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Abstract. Assume that all algebras are atomless. (1) Spind(A4 x B) =
Spind(A)USpind(B). (2) Spind([];c; 4i) = {w}UU;c; Spind(4;). Now
suppose that x and A\ are infinite cardinals, with x uncountable and
regular and with x < A. (3) There is an atomless Boolean algebra A
such that u(A) = k and i(A) = A. (4) If X is also regular, then there is an
atomless Boolean algebra A such that t(A) = s(4) = k and a(A) = .
All results are in ZFC, and answer some problems posed in Monk [01]
and Monk [oo].

Introduction. First we define the cardinal functions considered in this paper. In these
definitions, assume that A is an atomless Boolean algebra. A subset X of A splits A
provided that for every nonzero a € A there is a b € X such that a-b #0 #a-—b. A
partition of unity of A is a collection X of nonzero pairwise disjoint elements of A with
supremum 1. A tower is a subset X of A\{1} well-ordered by the Boolean ordering, with
supremum 1.

The main results are then as indicated in the abstract. As a corollary of (1) we have
i(A x B) = min{i(A),i(B)}. (1) answers questions raised in Monk [01] and Monk [oo].
With A = #(w)/fin, models M, N of ZFC in which u(A) < i(A) and s(A) < a(A) respec-
tively hold have been known for a long time; see Blass, Shelah [87] and Balcar, Simon [89].
Thus a contribution here is a construction of such Boolean algebras in ZFC. The prob-
lems about obtaining such examples in ZFC were also raised in Monk [01]. All of these
cardinal functions for Boolean algebras generalize known ones for &(w)/fin, and they are
extensively discussed in Monk [01] and Monk [co]. This article is self-contained, however.

Notation. Our set-theoretic notation is mostly standard. The complement of Y relative
to X is denoted by X\Y. For any function f and subset X of its domain, f[X]= {f(a):
a € X}. For a cartesian product A x B, the two projections are denoted by 7y and 7;. A
set is called denumerable iff it is countably infinite. The restriction of a function f to a
subset D of its domain is denoted by f | D.

For Boolean algebras we follow the notation of Koppelberg [89]. In particular, the

fundamental operations of a Boolean algebra are denoted by +, -, —, 0, 1. The free product
of Boolean algebras A, B is denoted by A & B. The subalgebra generated by a set X is
(X). For an element a € A we let a' = a and a® = —a. Given a subset X of A, a monomial
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over X is a product of the form ag(o) ... .-a;ETl_l) where aqg, ..., a,_1 are distinct elements

of X and each ¢(7) is 0 or 1. The weak product of a system (A; : i € I) of Boolean algebras
is denoted by H:VE ; Ai; it consists of all elements z of the full product such that either
{i € I:x;# 0} is finite or {i € I : z; # 1} is finite. If B is a subalgebra of A and a € A,
then B | a is the Boolean algebra with underlying set {b-a : b € B} and operations +, -,
0, a, and with the complement of an element ¢ being —c-a, with —c the complement in A.

1. Products and independence. The first lemma is needed for the result (1) above.
Lemma 1. If A is countable and F is an infinite free BA, then F 2 A® F.

Proof. Let X be a set of free generators of F', and write X = Y, UY; with Yj
denumerable and Yy N Y; = (). Then F = (Yy) @ (Y1). Now A @ (Yp) is denumerable and
atomless, and hence is isomorphic to (Yp). Hence the conclusion of the lemma follows. O

Theorem 2. If Ay and Ay are atomless Boolean algebras, then Spind(Ag x Ay) =
Spind(Ap) U Spind(A44).

Proof. D is easy. Suppose that x € Spind(Ag x A;)\(Spind(Ap) U Spind(A4,)).
First we show that x > w. In fact, suppose that K = w. Let X be a denumerable
maximal independent subset of Ay x A;. Then my[X] is contained in a denumerable
atomless subalgebra B of Ap, and since i(Ag) > w we get an element ay € Ap such that
mo(b) - ag # 0 # mo(b) - —ap for every b € X such that mo(b) # 0. Similarly we get an
element a; € A such that 71(b)- a1 # 0 # m1(b) - —a; for every b € X such that 71(b) # 0.
Then (agp,a1) ¢ X and X U {(ag, a1)} is still independent, contradiction. Thus k£ > w.

