BOUNDED TOEPLITZ PRODUCTS
ON WEIGHTED BERGMAN SPACES

KAREL STROETHOFF AND DECHAO ZHENG

ABSTRACT. We consider the question for which square integrable analytic
functions f and g on the unit disk the densely defined products T;Tg are
bounded on the Bergman space. We prove results analogous to those we ob-
tained in the setting of the unweighted Bergman space [17]. We will fur-
thermore completely describe when the Toeplitz product Ty Ty is invertible or
Fredholm and prove results generalizing those we obtained for the unweighted
Bergman space in [18].

1. INTRODUCTION

The Bergman space A2 is the space of analytic functions on I which are square-
integrable with respect to the measure dA,(z) = (a+1)(1—z|?)* dA(z), where dA
denotes normalized Lebesgue area measure on D). The reproducing kernel in A? is
given by
1

Kq(f)(z) = m>

for z,w € D. If (-,-)o denotes the inner product in L2(D,dA,), then (h, K}, =
h(w), for every h € A2 and w € D. The orthogonal projection P, of L?(D,dA,
onto A2 is given by
1

P, = (g, K(®), = / A,

(Pag)(w) = (g, K7”) DQ(Z) 1= zw)e (2),
for g € L?(D,dA,) and w € D. Given f € L*(D), the Toeplitz operator T is
defined on A2 by Tth = P,(fh). We have

amw) = [ N o),

for h € A2 and w € D. Note that the above formula makes sense, and defines a
function analytic on D, also if f € L*(D,dA,). So, if g € A% we define T; by the
formula

(Ty)(w) = / Wma(z),

1— zw)2te

for h € A2 and w € D. If also f € A2, then TyT;h is the analytic function f Tyh.
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Problem of Boundedness of Toeplitz Products on A2. For which f and g
in A2 is the operator T¢T; bounded on A%?

We will first give a necessary condition for boundedness of the Toeplitz product
TtTy, and then show that this condition is very close to being sufficient.

To formulate a necessary condition, we need to define the (weighted) Berezin
transform: for a function u € L'(D,dA,), the Berezin transform B,[u] is the
function on D defined by

— |w 2\24+«
B, Ju)(w) = /Du(z)(li_w2|4)+2a dA.(2).

The following result gives a necessary condition for the Toeplitz product to be
bounded.

Theorem 1.1. Let —1 < a < oo, and let f and g be in A?. If TyTy is bounded
on A%, then
sup Bo | f*)(w) Ba[lg*)(w) < o0.

The following result give a sufficient condition for the Toeplitz product to be
bounded close to the above necessary condition.

Theorem 1.2. Let ¢ >0, —1 < a < 00, and let f and g be in A?. If
sup Ba[|f1#*](w) Ballg|**¥)(w) < oo,

then the Toeplitz product T;T; is bounded on A2

Note that in the limiting case o | —1 these transforms correspond to

N R G
/0 u(e )m m u(w),

the Poisson extension of u on I, as the Hardy space H? can be regarded as the
limiting case of the weighted Bergman spaces A2 (see [22]). It is well-known that
a Toeplitz operator on H? is bounded if and only if its symbol is bounded on the
unit circle D. Sarason([10], [11]) found examples of f and g in H? such that the
product TyTy is actually a bounded operator on H 2. though neither Tt nor Ty is
bounded. Sarason [12] also conjectured that a necessary and sufficient condition
for this product to be bounded is

sup | f[?(w)]g[*(w) < oo,

weD
Treil proved that the above condition is indeed necessary (see [12]). The second
author [20] showed that the stronger condition

sup | f[2*¢(w)]g|*+*(w) < oo,
weD

for € > 0, is sufficient for the Toeplitz product T¢Ty; to be bounded on H2.

The above results were proved by the authors for the unweighted case (o = 0)
in [17]. The proof in [17] does not carry over to the weighted setting without some
major adjustments. The proof of the unweighted case of Theorem 2.1 made use of
the fact that the reciprocal of the Bergman’s kernel’s norm is a polynomial. This is,
however, not the case in the weighted spaces A2. We will show that the reciprocal
of the Bergman’s kernel’s norm is the sum of a polynomial and a power series
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absolutely convergent on the closure of the unit disk. The proof of the unweighted
case of Theorem 2.2 made use of an inner product formula that involved derivatives.
This inner product formula is not enough to prove Theorem 2.1, for which we will
need inner product formulas involving higher order derivatives.

Cruz-Uribe [3] showed that if f and g are outer functions, a necessary and suf-
ficient condition for 74T, to be bounded and invertible on H? is that (fg)~' is

bounded and sup{W(w)E]\\Q(w) :w € D} < co. A similar, though different, char-
acterization of bounded invertible Toeplitz products on H? with outer symbols was
obtained by the second author [20]. Cruz-Uribe’s [3] proof relied on a characteriza-
tion of invertible Toeplitz operators due to Devinatz and Widom, which in turn is
closely related to the Helson-Szego theorem, that characterizes the weights w such
that the conjugation operator (or Hilbert transform) is bounded on L?(0D,w dm).
See Sarason’s book [9] for more on these results. On the other hand, the proof in
[20] is based on a distribution function inequality.

Following our proof of Theorems 2.1 and 2.2 we will consider the special case
that g = 1/f, in which case it will be possible to remove the £ > 0 in the condition
of Theorem 3.1, so that the necessary condition is also sufficient; we will prove the
following result.

Theorem 1.3. If f € A2 satisfies the condition
sup Ba[| f1?)(w) Bal F17*)(w) < o0,

then the Toeplitz product Tle/—f is bounded on A2.

We will give applications of this result to describe invertible and Fredholm prod-
ucts TyTy, for f,g € A%. The results extend those we obtained for the unweighted
case in [18]. As in [18], we extend the basic techniques of the real-variable theory of
weighted norm inequalities [2], [4], [5], [8] and [13] to the weighted Bergman spaces.
We make use of dyadic rectangles on the unit disk and dyadic maximal operators.
We will show that every dyadic rectangle that has positive distance to the unit
circle is always contained in the pseudohyperbolic disk with the same center as
the dyadic rectangle and a fixed radius independent of the dyadic rectangle. This
observation simplifies the arguments even for the unweighted case.

2. NECESSARY CONDITION FOR BOUNDEDNESS

Suppose f and g are in L?(D,dA,). Consider the operator f ® g on A2 defined
by
for h € A2. It is easily proved that f ® g is bounded on A2 with norm equal to

1@ gl =l flla llglla, where [|h]q denotes the norm ([ |h|2dAa)1/2 in A2.

