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Abstract. We study evolution problems of the type e**0;u+h(0z)u = f where
h is a holomorphic function on a vertical strip around the imaginary axis, and
s > 0. If P is a second-order polynomial we give a complete characterization
of the spectrum of the parameter-dependent operator A\e®® + P(9.) in Ly (R).
We show the surprising result that the spectrum is independent of A whenever
|arg A\| < m. Moreover, we also characterize the spectrum of d;e°” + P(9:),
and we show that this operator admits a bounded H-calculus. Finally, we
describe applications to free boundary problems with moving contact lines,
and we study the diffusion equation in an angle or a wedge domain with
dynamic boundary conditions. Our approach relies on the H°°-calculus for
sectorial operators, the concept of R-boundedness, and recent results for the
sum of non-commuting operators.

1. Introduction

In recent years the H°-calculus for sectorial operators in Banach spaces, the con-
cept of R-boundedness, and the method of operator sums have become important
tools for proving existence and optimal regularity results for solutions of partial
differential and integro-differential equations, as well as for abstract evolutionary
problems. We mention here only the references [7, 8, 15, 16, 17] which document
some recent work by the authors. In the current paper we apply these techniques to
the study of certain operator-valued symbols which arise from elliptic or parabolic
equations on angles or wedges with dynamic boundary conditions. Another main
objective of this paper is to develop tools for the study of free boundary problems
with moving contact lines.

To describe the class of symbols we have in mind, let us first consider the
case of dynamic boundary conditions. It is shown in Section 5 that the boundary
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symbol for the Laplace equation Au = 0 on an angle G = {(rcos¢,rsin¢); r >
0, » € (0,a)} in R? with Dirichlet condition u = 0 on ¢ = a and dynamic
boundary condition dyu + d,u = g on ¢ = 0 is given by

Oe” + ho(—(0z + B)?),  tho(z) = Vzcoth(ay/z), ze€C.

Here 8 € R is a number whose meaning is explained in Section 5. Similarly, if one
considers the one-phase quasi-stationary Stefan problem with surface tension (also
sometimes called the Mullins-Sekerka problem) in two dimensions with boundary
intersection and prescribed contact angle o € (0, 7], one is led to the boundary
symbol
where this time 1 (z) = y/ztanh(ay/z). The free boundary problem for the sta-
tionary Stokes equations with boundary contact and prescribed contact angle in
two dimensions leads to

Ore” +1(0x + ),
where
cos(2az) — cos(2a)
sin(2az) + zsin(2a)’

P(z) = (1+2)

in the slip case and
(14 2) sin(2az) — zsin(2a)
4 22sin®(a) — cos?(az)

P(z2) =

in the non-slip case. This motivates the study of equations of the type
0re®® + h(0:) (1.1)

and its parametric form
Ae’® + h(0y), (1.2)

where s > 0, A € C, and h is a function holomorphic on a vertical strip around
the imaginary axis.

In higher dimensions, the boundary symbol for the Laplace equation in a
wedge with dynamic boundary condition is given by

ore” + wo( — Aye* — (0, + 6)2),

where A, means the Laplacian in the variables y tangential to the edge, whereas
that of the quasi-stationary Stefan problem becomes

€™ + 1 (— Aye™ — (0n + B)?) [~ Aye* — (0, + B+ 1)(0x + B+ 2)].
Similarly,
he” + o ((0r — Ay)e* — (0z + B)?)
represents the boundary symbol for the diffusion equation in a wedge with dynamic
boundary condition. Clearly, these symbols are considerably more complicated
than in the two-dimensional case. They also show the importance of the special case

h = P where P is a second-order polynomial. In the current paper we concentrate
on this case.
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It is our ultimate goal to identify function spaces such that the operators
defined by the symbols of type (1.1) and (1.2) become topological isomorphisms
between these spaces, i.e., to obtain optimal solvability results. We intend to do
this in the framework of L,-spaces. Our main tools are very recent results on sums
of sectorial operators, their H*°-calculi, and R-boundedness of associated operator
families.