Let X C Ap x A; be maximal independent with |X| = k. Temporarily fix j € 2. We
define

D; = {w : w is a monomial over X and m;(v) # 0 for every monomial v < w}.

Note that if w € D; and v is a monomial over X such that v < w, then also v € Dj;.
(1) There is a monomial w over X such that 7;(w) = 0.

In fact, suppose not. Then (m;(a) : @ € X) is an independent subset of A;. Since A; has
no maximal independent subset of size x, it follows that there is a ¢ € A;\{7j(a) : a € X'}
such that (r;(a) : @ € X)™(c) is independent. Let ¢’ € Ag x Ay be such that ¢’; = c. Then
(a:a € X)™(c) is independent, contradicting the maximality of X. So (1) holds.

(2) If w is a monomial over X such that 7;(w) = 0, then w € D;_;.

For, suppose that v is a monomial over X with v < w and m1_;(v) = 0. Then v = 0,
contradiction. So (2) holds.

(3) Dj # 0.
This is true by (1) and (2) (since j is arbitrary).

(4) If w is a monomial over X and w ¢ Dj, then there is a monomial v < w such that
v E Dl—j-



For, choose a monomial v < w such that 7;(v) = 0. Then v € D;_; by (2).
Now let M; be a maximal set of pairwise disjoint members of D;. So, M; is countable.
Let X; be a denumerable subset of X such that M; C (X;), and let ¥; = X\ X;.

(5) There is an element b; of (X) and a subalgebra C; of (X) [ b; such that C; is free of
size k and the following conditions hold:

(a) If w € Dj, then there is a nonzero v € C; such that v < w.

(b) If ¢ is a nonzero element of Cj, then there is a w € D; such that w < c.

To prove this, we consider two cases.

Case 1. M; is infinite. Let b; = 1. Let J; be the ideal of (X;) generated by M;,
and let B; be the subalgebra of (X;) generated by J;. Let C; = (B; UY;). Now Bj is a
denumerable BA, and b-c # 0 whenever 0 # b € Bj and 0 # ¢ € (Y;). Thus C; = B;®(Yj).
So by Lemma 1, Cj; is free. Clearly it has size .

To check (a), suppose that w € D;. By the maximality of M;, there is a member
r of M; such that w -7 # 0. Note that w -7 is a monomial over X. Now we can write
w-7r = 89+ 851 With sp a monomial over X; and s; a monomial over Y;. So sy < r, and
hence sg is in J; and hence is also in B;. Hence w - r is a member of C;. Hence (a) holds.

To check (b), suppose that ¢ is a nonzero element of C;. Choose d, e so that d € Bj,
d is a monomial over X, e is a monomial over Y;, and d-e < c. If d € J;, then there
exist ro,...,"m—1 € Mj such that d < rg+---+rp_1. Wlogd-79 #0. Sod-7p-eis a
monomial over X, d-ro-e <rg € Mj C Dj,sod-r9-e € Dj. Since d-rg-e < c, this is as
desired.

On the other hand, suppose that d ¢ J;. Then —d € J;, and so we get members
705 .+ "m—1 of Mj such that —d < rg+---+ry_1. Since M; is infinite, there is a member
s of Mj different from each r;, and hence s < d. Clearly then s € D;, so s-e € D;, and
s-e < c, as desired.

Case 2. M; is finite. Let b; = > M; and B; = (X;) | b;. Then Bj is a denumerable
atomless BA. Let C; be the subalgebra of (X) | b; generated by B; U {b; -y : y € Y;}.
Again Cj is free of size k by Lemma 1. Conditions (a) and (b) can be checked by easy
modifications of the arguments in Case 1; they are in fact easier than in Case 1.

This completes the proof of (5).
(6) m; is injective on Cj.

In fact, suppose that ¢ € C; and ¢ # 0. By (5)(b), choose w € D; such that w < ¢. Then
by the definition of D; we have m;(w) # 0, and hence 7;(c) # 0.

Now since £ ¢ Spind(A4;), it follows that also £ ¢ Spind(A; [ 7;(b;)). Since m;[C}]
is free and of size &, it is not maximal independent. Hence we can choose w; € (A4; |
7 (b;))\m;[C;] such that w; is free over m;[C}].

