ESSENTIALLY COMMUTING HANKEL AND TOEPLITZ
OPERATORS
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ABSTRACT. We characterize when a Hankel operator and a Toeplitz operator
have a compact commutator.

Let do(w) be the normalized Lebesgue measure on the unit circle dD. The
Hardy space H? is the subspace of L?(0D,do), denoted by L2, which is spanned
by the space of analytic polynomials. So there is an orthogonal projection P from
L? onto the Hardy space H?2, the so-called Hardy projection. Let f be in L. The
Toeplitz operator Ty and the Hankel operator Hy with symbol f are defined by
Tth = P(fh), and Hyh = P(U fh), for h in H2. Here U is the unitary operator on
L? defined by

Uh(w) = wh(w).
Clearly,
H;; - Hf*,

where f*(w) = f(w). U is a unitary operator which maps H? onto [H?]* and has
the following useful property:

UP = (1-P)U.

These two classes of operators, Hankel operators and Toeplitz operators have
played an especially prominent role in function theory on the unit circle and there
are many fascinating problems about those two classes of operators [7], [16], [17],
[18] and [19]. It is natural to ask about the relationships between these two classes
of operators. In this paper we shall concentrate mainly on the following problem:

When is the commutator [Hy,T] = HyTy — TyH, of the Hankel operator H,
and Toeplitz operator Tt compact?

This problem is motivated by Martinez-Avendano’s recent paper [15] solving the
problem of when a Hankel operator commutes with a Toeplitz operator. Martinez-
Avendano showed that H, commutes with T if and only if either g € H* or
there exists a constant A such that f + Ag is in H>, and both f + f and ff are
constants. Here f(z) denotes the function f(Z). An equvialent statement is : H,
and Ty commute if and only if one of the following three conditions is satisfied:

(M1). g is in H*.

(M2). f and f are in H*®,

(M3). There exists a nonzero constant A such that f+ \g f + f and ff are in
He.

OThe first author is partially supported by NNSFC(10171019), Shuguang project in Shanghai,
and Young teacher Fund of higher school of National Educational Ministry of China. The second
author was partially supported by the National Science Foundation.
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Note that f is in H> whenever f is in H*. Clearly, (M2) means that f is
constant; (M3) implies that f 4+ f and ff are constant since

f+f=5r+17 fr=1rr.

One may conjecture that H, and Tf have a compact commutator if and only
if Martinez-Avendafio’s conditions hold on the boundary of the unit disk in some
sense. In Theorem 2 we confirm this conjecture with (M2) replaced by the following
condition:

(M2'). f and f are in H*®, and (f — f)g is in H*®.

To state our main results we will also need results about Douglas algebras. Let
H*® be the subalgebra of L*° consisting of bounded analytic functions on the unit
disk D. A Douglas algebra is, by definition, a closed subalgebra of L>° that contains
H®. Let H*[f] denote the Douglas algebra generated by the function f in L°°,
and H°[f, g, h] the Douglas algebra generated by the functions f, g and h in L.

Theorem 1. The commutator [Hy, Ty] = HyTy — Ty H, of the Hankel operator Hy
and Toeplitz operator Ty is compact if and only if

(0.1)  HZ[G(VH=[f F, (f = NG a0 HZf + A9, f + f, ] € H* + C.

Here H*® + C denotes the minimal Douglas algebra, i.e., the sum of H* and the
algebra C(0D) of continuous functions on the unit circle.

This theorem completely solves the problem we mentioned before. In Section 3,
we show that (0.1) can be restated as a local condition involving support sets (see
Section 3 for the definition).

Theorem 2. The commutator [Hy, Tf] = H,Ty —TyH, of the Hankel operator H,
and Toeplitz operator Ty is compact if and only if for each support set S, one of
the following holds:

(1). gls is in H™|s. )

(2). fls, fls and [(f — Palls are in H<]s. ]

(3). There exists a nonzero constant Ag such that [f + Asg]|s, [f + f]|ls and

[fflls are in H|s.

Theorems 1 and 2 are applications of the main result in [12], which characterizes
when those compact perturbations of Toeplitz operators on the Hardy space that
can be written as a finite sum of finite products of Toeplitz operators. Examples
exist [2] of some f and g such that K = H,Ty —TtH, is not in the Toeplitz algebra,
the C*-algebra generated by the bounded Toeplitz operators; see Section 2. Clearly,
such a K is not a finite sum of finite products of Toeplitz operators. But we will
show that K*K is a finite sum of finite products of Toeplitz operators.

Our work is inspired by the following beautiful theorem of Axler, Chang and
Sarason [1] and Volberg [21], stated below, on the compactness of the semicommu-
tator Ty — 14T, of two Toeplitz operators.