We will obtain an expression for the operator f ® g in terms of the operators
involving the Toeplitz product T;T;, where f,g € A%. This is most easily ac-
complished by using the Berezin transform, which has been useful in the study
of operators on the Bergman space [1] and the Hardy space [15]: writing k) for
the normalized reproducing kernels in A%, we define the Berezin transform of a

a?

bounded linear operator S on A2 to be the function B,[S] defined on D by
Ba[S)(w) = (Sk kM),

w T w
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for w € D. The boundedness of operator S implies that the function B,[S] is
bounded on D. The Berezin transform is injective, for B, [S](w) = 0, for all w € D,

implies that S = 0, the zero operator on A2 (see [14] for a proof). Using the
reproducing property of K we have

1

K@% = (K@ gy — () e
H w ||a < w o Pw > w (’LU) (17‘w|2)2+a7

thus
(1 _ \w|2)(2+0‘)/2

(1 —wz)?te

kG (2) = ; (2.1)

for z,w € D. Tt follows from (2.1) that
Bo[S)(w) = (1 = [w]*)**(SK{Y, K{Y)a,

Thus (T T, K5, KM, =

for w € D. It is easily seen that Tj K(O‘) = g(w ) 1(1
= f(w)g(w )<K7(ua),K(a)>a, and we

(T,KS TrKS ) = (g(w >K55“>,f< VES)a
see that

Bu[TyTgl(w) = f(w)g(w).
We also have
Bolf @ gl(w) = (1 — [w[?)*™((f ® ) K™, KM,
= (1= w]?)?*** (K, g)a £ K)o
= (1= [0y (K, ) ol £ KL
= (1~ [w]?)*** f(w)g(w).

We will use the last formulas to obtain an expression foroperator f ® g in terms of
the operators involving the Toeplitz product T/T5, where f,g € A%, We need the
following lemma, which may be of independent interest. For a real number 3, let
[0] denote the integer part of 8 and {8} = 5 — [5] = 0.

Lemma 2.2. Suppose that « is a real number in (—1,00). The function (1 —t)2T
has the power series expansion

2+[a]

24a _ j ['(3+a) j
(1= = ;O(_l) TG +ra—7)"
e LB+ ) sin(r{a}) ST+ 1= {a}) synppa)
+(=1) . ;0 Binil)

Proof. We will show that
k—1 ,
_  T(-B+k+1) ¢
1 —¢) Btk — —1)7 h
1ot Sy LT

=0

)

(6+k+1 Z I'(n+3) gtk

(=D LB (-B+1) (n+k)!

for 0 < B < 1 and every positive integer k. Interpreting the first sum as 0 when
k = 0, this formula is the usual binomial expansion for (1 —¢)~?. Assuming the
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above formula to hold, integration with respect to t yields

L— (=)=t 'H(_l)j D(-f+k+1) _#+
—B+k+1 = DBtk +1-5) (D)
" (_1)krr((5_)€(tl;111)) 2 (Einijfi)! e
r j
; BiJkr—kr;i)j) j'
e Y

which implies

e
‘ |
jz_;“)jrf—(ﬁiﬁﬁj);
b= ( ﬂ+k+2 ZO n+nk++61 e
and thus -
(1= )7orit = zf: e i:@_i;?g);
D R 2 S s A

This proves the induction step. Assuming « to be a non-integer, the lemma follows
by taking 3 = 1—{a} and k = [a]+3. Then 0 < § < 1 and —f+k = 2+{a}+[a] =
2+ a. Using

T

F@r(=+1) =T —{aphl({a}) =

sin(r{a})

the stated identity follows. O

Applying the above lemma to ¢t = |w|? = ww we have

2+[a]
C IB+a)
1—w22+°‘:E 1)) ——ww’
(1=l j:O( )]!F(3+a—j)

1 ar(3+a)51n<ﬂ-{a}) = F(n+1_{a}) n+[a],-3+n+[a
() - nza Grar V. Holg>enrel,
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Multiply by f(w)g(w) to obtain
24

Bo[f @ gl(w) = ) (-1)

Jj=0

'3+ a) j P
mw fw)w? g(w)
t(<1)1+le] I(3 + a)sin(r{a}) 3 P(n+1—{a}) sinifa o] f () ewSF g ().

71' —= (3+n+[a])!

Using that for analytic functions h and k the Toeplitz product 13,1} has Berezin
transform B, [T3T}](w) = h(w)k(w), the above formula and the unicity of the
Berezin transform imply the following operator identity

2+[a]

. I'G+a)
(34 a)sin(m{a}) e T'(n+1—{a})
_ 1)1+l , .
+(=1) T nz:% B+ntla)) Tzd+n+[a]fTZS+n+[a]g
+
Z '3—+O‘) TIT}T, T’
JITB+a—j)
L3+ a)sin(r{a}) ¢~ L(n+1—{a}) S4ntla
—1)tFled 3-+n+(a]p o p3tntlol
ey a nz::o B+n+[a])! T TyTyT: :

This operator identity in turn implies

2+[o]
I'G+a)
f®gl < —_— _||TyTy
| [ ; ITGra—7) 1T Tyl

I'(3 4 a)sin(r{a}) i L(n+1-{o}) 1Ty Tg]l-

77 — (3+n+[a])

+

Using Stirling’s formula it is easy to verify that
I'n+1—{a}) 1
B+n+[a])! n3ta’

so the positive series

o I'(n+1—{a})
nZ:o (3+n+ [a])!

converges. Hence there exists a finite positive number C,, such that

[fllallglla = [If ® gll < CallTr Ty

For w € D the function ¢,, has real Jacobian equal to
e L (= w?)?
|<)0w(z)| - |1—’LT}Z|4 .

Using the identity
(1= w*)(X — |2*)

11— w2

1- |<,0w(2)|2 =
it is readily verified that

(1= [z [k (2) = | ()P (1= lew(2)P)7,
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which implies the change-of-variable formula
/ h(w(2)) kG (2)? dAa(2) = / h(u) dAq(w), (2.4)
D D

for every h € LY(DD). Tt follows from (2.4) that the mapping U h = (h o @y )k
is an isometry on A2:

|ULOR|2 = /uww )P (2)[2 dAa (2 /|h )2 dAq(u) = ||B12,

for all h € A2. Using the identity

S 1— |w|?
1-— w = — )
pu(R)w = T——-
we have
RO (o () = LTIWP)EOZ (- zwe 1

(1 - pu(zw)2te (1= [w)@Fa/2 = p) )
Since @, 0 ¢, = id, we see that
(UL UFIR)() = (ULR) (pu ()R (2) = h)RE (pu(2) ki (2) = h(2),

for all z € D and h € A%2. Thus (Uis,a))*1 = U™, and hence U™ is unitary on A2,
Furthermore,
Tpop, UL = USITy. (2.5)

Proof. For h € H*® and g € A2 we have
({UITih, UG g)a = (Trh, 9)a <fh 9)a

/ f(u Aal2)

=/f(ww(Z))h(cpw(2))g(ww(2))lk&“)(Z)|2dAa(Z)

/ F(u (2D (2)ED (2)g(pu(2)KE (2) dAa(2)
= (fUMD, U g)a = (Trop, UM B, U g)
establishing (2.5). O

It follows from (2.5), applied to f and g, that
Tfogow T§0<Pw (Tfoﬂow U(Oé))Ufua)( gopu U(O‘))U(o‘)

= (UITHUD U T,) U = U Ty Ty UL,
thus

Ilf o vuwllallg o vuwlla < Ca”TfOsowT@Oww = Ca”TfT??”a

hence

Ba[lf?)(w) Ballgl*)(w) < CXIITy T4,
for all w € D. So, for f,g € A2, a necessary condition for the Toeplitz product
T+T; to be bounded on A2 is

sup B[ 1%](w) Bollgl")(w) < oe. (26)

This completes the proof of Theorem 1.1.

