BEURLING TYPE THEOREM ON THE BERGMAN SPACE VIA THE
HARDY SPACE OF THE BIDISK

SHUNHUA SUN AND DECHAO ZHENG

ABSTRACT. In this paper, by lifting the Bergman shift as the compression of an isome-
try on a subspace of the Hardy space of the bidisk, we give a proof of the Beurling type
theorem on the Bergman space of Aleman, Richter and Sundberg [1] via the Hardy
space of the bidisk.

1. INTRODUCTION

Let D be the open unit disk in C. Let dA denote Lebesgue area measure on the
unit disk D, normalized so that the measure of DD equals 1. The Bergman space L? is
the Hilbert space consisting of the analytic functions on I that are also in the space
L?*(D, dA) of square integrable functions on . The famous Beurling theorem [3] clas-
sifies the invariant subspaces of the multiplication operator by the coordinate function z
on the Hardy space of the unit disk, the unilateral shift. For an operator 7" on a Hilbert
space H, the subspace H © T'H is called a wandering subspace of 1" on H. The Beurl-
ing theorem says that all invariant subspaces of the unilateral shift are generated by their
wandering subspaces with dimension 1. This result has played an important role in
function theory and operator theory. Recently Aleman, Richter and Sundberg have es-
tablished a remarkable Beurling type theorem [1] for the multiplication operator by the
coordinate function 2z on the Bergman space, the Bergman shift even if the dimension of
the wandering subspace ranges from 1 to oo [2]. Their result states that all invariant sub-
spaces of the Bergman shift are also generated by their wandering subspaces. This result
is a breakthrough in understanding of the invariant subspaces of the Bergman space and
becomes a fundamental theorem in the function theory on the Bergman space [6], [10].
Different proofs of the Beurling type theorem were given in [11], [12], [15] later. The
goal of this paper is to give a new proof of the Beurling type theorem of Aleman, Richter
and Sundberg [1] via the Hardy space of the bidisk. Our main objective is the study of
the Bergman space of the unit disk and its operators via the Hardy space of the bidisk.
Our project starts in [9], [17], [18] to study multiplication operators on Li by bounded
analytic functions on the unit disk ID via the Hardy space of the bidisk. The theme is to
use the theory of multivariable operators and functions to study a single operator and the
functions of one variable. Our main idea is to lift the Bergman shift up as the compres-
sion of a commuting pair of isometries on a subspace of the Hardy space of the bidisk.
This idea was used in studying the Hilbert modules by R. Douglas and V. Paulsen [4],
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operator theory in the Hardy space over the bidisk by R. Douglas and R. Yang [5], [19],
[20] and [21]; the higher-order Hankel forms by S. Ferguson and R. Rochberg [7] and
[8] and the lattice of the invariant subspaces of the Bergman shift by S. Richter [14].

Let T denote the unit circle. The torus T? is the Cartesian product T x T. The Hardy
space H?(T?) over the bidisk is H?(T) @ H?(T). For each integer n > 0, let

n
pn(z,w) = Z 2"
i=0

Let H be the subspace of H?(T?) spanned by functions {p, }°° . Thus every function in
H is symmetric with respect to z and w. Let [z —w] denote the closure of (z —w) H?(T?)
in H%(T?). As every function in [z — w] is orthogonal to each p,,, we easily see

H* (T =H D[z — w)].

Let A be a subspace of L?(T?) and let P, denote the orthogonal projection from
L?(T?) onto A. The Toeplitz operator on H?(T?) with symbol f in L>°(T?) is defined
by

Tt(h) = Puzr2y(fh),
for i in H*(T?). It is not difficult to see that 7, and T, are a pair of doubly commuting
pure isometries on H*(T?). A little computation gives

PyT. |3 = PyTy|n.

We use B to denote the operator above. It was shown explicitly in [16] and implicitly
in [4] that B is unitarily equivalent to the Bergman shift, the multiplication operator by
the coordinate function z on the Bergman space L? via the following unitary operator
U:L*D) — H,
Pn(z,w)

n+1 "
So the Bergman shift is lifted up as the compression of an isometry on a nice subspace
H of H?(T?). In the rest of the paper we identify the Bergman shift with the operator B.

