRODUCTION

Let dA denote Lebesgue area measure on the unit disk D, normalized so
that the measure of D equals 1. The Bergman space L? is the Hilbert space
consisting of the analytic functions on D that are also in L?(D,dA). For
z € D, the Bergman reproducing kernel is the function K, € L? such that

h(z) = (h,K.)
for every h € L2. The normalized Bergman reproducing kernel k, is the
function K,/||K.||2. Here the norm || || and the inner product { , ) are

taken in the space L?(D,dA).

For f € L*>°(D,dA), the Toeplitz operator Ty with symbol f is the operator
on L2 defined by T¢h = P(fh); here P is the orthogonal projection from
L?(D,dA) onto L2. We denote the semicommutator and commutator of two
Toeplitz operators T and T, by

(T, Ty = Tyq — T4 T,
and
[Ty, Ty = TyTy — T, Ty,
respectively. Note that if g € H>(D) (the set of bounded analytic functions

on D), then T, is just the operator of multiplication by g on L? and hence
(Ty,T,] = 0 for any f € L>(D,dA).
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For a bounded operator S on L2, the Berezin transform of S is the function
B(S) on D defined by

B(S)(z) = (Sk, k).

The Berezin transform B(u)(z) of a function v € L (D, dA) is defined to be
the Berezin transform of the Toeplitz operator T,,. In other words,

YdA(w).

The last equality follows from the change of variable in the definition of the
Berezin transform. The above integral formula extends the Berezin tranform
to LY(D,dA) and clearly gives

(1) B(u)(z) = u(2)

for any harmonic function u € L'(D, dA).

Z—w

Let A denote the Laplace operator 4%. A function h on D is har-
monic if Ah(z) = 0 on D. We use A to denote the invariant Laplace op-

erator (1 — |z|2)24%;. The invariant Laplace operator commutes with the
Berezin transform [1], [8], which is useful in studying Toeplitz operators on
the Bergman space [1].

An operator A on a Hilbert space H is said to have finite rank if the
closure of Ran (A) of the range A(H) of the operator has finite dimension.
For a bounded operator A on H, define rank(A) = dim Ran(A). If A has
finite rank, then rank(A) < cc.

In this paper we study the problem for which bounded harmonic functions
f, g on the unit disk, the semicommutator (T, T,] or commutator [Ty, Tg]
has finite rank on the Bergman space. The analogous problem on the Hardy
space has been completely solved in [3], [7]. We will reduce the problem to the
problem of when a Toeplitz operator has finite rank. Although the problem
on finite rank Toeplitz operators remains open, Ahern and Cuckovié [1] have
shown that for u € L*°(D), if T}, has rank one then v = 0. One naturally
conjectures that for u € L*°(D), if T, has finite rank, then v = 0. In this pa-
per, we will show that this conjecture is true provided that w is a finite sum of
products of an analytic function and a co-analytic function in L?(D,dA). Us-
ing the result we shall completely characterize finite rank semicommutator or
commutator of two Toeplitz operators with bounded harmonic symbols. The
zero semicommutator or commutator of two Toeplitz operators with bounded
harmonic symbols has been completely characterized in [4] and [13]. In fact,
we shall show that if the semicommutator or commutator of two Toeplitz op-
erators with bounded harmonic symbols has finite rank, then it must be zero.
This is not the case on the Hardy space [3], [7]. Moreover on the Bergman
space there exist nonzero compact semicommutators or commutators of two
Toeplitz operators with bounded harmonic symbols [11], [13]. We will show
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that for two bounded harmonic functions f, g, if the product T}7T, has fi-
nite rank, then either f or g equals 0, which extends the result on the zero
products of Toeplitz operators in [1].

2. TOEPLITZ OPERATORS

In this section, we study Toeplitz operators with finite rank. Some notation
needs. For a family {4, } of operators on the Hilbert space H and an operator
A on H, we say that A,, converges to A in weak operator topology, if for each
z, yeH,

lggl(Anx,w = (Ax,y).