Axler-Chang-Sarason-Volberg Theorem. T, —T}Ty is compact if and only
if

H>®[fInH>[g] C H* 4+ C.

One of our motivations is the solution of the compactness of the commutator
TyTy — TyTy of two Toeplitz operators Ty and Ty in [9]:
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Theorem 3. The commutator [Ty, T,] of two Toeplitz operators is compact if and
only if

H®If, g} (VH®[£,3]( ) Nal+1p/>0H>[af + bg,af + bg) € H* + C.

Another motivation is the characterization of the compactness of a finite sum of
products of two Hankel operators in [11].

1. ELEMENTARY IDENTITIES

In this section we will obtain some identities needed in the proof of Theorem
2. Hankel operators and Toeplitz operators are closely related. First we introduce
some notation.

For each z in the unit disk D, let k., denote the normalized reproducing kernel
at z:

(1= =)
k., =
(w) 1—Zzw
and ¢, be the Mobius transform:
z—w
¢:(w) = 1—zw’

Define a unitary operator U, on L? by

U f(w) = £l (w))hs(w),
for f € L2 Since ¢, o ¢.(w) = w and k, o ¢k, = 1, we have

Ur=U, = U
For each f € L?, we use f; to denote P(f) and f_ to denote (1 — P)(f). The

operator U, has the following useful properties:

Lemma 4. For each z € D,
(1) U, commutes with P, and
(2) U.U=-UUs;.

Proof. First we show that U, commutes with P. Let f be in L2. Thus
Uzp(f) = f+(¢z)k2a

and
PUz(f) = P(f-l-((bz)kz + f—(¢z)kz) = f+(¢z)kz-
The last equality follows because f, (¢.)k, is in H? and

¢ (w)k,(w) = —wkz(w)
is perpendicular to H2. So we obtain
U.P(f) = PU.(f)

for each f € L?. Hence U, commutes with P.
Next we turn to the proof of the statement (2). For each f in L?, an easy
calculation gives

UUf =U.(0f) = ¢zk.f(¢-)
and

UU:f =U(f(9z)kz) = wf(pz(w))kz(w).



4 KUNYU GUO AND DECHAO ZHENG

This implies
U.Uf=-UUsf.
So we conclude that U,U = —UUj3, to complete the proof of the lemma.
Let = and y be two vectors in L2. Define z ® y to be the following operator of
rank one: for f € L2,

(z@y)(f) = {fy)=.

Lemma 5. For fized z € D,
Hiy-=—k: ®k..

Proof. Let {w™}§° be the basis for H2. For n > 0,

PU(ww™) = P(w").
This gives

Hzw"™ = PU(ow™) =0

for n > 1, and

Hyl = PU(w) = 1.

Hence we have

By Lemma 4, we have that U, commutes with P and
Uz:U =-UU,

giving
UEHH)UZ = _H¢7z’
since U2 = I. On the other hand, an easy calculation leads to
Us1@ 1)U, =[Uz1]® [U.1] = k: @ k..
This completes the proof.
To get the relationship between these two classes of operators, we consider the
multiplication operator My on L? for ¢ € L™, defined by
Mgyh = ¢h

for h € L2. If My is expressed as an operator matrix with respect to the decompo-
sition L? = H? @ [H?]*, the result is of the form

T, HU
_ ¢
(1.1) My = ( UH, UT;U )

If f and g are in L™, then My, = M;M,, and therefore (multiply matrices and
compare upper or lower left corners)

(1.2) Try =TTy + Hng
and
(1.3) Hfg ZTng—‘erTg.

The second equality implies that if f is in H°°, then
(1.4) TyHy, = H,T5,

for g € L. These identities can be found in [3] and [17]. They will play an
important role and be used often in this paper
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Lemma 6. Suppose that f and g are in L>°. For each z € D,
T; HyTiT5- =
HyTy — [HyTrk,] @ ks + [Hgh:] ® [Ty, Hyksz].
Proof. Since ¢, is in H® for each z € D, (1.4) gives
T; Hy=HyTp..
So we obtain

T; HyTyT5 = HyTy Ty T5- = HyTyTy T

—HyH; HyTo-
The last equality follows from the consequence of (1.2):
Ty Ty =Tpe. — Hy Hy =TyTy. — Hy Hy,
since ¢, is in H*°. By (1.2) again, we obtain
Ty.T5-=1—Hj Hg.
Lemma 5 implies

HE == *ki X kz;

and

H-

5. = Hy = —k. @ ks.