Once this goal is achieved, one can go on to study symbols of higher-dim-
ensional (or time-dependent) problems. We will do this here only for those aris-
ing from the problems with dynamic boundary conditions. The symbols for the
Mullins-Sekerka problem in higher dimensions, for the Stefan problem with sur-
face tension, and for the non-steady Stokes problem with free boundary will be
the subject of future work.

Observe that symbols of type (1.1) and (1.2) are highly degenerate, due to the
presence of the exponentials. They are not directly accessible by standard methods
for pseudo-differential operators. Moreover, the basic ingredients of these symbols,
namely e® and 0., do not commute and so the functional calculus in two variables
does not apply. Still, there is a close relation between these operators. In fact, e*
is an eigenfunction of 9, with eigenvalue s, or to put it in a different way, the
commutator between e** and J, is se®”. It is this relation we base our approach
on. It allows us to apply abstract results on sums of non-commuting operators.

The plan for this paper is as follows. In Section 2 we introduce the necessary
notation and state some abstract results needed in the sequel. In Sections 3 and 4
we deal with the important special case where h is a second-order polynomial P.
By means of an explicit representation of the resolvent we derive a complete char-
acterization of the spectrum of the operators

Ae®® + P(0,) in Ly(R)

and
0ie®® + P(0;) in Ly(J xR),

where J = (0,T). We conclude the paper with applications to the Laplace equa-
tion and the diffusion equation in an angle or a wedge with dynamic boundary
condition. By means of our results we obtain the complete solvability behavior of
this problem in appropriately weighted L,-spaces.

We mention here that the Laplace and the diffusion equation with dynamic
boundary conditions in domains with edges were previously studied in the frame-
work of weighted La-spaces by Frolova and Solonnikov, see [10, 18] and the refer-
ences contained therein.

2. Preliminaries

In the following, X = (X, |- |) always denotes a Banach space with norm | - |, and
B(X) stands for the space of all bounded linear operators on X, where we will
again use the notation | - | for the norm in B(X). If A is a linear operator on X,
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then D(A), R(A), N(A) denote the domain, the range, and the kernel of A, whereas
p(A), o(A) stand for the resolvent set, and the spectrum of A, respectively. An
operator A is called sectorial if

e D(A) and R(A) are dense in X,

o (—00,0) C p(A) and [t(t + A)~| < M for t > 0.
The class of all sectorial operators is denoted by S(X). If A is sectorial, then it
is closed, and it follows from the ergodic theorem that N(A) = 0. Moreover, by a
Neumann series argument one obtains that p(—A) contains a sector

Yo :={2z€C: 2#£0, |arg(z)| < ¢}.
Consequently, it is meaningful to define the spectral angle ¢ 4 of A by means of
da =1inf{p > 0:p(—A) D Er_y, Mr_y < 00},
where My := sup{|A\(A + A)~!|: X € Xy}. Obviously we have
7> 64 > arglo(A)) = sup{larg(\)] - A £0, X € o(A)}.
If A is sectorial, the functional calculus of Dunford given by
1 _
Ba(f)i= )= 5 [ T 4)
™ Jr
is a well-defined algebra homomorphism ®4 : Ho(Xs) — B(X), where Ho(Xg)
denotes the set of all functions f : ¥4 — C that are holomorphic and that satisfy
the condition
sup (JAT°f(A)| 4+ [A*f(N)]) < oo for some £ > 0 and some ¢ > ¢ 4.
)\624,
Here I' denotes a contour I' = €% (00, 0] U %[0, 00) with 6 € (¢a,¢). A is said
to admit an H°-calculus if there are numbers ¢ > ¢4 and M > 0 such that the
estimate

[FA) < M|flyesy), [ € Ho(Eg), (2.1)

is valid. In this case, the Dunford calculus extends uniquely to H*(%,), see for
instance [6] for more details. We denote the class of sectorial operators which admit
an H*-calculus by H*°(X). The infimum ¢% of all angles ¢ such that (2.1) holds
for some constant M > 0 is called the H*>-angle of A.