(7) W+ ﬂ'j(d) 7é 0 7é —wj - ﬂ'j(d) for all d € Dj.
For, by (5)(a) choose a nonzero v in C; such that v < d. Then 0 # w; - 7;(v) < w; - m;(d),
so wj - w;j(d) # 0. Similarly, —w; - m;(d) # 0.

3



Now unfix j. Let w = (wg,w;). Suppose that v is a monomial over X. If v € Dy,
then w-v # 0 # —w - v by (7). Suppose that v ¢ Dy. By (4), choose a monomial s < v
such that s € Dy. Then again w-v # 0 # —w - v by (7).

This contradicts the maximality of X. O

Corollary 3. If Ay and Ay are atomless BAs, then i(Ag X A1) = min(i(Ayp),i(A1)).
L

Theorem 4. Suppose that I is an infinite set, and (A; : i € I) is a system of atomless

BAs. Then
Spind (H A,~> ={w}U U Spind(A4;).
iel i€l

Proof. D holds, using Proposition 8 of Monk [01]. For C, suppose to the contrary
that & € ([Te; 4i) \({w} UU;er Spind(4;)). Let X be a maximal independent subset of
[Ticr Ai of size K. Wlog for all z € X the set F,, = {i € I : z(i) # 0} is finite. Let ¥ be
an uncountable subset of X such that (F, : z € Y') forms a A-system, say with kernel G.
That is, F,, N F, = G for any two distinct members z,y € Y. Obviously G # 0.
(*) (= [ G : 2z € X) is independent in [ ], As.
In fact, suppose that K is a finite subset of X and ¢ € ¥2. Choose distinct z,2 € Y\K.
Then z -z - [[,cx yW) £ 0, so [lyex(y ! G)*W) £ 0, as desired in (*¥).

By Theorem 2, there is an element w of [[,.o Ai such that (z [ G : z € X)™(w) is
independent. Let v be the member of H:VE ; Ai whose restriction to G is w, and with value

0 outside of G. For any finite subset K of X, any ¢ € £2, and any § € 2, choose distinct
z,z € Y\K; then

T2 HyS(y).U57A0_

yeK
But this contradicts the maximality of X. ]

The following problem remains open.

Problem. If (A; :i € I) is a system of atomless Boolean algebras with I infinite, is
i (HiEI Al) = miniel 1(Al) ¢

2. An atomless BA B such that u(B) < i(B). More precisely, we show:

Theorem 5. Let k and A be cardinals, with k < X and k regular and uncountable.
Then there is a BA B such that w(B) = k and i(B) = |B| = A.

Proof. The construction goes as follows. Let A be free on the distinct generators

Ydéf{xa:a<l€}U{ya/@:a<l€, B < A}

Then let
K={zg —z4:a<p <k}
L={2q —Yap:a<k, B<A};
I = ideal generated by K U L;
B=A/I.



We denote the equivalence class of a € A under I by [a]. Let uy = [24] and vag = [Yas]
for all @ < K, B < A. We make use of the following easy algebraic fact several times:

(1) If ¢ € I, then we can write ¢ < a + b with a a finite sum of elements of K and b a finite
sum of elements of L.

(2) If o < B < K, then ug < uq.

In fact, clearly ug < u,, and if they are equal, then we can write z, - —zg < a+ b as in
(1). Let f be the homomorphism of A into 2 such that f(z,) =1 for ally <, f(z,) =0
for all v > «, and f(y,s) = 1 for all ,d. Applying f to the above inequality we get 1 < 0,
contradiction.

(3) {uq : @ < K} generates an ultrafilter on B.

This is obvious, using (2) to see that the indicated set does not contain 0.

(4) [Lyer o = 0.

For, suppose that w is a lower bound for {u, : @ < k}. By (3) there are two possibilities.
First, w is in the indicated ultrafilter. Hence u, < w for some a. Since w < ug41, this
contradicts (2). So, we must have —w in the ultrafilter, so u, < —w for some «. Hence
w < —uq. But w < uy too, so w =0, as desired for (4).

(5) fa <k, B,7 <A, and 8 # v, then vog # vay.

For, suppose that this is not true. Then we get a, b as above such that y,3Aya.y < a+ b,
where A denotes symmetric difference. Mapping each x5 to 0 and fixing each ys¢, we get
an endomorphism f of A, and 0 # YagAYay = f(YaplYay) < 0, contradiction. Thus (5)
holds.