Therefore we conclude :
T3 HyTyTs- = HyTy — [HgTrk:] ® k: + [Hgk.] ® [Ty, Hyks].
Lemma 7. Suppose that f and g are in L>°. For each z € D,
Ty TyHy Ty = TyHy — [Ty Hgk:] @ k. — [H k] @ [Ty, H k).
Proof. Let z be in D. (1.2) gives
T; TyHyTy- =TTy HeTg-+ HyHy HyTy-
=TyHy Ty, T+ HjHy HyTo-.

The last equality comes from (1.4). As in the proof of Lemma 6, by Lemma 5 we
obtain

TQEZTngTE =TrH, — [Tngkz] Rk, — [kaz] ® [T¢2H5k5].

This gives the desired result.
The next lemma will be used in the proof of Theorem 2.

Lemma 8. Suppose that f and g are in L. Let K = H,7y —TyH,. Then
(1) For each z € D,

KTy, =Ty K — [Hgk:] ® [Hyk:| — [Hk.] @ [H kz].
(2) Let A # 0 be a constant. For each z € D,
AKTy, =T5 AK + [Hj_, k.| ® [Hpks] — [Hpk:] ® [H  kz].
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Proof. Since ¢, is in H* and ¢, is in H® for each z € D, by (1.2) and (1.4),

(1.5) TsTy, =Ty, Ty + Hy_Hy,
(1.6) TyT; =T; Ty — HpH; |
and

(1.7) T; Hyp = HT,..

Thus we have
KTy, = HoTyTy, — TrHgTy,
= HgT¢sz + HgHész — TfTézHg
= TJ)ZHng + HQHJ)sz — ng)szHg + HfHJ>ZH9
= T(;EZK + Hng;sz + Hqungg
=T; K — [Hgk.| ® [Hyk:] — [Hk.] ® [Hkz].

The second equality comes from (1.5) and (1.7). The third equality follows from
(1.6) and (1.7). The last equality follows from Lemma 5. This completes the proof

of (1).

To prove (2), for the given constant A # 0, by (1.3), write
Hff =T¢Hy +HJ;Tf
=ANH Ty —TyHg| + TrHying + Hj Ty,
to obtain
AK = Hff —TyHying — Hf,)\ng-
Similarly, use of (1.5), (1.6) and (1.7) gives
)\KT¢Z = T(EZ)\K + [Hf,,\gkz] ® [H;:kg] — [Hf*kz] (39 [H;f_,'_)\gkg].

This completes the proof.

2. COMPACT OPERATORS

We begin with a necessary condition for a bounded operator to be compact on
H?. The proof of the following lemma is analogous to the proof of Lemma 6.1 in
[20].

Lemma 9. If K : H?> — H? is a compact operator, then
lim || K — TQBZKTéz || =0.

|z| =1~

Proof. Since operators of finite rank are dense in the set of compact operators,
given € > 0 there exist f, ---, f, and g1, --- , g, in H? so that

1K =Y figl<e
=1

Thus this lemma follows once we prove it for operators of rank one.

If f € L? and |z| — 17, then for every w on dD we have z — ¢.(w) = (1 —
12| w/(1 = Zw) — 0 and z — ¢.(w) = (1 — |2|?)@w/(1 — Zw), so by the Lebesgue
Dominated Convergence Theorem, ||zf — ¢, f|la — 0 and ||zf — J)szQ — 0, as
|z| — 17. Tt follows that [|Cf — ¢. f|l2 — 0 and ||Cf — ¢.f||2 — 0, if z € D tends to
¢.
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If f € H?, we apply the Hardy projection P to obtain
ICf = To. fll2 = [ICf = P(¢=f)]2 — 0,

and
1CF = Ts_flla = ICf = P(3f)ll2 — 0,
as z in D tends to ¢. If f,g € H?, then writing
If®g—T; (f®g)Ts | =II(Cf) ® (Cg) — (T3, f) @ (Ts.9)ll
< WS =T5. ) @ €l + (T3, ) @ (Cg — To.9)ll
<I<f =T5_fll2llgllz + [ fll20ICg — Tp. gl

we see that
lfeg—T; (f®g)Ts | —0

as |z| — 1. This completes the proof of the lemma.
By making use of the above lemma, we obtain a necessary condition for H,1'y —
Tt Hgy to be compact.

Lemma 10. Suppose that f and g are in L*>. If H/Ty — Ty H, is compact, then
lim _|[|[Hgk.] ® [Hfkz] + [Hgk.] @ [Hgkz]|| = 0.