The following result is implicitly contained in Lemma 3.1 in [10]. We
include a proof for completeness.

Lemma 1. Suppose that A, and A are bounded operators on the Hilbert space
H. If A, converges to A in the weak operator topology, then

rank(A) < liminf rank(A,).

Proof. Let | denote liminf, _ . rank(A,). We need only consider the case
I < 00. We claim that rank(A) < [. If this is false, we may assume that
rank(A) > |+ 1. Thus there are (I + 1) elements {1:]}2111 in H such that

{Az; 2111 are linearly independent and so

det[(Azi, Azj)|a41)x 1) # 0
where det[(Az;, Ax;)](14+1)x (1+1) denotes the determinant of the (I+1) x (I+1)
matrix [(Az;, AZ;)]141)x(1+1)- Since A, converges to A in the weak operator
topology, for each i, 7,

lim (Apz;, Az;) = (Az;, Az;).
n—oo
This gives
lim d6t[<AnfEi7ij>](l+1)><(l+1) = det[<Al’i,A:Cj>](l+1)><(l+1).

n—oo

Thus for some large N,

(2) det[{Anzi, Azj)la+1)x1+1) 7 0,

but

(3) rank(Ayn) <.

So (3) gives that there are constants ¢; with Ei‘: |ei| # 0 such that
141

Z CiAin = 0.
i=1

Hence
c[{Anzs, Azj)] 141)x (141) = 0.
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where ¢ = (¢1,- -+ ,¢41). This implies
det[(Anzi, Azj)]a41)x (141) = 0.
It contradicts (2) to complete the proof.
Theorem 2. Suppose that f is in L>°(D) and equal to 2221 fi(2)g;(z) for

finitely many functions f;(z) and g;(z) analytic on the unit disk D. If Ty has
finite rank, then f = 0.

Proof. First we will show that T}y has finite rank. To do so, for each 0 <
r < 1, define f,.(2) = f(rz). Let g, = f,. Since

!
F(2) = £i(2)9;(2)
j=1
for finitely many functions f;(z) and g;(z) in L2, we have
Tey =T, ———
P = T (S, £(r2)g (r2)

Ty 752305 r2)

Il
MN

1

<.
I

T

fi(rz)

TyTg;(rz)-

|
MN

1

<.
Il

The last equality follows from the basic properties of Toeplitz operators [2]
TyTy = Ty

and
T¢Iy = Ty,

for f € L>®(D,dA) and h € H>*(D). If T has finite rank and rank(Ty) = N,

then for each 0 < r < 1,
rank(Tg,) < NI

Thus
limsup rank(Ty,,) < NI

r—1
Next we shall show that Ty, converges to 7|2 in the weak operator topol-
ogy. To do this, we observe that for each z € D,

1F(2)gr(2)| = 1F(2) f(r2)] < || £1%,
and

T (2)g0(2) = 1)

By the dominant convergence theorem we have that for hy, hy € L2,

im [ f(2)g(2)h1(2)ha(2)dA(z) = / £ (2)[Ph1(2)ha(2)dA(z),
D D

r—1-
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to obtain

lim (Tyg, b1, ha) = 111{17<f9rh1, hz)

r—1-

= lim f( )97 (2)h1(2)ha(2)dA(2)

r—1-

/D \f(Z)Ith(Z)WdA(Z)
= <T|f‘2h17 h2>

This means that Ty, converges to T2 in weak operator topology. By Lemma
1, we have that the Toeplitz operator 772 with nonnegative function symbol
has finite rank and its rank is at most NI.