Now each ¢ € B can be written in the form ), ¢ [d], where S. is a finite collection of
monomials over Y, each [d] # 0. For each monomial d over Y, let

Ty = {xq : x¢, is a term of d for some ¢}

U{¥Yap : Yap is a term of d for some }.

(6) u(B) = &.

To prove this, suppose that X filter-generates an ultrafilter F', and |X| < k; we want
to get a contradiction. We may assume that X is closed under multiplication. Now
Ucex Uaes, Ta has size less than «, and & is regular, so choose a greater than each index
B such that zg or yg, is in this set for some . Since F' is an ultrafilter and X filter-
generates F' and is closed under multiplication, there is a ¢ € F' and a € € 2 such that
c-viy = 0. Take any d € S.. Then there are a,b as above such that d-y;, < a+b. Let
f be the homomorphism from A into B such that f(zs) = us for all § < «, f(zs) =0
for all § > «, f(yao) = €, and f(yse) = vse otherwise. Then the inequality gives [d] = 0,
contradiction. So (6) holds.

(7) i(B) = |B| = \.



By (5) we clearly have |B| = A. Hence it suffices to take an independent subset Z of B
with |Z] < A, assume that Z is maximal, and get a contradiction.
Let U = U.ez Uges, Ta- Note that Z C ({[u] : u € U}).

(8) For each o < k there is a monomial w over Z such that w < ug,.

For, by (5) choose f such that

vap ¢ ({[u] : uw € U}).

So Z U{vap} is dependent, and hence there is a monomial w over Z and a 0 € 2 such that
w - ’ugﬂ = 0. Choose ¢t € (U) 4 such that w = [t]. Note that yos ¢ (U)a. Then there are
a,b as above such that ¢ - ygﬁ <a+b. If § =1, let f be the homomorphism from A into B
such that f(yas) =1 and f(s) = [s] for any s € Y\{yap}. Then f(t) = w, and so w = 0,
contradiction. So § = 0. Then let f(yag) = uq and f(s) = [s] for any s € Y\{yap}. The
inequality gives w - —u, = 0, proving (8).

(9) For every a < k there exist a § € [, k) and a monomial w over Z such that w < ug,
while for each v € (3, k) we have w £ u,.

For, by (8) choose a monomial w over Z such that w < us. Let 8 =sup{y < k: w < u,}.
By (2) we have a < 8 < k. It suffices now to show that w < ug. Suppose not. Hence
B is a limit ordinal and there is a d € S,, such that [d] # 0 and for each v € [3, k), the
element x., is not a factor of d. Then choose ¢ < 8 such that no x, with v € [, 3) is a
factor of d. Now [d] < u., so we get a,b as above such that d- —z. < a+b. Let f be
the homomorphism of A into B such that f(z,) = u, for each v < ¢, f(z,) = 0 for all
v € [e,k), and f(yse) = voe for all 6,£. Although there may be some v € [e, k) such that
—x. is a factor of d, this still implies that [d] = 0, contradiction. Thus (9) holds.

We call a pair (w, 3) special iff w and g satisfy the conclusion of (9). Since w = w - ug in
this case, wlog each d € S,, has exactly one factor z,, and for it, v > ; d has at most one
factor —x s, and if it has such, then 6 > ~;and if Yse 18 a factor, then § > ~.

Now an easy recursive definition gives sequences (wg : § < k) and (B¢ : £ < k) such
that the following conditions hold:

(10) (B¢ : £ < k) is strictly increasing;

(11) each (we, B¢) is special;

(12) if £ < < k and z,, or —x, is a factor of some d € S, then v < By;
(13) if £ < m < Kk and y5, is a factor of some d € Sy, then 6 < B,;

Now we claim:

(14) If £ < 1 < K, then wg - —w, # 0.

For, we £ ug,, so we - —ug, # 0. But w, < ug, , so —ug, < —wy. Hence (15) holds.
Let I' be the set of all { < x such that there is a d € Sy, such that every factor yg,
of d has e = 1, and d does not have a factor —z,.

(15) If ¢ < mpand & € T, then w,, < we.



In fact, choose d € Sy, in accordance with the definition of I'. Then w, < [d] < we. Then
(15) follows from (14).