(o2l
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3. SUFFICIENT CONDITION FOR BOUNDEDNESS

Theorem 1.2 states that a condition slightly stronger than the necessary condition
(2.6) is sufficient, namely the condition that for f,g € A%

sup Ba[|f1#*](w) Ballg|**¥)(w) < o, (3.1)
for e > 0.

Estimates. We establish some estimates the the n-th order derivatives of images
of Toeplitz operators.

Lemma 3.2. Let —1 < a < oo and let n be a non-negative integer. For f € A?
and h € H>*(D) we have

IM'a+2+n) 1
Fa+2) (1-—|w?2)rtite/2

(TFR) ™ (w)] < 2 Ballf1*)(w)"?|[Ala,

for all w € D.

Proof. Differentiating the formula

() ) = (a+ 1) [ G ) aace

p (1 —wz)?te

n times yields

() ) = Do 2 [ IR opraac). 69)

MNa+1) Jp(1—wz)?tnte

It follows that

’(T;h)(”) (w)‘ < F(O‘+2+n)/ |f( )||h( )| (17|Z|2)adA(Z)

T(a+1) 11— wz|2+"+a

1/2
I'o —|— 2 —|— n) o
O ([ ey aac) )

(/ R~ B aa))

D(a+2+n) FOP e gars)
< — ( s (1= 2 4

INa+1) p |1 —wz|tt2e

X (/D|h(z)|2(1 ~ 22y dA(Z)>1/2

_Tlat2+n) 1 Ballf1*(w) \"*

- T(a+2) (1—|w)” ((1 _ |w|2)2+a> lI7lla
INa+2+n on ot 1o

B (F(a+2) ) = |w|2)n+1+a/zBaHf| J(w) 21k a

as desired. O
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Lemma 3.4. Let —1 < a < o0, let € > 0, and let n be an integer at least as large
as (24 a)/(2 + ). There exists a constant C, only depending on « and n, such
that for f € A2 and h € H>®(D) we have

/6
c [h(z)|° 1
T* (n) < - B 24¢ 1/(24e) [ 1"\ <)1T A
for all w € D, where § = (2+¢)/(1 +¢).

Proof. Using formula (3.3) and Hélder’s inequality we have

(@n)™ (w)

Fa+2+n) lf(2)[|h(z)]
S Ta+D /\1—w2|2+”+°‘(1_||) (=)

r a—|—2—|—n (2)|?*e e 1/(2+e)
S MNa+1) (/ 1— wz|2+a+n(2+a) (1—2)* dA(z)

(/ It |hWIM (1= ) dA(z))l/(S

Ol+2+n |2+E ) 1/(2-‘1—6)
EYCES)) (/ |1 _ wz|4+2a+n(2+5) ey (L= 121%) dA(z))

|h , 1/68
</ |1 wz|2+a (1—1|2|%) dA(z))
/(2+€)
(o +2+n) £ (2)[2t ) !
< 1- *dA
for s (L i ammn(t 2 oo~ #0446

z s 1/5
g ( D%@ — 21" dA(z))

T(a+2+n) 1 1 Bu[|f]2+e](w) /@
Cla+1) (1—|w))r=Cte)/Cte) \a+1 (1 - |w]?)2+e
/6
1 |h(2))° '
dA,
x (a+1 p |1 —wz|>te (2)
F(a +2+ ’I’L) (1 + |w|)n—(2+a)/(2+s)

— 2ters 1/ (2He)
- e e (Bl W)

X ( MdAa(z)>l/6

p |1 —wz|*te
['(a+2+mn)2n(2+a)/2te)
Mla+2) (1= w)"

which gives the desired estimate. g

N

8 1/6
Ball 77+ (w) "+ ( _Irl dAa<z>)

p |1 —wz|?te

Inner Product Formula in A2. In this subsection we will establish a formula for
the inner product in A2 needed to prove our sufficiency condition for boundedness
of Toeplitz products.
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If f and g satisfy the sufficiency condition (3.1), and h and k are polynomials,
Lemma 3.2 shows that analytic functions F' = T¢h and G = Tk satisty

(1= 2?2 u® (2)o®) (2)] < Cakliblla Ko,

while Lemma 3.4, combined by the LP-boundedness of the Bergman projection on
A2 will be used to show that

/D(l = |22 ™ (2)o( (2)| dA(2) < Capll Pl I,

provided n > (2 + «)/(2 + ¢) (details will follow). So we need to rewrite the inner
product in such a way that the above estimates can be used. Write

(f.9)a = / f9dAs = (a+1) / FER( — [27)* dA(2).

Note that
(2", 2"y = (e +2)
YT T4 a+2)
A calculation shows that
<f/7g/>a+2 <f/ag/>o¢+3

(f.9)a =(f 9a+2 + ( (3.5)

a+2)(a+3)  (a+3)(a+4)’

for all f,g € A2.

We iterate formula (3.5) to obtain an inner product formula useful in estabilishing
the sufficiency condition sufficiency condition (3.1) for boundedness of Toeplitz
products on the weighted Bergman space AZ.

Lemma 3.6. Let —1 < ao < co. There exist constants by, 1,...,bp 2,41 such that
2 n—1
(f,9)a = (f,9a+2 + Z Z bngkti—2(F™, 9" arok i
i=1 k=1
! (3.7)
3
+ Z bn,2n+j72<f(n)ag(n)>a+2n+j71>
=1

for all f,g € A2.

Proof. The inductive step is to use (3.5) on

(fotD), gt ) o ong i
a+2n+ji+1)(a+2n+5+2)

(f D, g ) oyt
(a+2n+j+2)(a+2n+35+3)’

(F™, 0" arznpjo1 = (", 0" ) asansjer + (
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for j = 1,2. The following definitions establish the induction step, and can be used
to determine these inner product formulas recursively.

b _ bn,Qn
TR T Gy D (a+ 2n+5)
b o bn,2n + bn,2n71
TR T 2+ 3) (a4 2n + 4)
b 2m—
bpti1,2n+1 = 2nl

(a+2n+2)(a+2n+3)’
bp+1,k =bn g, for 1 <k < 2n.

This proves the result. O

PROOF SUFFICIENCY CONDITION

The inner product formula (3.7) and the estimates discussed will establish that
for analytic functions f and g satisfying condition (3.1) the Toeplitz operator 1T}
is bounded on AZ.