Let 7 C B(X) be an arbitrary set of bounded linear operators on X. Then
T is called R-bounded if there is a constant M > 0 such that the inequality

N N
=1 i=1

is valid for every N € N, T; € T, x; € X, and all independent, symmetric {+1}-
valued random variables e; on a probability space (€, A, P) with expectation E.
The smallest constant M in (2.2) is called the R-bound of 7 and is denoted by
R(T). A sectorial operator A is called R-sectorial if the set

MM+ A7 A e X4} is R-bounded for some ¢ € (0, 7).
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The infimum ¢% of such angles ¢ is called the R-angle of A. We denote the class
of R-sectorial operators by RS(X). The relation ¢% > ¢4 is clear. If X is a space
of class H7 and A € H*(X) then it follows from a result of Clément and Priiss
[3] that A € RS(X) with ¢§ < ¢%.

Finally, an operator A € H>°(X) is said to admit an R-bounded H>°-calculus
if the set

{F(A): FeHX(Z), [flre(z, <1}
is R-bounded for some ¢ € (0,7). Again, the infimum ¢%§> of such ¢ is called the
RH™-angle of A, and the class of such operators is denoted by RH™(X).

If X enjoys the so-called property («), see [2, Definition 3.11], then every
operator A € H>®(X) already has an R-bounded H>°-calculus, that is, H*(X) =
RH>(X) and ¢5i>° = ¢, see [12, Theorem 5.3]. In particular, the L,-spaces with
1 < p < oo have property («), see [2].

We refer to the monograph of Denk, Hieber, and Priiss [6] for further infor-
mation and background material.

We now state a recent result on the existence of an operator-valued H>°-
calculus proved in [12], the general Kalton-Weis theorem.

Theorem 2.1. Let X be a Banach space, A € H*®(X), F € H>®(X4; B(X)) such
that
F(u—A)"t=@u—A)"FN), pepld), )y
Suppose ¢ > ¢% and R(F(Xy)) < co. Then
F(A) e B(X) and |F(A)[px) < CaR(F(Z))
where C'4 denotes a constant depending on A but not on F.

Given two sectorial operators A and B we define
(A+ B)x:= Az + Bz, x <€ D(A+ B):=D(4)ND(B).
A and B are said to commute if there are numbers A € p(A) and u € p(B) such
that
A=A u-B)'=(u-B)'(A-A4)"
In this case, the commutativity relation holds for all A € p(A) and u € p(B).

In their famous paper [5] Da Prato and Grisvard proved the following result:
suppose A, B € §(X) commute and the parabolicity condition ¢4 + ¢ < 7 holds
true. Then A + B is closable and its closure L := A 4+ B is again sectorial with
spectral angle ¢, < max{¢a, dp}.

The natural question in this context then is whether A+ B is already closed,
i.e., if maximal regularity holds. There are many contributions to this question,
see for instance the discussion in Priiss and Simonett [17].

Applied to the functions F(z) = z(2+B)~! and F(z) = f(2+B), Theorem 2.1
implies the following result on sums of commuting operators: suppose A € H*(X)
and B € RS(X), A, B commute, and ¢X + ¢% < 7. Then A + B is closed and
sectorial. If in addition B € RH>(X) and ¢% + ¢R> < 7, then A+ B has an
H>-calculus as well.
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We now turn to the non-commuting case and we assume that A and B satisfy
the Labbas-Terreni commutator condition, which reads as follows.

0 € p(A). There are constants ¢ >0, 0 <a < f <1,

Ya > da, Y > ¢p, Ya+ip <m,

such that for all A € ¥r_y,, p € Xr_yyp

AN+ A AT (u+ B) ™ = (n+ B) TP AT < o/ (L4 [A) ' ufHH.

(2.3)

Assuming this condition we have the following generalization of the Kalton-Weis
theorem on sums of operators to the non-commuting case proved recently by the
authors in [17].

Theorem 2.2. Suppose A € H™®(X), B € RS(X) and suppose that (2.3) holds for
some angles Y4 > ¢%, ¥ > ¢ with Ya + Yp < .
Then there is a number wg > 0 such that wg + A + B is invertible and sectorial
with angle duy+a+p < max{a,¥p}. Moreover, if in addition B € RH>(X) and
v > ¢R>®, then

wo+A+BeH(X) and ¢5 ayp < max{ta,¥p}.