Now (Z) satisfies ccc, so it follows from (15) that I' is countable. Let v < k be greater
than each £ € I'. Now if v < § < n < &, then each d € S, has a factor —y,, or a factor
—z~, and hence w,, - wg = 0. This again contradicts ccc.

This finishes the proof. ]

3. A Boolean algebra B such that s(B) < a(B). More precisely, we prove the
following;:

Theorem 6. Let k and A\ be reqular cardinals, with Xy < kK < X. Then there exists a
Boolean algebra A such that t(A) = s(A) = k and a(A) = A.

Proof. We begin by defining a base algebra, and then extending it many times to
get the desired algebra. The base algebra By is an algebra of subsets of the set ©2 of all
functions mapping x into 2 = {0,1}. We call a set U C *2 (< k)-defined iff there is a
D C &k of size less than k such that for all f,g € *2,if f e U and f | D = g | D, then
g € U. Let By be the collection of all (< k)-defined subsets of #2. Clearly By is a k-field
of subsets of #2, i.e., it is closed under complements and under unions of fewer than  sets.

Let

S ={sqa:a<k} where s,={f€”2: f(a)=1}.

Clearly S C By. Given B > By, we say that S has the co-x splitting property in B provided
that for all nonzero elements b of B, there is a set T' C & of size less than s such that for
all B € k\T we have b-sg # 0 # b- —sg. Clearly this implies that S splits B. It is also
clear that S has the co-x splitting property in By.

We are going to construct a tower of Boolean algebras containing By, in each of which
S has the co-x splitting property.

(1) Let By < B, and suppose that X is an infinite partition of unity in B and that S has
the co-x splitting property in B. Then there is an algebra B' > B, generated by B U {u}
where u is a new element, such that in B, w # 0 and u-x = 0 for all x € X, and such
that S has the co-x splitting property in B’.

To prove (1), we consider the free extension B(u) (the free product of B and the four-
element algebra), and its ideal J generated by all elements of the form z - u with = € X.
It turns out that B’ = B/.J naturally embeds B and has the required properties. All
properties are pretty obvious, except that S (or S/.J) has the co-x splitting property in
B’. To see that S/J has this property, it suffices to consider separately elements of B’ of
the form (b-w)/J (b € B) and of the form (b-—u) (b € B).

Consider first (b- —u)/J #0in B', b€ B. If v € B and v/J - (b-—u)/J = 0, then
v-b-—u < w-uin B(u), where w is the sum of finitely many elements of X, and hence
v-b-—u =0 and so v-b = 0. Thus the fact that S has the co-x splitting property in
B implies that with the exception of fewer than x many f € k we have that (b-—u)/J
intersects both sg/J and its complement.

Now consider (b-u)/J # 0, b € B. Since this element is nonzero in B’ and > X =1 in
B, it follows that there is a set {x,, : n € w} of distinct members of X such that b-xz,, # 0
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for all n. Let T' C k be a set of size less than x such that for all # € k\T and all n we have
b-xp-sg#0%# b -z, -—sg. Thus for such g we have (b-u)/J-sg/J #0# (b-u)/J-—sg/J.
This finishes the proof of (1).

Now we do a similar thing for towers. Note here that in general t(C') < s(C). This step
concerning towers can be omitted if kK = wy, since in general every tower is uncountable if
a(C) is uncountable.

(2) Let By < B, and suppose that X is a tower in B of size less than k and that S has the
co- splitting property in B. Then there is an algebra B' > B, generated by BU{u} where
u s a new element, such that in B', u # 1 and x < u for all x € X, and such that S has
the co-x splitting property in B'.

The proof is very similar to that of (1). We consider the free extension B(u), and its ideal
J generated by all elements of the form z - —u with € X. Again B” = B/J naturally
embeds B and has the required properties, and we check only that S (or S/.J) has the
co-k splitting property in B’, considering separately elements of B” of the form (b-u)/J
(b € B) and of the form (b- —u) (b € B).

Consider first (b-—u)/J #0in B’, b € B. Now (b-—u)/J # 0 implies that b- —w # 0,
for each w € X. So for each w € X we can choose a subset Y,, of X of size less than « such
that b+ —w - s4 # 0# b+ —w - —s, for each a € £\Y,,. So if we take any « € K\ J,,cx Yu
we get (sq/J) - (b-—u)/J #0# —(sa/J)- (b-—u)/J.