2] —1
Proof. Suppose that H/Ty — TyH, is compact. Letting K = H,Ty —TyH,, by
Lemma 9, we obtain

lz}iﬂf |K —T; KTj || =0.
On the other hand, Lemmas 6 and 7 give
T; KTj, = [HgTy — [HTyk:] @ ko+
[Hgkz} ® [T@H;kE” - [Tng - [TngkZ] Qk, — [kaz] ® [TszH;kEH
=K — [Kk.| ® k. + [Hgk.| ® [Ty, Hyks] + [Hfk.| ® [Ty, Hyks].
Noting that k. converges weakly to zero as |z| — 17, we have
Kk, —0

giving

lim_[|[Hyk.) © [Ty, Hik:] + [Hk.) ® [Ty, Hyks]| = 0.

|z]—1-
Since
[[Hgk:] © [Hpkz] + [Hk.] @ [Hgkz]|| =
[[[Hgk:] ® [Ty, Hpkz] + [Hk.] @ [Ty, Hykz]|Ty. ||
< |[[[Hgk=] ® [Ty, Hykz] + [Hk.] © [Ty, Hyk:|]||[| To. ||,
we conclude that
lim_||[Hgk:] © [Hfkz] + [Hk.] © [Hgkz]|| = 0.

|zl—1- J
The next lemma gives a close relationship between Hy and Hj.
Lemma 11. Suppose that f is in L°°. For each z € D,
[ Hykzll2 = ([ Hpke|l2.

The above lemma is the special case of the following lemma with ¢ = k.. We
thank the referee for suggesting the following lemma.
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Lemma 12. Let Hy be a bounded Hankel operator and let g € H?. Then Hig* =
(Hyg)* and thus [[H7g"|| = [|Hygl-
Proof. Notice that for all g € L2, (Ug)* = Ug* and Pg* = (Pg)*. Therefore,
19" =Hp-g" = PU(f*g")=P(Ufg)" = (PUfg)" = (Hyg)".
Since ||g*|| = ||g|| for all g € L?, we have
[H;g" [l = I(Hrg)* | = [ Hygl,

to complete the proof.

To prove the sufficiency part of Theorem 2 we need the following result [12] which

characterizes when an operator is the compact perturbation of a Toeplitz operator
if the operator is a finite sum of finite products of Toeplitz operators.

Theorem 13. A finite sum T of finite products of Toeplitz operators is a compact
perturbation of a Toeplitz operator if and only if
(2.1) lim |7 — T TTy. | = 0.
|z|—1

Theorem 13 is a variant of Theorem 4 in the paper [10] of C. Gu. However, some
crucial details are omitted from the proof in [10], especially details in the proof of
a key distribution function inequality. An alternative proof of Theorem 13 can be
found in the authors paper [12]. Theorem 13 can not be applied to H,Ty — TrH,
directly since H,Ty — Ty H, may not be a finite sum of finite products of Toeplitz
operators. The following example shows that there are f and ¢ in L* such that
H,Ty —TyH, is not a finite sum of finite products of Toeplitz operators.

Example: Let {a,} be a Blaschke sequence in the unit disk such that

lim a, =1,

n—oo
and
1 — |ay|

Let b be the Blaschke product associated with the sequence. Let f be the function
constructed in [2] with the following properties

(A) fisin QC(=[H® + C]N[H> + C)).

(B) f=—.

(C) flan) — 1.

Let g = b, and K = H,Ty — TyH,. It was shown that K is not compact in [2].
By making use of Theorem 2, we will show that K is not in the Toeplitz algebra.
Suppose that K is in the Toeplitz algebra. We will derive a contradiction. By (1.3),
we see

K = H(f—f)g +Hng —Tng.
It is well known that both Hy and Hy are compact. Letting
0= Hf"Tg 7T§Hf,
we have that O is compact and
K=Hi; py+0.

By a lemma in [2], which states that if a bounded operator K on H? is in the
Toeplitz algebra, then KT — T} K is compact for every function f € QC, we have
that H, 7 Ty —TyH 5, is compact. Let m be in the closure of {a,} in the
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maximal ideal space M (H>) of H*. Let S be the support set of m. Noting that
gls = bls is not in H*|g, and [(f — f)glls = 2b|s, we have that for any nonzero
constant A 5

[f +A(f = Dglls = (1 +220)[s
is not in H*|g. By Theorem 2, we see that only Condition (2) in Theorem 2 may
hold. That is,

(f = )gls € H®|s.
But (B) and (C) imply that f — f = 2f and f|s = 1. This leads to
49‘5 € HOO|Sa

which is a contradiction.
The following lemma shows that K* K is a finite sum of finite products of Toeplitz
operators.

Lemma 14. Suppose that f and g are in L*°. Let K = H,7y —T¢H,. Then K*K
is a finite sum of finite products of Toeplitz operators.