This paper is organized as follows. In Section 2, as in [14] we lift each invariant sub-

space of B as an invariant subspace of the isometry 7, do the Wold decomposition and
identify the the wandering subspace. In Section 3, using the structure of the wandering
space and establishing an identity (in Step 8 in the proof of Theorem 3.1) we give a
proof of Aleman, Richter and Sundberg theorem [1].

Uz" =

2. WOLD DECOMPOSITION AND WANDERING SUBSPACES

First we introduce notation to lift each invariant subspace of B as an invariant sub-

space of 7T,. For an invariant subspace M of B, define the lifting M to be the direct
sum

M [z —w).
In Theorem 6.8 [14] Richter showed that the mapping

7]:./\/1—>MV
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is a one-to-one correspondence between invariant subspaces of B and invariant sub-
spaces of T, containing [z — w]. In this section we will get the Wold decomposition of

the isometry 7, on M and identify the wandering subspace of 7", on M.
Although for an invariant subspace M of B, M may not be invariant for 77, let the
operator B}, on M denote the compression of 77 on M, i.e.,

Bwq = PuT;q= PuB’q
for ¢ in M. Since the Bergman shift is bounded below, we have the following lemma.
Lemma 2.1. Let M be an invariant subspace of B. Then BB is invertible on M.

Proof. Since B is unitarily equivalent to the Bergman shift, an easy computation gives

1
;§WH

for each f in M. The Cauchy-Schwarz inequality gives
BB = (BuBS, f)

IBf]l =

= |IBf|?
1
> Z|Ifl2.
> ISl
Thus we have
. 1
HBMBfHZ§WN

for each f in M. So B},B is bounded below on M. To show that B} B is invertible on
M, we need only show that B’ (B is onto. If it is not so, then there is a nonzero function
f in M such that

(ByBzx, f) =0
for all = in M. In particular, letting x be equal to f in the above equality, we have
IBf]* =0,

to get that f is zero since B is injective on M. This shows that BB is onto on M, to
complete the proof.

The following lemma will be used in the proof of Theorem 2.3. First we introduce a
notation. For two functions z, y in H*(T?), the symbol z ® y is the operator on H?(T?)
defined by

(z®y)g = [(9,y) 22

for g € H*(T?).
Lemma 2.2. On the Hardy space H*(T?), the identity operator equals

I = T.T:+) weuw =T,T,+) e

1>0 1>0
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Proof. We will just verify the first equality in the lemma since the same argument leads
to the proof of the second equality.

To do this, let h be in H?(T?). Writing h(z, w) = 37 hj(w)z’ for some functions
hj(w) in H*(T), we have

T.T'h = Z hj(w)T, T = Z hj(w)2.
=0 j=1

Using the identity
(w'@uwhh = (h,w)w'
= Sy (w)2? w'yw' = {ho(w), whhu!,
=0
we have

O _w'euwhh = Y (he(w), w'hw' = he(w),

1>0 1>0
to conclude that for each h in H?(T?),

[T, T +Zwl @uw'lh = Zhj(w)zj + ho(w)
1>0 j=1
= Z h;(w)z’ = h
=0

This completes the proof.
Let M, be the wandering space of B on M. Clearly, the wandering subspace L i; of

T, on M contains M. To get understanding L5, we need to find out the orthogonal
complement of M in £ ;. Let

Moo = {=hy + 2Png —wg(w) : (hy,g) € BM x H*(T) and h, = B[B}B] "' Pug}.

The following theorem gives the Wold decomposition of 7, on M and shows that the
orthogonal complement of M, in £ 5; equals M.

Theorem 2.3. Let M be an invariant subspace of 5. Let M be the lifting of M. Then
M is an invariant subspace of the isometry T, and has the following decomposition:
M = N4 o
where L i is the wandering space of T, on M given by
L = Mo D Moo.
Proof. Let M be an invariant subspace of /5 and M denote the lifting of M.