This result will be one of the main tools for the theory developed below.
If A and B are sectorial operators on X, their product is defined by

(AB)x := ABx, D(AB):={xe€D(B): BxeD(A)}.

Closedness of the product is easier to obtain than for sums, as AB is closed as
soon as A is invertible or B is bounded. On the other hand, it is in general not
a simple task to prove that AB is again sectorial. The following assertive result
is a consequence of the general Kalton-Weis theorem: suppose that A and B are
sectorial commuting operators in X, that A is invertible, and suppose that A €
H>®(X), B € RS(X) such that ¢% + ¢& < m. Then AB is sectorial with angle
dap < %X + ¢%. If moreover B € RH™(X) and ¢ + ¢%> < 7, then

AB € H®(X) and ¢%p < ¢F + o5,

This result was recently extended in [11] to the case of non-commuting operators.

3. Parametric second-order symbols

In this section we consider the case where h is a second-order polynomial, that is,
we consider the parametric problem

pu 4+ Ay — (0, + B)?u=f, xR, (3.1)

where A € ¥, p € C, 8 € R, s € R\ {0} are fixed parameters. In this case we
have

h(i€) = —(i€ + B)* = € — B* - 2if¢, € €R.
The spectrum o(h(9,)) of the operator h(d,) in L,(R) is given by
(

o(h(8,)) = Pg := h(iR) = {€* — 8° — 2iB¢ : £ € R},
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a parabola with vertex in —/32 opening to the right symmetric with respect to the
real axis. We are going to derive an explicit characterization of the spectrum of
Ae%s® + h(9,) as well as an integral representation of the solutions of (3.1). Note
that the change of variables y = —x transforms (3.1) into itself, when replacing s
by —s and 3 by —(. Therefore we assume s > 0 in the sequel.

We introduce the variable transformation

u(z) = e P*w(Vres®/s), xeR.
Setting z = v/ Ae** /s and v = pu/s?, problem (3.1) transforms to
(22 + 1Hw(z) — 22w (2) — 2w'(2) = g(2), Rez >0, (3.2)
where
g(z) = 207381572 \=B/25 £ (s L n(sz/VN)).
.2) 1s nothing but the modified Bessel equation with parameter v. undamenta
3.2)1 hing but th dified Bessel i ith A fund 1

system of this equation is given by the modified Bessel function I,(z) and the
McDonald function K, (z). The general solution of (3.2) is given by

w(z) = al,(z) + bK,(2) + K,(2) /OZ I,(0)g(o)do /o + I,(z) /00 K, (0)g(o)do /o,
(3.3)

where so far a, b are arbitrary numbers.

We are going to compute the spectrum of Ay 5 = \e?*® — (9, + 3)%. Let us
first look for eigenfunctions of Ay g, i.e., for the point spectrum o,(Ax g). So we
have from (3.3) that —u € 0,(Ax ) if and only if a function of the form

u(z) = e P*al, (VIe*® /s) + bK,(VAe®/s)], x €R,

belongs to L,(R) and e***u does so as well, since then we also have u € H2(R)
since w+h(9,) € B(HZ(R), Ly(R)) is an isomorphism for w > 2. In the sequel we
are employing the asymptotics for I, (z) and K, (z) near zero and infinity which,
for example, may be found in Abramowitz and Stegun [1]. For Re v > 0 these read

I(2) ~e*/V2nz, K,(z)~e *\/m/2z, Rez>0, |z| — oo, (3.4)
and
L(2) ~2772"T(v +1), K,(2)~2""'T(¥)2™", Rez>0,2z—0. (3.5)

The estimates are uniform for |arg(z)| < 6 < 7/2. From these asymptotics we may
conclude a = 0, and set b = 1. Since K, (z) is exponentially decaying at infinity,

/ e u(z)Pde = c / tO=PP/s K (1) |Pdt Jt < oo,
0 1

for each p € (1,00), 8,7 € R and s > 0 since |p| = |argA/2| < 7/2. On the other
hand,

0 1
/ P |u()Pda = ¢ / L3 K, (84 Pt

—o0 0
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is finite if and only if
Revp+ (B —7)p/s <0, thatis, iff Re,/pn <~y —p.
Choosing v = 0 and v = 2s we see that the function
uu(z) = e 7K, (VAe®/s), z€R,

is an eigenfunction corresponding to the eigenvalue —p of Ay g if and only if
Re/m < —f. Note that this property is independent of A\ € ¥, s > 0 and
p € (1,00).