Let f and g be analytic functions satisfying the condition (3.1), and let h and &
be polynomials. Put F' = T¢h and G =Ty k, and choose a positive integer n such
that n > (2+«)/(2+¢). By Lemma 3.2, there are finite constants Cy, ; (depending
on the constant in condition (3.1)) such that

(1= 2?2+ PO (2)GW (2)] < Coell o [l
for all z € D. This implies that

[(F®, ") asanrjpn] < Cagllblla R la,

fork=1,...,.n—1and j=1,2.
Using Lemma 3.4,

(1= [w*)2 (T 1)) ()] (T5 5) ™ ()]
< CBa[|f|2+5}(w)l/(2+s)BaHg|2+s](w)l/(2+s)

h(z)° 1/8 k(2)|° 1o
([ ) ([ 4o
< OM (Qulhl ()" (Qalkl (w))"°

where @), denotes the integral operator defined by

0= [ T e

Using the inequality of Cauchy-Schwarz,

(1= [w?)>"|(TFh)™ (w)] | (T3 ) (w)] dAa (w)
/
M ([ (Qalhl* (@)™ dAq(w) v (Qalkl? ()™ dAq(w) "
(/ ) (/ )

Since p = 2/6 > 1, the LP-boundedness of operator Q,, on A% (which can be proved
similarly to Theorem 4.2.3 and Remark 4.2.5 in [21] considering the test function
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(1 — |2]?)~(e+D/PD) shows that

[ (@alefi@)*” ddatw) <€ [ (ol w))
D D

2/6
dAq(w) = [v]2,

thus
/(1 — 2132w (2)0() (2)| dA(2) < Can ]l [1Ela-
D

This implies
|<F(k)vG(k)>a+2n+j—1‘ < Ca,n”hHa ||k||a7
for 7 =1,2,3. Also, by Lemma 3.2,

(F, Gaval < Coollhllo [K]]a-

With the help of inner product formula (3.7) it follows that

2n+1
(. Chal < 3 lonsl g, Coe | 1l Kl
]:
proving that the Toeplitz product T}T}; is bounded on A2, O

4. A REVERSED HOLDER INEQUALITY

In this section we will prove a reverse Holder inequality for f in A2 satisfying
the following invariant weight condition:

Z%%BaHf|2](w)3a[|f|*2](w) < o0 (M)

We will prove that the above condition implies that

ilé%Ba[lfl”ﬂ(w)Ba[Ifl’(”E)](w) < co. (Maye)

for sufficiently small € > 0. By Holder’s inequality,

1/2 1/(2+e¢)
(/ |f2dAa> < (/ |f|2+EdAa) .
D D

Applying this to the function f o ¢,, it follows that
Ba[lf1A(w) < BallfI2€)(w)?/@+9),

and thus
2/(2+4¢)

Bl P1w) BallfI2)(w) < (Ballf 2] (w) Ballf I~ )w)) ",

so condition (Ma4) implies (Ms). Thus, the above implication will follow once we
prove a reversed Holder inequality:
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Theorem 4.1. Suppose that f € A2 satisfies condition (Mz) with constant
M= su%Ba[|f|2](w)Ba[|f|72](w) < 00,
we

There exist constants ey > 0 and Cp; > 0 such that

2+4€)/2
Ballf17*)(w) < Car (Ballf2)(w)) *F972,
for every w € D and 0 < € < ).

As in [18], our proof will make use of dyadic rectangles and the dyadic maxi-
mal function. We first discuss the dyadic rectangles and prove some elementary
properties related to these rectangles.

Dyadic rectangles. Any set of the form
Qnmp = {re” - (m —1)27" <r <m2™" and (k—1)27"lr <0 < k27" 7},

where n, m and k are positive integers such that m < 2™ and k < 2" is called
a dyadic rectangle. The center of the above dyadic rectangle Q = Qp m k is the
point zg = (m — )27, with ¥ = (k — )2 ™" 7. If d(Q) denotes the distance
between @) and 9D, and £(Q) denotes the length of the square in the radial direction
(U(Qn,m,x) =27"), then

1 - |zq| = d(Q) + 34(Q). (4.2)

The following figure shows these quantities for a dyadic rectangle not adjacent to
the unit circle OD.

-

\
\
|
1
|

Figure 1: Dyadic rectangle ) with center zg

A simple calculation shows that

QI = 8l2ql(1 — |2q] — d(Q))*. (4.3)
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Write A, (E) to denote the measure of a measurable set E C D with respect to
dAs(2) = (a+1)(1 — |2]?)*dA(z). If Q is a dyadic rectangle, then its weighted
area is
1+«

Aa(Q) = (@) {(A(Q) + €@)™* (1 + |2q] - 36(@)
— (@) (1+ |2l + 36Q) ' }.

The above formula for A, (Q) can be used to obtain estimates for use in our proofs.
However, many different cases need to be considered. As it turns out, dyadic
rectangles not in contact with the unit circle can be treated easily without knowing
their weighted area. The following formula give the weighted area of a dyadic
rectangle that lies adjacent to the unit circle. If @) is a dyadic rectangle in the unit
disk other than D for which d(Q) = 0, then

Aa(Q) = 272 (1 — [zo ). (4.4)

Invariant Weight Condition. For w € D let kiua) denote the normalized repro-
ducing kernel in the weighted Bergman space A2.

Lemma 4.5. Let —1 < a < oo. There exists a positive number ¢, such that

k(o) 2 > . Ca
P > e

for every dyadic square @ in D and every z € Q.
Proof. If z = re? € Q and Q = Qu.m.k, then zg = 27" (m — %)6“9, where ¥ =
217" (k — L), thus

27

|9—19|<W

< 2m(1 = [zql)-

Since 1 > |zq] — 1/27+1 > |zq| — (1 — |zq]), we have rlzg| > |2q/? — 20|(1 — =),
thus

1—rlzql <1— 20" + |2](1 — |2ql) = (1 +2[2])(1 — |2q]) < 3(1 — [2q))-
Hence
11— Zgz|* = 1+ 72|2g|* — 27|20 cos(6 — )
= (1 —7]zq|)? + 4r|zq|sin*((6 — ) /2)
< (1 =7lzq))* +7]20l(6 — 9)*
<91 — |2|)? + 47°r|zql(1 — |2ql)”
<50(1 — [2q))*,

and we obtain

|k(a)(z)|2 _ (1 — ‘ZQ‘2)2+Q 1
@ O = e 2 50ere(i — gl
This proves the inequality with c, = 1/50%+. O

For w € D and 0 < s < 1 let D(w,s) denote the pseudohyperbolic disk with
center w and radius 0 < s < 1, i.e,

D(w,s) ={z € C:|pu(2)] < s}.
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Lemma 4.6. Suppose that f € A2 satisfies the invariant weight condition (Ms)
and let 0 < s < 1. There is a constant ¢s > 0 such that

1)

s [f(w)]
whenever z € D(w, s).