To finish the proof we need to prove that if the Toeplitz operator with
nonnegative function symbol has finite rank, it must be zero. This was well
known. For completeness, we include a proof here. Since T}y > has finite rank,
the kernel of Tjy> contains a nonzero function h € L. Thus

0= (Tip2h, h)
= (IfP*h.h)

/|f 2R (2)2dA(),

and so

[f(2)?|h(z)* =0
for a.e. z € D. Noting that h(z) is in the Bergman space, we conclude that
f=01in L*(D,dA) to complete the proof.

3. FINITE SUM OF PRODUCTS OF HANKEL OPERATORS

For f € L>(D,dA), the Hankel operator Hy with symbol f is the operator
on L2 defined by Hyh = (I — P)(fh); here P is the orthogonal projection
from L?(D,dA) onto L2. The relation between Toeplitz operators and Hankel
operators is established by the following well-known identity:

(Ty, Ty) = H}:Hg-

In this section, we shall reduce the problem of when a finite sum of products
of two Hankel operators has finite rank to the problem of when a Toeplitz
operator has finite rank.

For each bounded harmonic function f on the unit disk, f can be written
uniquely as a sum of an analytic function and a co-analytic function on the
unit disk D up to a constant. Let f, denote the analytic part and f_ the
co-analytic part with f_(0) = 0. In fact, both f, and f_ are in both the
Hardy space H? and the Bloch space [2], [9].
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For bounded harmonic functions f; and g; on the unit disk fori =1,--- |k,
define
L
J(fla o 7fk;gla to 7gk) = A[Z(fl)*(gl)ﬂL}
i=1

For two bounded harmonic functions f and g on the unit disk, let os.(f, g)
denote o(g; f) and o.(f, g) denote o(f,—g;g, f). Easy calculations give

k
(4) o(fr, s feign o ogk) = (L= 122D (f) (9:)

i=1

where (f;)_ = 05 f;. Hence

ase(f19) = A(frg-)
= (1—|2*)%(9.£)(=9)
= (1= 2P (2) (1 = |21)g-(2),
oc(f,9) = A[f—9+ = f+9-]
= (1= 2*)?[(9:£)(0:9) — (9-1)(D:9)]
= (1= 2P /2(2) (0 = 1211)g (2) = (1= |2) fL(2) (1 = |2*)g” (2).

Lemma 3. Suppose that f; and g; are bounded harmonic functions on the
unit disk fori=1,--- k. Then o(f1, -, fx;91, - ,gx) is in L>®(D,dA).

Proof. Since f; and g; are bounded harmonic functions on the unit disk, (f;)+,
(fi)—, (gi)+ and (g;)— are in the Bloch space

B = {h: h analytic on D, sup(1 — |z|?)|W/(2)| < oo}
zeD

(see [2]). (4) gives that o(f1, -+, fk; 91, - ,9x) is in L>°(D,dA).

Proposition 4. Suppose that f; and g; are bounded harmonic functions on
D fori=1,---,k. If the finite sum Z?:l H%Hfj of products of Hankel
operators has finite rank, then Ty (s, ... f,.0,. gr) has finite rank.

Proof. For these bounded harmonic functions f;, g; on the unit disk, write

fi=(fi)+ + (fi)-
and
gi = (9i)+ + (9:) -,

where (fi)+, (¢:)+, (fi)—, and (g;)_ are in the Hardy space H2. By Lemma
37 U(flv e ,fk;gh e ﬂgk)(’z) is in LOO(D’ dA) Thus TU(fl,"' k39150 ,9k) is
bounded on the Bergman space L2.