Proof. Letting K = HyTy —TyHg, by (1.3) we write K as
K= _Hfg —|—Hng —|—HJ;Tg.
Taking adjoint both sides of the above equality gives
K* = ~Hygpy + Ty . + Ty
The last equality follows from

Hi = Hy-,
where f*(w) = f(w). This leads to
KK = Hzg). Hy = Hgg). [HyTy + HyTy]
(2.2) —(TyHj + TfHg|Hj, + [Ty Hp + 17 Hy-[[HyTy + HFT).

The first term in the right hand side of (2.2) is a semicommutator of two Toeplitz
operators since for two functions ¢ and ¢ in L™, by (1.3)

both the second and the third terms are products of a Toeplitz operator and a
semicommutator of two Toeplitz operators; the fourth term is the product of two
Toeplitz operators and a semicommutator of two Toeplitz operators. Therefore
(2.2) gives that K*K is a finite sum of finite products of Toeplitz operators. This
completes the proof of the lemma.

We thank the referee for pointing out that any product of Hankel and Toeplitz
operators that has an even number of Hankel operators is a finite sum of finite
products of Toeplitz operators.

A symbol mapping was defined on the Toeplitz algebra in [7]. It was extended to
a *-homomorphism on the Hankel algebra in [3]. One of the important properties
of the symbol mapping is that the symbols of both compact operators and Hankel
operators are zero ([7], [3]). Note K is in the Hankel algebra and equals H,Ty —
TyH,. Clearly, the symbol of K is zero. By Theorem 13 we see that K is compact
if and only if

lim |[K*K —T; K*KTy_ || =0.

|z|—=1
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3. PROOF OF MAIN RESULTS

To prove Theorems 1 and 2 we need some notation. The Gelfand space (space of
nonzero multiplicative linear functionals) of the Douglas algebra B will be denoted
by M(B). If B is a Douglas algebra, then M(B) can be identified with the set of
nonzero linear functionals in M (H°°) whose representing measures (on M (L)) are
multiplicative on B, and we identify the function f with its Gelfand transform on
M (B). In particular, M(H* +C) = M(H*)— D, and a function f € H* may be
thought of as a continuous function on M (H*° 4+ C). A subset of M (L) is called a
support set if it is the (closed) support of the representing measure for a functional
in M(H® + ). For a function F on the unit disk D and m € M(H> +C'), we say

lim F(2)=0
if for every net {z,} C D converging to m,
lim F(z,) =0.
Zo—Mm

The following lemma in [9] (Lemma 2.5) will be used several times later.

Lemma 15. Let f be in L™ and m € M(H>® + C), and let S be the support set
form. Then f|s € H®|g if and only if

lim, | H k)5 = 0.
Clearly, Theorem 1 follows from Theorem 2 and the following lemma.
Lemma 16. Let f,g € L*°. Then
(3.1 H=[g(VH®If. f,(f = D\ N0 HZf + Ag, f+ f, f IS H® + C

if and only if for each support set S one of the following holds:
(1). gls is in H®|g.

(2). fls: fls and [(f — f)glls are in H®|s.
(8). There exists nonzero constant \g, such that [f + Asg]|s is in H* and both

[f + flls and [ff]|s are in H>|s.

Proof. Without loss of generality we may assume that || f||lco < 1/4 and ||g]|e < 1/4.
Let A denote the Douglas algebra

H®[g|(\H>*[f, [, (f = D50 HZIf + g, |+ f, 1]
By the Sarason Theorem (Lemma 1.3 in [9]), we get that M (A) equals
MH[g) [JMH=I ], (f = DI VoM HZ(F + g, f + f, [1]).

Suppose that (3.1) holds. Then A C H* + C, and so M(H>* 4+ C) C M(A). Let
m € M(H* 4 C). Then m is an element of

ME=[g)|JME=(S, f,(f = D) | JUnsoMH=(f + Xg, f + [, [ ]).

If m is in either of the first two sets, Lemma 1.5 in [9] gives that either Condition
(1) or Condition (2) holds. Thus, we may assume that

m € U|)\‘>0M(H°O[f+)\gaf+faff])'

Note L.
m|)\\>017[00[fd|>>‘gvf<i>faff] =
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Mz >0 HZUf + A0, f + F, A () iziso HZN + 9, f + F, £,
since (f + \g) = )\({ + g). Thus
UnisoM (H=([f + Ag, f+ F, 1 [1) = Uiz asoM(H>®[f + Ag, f + [, [ f])

JYisnsoMHEH=Af + g, f + f, £

So m must be either in

UisiasoM(H*=[f + Xg, f + f, ff])

or in

UisasoM(H®[Af +g, f + £ rfD).
Now we only consider the case that m is in
Uiz a0 M(H®[f + Mg, f + [, [ 11).