<

S

Proof. Fix w € D. Let u be in D(0, s). Since £ is in A2 we have f(u) = (f, K\)a.
Applying the Cauchy-Schwarz inequality we obtain

. 1l 1o
1] < Il 0 = e S G

for each u in D(0,s). Now if z € D(w, s) then z = p,(u), for some u € D(0, s).
Replacing f by f o ¢, in the above inequality gives

|f(Z)| = |(f o @w)(u)‘ < ||f OQDw”a

= 1 21(, \1/2
(1—s2)@FF0)/2 — (1 s2)(2+a)/2 Ba[l fIF)(w) /=
By the Cauchy-Schwarz inequality
1 - - —
|f(w)| = |(f 'o @w)(o)‘ < ”f Lo @w”a = BaHf 1|2](w)1/2.

Combining these inequalities we have
T
[f(w)] ~ (1 -5

1/2
a7 BallFP)w) 2 Ball F 2 )2 <

(1— s2)@Fe)/2’
for all z € D(w, s). Replacing f by its reciprocal f~! gives the other inequality. [

Proposition 4.7. There exists an 0 < R < 1 such that
Q C D(zq,R),
for every dyadic rectangle in D that has positive distance to JD.

The following figure illustrates the above proposition.

-~ - -~ = =~ ~
e ~
7 N
7 N
7 N
7 N
/ \
/
/ \
/ \
/ \
I \
] \
I |
| |
| I
\ ]
\ I
\ /
\ /
\ /
\ /
\ /
N\ /
N 7
N 7
~N 7
~ ~
~ - — -~

Figure 2: Dyadic rectangle @) included in D(zq, R).
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Proof. Tt suffices to consider dyadic rectangles closest to dD. Let @ be such a
dyadic rectangle with positive distance to 0. For 0 < r < 1 the pseudohyperbolic
disk D(zq, ) is a euclidean disk in ) whose euclidean center is closer to the origin
than zq is (the euclidean center of D(zg,r) is (1 — 72)zq/(1 — 72|2¢|*) and the
euclidean radius is (1—|zg|?)r/(1—1%|2¢|?); see [6], page 3). Recall that the center
zg of @ has argument ¥ = (2k — 1)7/2™. We need to show that @’s outer corners
(1 — 27™)e!P£7/2") belong to D(zq,r) for sufficiently large 0 < r < 1. Using
rotation-invariance, it will be enough to estimate the pseudohyperbolic distance d,,
between the points z, = 1 — 227" and A, = (1 — 27")e'’», where ¥,, = 7/2". A
calculation shows that

l2n — Ap? = 27272 + 41— 227)(1 — 27 ") sin®(39,,),

and

1= ZAn|> =25 x 272" 2(1 — 2277)2 4 4(1 — 2277)(1 — 27) sin®(30,).
It follows that
1441 —3277)(1 — 27™)72 (sin(10,)/(10,))° 1+ 472

. ,
25(1 — 22-7)2 4 4(1 — 32-7)(1 — 2-)72 (sin(19,)/(30,))°  25+4n°

4’ =

n

as n — oo. Consequently, there exists an 0 < R < 1 such that d, < R, for
all positive integers n. Then @) C D(zq, R), for every dyadic rectangle for which
d(Q) > 0. O

Lemma 4.8. If f € A2 satisfies the invariant weight condition (Ms), then there is
a constant C' > 0 such that

(AQI(Q) /Q|f|2 dAa) (Aal(Q)/QV_QdAa) <C,

for every dyadic rectangle Q.

The following proof of this more general result is actually more elementary than
the proof of the corresponding lemma given in [18].

Proof. Suppose f € A? satisfies the invariant weight condition
Bo[| fIPJ(w)Ba [l f17*)(w) < M < oo,

for all w € D. Let @ be a dyadic square in the unit disk other than D (if @ = D the
estimate holds, since [} [f|*dAq = Ba[|f]?](0) and [j |f|7%dAs = Ba[|f|73](0)).
First assume that d(Q) > 0. By Proposition 4.7, Q@ C D(zg,R). By Lemma 4.6,
there exists a positive constant C such that

é'ﬂz@ﬂ <|f(2)] < Clf(z0),

for all z € Q. Therefore

(o [ 1) () / 172440 ) < (CIf0)P) (CIf(z)| ) = "
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Next assume that d(Q) = 0. Using Lemma 4.5 we have
BallfP)ze) = [ IAPIKE) P da,
> [ 1P P dA
Q

> e | 1P dAa.
o
Since @ # D and d(Q) = 0 we have |zg| > 1/2, and it follows from (4.4) that

Aa(Q) = 2277(1 = |zg)**.

Combining the above two inequalities yields

22+a Ca
Ballfl(a) > 5 /Q PP Ay,

A similar inequality holds for f~!. Thus we have

( Q/|f|2 )( /|f|2dA)
< (L) (2 Qﬂf Col) ¢ M

as desired. 0O

Lemma 4.9. Let —1 < a < oo and suppose that f € A2 satisfies the invariant
weight condition (Ms). For every w € D let du&?) = |fopuw|?dA,. IfO0 <y <1,
then there exists a 0 < § < 1 such that

ni (B) < ouP(Q),
whenever E a subset of Q) with A, (F) < vA.(Q).

Proof. Suppose that B,[|f|*](w)Ba[|f|72](w) < M, for all w € D. Let E be a
subset of @ with A,(F) < vA,(Q). Applying the inequality of Cauchy-Schwarz
and Lemma 4.8 we have

2
Ao(Q\ E)* = (/Q\E |f © pul fowwl_ldAa>

< 0 pul? dA,
(/Q\Ef ool )(
g (/ ‘fo()OUJ|2dA > < |f090w dAa)
Q\E
1
< o u,2dAa C A, o pu|FdA
<</Q\Ef<p| ) /If@l )

()
:CAQ(Q)Q{ Z“;)Eg }

|fowwl™ 2dA )
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It follows that

(@) 2
WOE) 1 ( AQ<E>>
X 1 - A ]- - X 67
e el L@) ¢
if we put vy =1-— (1 —~)%/C. O

The Dyadic Maximal Function. The dyadic maximal operator M, is defined
by

(Maf)(w) = sup ﬁ(@ /Q fldAa,

weQR

where the supremum is over all dyadic rectangles @) that contain w. The maximal
function is of weak-type (1,1) and the maximal function is greater than the dyadic
maximal function, so the dyadic maximal function of any continuous integrable
function is finite on D. In particular, if f € A2 satisfies the invariant A,-condition,
then the dyadic maximal function M, |f|? is always finite. This can also be seen
directly as follows. Given a point w € D, there is a number 0 < R < 1 such that all
but a finite number of dyadic rectangles containing the point w lie inside the closed
disk D(0,R) = {z € C: |z| < R}. If f € A2 and Q is a dyadic rectangle containing
w inside the disk D(0, R), then

AC,(Q>/Q'f( )| dAa(z) < max{|f(2) : |2] < R}.

If Q1,...,Q, are dyadic rectangles containing w not contained in the disk D(0, R),
then

1
M| F2(w) € max 2)%: ]zl <R+ max —
100) < mas{(FGI o < B+ max ooy |

F(2)2 dA(z) < .
This proves that the dyadic function of |f|? is finite on D.