COMMUTATORS AND SEMICOMMUTATORS OF TOEPLITZ OPERATORS 7

We shall get the Berezin transform of ) '_1 Hy-Hy, . First we calculate the
Berezin transform of B((Tf,T,])(z) of the semlcommutator (T, T4]. By the
basic properties of Toeplitz operators on the Bergman space [2], [14], we have

Tyk, = (f1 + - ())k.
for z € D. Since f is harmonic in the unit disk, we also have
B()(2) = £(2).
For two bounded harmonic functions f, g on D, easy calculations give
B((T}.T,))(=) = B(Ty, — T5T,)(2)
= (fgkz, kz) — (94 + 9 (2)k=, fkz)
=([fg = flg+ + 9-(2))lk=, k)
<[f(g, —g- ( ))]kzkz>
(

_ 2 _g-k., k —(

= B(f+9-)() + f-(2)9-(2) — 9—(Z)B(f)(2)

= B(f+9-)(2) + f-(2)9-(2) — 9-(2) f(2)

= B(f19-)(2) + f-(2)9-(2) = 9-(2)(f+(2) + [-(2))

= B(f+9-)(2) — f+(2)9-(2)
for all z € D. Noting

(Ty, T,] = HyHy,
we have
B(H}Hg)(2) = B(f+9-)(2) — f+(2)g-(2).

Thus

Z ) (=

k k
= B(Z(gj)+(fj)—)(2) - Z(gj)+(2)(fj)_(2).

Applying the invariant Laplace operator A to both sides of the above equation
gives

Z Hr,)(z

j=1

k
B(Y (95)+(f;)-)](z) - [A

Jj=1

(95)+(2)(f5)-(2)].

-

-
I
—
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Since the invariant Laplace operator commutes with the Berezin transform
(Lemma 1, [1]), we have

B(o(fi, = frig1, 5 9))(2)

k

k
1= 1232 (95) ) (2)] + AB(Y  Hz-Hy,)(2).

j=1 j=1
In other words, the above equality becomes

To(pr fuign g bzr kz) = Blo(fr- o g0+ 5 91))(2)
k k

= (1= [P (99)s () () (2)] + AB(Y_ Hy-Hy,)(=).

=1 j=1

For two functions z and y in L2, define the operator z ® y of rank one to
be

(ey)f=(fy=
for f € L2. Then it is easy to verify

Bz ®y)(z) = ((z @ y)ks, k)
= (1- )z ®@y)K, K=)
= (1= ) (K., y)(x, K
= (1= [2[*)?2(2)y(2),

for z € D. If the semicommutator Z?Zl HZ-Hy, has finite rank N, then there
exist functions z; and y; in L2 for j = 1,---, N such that

N
Z Hfj Zl‘j QY-
j=1
Thus

k
B HHp,)(2) = (1 - |2?) Z%
j=1

Observe

3N
(1= =) Z% B = 255 )

where #; and §; are in the Bergman space L2. So

<T0'(f17“‘ Jfr3gisee agk)k27 kz>
k

= (1= 2P (99) s ) (N (2] + (1~ [2P) Z

Jj=1
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Dividing by (1 — |2]?)?, we obtain

k 3N

5) ATosr frsgn o0 Ko K2y = D (97)4 () () (2) + (O #(2)35(2))-
Jj=1 j=1

As in [1] we complexify the above identity. Write the left hand side as an

integral as in [1] to get

1
(To (1 fuigr o o) By Kz) =/ o(fis frigns - )N =7
D |1 —2Al
Since the right hand side of (5) and the above integral are real analytic func-
tions of z and Z, we obtain

A(N).

k 3N
(Tohi usor o K K2y = D (97) (2) () (w) + (D (=) 75 (w)).
j=1 j=1
Differentiating both sides of the above equation [ times with respect to w and
then letting w = 0 give
k 3N

(6) To(ue oo ? = D i (95)4 (2) + D b (2)

j=1 j=1
for some constants Qlj, blj.

Although some of (g;), and & may not be in L7, we observe that for each
0<r<1,allof (g;),|p for j =1,--- k and i‘;-|TD for j=1,---,3N are in
L2(rD,dA).

We claim

Toy(f1, frigr, g has finite rank on the Bergman space L.