If m is in the second set, use the same argument that we will use below.
We shall show that m € M(H™®[f + Ag, f + f, ff]) for some A with |[A] < 1. By
Lemma 15 and Lemma 1.5 in [9], it suffices to show that for some A with |A| <1,

Tim [y aghsls =0,
Jim [[H,, jhel| =0,

and
lim HHfkaHQ =0.

We only prove the first limit; the second and third limits follow by the same argu-
ment.

Hence there exist constants A\, and points my, € M(H®[f + \ag, f + 1, ff])
such that m, — m. We may assume that A, — A, for some complex number A.
Clearly, |\ < 1.

Note that since mq € M(H®[f + Xag, [+ [, [ ]),

i [[Hypo,ghsfl2 =0
Since

distre(f + Ag, H®) < ||f + Aglleo < 1/2,
as a consequence of the Adamian-Arov-Krein Theorem [8], [16], there exists a uni-
modular function uy in f + Ag + H*°. Lemma 2 [22] gives
(3:2) 1 pnghallz < (1= |ua(2)[*)Y? < B[ H pirghll2,

where u)(z) denotes the value of the harmonic extension of uy at z.
Note
[Hixgkzll2 < [[Hpraghzll2 +[A = Aal-

Thus we have

limsup || Hppagk:ll2 < lUmsup ||[Hpix,gkz|l2 + A — Ao = |[A = Aal-

(3.2) gives
limsup(1 — |ux(2)]?)/2 < 3limsup ||H;aghk-|l2 < 3|A — Aal.

Z—Mg Z—Me
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Since uy(m) is continuous on M (H°) [13], we have
(1= Jux(ma) )2 < 3]A = Aol
Taking the limit on both sides of the above inequality gives
(1 — Jux(m)])Y? = limsup(1 — |uy(mq)[*)*? < limsup 3|A — Ay| = 0.

Ma—m Ma—m
We obtain
(1 = fur(m)])!/? = 0.
On the other hand, (3.2) gives

limsup || H ¢4 agk-|]2 < limsup(1 — |u,\(z)|)1/2
zZ—m zZ—m

= (1= Jua(m))"/? = 0.
This gives the desired result.

Conversely, let S be the support set for an element m € M (H>+C) and suppose
that one of Conditions (1), (2) and (3) holds for m. Then by Lemma 1.5 in [9],
cither m € M(H>[g]) or m € M(H>[f, f,(f — f)g]), or there exists a nonzero
constant A, such that m € M(H>®[f + Ag, f + f, ff]). Thus m is in

ME>[g)(VH®f, [, (f = D\ as0HZf + A, | + £, 1 F]).

Therefore, M(H* 4+ C) C M(A). By the Chang-Marshall Theorem ([6], [14])
A C H® + C. The proof of Lemma 16 is completed

Let BMO be the space of functions with bounded mean oscillation on the unit
circle. If f is in BMO and analytic or co-analytic on D, the norm ||f||pamo is
equivalent to

|£(O)] +sup [ fod. — f(2)llp
z€D

for p > 1. It is well known that the Hardy projection P maps L into BMO ([8]
and [18]).

Lemma 17. Suppose that f and g are in L>°. If
lim [|H k.2 = 0,

then
Zlgr}n [HgTsk:||2 = 0.

Proof. Write
g=9++g-

where gy = P(g) and g_ = (1 — P)(g). Since U, commutes with the Hardy projec-
tion P we get

Hyk,=Hy, k,=H, U,1 =-UzH, o4_1.
Thus we have

[Hgk=ll2 = 1UzHg_op.1ll2 = [ Hg_op.1]]2-
The last equality follows because Uy is a unitary operator on L. An easy calculation
gives

Hy 0p.1=U(g-o¢. —g-(2)).
Therefore
lim [lg— o0 ¢. — g—(2)|l2 = 0.

|z|—1
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Similarly we can also get

| HgTrk:ll2 = [[UsHy op.Top.1|l2

= [y 0s.Trop. 12 = [1Hg os.(f+ 0 ¢= + f-(2))]l2

=1 = P)(g- 0 ¢: — g-(2))(f+ © ¢ + [-(2)) 2.
The first equality holds because Uz commutes with P and the second equality

holds because Uy is a unitary operator on L2. The third equality follows from the
decomposition of f:

f=r+ 7=
The Hélder inequality gives
[HgTk:ll2 < llg— © ¢z — g—(2)lallf+ 0 ¢ + - (2)]la-
To prove that
lim |HoTtk.|2 =0
we need only to show that