It was shown in [14] that M is an invariant subspace of 7. For completeness we
include a proof. To do this, for each f in M, we write

f=h+f
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for fi in M and f; in [z — w]. Since [z — w] is an invariant subspace of T, T’ fo = z f5
is in [z — w]. A little computation gives
Tzfl = PH(Zfl) + P[z—w](zfl)
= Bfi+ P[Z_w](zfl)

€ Ma[z—w =M.
The last equality follows from that M is an invariant subspace of B. Thus we have

Tzf = Tzfl"‘TzfQ
= Bf1+Tzf2
€ Malz—uw =M,

to get that M is an invariant subspace of the isometry 7.

Since for every function f in N2 77 M, f and its derivatives vanish at z = 0, we
have

2T M = {0}
By the Wold decomposition theorem [13], we have

—~

M=eX "Ly

n=0

where L 5 is the wandering subspace of 7', on M.
To finish the proof, we need identify the wandering subspace L i; by showing

‘/"1]\7 = My d Moo

First we show that M, is orthogonal to M. To do this, let m be in M, and —hy +
2Py g — wg(w) in Mgg. An easy calculation gives
(m,—hy + 2Pyg —wg(w)) = —(m,hy)
= 0.
The first equality follows from that z Py g — wg(w) is in [z — w] and the last equality

follows from that A, is in BM. Thus M, is orthogonal to M.
Second we show

Mo & Moy C Lz
To do this, let m be in M, and —h, + 2Py g — wg(w) in M. For each f; in M and
fo in [z — w], we have that Py,T, f; = Bf; and z f5 is contained in [z — w], to get
(m, T f1) = (m,Bf1) =0,
and
(m, T, fo) = (m, zf2) = 0.
These give
(m, T.(f1 + f2)) = 0.
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An easy computation gives

(=hg + 2Ppg —wg(w), T, f1) —T7hy + Pug, fi) — (T (wg(w)), f1)

—T7hg + Png, P f1)
—B\hg + Pumg, fr)

(
(
=
= 0.

The second equality follows from that 77 (wg(w)) = 0 and f; is in M. The third
equality follows from that %, is the compression of 7 on M. Since [z — w] is an
invariant subspace of 7, and 7" (wg(w)) = 0, we also have

<_h9 + ZPHg - wg(w)7TZf2> = _<h97Tzf2> + <ZPH97 Tzf2> - <wg(w)7 Tzf2>
= (Pug, f2) — (IZ(wg(w)), f2)
= (Png, f2) =0.

Thus these give
(=hg + 2Prg —wg(w), T(f1 + f2)) = 0.

So we obtain

Moy b Mgy C ‘Cﬂ

Third we show

L C My @ Moo.

For q in L i, write
=qtq

for ¢; in M and ¢ in [z — w]. Noting that ¢; is orthogonal to 7, [z — w] and

TM=TM®® T.[z — w],

we have that ¢, is orthogonal to 7, [z — w] and ¢; + ¢» is orthogonal to T, M.

Using Lemma 2.2, we will derive a special representation of ¢,. Since ¢, is orthogonal
to T.[z — w|, we have that T, is orthogonal to [z — w]. Letting G = T ¢y, then G is
in ‘H and

2G = T, T;q
= ¢ — ¢(0,w).
The last equality follows from Lemma 2.2:
[=T.T: +) w"@u"
n=0

Since ¢» is in [z — w], by Lemma 8 in [9], we have that ¢2(z, z) = 0 to get
’ZG(Z7 Z) = QQ(Zv Z) o CI2<07 Z) = _Q2(07 Z)'

Letting g(z) = G(z,z), we have that g(z) is in H?*(T) since go(z,w) is in H*(T?).
Rewrite the above equality as

@z, w) = 2G(z,w) — wg(w). 2.1
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Applying the projection Py to both sides of the above equality gives

0 = Pug
Py[2G —wg(w)]
PTG — Pylw(Prg(w) + Prrg(w))]
= BG — Pu(w(Prg(w))
= BG — B(Prg(w))
= B(G = (Prg(w))).
The first equality follows from that ¢5 is in [z — w] and the fourth equality follows from

that [z — w] is an invariant subspace of 7T,,. Using the fact that 3 is injective on H, we
have

G == PHQ'
By (2.1), we obtain
G2 = 2Png — wg(w). (2.2)