If this claim is false, we may assume that there are 3N + k + 1 linearly
independent functions {d)u}zﬁfkﬂ in the range of T5 (s, ... f,:91, ,g,)- Lhus
for each 0 < r < 1, {QSH\TD}ikaH are also linearly independent in the space
L2(rD,dA). Since analytic polynomials are dense in L2, for each u, there
are analytic polynomials p,; such that To(¢, ... f.g:,.- gi)Put cOnverges to ¢,.
Thus Ty (4, ... fuig1, ,gx) Pt cOnverges uniformly to ¢, on each compact subset
of the unit disk D. Noting that rD is contained in a compact subset of the
unit disk, we have

; 2
lim b ‘TU(flw“ Jfrigye 79k)pl‘«l(z) - ¢H(z)| dA(z) = 0.

l—oo /.
On the other hand, (6) gives that T, (s, ... fu:g1 .- ,gx)Put|rD is contained in
the subspace spanned by (g;)’, |»p and &, p of LZ(rD,dA). But the subspace
has dimension at most 3N + k. This contradicts that {qﬁﬂ\rp}iﬁfkﬂ are also

linearly independent and hence gives that T, (s, ... f,.g,,... ,g,) has finite rank
to complete the proof.



10 KUNYU GUO, SHUNHUA SUN, AND DECHAO ZHENG

4. MAIN RESULTS

Now we are ready to state and prove our main results.

Theorem 5. Suppose that f and g are bounded harmonic functions on the
unit disk. The semicommutator (T, T4 has finite rank if and only if either f
or g is analytic on the unit disk.

Proof. If either f or g is analytic on the unit disk, then TyTy = Tty and so
the semicommutator (Tf,T,] equals 0.
If the semicommutator (7', T,] has finite rank, noting

(T, Ty] = H}Hg

by Proposition 4, the Toeplitz operator T}, (s 4y has finite rank. Since

sc

7se(f,9)(2) = (1 = [2[*)* f1.(2)g" (=)
= f1(2)g91(2) = 22f1(2)gL (2)2 + 22 f(2)9"(2) 22,

Theorem 2 gives that for z € D,

Usc(fa g)(Z) = (1 - |Z|2)2f;(2)g/7(2) =0
This implies
P2 () =0

on D. Thus either f, or g_ is constant on D. So we conclude that either f
or g is analytic on D to complete the proof.

Theorem 6. Suppose that f and g are bounded harmonic functions on the
unit disk. The commutator [Ty, T,y] has finite rank if and only if f and g are
both analytic on D, or f and g are both analytic on D, or there are constants
c1, ¢, not both 0 such that c1 f + cog is constant on D.

Proof. If f and g are both analytic on D, both Ty and T} are multiplication
operators on the Bergman space and then they are commuting. Hence the
commutator [Ty, T] equals 0.

If f and g are both analytic on D, both Ty and T, are adjoints of multipli-
cation operators on the Bergman space and then they are commuting. Hence
the commutator [Ty, T,] equals 0.

If there are constants ¢y, co, not both 0 such that ¢; f + cog is constant on
D, noting that the Toeplitz operator with constant symbol commutes with
any bounded operator on the Bergman space, we have that Ty commutes with
T, to obtain that the commutator [T, T,] equals 0.
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Conversely, if the commutator [Ty, T,] has finite rank, noting
[Ty, Ty) = Ty Ty — Ty Ty
= (Tgf - Tng) - (ng - Tng)
= (Tgva] - (TfaTg}
= HjHy — H:H,,

we have that HgHy — H;H, has also finite rank. Lemma 3 gives that oc(f,9)
is bounded on D, and easy calculations give

ae(f,9)(2) = (1= [2[*)2[fL(2) s (2) — fi(2)g"(2)]
= fL(2)gy (2) — f1(2)g (2) — 22fL(2)g/ (2)2
+ 221 (2)g"(2)2 + 22 L (2)g), (2)2* = 2° 1 (2)9" (2)2%.
Thus Theorem 2 and Proposition 4 give that o.(f, g)(z) = 0 on the unit disk.