The principal fact about the dyadic maximal function is the Calderon-Zygmund
decomposition formulated in the next theorem. We will need the notion of “dou-
bling” of dyadic rectangles in its proof. Suppose that n > 1 and m, k are positive
integers such that m, k < 2". The double of @ = @, m i, denoted by 20Q), is defined
by

2Q = Qn—1,[(m+1)/2),[(k+1)/2]5

where [¢] denotes the greatest integer less than or equal to ¢.

Doubling Property. The following figures shows a dyadic rectangle @) and its
double 2Q.
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\\
N
AN
A
AS
Q AN
\
\
d(QN
\
\
\
(Q\
\
\ \
1 \
| |
1 1
| |
Figure 3: Dyadic rectangle Figure 4: Dyadic rectangle
and its double and its double

Using (4.3) as well as d(2Q) = d(Q) — 1£(Q) and £(2Q) = 2((Q), an elementary
calculation shows that
20| _

<8, 4.10
Q (4.10)

for every proper dyadic rectangle () in the unit disk. We will show that this doubling

property extends to the weighted measures A,. We first prove two elementary
lemmas.

Lemma 4.11. For every dyadic rectangle in the unit disk other than D the following
inequalities hold:

3(1—lzql) < 1=zl < 5(1—I2q))-
Proof. If 2@Q) is closer to the unit circle, as in figure 3, then
1 —|2q| =1 — |22q| + £(Q)/2.
Clearly 1 — |z2g| < 1 —|2g]|. Since £(Q) < 1 — |zg| we also have
L= |zaq) = 1= [zl = UQ)/2> 1 = |zq] = (1 = [z¢[)/2 = (1 = |z¢[)/2.
Thus
3(1—lzql) <1 -zl <1-l2ql-
If d(2Q) = d(Q), as in figure 4, then
1 —[zq| =1 - |z + 4(Q)/2.
Clearly 1 — |z2g| > 1 — |2¢g]. Since £(Q) < 1 — |zg| we also have
1— |zl =1 = |2q| + £(Q)/2 < 1 — |zq| + 5(1 — |zql) = (1 — |zq))-
Thus

(1= l2ql) < 1— |22l < 3(1—|2ql)-
This completes the proof. O
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That the functions (1 — |2|?)® are approximately constant on pseudohyperbolic
disks is well-know. The following lemma gives concrete bounds.

Lemma 4.12. Let w € D, 0 < r < 1, and let « be a real number. Then
o] ||
1—r 1+
1 _ 2\« g 1 _ 2\« < 1 _ 2\«
(157) a-mPr <=l < ($50) a-lope,
for all z € D(w, ).

This lemma is easily proved using (2.3) and standard estimates.
The following proposition shows that doubling property (4.10) extends to the
weighted cases.

Proposition 4.13. If —1 < a < oo, then there exists a constant N, < oo such

that A (2Q)
2a(Q) <N

for every dyadic squares () in the unit disk which is not equal to D.

Proof. Let Q be a dyadic square other than D = Qq1,1, and let 2¢Q) denote its
double. There are three cases to consider.

Case 1. d(2Q) > 0. By Proposition 4.7 we have 2QQ C D(z2g,R). Using
Lemma 4.12 we get

4,(2Q) = (a+ 1) / (1= 14 dAG)
|
<) (FR) O faalr [ dae

|ev]
1) (155) (Lol

Since also d(Q) > 0 we also have

_ e
1@ > @) (153) G-Il lel

Thus

4a(2Q) _ <1+R>2'a (1 - |z20*)* 20
A(Q) "\1-R (1= lzq)* 1QI"
and that this is bounded above follows from (4.10) as well as Lemma 4.11.

CASE 2. d(2Q) =0 and d(Q) > 0. By the Proposition 4.7, @ C D(zq, R). Then

_ e
1@ > @) (153) G-lwaP)lel

Since @ is near the boundary, |zg| > 1/4, and it follows from formula (4.3) that
Q] = (1 — |2¢|*)?, thus

_ e
(@ = 04 1) (T55) 0= Izl

By (4.4)
Aa(2Q) = 4172201 = |22 )" <41 — |22g]) .
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Combining the last inequalities we have
Aa(2Q) _ 4o (1 + R) o <1 - |22Q|)2+“
An(Q) T a+1 \1-R 1—|zq] ’
which is bounded by Lemma 4.11.
CASE 3. d(2Q)) =0 and d(Q) = 0. In this case, by (4.4)
Aa(Q) = 4zl (1 — [20])*™ = (1 = |2g)***

(since |zg| = 1/2). Hence
24«
Aa(2Q) < qlte (1 - Z2Q|)
Aa(Q) 1—[zq| ’
which is bounded by Lemma 4.11. This proves the doubling property. O

The following theorem should be compared with Lemma 1 in Section IV.3
(p. 150) of Stein’s book [13].

Calderon-Zygmund Decomposition Theorem. Let —1 < o < oo and f be
locally integrable on D, let t > 0, and suppose that Q@ = {z € D : M, f(z) >t} is
not equal to D. Then ) may be written as the disjoint union of dyadic rectangles
{Q;} with

1

_— dA, < Nat,
t<Aa(Qj)/f| < Nat

where N, is as in Proposition 4.13.

J

Proof. Suppose that w € €, that is, M, f(w) > t. Then there exists a dyadic
rectangle ( containing w such that

1
A .
AQ(Q)/QIfId >t

Now, if z € @), then
1
Mafz>—/fdAa>t,
(2) 1.(Q) QH

and it follows z € Q. This proves that @ C Q. It follows that Q = | ; Qj. We may
assume that the @); are maximal dyadic rectangles. Since () = @Q; is not equal to
D, by maximality its double 2() is not contained in §2. This means that 2() contains
a point z which is not in . Since M, f(z) < ¢, we obtain

1

50 / 1A < Maf() <

and hence
[1n1aa, < [ 111d4, < eanea).
Q 2Q

It follows that
1 Aa(2Q)
dA, <
W) /Q'f STAQ

completing the proof. |

< Nat,
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Before we prove the reversed Holder inequality (Theorem 4.1), we need one more
preliminary result for the dyadic maximal function:

Proposition 4.14. If f € A%, then
(i) [fI? < Malf[* on D, and

(i) 112 < Mal£2(0) < (4/3)" " II£2.

Proof. (i) In fact, we will prove that if g is continuous on D, then |g(w)| < M,g(w)
for every w € D. Fix w € D. Let Qo be any dyadic rectangle containing w such
that Qo C . Since function g is uniformly continuous on Qy, given € > 0, there is
a ¢ > 0 such that |g(z) — g(w)| < € whenever z,w € Qg are such that |z — w| < 4.
If necessary, subdividing ()¢9 a number of times, there exists a dyadic rectangle @
containing w with diameter less than §. Then

lg(w)] < lg(2)] + lg(w) = 9(2)| < lg(2)| + €

for all z € Q). This implies that

1
90) < 1 /Q 19(2) | dAa(2) + & < Mag(w) +<.