Since ¢; + g9 is orthogonal to 7, M, a simple computation gives

0 = (@ +q,T.f)

(@ + 2Png —wg(w), T.f)
(TZq1 + Png, f)

(PMT?q1 + Pumg, f)

for each f in H. This gives

Byai + Pvg = PuT. 1 + Pyg = 0. (2.3)
Noting
M =M, D BM,
we write
¢ =mo — Bhy (2.4)

for some h; in M and m, in M. Applying B}, to both sides of the above equality and
using (2.3) give

Thus
hl = (Bj{MB)ilPMg
Letting h, = Bh, and using (2.4) and (2.2), we have
qg=q + qo :mo—hg—f—zPHg—wg(w) € Mg ® My

to complete the proof.
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3. A PROOF OF ALEMAN, RICHTER AND SUNDBERG THEOREM

In this section we will give a proof of the following Beurling type theorem of Aleman,
Richter and Sundberg in [1]. Let S be a subspace of H. We use [S] to denote the smallest
invariant subspace of B containing S, i.e.,

[S] = VpsoB"S,
where V,,>0B"S denotes the closed subspace of H spanned by the set {5"S : n > 0}.

Theorem 3.1. Let M be an invariant subspace of B. Then M = [M & BM]|.

Proof. Let M, denote the wandering subspace M & BM of B on M. Let N be the
orthogonal complement of [M,] in M.
We will show that N' = {0}. The proof is long and will be divided into several steps.

Step 1. First we show

N C {Z 2"y Uy = —hy + 2Py gn — wgn(w) € Moo}
n=0

To do this, let ¢ be a function in /. By Theorem 2.3, we have

q= 2P + Z 2"y,
k=0 n=0
where my, is in Mg and u,, = (—h,, + 2Py g, — wg,(w)) € Myg. Since ¢ is in N and
orthogonal to V,,>0B" M, taking inner product of ¢ with B*m,, gives
= (g, Puz"my)
= <Q7 ank>

k

= (M, 2Fmg) + (ZFuy, 2y

The second equality follows from that B* equals the compression of T« on H and the
fourth equality follows from that wy is orthogonal to my. This gives that m; = 0 for all
k > 0. Thus each function ¢ in N has the following form

q= i 2y (3.1)
n=0

For a function ¢ in ' with the above representation, let

0= 2" "un. (3.2)

n=1
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Step 2. Next we show that for each ¢ in V,
a1 = Bjq

and ¢, is still in V.
An easy calculation gives

Tz*q = PHQ(TQ)[ZUO + ZZ Znun]

n=1

= Pp2(r2)[Z(—ho + 2Ppmgo — wgo)] + Z 2y,

n=1

Since ¢ and hg are in M C ‘H and ‘H is invariant under 777, we have that both 77¢ and

T hy are also in H. Noting that M=Meo [z — w] and both M and H are orthogonal
to [z — w], we have that Pi;|y = Pa|, to get

PuTrq = PyTq (3.3)
and
PmT ho = P17 ho. (3.4)
Applying the operator B, to ¢ and using (3.3) give
Bug = PuTq= PyTq
= Py{Pu>ry[Z2(—ho + 2Pmgo — wgo)] + Z 2"}

n=1

= Pyl~Tcho + Pugol + Y 2" u,
n=1

— _PMT,:hO —+ PMgO —+ Z z”_lun

n=1

= —PuT’ho + Pugo+ Y 2" tun

n=1

= —Byho+ Pmgo + Z 2",

n=1
(o]
= E 2",
n=1

The sixth equality follows from (3.4) and the last equality follows from that hy =
B(B},B)~! Ppgo. This gives

Bua = a- (3.5)
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To show that ¢; is still in \V, let m be in M, and k nonnegative integers. Easy calcula-
tions give

<(117 Bkm> =

This says that ¢; is in N

Step 3. We show
q = B(BB) q.