[f+ 002+ f-(2)lla < Cllfloe;

and
lim {lg— 0 ¢, —g-(2)[la = 0.
Jrod. +[f(2) = frod. — fr(2) + f(2),
we have

| frod.+ f-(2)a < frod— fr(D)la+flloo
< CillP(f)llBaro + 1 fllse < Cllfllso,

for some positive constants C' and C;. The last inequality follows because P is
bounded from L to BMO. The Holder inequality gives

lg— 0. —g—(2)lla < lg— 0 b= — g (2) |5 *lg— 0 ¢ — g_(2)|I/*

1/4 1/4 1/4
< Cllg- 0 6 = g- ()" lg-Iar0 < Cllg— o 6= —g-(2) 12 IgllL"
The last inequality also follows because P is bounded from L* to BMO. This gives

Jim flg- 0. — g ()]s =0,

to complete the proof of the lemma.
Combining Lemmas 11 and 17 we have the following lemma needed in the proof
of Theorem 2.

Lemma 18. Suppose that f and g are in L>°. If

zZ—m
then
lim ||H;Tfk§||2 =0.
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Now we are ready to prove Theorem 2.

Proof of Theorem 2

First we prove the necessity part of Theorem 2. Suppose that H Ty — Ty H,
is compact. Without loss of generality we may assume that ||f|le < 1/2 and
llglloc < 1/2. By Lemma 10 we get

(3.3) lim _|[[Hgk:] ® [Hyks] + [Hk.] ® [Hgk]l| = 0.

2|

Let m be in M(H*™ 4 C), and let S be the support set of m. By Carleson’s
Corona Theorem [5], there is a net z converging to m.

Suppose that

himz—»m”Hng”2 =0.

By Lemma 15 we have that g|gs is in H*°|g. So Condition (1) holds.

Suppose that there is a constant ¢ such that

himz—>m||Hgsz2 >c>0.

Let N, = (Hjks, Hgk.)/|[Hgk-|*. Then |X;| < ¢, and so we may assume that
A, — ¢, for some constant c,,.
Applying the operator [[Hgk.| ® [H}k:| + [H k.| ® [Hykz]]" to Hgk. and multi-
plying by m we get
Jim |Hfkz + A [H kz]||l2 = 0.

Thus
lim ||H;+Cmgk5|\2 =0.

zZ—m

Lemma 11 implies
(3.4) T [H e, b2 = O

Now we consider two cases.
Case 1. ¢, = 0.
In this case, we have
lim ||Hk.||2 = 0.
zZ—m
(3.3) gives
ZlLr?n ||kaz||2 =0.
Thus by Lemma 15, we obtain
fls € H®|s,
and 3
fls € H®[s.
On the other hand, by making use of (1.3) twice we have
K= H(fff)g - Tng + Hng.
Since K is compact and k, converges to 0 weakly as z — m, we have

zh—>H71n ”[H(f—f)g — Tng + H]ETg]kZHQ =0.

Lemma 17 gives
Tim ([[=T5Hy + HTylk- |2 = 0.
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Thus
Jim [Hy_pghsll2 =0.
By Lemma 15, we have

[(f = glls € HZ[s.
to get Condition (2).
Case 2. ¢, # 0.
In this case, by Lemma 15 and (3.4), we obtain

(f+cmg)|s € HOO'S

Now write
[(Hgk.] ® [H}kkz] + [kaz} ® [H;kz] =
[Hok:] @ [Hf ., ksl + [Hf_, k=] ® [Hgks].

Because

Jim (|[Hyk) ® [Hks] + [Hpk.] © [H k] = 0.
and

Zlijrﬁn ||[Hj*f+cmgkz]||2 =0,
we get
Jim ([}, k) @ (k]| = 0,
Note that
I[Hyk:ll2 = | Hgk: |2,
and
IHf ., k=] @ [Hgkz]l| = [Hf_,, k:lll2l[Hgkz]l2-

We have

tim ([Hy_, k]l = 0.
Combining (3.4) with the above limit gives
lim [[H, k2 = 0
since

Hf"l‘sz = Hf—cmg

Therefore by Lemma 15,

ket Hytepghe

(F + Pls € HZ|s.
To prove that (ff)|s € H*®|s, by (1.3), write

Hff = Tfo + Hfo
(3.5) =cm|HgTy —TyHg| + TyHfyeg + Hp . Ty
By Lemma 17, we obtain

T 1y, Tk =0,

Apply the bounded operator T to H 7 Ttk., to get

+emg
lim (|7 Hpye, ghs]|2 = 0.

Since [HyTy — TyH,] is compact and k. weakly converges to zero as z — m, we
have
ZH_{I}H [[HgTy — Ty Hglkz|]2 = 0.
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Therefore (3.5) implies
Zhﬂn%l [ H k|2 = 0.