Let u = g4 +ig— and v =1if; + f_. Clearly, v and v are harmonic on D.
An easy calculation gives

A(w) = Algy f- = fog- +igefr +ig_f-]
=Algi f- — fr9-]
= (1= |2P°[f(2)d,(2) = fL(2)g ()]
= 0(f.9)(2).

Thus wv is also harmonic on D. By Lemma 4.2 [6], we have that at least one
of the following conditions holds

(1) uw and v are both analytic on D;

(2) @ and v are both analytic on D;

(3) there exist complex numbers «, 8, not both 0, such that cu + Sv and
at — B0 are both analytic on D.

Condition (1) gives that f and g are both analytic on D. Condition (2)
gives that f and g are analytic on D. Condition (3) gives that a(g; +1ig_) +
B(ify + f-) and a(gy +ig_) — B(ify + f_) are both analytic on D. Thus
aig_ + ff— and agy — Fify are constants on D, and so ag_ — Bif_ and

agy — Pify are constants on D. Hence we conclude
ag —iff = (ag- —iff-) + (g4 — Bify)

is constant on D. This completes the proof.

Theorem 7. Suppose that f and g are bounded harmonic functions on the
unit disk. T¢Ty has finite rank if and only if either f or g equals 0.

Proof. It is clear that if either f or g equals 0, then T}T, = 0.
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Conversely, if TfT, has finite rank, we shall show that either f or g equals
0. An easy calculation gives

(7) B(TyTy)(z) = B(f9)(2) = B(f+9-)(2) + f+(2)9-(2).

Applying the invariant Laplace operator A to both sides of the above equation
gives

[AB(TyTy))(2) = AB(fg — f+9-)(2) + Alf+(2)9-(2)].

Since the invariant Laplace operator commutes with the Berezin transform
(Lemma 1, [1]), we have

B(A(fg — f+9-)(2) = [AB(TFT,)](2) — Alf+(2)g-(2)].

As in the proof of Proposition 4, the Toeplitz operator TA( Fo—Frg) has finite

rank. Theorem 2 gives that A(fg — f+g-) = 0. This implies that fg — f1g—
is harmonic and f’ (2)g’, () = 0 on D. Thus either f_ or g is constant and
hence either f or g is analytic on D.

On the other hand, since fg — f1g— is harmonic (7) gives

B(TyT)(z) = f(2)9(2)-
By the main result of [5],

lim B(T;T,)(z) =0.

|z|—1

Because the radial limits of both f and g exist on the unit circle, we have that

f(2)g(z) = 0 on the unit circle and then either f or g equals 0 on the unit

circle. Hence f or g equals 0 on the unit disk. This completes the proof.
Theorems 5, 6 and 7 suggest the following theorem.

Theorem 8. Suppose that f; and g; are bounded harmonic functions on D
fori=1,--- k. The following are equivalent
(1) Zle HZ-Hg, has finite rank.
k *
(2) 325 HZ-Hy, = 0.
(3) U(fla"' afk;gla"' 7gk) =0
Proof. 1t is clear that (2) implies (1).

First we prove that (1) implies (3). Proposition 4 immediately gives that
To(fy, e fusgr,gr) has finite rank. Theorem 2 gives that

U(f17"' 7fk;gl>"' agk?) =0.
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To prove that (3) implies (2), we need the following equality obtained in
the proof of Proposition 4

B(Z H;THJ‘.?‘)(Z)
’ k k
= B(Z(gj)+(fj>—)(z) - Z(gj)+(2)(fj)—(z)~

(3) implies that the function Z?Zl(gj)+(z)(fj)_(z) is harmonic and hence

k k
B (9)+(f)-)(z) = Y _(97)+(2)(fi)-(2)-

j=1 =1
Therefore

k
B(> H;Hy)(z) =0.
j=1

By the injection of the Berezin transform [12], we conclude that the operator
Z?:l Hi-H, must equal 0 to complete the proof.
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