To do so, using (3.2) we have
q = zq +[~ho+ zPrgo — wgo(w)]
= Bqi —ho+ [(z — B)g1 + 2Prgo — wgo(w)].
Note that ¢ and Bg; — hg are in M and (z — B)¢1 + 2Prgo — wgo(w) is in [z — w] and

hence orthogonal to M. Taking the projection at both sides of the above equality onto
M and [z — w] respectively gives
q=Bq — ho (3.6)
and
(z = B)q1 = —2Pygo + wgo(w).
By the fact that T (wgo(w)) = 0, applying T to both sides of the above equality, we
have
(1 =T7B)q1 = —Prgo,
to get
Prmgo = —(1 = ByB)a-
Since hg = B(B},B) "' Prmgo, we have
ho = —B(By/B) ' (1 — ByB)aq. (3.7)
So combining (3.6) with (3.7) gives
q = Bg—ho
= Bq +B(ByB) " (1 - ByB)a
= B(BuB) ¢
Step 4. We show that B(B},B) !¢ is in N for each ¢ in N'. By Step 3, hence
B(B},B)~! v is the inverse of B},

Let
q= B(B}LIB)’Iq.
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Clearly, g is in M. On the other hand, for each m in M, and n > 0, an easy computation
gives

(@.B"m) = (B(ByB)'q,B"m)

= (¢,B"'m) =0,

and

(@.m) = (B(ByB)'q,m)

= {q,(ByB)"'B*m) =0,
to get that g is in V.
Step 5. For each ¢ = Y>> 2"u,, in N as in Step 1, let ¢, = (B},)"q. Then

I

lgr-111* + lg11* = 2llgx1* = [us—al* — llux ]

To prove the above equality, by Step 2 we have that gy = Y .-, 2" *u,,, and hence

00
lgrll® = llunl?,
n=k

to obtain

||Qk—1||2 + ||qk+1||2 - 2||Qk”2

] o0 o0
= > P+ Y Nl =2
n==k

n=k—1 n=k+1
= Jlu-al* = flull*.
Step 6. For each ¢ in NV, let ¢, = (B},)*q. Then

lgr-1lI* + llgr+1]1* = 2llgrI* = ((BrB) " qr. ai) + ((BBA)Gk: ar) — 2(qw qr)- (3-8)
By Step 4, we have
k-1 = B(BLB)A%
to obtain
lgs-1lI* = (BBWB) ™ ar, BBB) ")
= ((BuB) ™ ar: ar)-

This gives (3.8).

The Dirichlet space D consists of analytic functions on the unit disk whose derivatives
are in the Bergman space L?. We will get a representation of functions in M.

Step 7. For each f in M, there is a function ¢(z) in H?(T) N D such that
 2g(2) — wg(w)

z—w '

f(z,w) = —Pyg (3.9)

For f in M and each h in H,

= (T.f —T.f,h) = 0.
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This gives that (B — T,) f is in [z — w]. On the other hand, for each F' in H?(T?),
= (f,(z—w)F)=0.

Thus (B — T,) f is in the wandering subspace E{NO} = L[._. By Theorem 2.3, there is
a function g in H%(T) such that

(B—=T.)f = 2Png — wg(w).
So
Bf = 2Prg — wg(w) + .

Noting that Bf, f, and Py g are in ‘H and hence they are symmetric functions of z and
w, we also have

Bf = wPyg — 2g(z) + wf.
Taking the difference of the above equalities gives
0= (2 — w)Png + z9(2) — wg(w) + (z —w) f.

Hence we have
zg(2) — wg(w)
Z—w '

f=—Png—

Since f is in H, Theorem 9 in [9] gives that g is also in the Dirichlet space D. This
completes the proof.

Clearly, for each function f (z)in D, W is in ‘H. For a function ¢ in the invariant
subspace M of B, let f = (B3,8) 'q. By (3.9) in Step 7, there is a function ¢ in
H?(T) N D such that

29(2) — wglw)

flzw) = —Pug - HE =2

Step 8. Let M denote the orthogonal complement of M in H. Then
(BMB)a.q) + ((BBu)a. a) — 2(¢,9)

= 1PuuBR Ty p )20y

The above identity may be interesting in its own and immediately gives
(ByB)'a.q) + ((BBL)a, q) — 2(¢.9) <0 (3.10)
since
| P BPy || < 1.

