Second Semester Calculus, Math 150B

Definite Integral: Let f  be  a continuous function defined on a closed interval [a,b].  For a positive number n, let 
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.  Finally, form the Riemann sum 
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Then the definite integral of f from a to b is defined by 
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Area under a curve:  If f is nonnegative on the interval [a,b], then the definite integral gives the area under the curve 
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Fundamental Theorem of Calculus, Part 1: If f is continuous on [a,b] and 
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Antiderivative: A function F is an antiderivative for a function f if 
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Fundamental Theorem of Calculus, Part 2:  If f is continuous on [a,b] and F is any antiderivative for f , then 
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*****The Fundamental Theorem, Part 2, is used to evaluate definite integrals.*****

Indefinite integral: An antiderivative F is also called an indefinite integral for f.  Since any two antiderivatives for f differ by a constant, we write 
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Table of Indefinite Integrals:
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Substitution Rule: If an integral has the form 
[image: image16.wmf]ò

¢

dx

x

g

x

g

f

)

(

))

(

(

, the substitution 
[image: image17.wmf])

(

x

g

u

=

 and 
[image: image18.wmf]dx

x

g

du

)

(

¢

=

 reduces the integral to the form 
[image: image19.wmf]ò

du

u

f

)

(

.

Applications of the definite integral:

1.  Area between two curves:  If f and g are continuous functions on the closed interval [a,b] and 
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 for all x in [a,b], then the area bounded by the  curves y = f(x) and y = g(x) and the vertical lines x = a and x = b is given by the formula
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2.  Volume of a solid by slicing:  If a solid S lies between the lines x = a and x = b, let A(x) represent the area of a vertical cross section of S at the point x.  Then the volume of S is given by the integral 
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If the solid lies between the lines y = c and y = d and the area of a cross section perpendicular to the y-axis is given by A(y), then the volume of the solid is given by 
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3.  Volume of a solid using the disk method:  A cross section of a solid of revolution obtained by revolving a region in the xy-plane about a horizontal or vertical axis has the shape of either a disk or a washer.  If the cross section is a disk (this happens when the axis of rotation forms one boundary of the region), find the radius of the disk (in terms of x or y) to get the cross sectional area 
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.  Then use either formula (1) or formula (2) to find the volume.  If the cross section is a washer, find the inner radius and outer radius of the washer to get the area 
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 in terms of x or y.  Again formula (1) or formula (2) may be used to obtain the volume.

4.  Volume of a solid by cylindrical shells:The volume of a solid of revolution may also be found by the method of cylindrical shells, where a portion of the generating region parallel to the axis of rotation may be thought of as generating a hollow shell with volume given by the generic formula 
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If the region under the curve 
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 to x = b is revolved around the y-axis, the volume generated is given by the formula 
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 to y = d is revolved around the x-axis, the volume generated is given by the formula 
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5.  Work:  If a variable force f(x) moves an object along the x-axis from x = a to x = b, the work done is given by the integral 
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Exponential and logarithmic functions:  A function f is one-to-one (1-1) on an interval if 
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 in the interval.  The graph of a 1-1 function must pass the Horizontal Line Test:  No horizontal line can intersect the graph in more than one point.  If a function f is 1-1, it has an inverse function defined by
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This means that if f takes x to y, then 
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 takes y to x.  The domain of f is the range of 
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Exponential functions:  If n is a positive integer and a is a positive real number, then we know that 
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Properties of exponential functions:  The exponential function 
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The number e:  The number e is defined to be that unique positive number with the property that the slope of the tangent line to the graph of 
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 is called the natural exponential function.  This function is differentiable with 
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The associated indefinite integral is 
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Logarithm functions:  The general exponential function 
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Cancellation properties:     
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Properties of logarithm functions:  If 
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Natural logarithm:  The logarithm function to the base e is called the natural logarithm function:  
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The natural logarithm function and the natural exponential functions are inverses of each other, so 
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The natural logarithm function is differentiable with 
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The corresponding integration formula is 
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This formula leads to four other useful integrals:  
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Inverse trigonometric functions:  If the sine function is restricted so that its domain is 
[image: image91.wmf]ú