Therefore
l9(w)] < Mag(w),
as desired.
(ii) Since D is a dyadic rectangle and Aa is a probability measure, we have

Malf0) > 5 [ #7440 = 1112

Suppose f € A2. If Q is a dyadlc rectangle other than D containing 0, then

Q C D(0,1/2). Then for each z in the unit disk, f(z) = (f, Kz(a)>a and the
inequality of Cauchy-Schwarz imply

PR <2 K ||2—anu2 (4/3)%7 11112,

for all z € D(0,1/2). Since Q C D(0,1/2) it follows that

dAs < (4/3)77 |12

We conclude that
24«
112 < Malf12(0) < (4/3) |I£11Z,
as desired. O

We are now ready to prove the reversed Holder inequality contained in Theo-
rem 4.1.

Proof of Theorem 4.1. First we prove that for some constant Cp; > 0,

(2+E)/2
/ I dAw < Cug ( / IfIQdAa) .
D D

Let m be a positive integer such that the constant N, of Proposition 4.13 satisfies
N, < 2™ For each integer k > 0, set

By = {z € D: Ma|f[*(2) > 2| flI2 }.
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By Proposition 4.14 (ii) we have M, |f[2(0) < (4/3)2F || f||2 < 2mk+e| |2, for
every positive integer k, so the set Ej does not contain 0. Fix & > 1. By the
Calderon-Zygmund Decomposition Theorem, Ej = Uj Q;, where @); are disjoint
dyadic rectangles in E}, that satisfy

1
gmia | £12 < / FldA, < 2754 N [1£]2,
Aa(Qj) Qj ‘
thus
A0(Q)) < 270|712 / 1l dAq,
Qj
and

[ 10 <275 N Au(Q))

J

Let @ be a maximal dyadic rectangle in £;_;. Summing over all such Q; C Q gives
that

AENQ) = Y Au@) <20 £ / PP A,
J:Q;CQ Q

since the @); are disjoint and their union is £j. On the other hand, by maximality

the double 2@ is not contained in Fj_1, and as in the proof of the Calderon-
Zygmund Decomposition Theorem it follows that

[ 12 a0 < 2700 N, 12 40(@)
’ < amlb-DtagmL | f12 4 (Q)
— amal | 72 4,(Q).
Hence
Aa(ErN Q) < 1AL(Q).

Now by Lemma 4.9 there exists a 0 < § < 1 such that

,uoz(Ek N Q) < 6/~La(Q)a

where dji, = |f|> dA,. Taking the union over all maximal dyadic rectangles @ in
By, gives

,U/oc(Ek) < 6/1401(Ek:71)7
and therefore

Ua(Ek) < 5k,“o¢(E0) < 5ka||i
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Now, using Proposition 4.14, we have

/ FP dA, < / (Malf2)/2 2 dAs
D D

/ (Malf12)5/2 £ dAa
{MalfI2<L2|f112}

+3[ MR,
;;) Ex\Ek+1

S 2LSNAIE + D2 20 FHFDFOLY £ o (B
k=0

< 2a||f||i+e + Z 2(mk+m+o¢)s/2§k ”inJre
k=0
oo

< 2 I 4 22 2k S (a2
k=0

N 2(m+a)6/2 o
= (2 +1_2m6/25) [ Pt

if 2m¢/25 < 1. Put epr = 2In(1/(1 +6))/(mIn2). If 0 < € < gy, then 27/2 <
1/(1+446), thus 2/2 /(1-27¢/2§) < 1. So, if Cpy = 2%4+2°M/2 then for 0 < € < ey
we have shown that

(2+6)/2
[P+ asa < ou ( / |f|2dAa) .
D D

For a fixed w € D, by Mo6bius-invariance of the Berezin transform we also have
Mo = sup Bo[|f o ¢ul*)(2)Ballf 0 pul%(2).
ze

Applying the above argument to the function |f o ¢,|? we obtain

(2+e)/2
[ 1o uPda, <y (/ |fosow2dAa) |
D D

that is,
e 2+¢e)/2
Ba[lfI7*](w) < Car (Ball £17)(w)) **97,
as desired. |

Note that Theorem 4.1 combined with Theorem 1.2 gives a proof of Theorem 1.3.
Proof of Theorem 1.3. If f € A2 satisfies the condition
zlé%Ba[IfIQ](w)Ba[IfI*Q](w) < 00,
then by the reversed Holder inequality of Theorem 4.1, for some € > 0,

sup Ba[l fI7*](w) Ba[l /-] (w) < oo,

for all w € D. By Theorem 1.2, Tle/—f is bounded on A2. (I
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5. INVERTIBLE TOEPLITZ PRODUCTS

In this section we will completely characterize the bounded invertible Toeplitz
products TTy on the weighted Bergman space A%2. We have the following result:

Theorem 5.1. Let —1 < a < oo and let f,g € A%Z. Then: TyT; is bounded
and invertible on A2 if and only if sup{ B, |[|f|?](w) Bu[|g|*](w) : w € D} < 0o and
inf{|f(w)||g(w)| : w € D} > 0.

Proof. “=" Suppose that T;T} is bounded and invertible on A2. By Theorem 1.1
there exists a constant M such that

Ba[|f1*)(w) Bal[lg[*](w) < M, (5.2)
for all w € D. Note that

Ty Tokw = g(w) FEG).
Thus
Ty TakV113 = lg(w) I FEE 13 = 19(w)[? Ballf1)(w),

so the invertibility of T}y yields

l9(w)|* Ball fIP](w) = 61 > 0 (5.3)
for some constant §; and for all w € D. Since also T, T = (T4T5)" is bounded and
invertible, there also is a constant d such that

|f(w)|? Ballgl*](w) = 62 > 0 (5-4)
for all w € D. Putting § = 4192, it follows from (5.2), (5.3) and (5.4) that

§ < [ f(w)*|g(w)? Ball f*)(w) Ballg*)(w) < M| f(w)[?|g(w)?,
and thus

for all w € D.
“«<=" Suppose that

M = sup{Ba[|f|*)(w) Ballg*](w) : w € D} < oo,
and
n = inf{|f(w)]|g(w)[ : w € D} > 0.
By the inequality of Cauchy-Schwarz,

|f(w)[* < Ballf?](w),
for all w € D, thus | f(w)] |g(w)| < M/2, for allw € D. So, fgis a bounded function
on D. Note that f and g cannot have zeros in D. Since |g(2)|? > n?|f(2)| 2, for all
z € D, we have

Ba[lgl’l(w) = n*Ba[lf|*](w),
for all w € D. Consequently
M > Ba[|f1)(w) Ballgl*)(w) = n*Ball fI*)(w) BallfI7*)(w),
so that
Bo [ fPPJ(w) Ball fI7)(w) < M /77,
for all w € D. This means that f satisfies the (Mz) condition. By Theorem 1.3 the
Toeplitz product Tle/—f is bounded on A2. Since fg is bounded on D, the operator

Ty, is bounded on A7. Tt follows that 7Ty = TyTi77T7; is bounded on A7.
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The function ¢ = 1/(fg) is bounded on D, so that the operator Ty, is bounded
on AZ. Using that
TyT,T, = I = TyTy Ty,
we conclude that 7T} is invertible on AZ. (]

6. FREDHOLM TOEPLITZ PRODUCTS

In this section we will completely characterize the bounded invertible Toeplitz
products TyT5 on A2. We have the following result:

Theorem 6.1. Let —1 < a < oo and let f and g be in A%. Then: T¢Ty is a
bounded Fredholm operator on A? if and only if B,[|f|?] Ba[lg|?] is bounded on D
and the function |f||g| is bounded away from zero near OD.