(3.10) is the key ingredient in the new proof of the Beurling type theorem of Aleman,
Richter and Sundberg in [15].
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To prove the above identity, we need to identify (B%,8) 'q, ¢ and B} ,q. Easy calcu-
lations give

Bf = PlTy(—Prg— 222 w9,

— _BPyg— PH[ZQQ(ZL—_ZUQ(U))]

by py P00 = W) + (0 = sww),

= Bpyg - S (g oy T gy
BP0 W) | pp by wPhg € [= - u))

| 22g(2) — w?g(w)

)

Z— W
and hence we have
q = BuBf
2

-2 9(2)2:15} g(w)]

= PyI’

PPy )
2g(z) — wo(w) + w(l — w)g(w)

zZ—Ww

— —PMPHZ('I[Q)[ ]

= P [PHEL ) o (g )
_ _PM[ZQ(Z)_wg(w)]

Pl Py - 2 w0 p

= PM [f + PHQ] (by (39))

= f+4 Puy

= —Pyuig-— 29(2) - wg(w)‘

Z—w

The ninth equality follows from that f is in M. Since M is an invariant subspace of B,
M is an invariant subspace of B*. Thus
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So we have
Bj\/[q = PMB*(]
Zg(2) —wglw
— Pu[-BPyug— B i_wg( )]
Z) — w
) sty
Z— W
to get

(BBa:q) = (Bug Bua)
a2 2y

(BwB)q,q) = (f,q)
<f, _PM[Zg(Z> B wg(w)]>

Z—Ww

= (- o)y, by f € M)

— (—Pug— ZQ(ZL:Zg(w) 7 _[zg(Zl:Zg(w)D

— (Pug, [zg(Zl:ZQ(w)D N ||[29(Zl:zvvg(w)]‘|2

— g, [zg(Z)Z:zUUg(w)D N ||[zg(2i:zvvg(w)]|‘2 (by Zg(Z)Z:Zg(w) e H)

= gl + PLEL )y

and
(0.q) = <q,—PM[Zg(Zl:Zg(w)]>

— _[zg(Zi:Zg(w)D
— (~Pyug— ZQ(Z)Z:EUUQW), _[zg(Z)Z:zvl]g(w)]>
— (Puug. [Zg(zzz:wg(w)]> N ”[zg(Z) :Zg(w)ma
_ _<PML[z9(zi:Zg(W)L [zg(Zi:szg(w)]> y [zg(Z)Z:Zg(w)]“z
_ P o) iwg(w)]nz L) iwg(w)]”z
o LU [

—Ww
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The fifth equality and the last equality follow from

0 = Pu.f
g 2=t
_ —PMlg—PML[Zg<Zl:Zg(w)].

Therefore

(BuB)'a.a) + {(BBL)e, @) — 2(¢, )
= gl + P2y 2B 2 I

12| Py g]? — 2L ey

= =y (2D g
= 2Pl P (LI
The second equality follows from
e | LT

The above identity comes directly from the computation by using the Fourier series
expansion of the function ¢(z) and the fact that {’% oo form an orthonormal basis
of H. Since

B[Q(Zi - fu(w)] _ [zg(i:zg(w)] Py
and f is in M, we have
PMLB[M] — —2Py..g.
Z—w

Thus

1 g(z) — glw
1Pagl? = 3P BEE Iy e

= 1B (£ Iy

is in M. So we obtain
(BuB)'q,q) + (BB )q, ) — 2(q, q)

= 1PuuBR Ty p 925Dy

The last equality follows from that B Py, [%fu(w)]
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Step 9. Finally we show that A" = {0}.

For each ¢ in \V, by Step 1, we write ¢ = > _, z"u,, with ||¢]|? = >_°7, ||u,|?, for
uy, in Moo. Let g, = (B3,)"q. Step 8 gives that

(BuB) " ais ai) + (BB Gk, @) — 2{qr, qx) < 0.

By Steps S and 6, we have
g1 ||* = [lux]|* <0,

to get that the sequence {||u||?} of nonnegative numbers increases, but is summable.
Hence |lug||* = 0 for £ > 0. This implies that ¢ = 0, to complete the proof.
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