û

ù

ê

ë

é

-

2

,

2

p

p

, the resulting function is 1-1 and has an inverse.  The remaining trigonometric functions also have inverses when their domains are restricted.  The definitions for the three inverse trigonometric functions most frequently used are given below:
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Each inverse trigonometric function is differentiable, with the following derivatives:
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These can be used to derive the following useful indefinite integral formulas:
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Hyperbolic functions:  The hyperbolic functions are special combinations of the exponential functions 
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The hyperbolic functions satisfy identities, differentiation formulas, and integration formulas that are similar to those satisfied by the trigonometric functions.

L’Hospital’s Rule:  If a quotient 
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Other indeterminate forms that may require l’Hospital’s Rule for evaluation are 
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.  Each of these must be converted (by using algebra or logarithms) to a quotient before l’Hospital’s Rule can be applied.

Integration techniques:

Integration by parts: 
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Powers and products of trigonometric functions:  For the most part, the idea behind this integration technique is to use trigonometric identities to reduce the integrand to a power of a trigonometric function times the derivative of the function.  The integral can then be evaluated by u-substitution.  One exception is odd powers of the secant function, which must be integrated by parts.

Substitutions involving 
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1. If the integrand involves 
[image: image118.wmf]2

2

x

a

-

, use the substitution 
[image: image119.wmf]q

q

cos

 

,

sin

a

dx

a

x

=

=

.

2. If the integrand involves 
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3. If the integrand involves 
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Partial Fractions: A rational function is the quotient of two polynomials.  The method of partial fractions can be used to reduce a rational function to a sum of fractions (called the partial fraction decomposition) with denominators that involve linear (first degree) or quadratic (second degree) polynomials.   To apply the method of partial fractions to integrate a rational function, follow these steps:

1. If the degree of the numerator is greater than or equal to the degree of the denominator, perform a long division to produce a fraction of the form 
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2. Factor the denominator Q(x) and set up the partial fraction decomposition using these rules:

(1) If Q(x) contains distinct, linear factors 
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(2) If Q(x) contains a repeated linear factor 
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(3) If Q(x) contains a quadratic term 
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(4) If Q(x) contains a repeated quadratic term 
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3. In the equation with the rational function 
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 equal to the partial fraction decomposition, multiply both sides by the denominator Q(x).

4. Group like powers of x in the resulting equation and equate coefficients on the two sides.  Then solve these equations for the unknowns A, B, … from the partial fraction decomposition.

5. Integrate the partial fraction decomposition of the rational function.

Approximate Integration: Certain integrals cannot be evaluated by any known techniques.  In this case, the value of a definite integral can be approximated by various numerical methods.  These involve partitioning the interval of integration into subintervals and using a formula such as the Midpoint Rule, the Trapezoidal Rule, or Simpson’s Rule to estimate the value of the integral.

Improper Integrals: The definition of a definite integral requires that the function f have no infinite discontinuities and that the interval [a,b] be of  finite length.  If either of these conditions fails, the integral is improper.  Two types of improper integrals (infinite interval and infinite discontinuity) can be defined, provided the given limits exist:
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, where a is any real number

2. If f is continuous on [a,b) and discontinuous at b, 
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.  If f is continuous on (a,b] and discontinuous at a, 
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  If f has an infinite  discontinuity at c, where 
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More Applications of Definite Integrals

Arc length: If f is continuous on [a,b], the length of the curve 
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is given by the formula 
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If g is continuous on [c,d], the length of the curve 
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is given by the formula 
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Surface Area: If f is positive and has a continuous derivative on [a,b], the area of the surface obtained by revolving the curve 
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 about the x-axis is given by the integral 
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If the curve is given in the form 
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If the curve is revolved around the y-axis, the surface area is given by 
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