Lemma 15 gives
(fh)ls € H®|s.

So Condition (3) holds. This completes the proof of the necessity part.

Next we shall prove the sufficiency part of Theorem 2. Suppose that f and g
satisfy one of Conditions (1)-(3) in Theorem 2.

Let K = HTy —1TyHy and T = K*K. By Lemma 14, T is a finite sum of finite
products of Toeplitz operators with zero symbol. By Theorem 13, we need only to
show

Jom (|7 = T3, 7T, || = 0.
z|—1 #

By the Carleson Corona Theorem, the above condition is equivalent to the condition
that for each m € M(H> + C),

(3.6) lim ||T'— T TTy.|| = 0.
Let m be in M(H* 4 C), and let S be the support set of m. By Carleson’s Corona

Theorem, there is a net z converging to m.
Suppose that Condition (1) holds, i.e., g|s € H*|s. Lemma 15 gives that

lim ||Hgk.|2 = 0.
By Lemma 11, we have
lim ||Hjkz|l2 = 0.
Let
F, = —[Hgk.| ® [Hfkz] — [kaz] ® [Hykz],

the above limits give

Jim [|F.| = 0.
This gives
(3.7) lim (|[KT2 |, + F2[T; K] + F2E| =0,
since
IK|| < oo, sup || F,|| < oo.
z€D

By Lemma 8 we also have
KTy, =T; K+ F,
to get
Ty TTy, = [KTy ]"[KTy.] = K*T:ng&zK + [K*T;—:Z]FZ + F} [T@K] +F}F,
= K*'K + [K*k:] @ [K*ks] + [K*Tqi;z]Fz + FX[T; K|+ FF..
The last equality comes from

(3.8) T* T

b, ¢z:1_k2®k2'

Lemma 18 gives
lim ||K*kz||2 = 0.

Therefore (3.7) implies (3.6).
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Suppose that Condition (2) holds. By Lemma 15, we have
lim ||Hf]€z||2 = 0,
zZ—m

lim ||ka‘z||2 = 0,
z—m

and
Let

the above limits give
lim [|F.[| = 0.
This gives
(3.10) Zlin%lH[K*ng]Fz+FZ*[T¢;ZK]+FZ*FZ|| =0.
By Lemma 8 we have
KTy, =T; K+ F,
to get
T3 TTy, = [KTy.]"[KTy.]
= K*ngTquK + [K*T;“;z]FZ + F} [TJ&ZK] +F}F,
=K'K — [K"ks| ® [K"ks] + [K*Tqiﬁk |E, + F;[T(;ZK] + FIF,.
The last equality comes from (3.8).

By making use of (1.3) twice, we have

K=Hg; o= TgHy + Hfly

Lemma 18 and (3.9) give
lim ||[K*kz||2 = 0.
Therefore (3.10) implies (3.6).
Suppose that Condition (3) holds. Then for some constant ¢, # 0,

(3.11) lim [|Hy ¢, gk.[l2 =0,
(3.12) Tim ||H | gk-l2 =0,
(3.13) lim [[H k- |2 = 0.
These give

(3.14) lim ||Hp, okella =0,

since f+ ¢mg = f+ f — (f — cmg). By (3.5) and Lemma 18, we have
(3.15) lim [|[K*k:[| = 0.
Lemma 8 gives

(3.16) CmKT¢z = T&szK — [Hf—cmng} ® [H;kg] + [kajz] X [H}k+c,,”gk2]'
Letting

G.=[Hj_, k) ® [Hjks] = [Hpk:) © [Hf, gks],

f—cmg'™v®

17
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we have
CmKquz = TJ’z cnK + G,
and
lim ||G.|| = 0.
The last limit follows from (3.11) and (3.14) and gives
(3.17) lim [T, enK]*G. + G2T5 cnK + GZG.| = 0.
z—m z z

(3.16) gives
[em KTy 1" [em KTy, = [Tq;zch + GZ]*[TJSZCT”K + G,]
= [T en K" [T5 cm K]+ [T cnK]"G: + GIT; cn K + GIG.
- |cm|2K*T£ZT¢;zK + [T, cnK]"G. + GiT; e K + GLG.,
= [em[PK*K — |em[*[K*kz] @ [K*ks] + [T cmK]*G. + GiT;_cn K + G3G...

The last equality comes from (3.8). (3.15) implies that the second term on the right
hand side of the above equality converges to zero and (3.17) implies that the third,
fourth and fifth terms converge to zero. Thus we conclude

m ||[cn|*T = |en|*T TTy. || = 0.
Since ¢;, # 0, the above limit gives (3.6). This completes the proof of Theorem 2.
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