The latter condition simply means that there exists a number r with 0 < r < 1
such that inf{|f(2)||g(2)| : 7 < |2| <1} > 0.

In the proof of the above theorem we will need the following lemma.

Lemma 6.2. Let —1 < a < co. Suppose that f € A% has a finite number of zeros.
Let b denote the Blaschke product of the zeros of f and F = f/b. Then there exists
a constant Cy,, only depending on «, such that

Ba[|[F*)(w) < Co Ba[lfP)(w),
for all w in .

Proof. Choose 0 < R < 1 be such that |b(z)| > 1/v/2, for all R < |z| < 1. Suppose
w € D. Then

BallfP)( /lf () dAa(2)
/ b0 ()] |F (0 () 2 dAn(2)

> = F(py, 2dA,(2).
2/R<%<z>|<1' (0 () dAa(2)

By a change-of-variable,
(1 — |w[?)*t
Flou@Pddae) = [ PEP S da ).
/R<<pw(z)|<1 ( | R<|z|<1 | | 1 — wz|4+2e )

Now, if h is analytic on D, then

2 a+1 2 .
[P aace) < 2 [ INLCEZNCR D)

It is enough to prove inequality (6.3) for monomials h(z) = z™. Integration by parts
shows that

1
/ |z|2"dAa(z):/ 2"(1— 2) da
R<|z|<1 R2

R2n(1 _ R2)a+1 n
= +
a+1 a+1
RQn(l _ RZ)a+l
> —
a+1

1
/ 2" 11 —2)*  de
R2
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On the other hand,

1— 2\a+1
/ 2127 d AL (2) < B2 {1 - ﬁ}
|2I<R a+l

B R2n(1 _ R2)a+1 o+ 1 )
TS (1— R2)ott

o+ 1 }/ 2n
<K 1 z|*" dAy(2).
{ (1 — R2)ott R<|z|<1 1 2)

Thus

/ 22" d A (2) = / 122" dAu (=) + / 22" dAu(2)
D |z|<R R<|z|<1

a+1 / 9
< T hmart 27" dAa(2),
(1 - RZ)QJFI R<|z|<1
proving inequality (6.3).
Applying the above estimate to the function

(1 _ |w|2)1+a/2

h(z)=F(z)——5—
() = P

we see that
1 — lwl2)2+e
[ rer tE T daye)
R<\z|<1 |1 - 'LUZ|

2\a+1 _ 2+«
> LR [iFe Ve o Ly

|1 — wz|dte
_ 2\a+1
> % Bu[|F[?)(w).
Thus , .
_ a+
BallPhw) > 3 I B PP w),
so that

B [|F*)(w) < Ca Ballf*)(w),
with Cp, = 2(a+1)/(1 — R?)**! for all w € D.

27
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Proof of Theorem 6.1. “==" 1f T¢Ty is bounded on A2, then there is an M such
that Bo[|f?|Ballg?] < M on D. If T;Tj is Fredholm, then TyT5+K is invertible in
the Calkin algebra. Thus there exist a bounded operator V' and a compact operator

S such that

Using that Ty ;%\ = g(w) [k we have
IV 1g(w)| Bl £12](w)/? = |V [IIT4 T3k |
> ([VT Tk | o
> (k{0 — |SE ||
=1— ISk .
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Since S is compact on A2 and ki — 0 weakly on A2, we have ||Sk{ | — 0

as |[w| — 17, so there exists an 0 < r; < 1 such that ||Skfua)||a < 1/2, for all
r1 < |w| < 1. The above inequality shows that

l9(w)[* B[ f[*](w) = My (= 3[IV[I7'),
for all r; < |w| < 1. Since also T,Tf = (T;T3)* is Fredholm, there is a positive
constant My and a number ry with 0 < ro < 1 such that
|f(w)]* Ballg*)(w) = Mo,
for all 7o < |w| < 1. Thus

MMy < |f(2)]Plg(2)* Ball £17](2) Ballgl*)(2) < M1f(2)[*|g(2)I,
and hence
1F(2)g(2)” = My Ma/M,

for all max{ry,r2} < |z| < 1.
“«<=" Suppose that

|f(2)llg(z)] = 6 >0, (*)
for all 0 < r < |z| < 1. Inequality (*) implies that f and g have no zeros in the
annulus {z : r < |z| < 1}. Let b; and by denote the (finite) Blaschke products of
the zeros of f and g respectively. Then F = f/b; and G = g/bs are zero free, and
by (*) we have

[F()|1G(2)] = 0]br(2)] [b2(2)],

for all » < |z| < 1. The function on the right is positive and continuous on annulus
{z:4(1+r) <|z| <1}, thus has a positive minimum. So putting p = 1(1+r), we
have

[FR)IGE) =,
for all p < |z| < 1. Then

G(2)| = |[F(2)]7,
for all p < |z] < 1. Note that
n" =f{|F(2)||G(z)| : |2] < p} > 0.
If we take n = min{n’, "}, then
G(2)| = n|F(2)[7,
for all z € D. By Lemma 6.2
Ba[|F|2](2) < Ca Ba“f‘Q](Z)a
and
Ba[|G*)(2) < Ca Ballgl](2),
for all z € D. Thus
Ba[|IF’)(2)Bal|G|?](2) < M,
for all z € D. As before we conclude that
_ M’
Bo[|FI?)(2) Ba[lF|7?)(2) < pr

for all z € D, so F satisfies condition (Ms). By Theorem 1.3 the Toeplitz product
TrT; /p is bounded. As in the proof of Theorem 5.1 it follows that T'rT¢; is bounded.
This implies that

TiTy = Ty, TrTeTy,
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is bounded.

Since 1/(FG) is bounded, the Toeplitz operator T\/(pe) is bounded, and it
follows that TrTg is invertible. Since Tj, is Fredholm, there is a bounded operator
Vo on A2 and a compact operator So on A2 such that Ty, Vo = I + Sa. Tt follows
that

Tng‘/Q = Tb1 TFT(; + TblTFT@SQ,
thus
TiTyVa(TrTe) ™t =Ty, + Ty, TrTaSo(TrTs) "
Using that also Tj, is Fredholm, there is a bounded operator V; on A2 and a
compact operator S; on Ai such that T, Vi = I+ S;. Then

TiTVa(TrTg) 'St =1+ Sy + Ty, TrTeS2(TrTe) .

Hence 115 + K is right-invertible in the Calkin algebra. Similarly T;T; + K is
left-invertible in the Calkin algebra, so that T'/Tj is Fredholm. ]
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