Now consider (b-u)/J # 0, b € B. If b-s, # 0 # b- —54, then clearly also
(sa/J) - (b-u)/J #0# —(sq/J) - (b-u)/J. Thus (2) holds.

(3) Suppose that By C B and S has the co-x splitting property in B. Then there is an
extension B of B such that S has the co-k splitting property in B"', and B"" does not
have any partition of unity X such that X C B and Ry < |X| < A, and does not have any
tower X C B of size less than k.

To prove this, let (X, : 0 < 7 <) be a list of all the infinite sets X of at most x pairwise
disjoint elements of B, with |X| < A, and let (Y; : 0 < 7 < ) be a list of all the well-
ordered subsets of B\{1} of size less than k. Define C,. by recursion for 7 < 7 as follows.
Let Cy = B. Suppose that C'; has been defined for all § < 7, where 0 < 7 < . Take
C? to the the union of {Cs : § < 7}, and take C; to be the algebra obtained from C. by
applying first (1) to X; and then (2) to Y. Finally, take B"" = |J__, Cr. This proves (3).

Now we can finish the main part of the proof of the theorem as follows. We define a
tower (B, : 7 < A) and take A to be its union. By was defined at the beginning of the
proof. For a successor 7 = 0 + 1, take B, to be the algebra supplied by (3) with B = Bs.
For limit 7, take B, = (Js., Bs. Clearly this works, as any infinite partition of unity
of A of size less than A is contained in some By, and by construction this is impossible.
Similarly for towers of size less than k. Also, since S splits A, it follows that A is atomless.

The only thing missing is that A may not have a partition of unity of size A\. To assure
this property, we extend A further. Take C = A @ D, where D is the algebra of finite and
cofinite subsets of A. Clearly S still splits C, C' has a partition of unity of size A, and C
has a tower of size k. We need to check that C' has no infinite partition of unity of size
less than A, and no tower of size less than k.
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Suppose that X is an infinite partition of unity of C' of size less than A. We may assume
that the elements x of X have the form = = a, - d, with a, € A and d, € D. Clearly
Usex de = A. It follows that for some element 8 € A, the set I' = {x € X : B € d,} is
infinite. For any two distinct =,y € I' we have a, -a, = 0, and so by our partition property
for A, there is an element e € A such that e-a, = 0 for all z € I'. Then e-{f} is a nonzero
element of C' disjoint from each = € X, contradiction.

Suppose that X is a tower in C of size less than k. We can write each element z € X
in the form Zme (aj 5 - diz) with a; , € A, d; , € D, and the d; ;’s disjoint for distinct
©’s. Moreover, we may assume that the order type of X is regular. It is uncountable since
t(C) = w would imply that a(C) = w. So, we may assume that m = m, is independent
of . Note that ), di, <>, di,ifr,yc Xandoz <y,and D >, diz= A
Hence, as | X| < & < A, there is an x € X such that >, d;, = A. Thus for y € X and
xz <y, there is an 4 < m such that d; , is cofinite. We may assume that for each y € X
with & <y, it is the element dy , which is cofinite; also, for each 3 € A let i(8,y) be the
index less than m such that 8 € d;(g,,) - Now we claim

(*) For every 8 € X there is a y € X with 2 < y such that a;,), = 1 for each z € X
with z > y.

To prove this, for y,z € X and z < y < z we have

Ai(By)y {B} =Yy {B} <z {ﬁ} = Q4(B,z),z {ﬁ}7

and hence a;(3,,)y < @i(g,2),.- If the conclusion of (*) fails to hold, then because A has
no tower of size less than r, there is a b € A such that a;g,), <b <1 forall y € X for
which < y. Then for any such y we have y < b- {8} + (A\{f}) < 1, contradiction. So
(*) holds.

By (*), for each 8 € dy, choose yg € X with < yg such that a;g .y, = 1 for each
z € X with z > y. Since k < A, there is an infinite I' C dy , and a y € X with <y such
that yg = y for all 8 € I'. Choose 8 € I'\Uy<;cm di,y- Then B € doy, and so ag, = 1.
For each 8 € X\dp,, by (*) choose zg € X with 25 > y such that a;( ). = 1 for each
w € X with zg < w. Let w € X be greater than each zg with 8 € A\dy,. Then w = A,
contradiction. O
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