Next observe that the dual operator A ;5 of Ay g in Ly(R)" = Ly(R) is
precisely A3 5 = Ay _p. Therefore we see from the above argument that —u is an
eigenvalue of A3 5 if and only if Re /it < 8. A dual eigenfunction is

up () = PTK,(VAest[s), x€R.

Thus the set Re/—p < |B] belongs to the spectrum of Ay g for all s > 0, 1 <
p < oo, and A € X, as long as 3 # 0. For 8 = 0 the point spectra of A, 3
and of A3 5 are both empty. We still claim that the set Re/—u = 0, i.e., the
set © € Ry, belongs to the spectrum of Ay g. In fact these values of —p are
approximate eigenvalues. Suppose on the contrary that p+ Ay o is invertible. Then
w1+ Ax g must be invertible for small |3 as well, since Ay g is a small perturbation
of A)\’O.

It is easy to identify the set Re/—u < |B]. It is the filled up parabola Pg,
defined by

Ps={% -3 +0—2ip¢: E€R, 0>0}.

The main result of this section is the following theorem which states that o(Ay g) =
Pg, for all p € (1,00), A € X1, s > 0, and 5 € R.

This is truly a remarkable result since the spectrum of A — (9, + 3)? is the
shifted parabola A 4+ Pg instead!

Theorem 3.1. Let A € ¥, f € R, s >0, 1 < p < oo, and let Ay g in L,(R) be
defined according to

Ay = ¥ — (0, + B)?,
with domain D(Ax p) = HZ(R) N Ly(R; e***Pdzx). Then we have
o(Arp) =Ps={&® -+ 0 —2if¢: €€R, 0 >0}
If 8 < 0 then o, (A 3) = Py and 0, (Ax 5) = 0, while for 3 > 0 we have o,.(Ax ) =
P and op(Axg) = 0. The resolvent of Ax g has the integral representation

(u+ Axp) ' f(x) = /ka,ﬁ,u(fﬂ,y)f(y)dya z€R, feLy(R),
where the kernel kx g, s given by

K\/ﬁ/s(\/Xe”/s)I\/ﬁ/s(\/Xesy/s) for x>y

k , — —1_—p(z—y)
Al y) =s""e Lymys(VAS® [)K s (VA [5) - for @ <y.
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Finally, for every fized ¢ € (0,7) and u ¢ —Pg there exists a positive constant M
such that

|(+ A,\75)_1|3(LP) + | Ae®57 (u + A/\,B)_1|B(Lp) <M, A e Xy

Proof. We first derive estimates for the kernel £y g, for fixed ¢ —IPg. From the
asymptotics of I, and K, given in (3.4) and (3.5) we obtain for each § < 7/2 a
constant ¢, ¢ > 0 such that

I < |Z|ReueRez < 9
| V(Z)l > Cu,emwm, |arg(z)| S U,
and . .
—hevr _ —hez
K (2)] < crg € |arg(2)] < 0.

(1 + |Z|)7Rcu+l/2 ’
With v? = ;1/s? these estimates yield for x > y
e*(ﬁvLsRcu)(xfy) . (1+ |\/X|esx/8)ReV+1/267871RC\/X(63:E7651J).
14 [VA|esz/s 14 [VAlesv/s

The elementary inequality

|Exp,u(z,y)| < C

(1 + a)’y < cee(u’_b)
1+b/ — ’

with ¢ > 0 depending on € > 0 and + > 0 but not on a > b > 0, and the relation

Re VA > |V, valid for |arg \| < ¢ < m, then imply

e~ (B+sRev)(z—y)
14 [VA|es®

with some constants C' = C(v,¢) > 0 and ¢; = ¢1(¢) > 0. In a similar way we
obtain for z < y

—c1|VA|(e*T —eY)
. e y

lkx,6.u(x,y)| < C T >y,

67(7B+5RC v)(y—z)

14 [V |esy
Combining these estimates leads to
sRev—|B])|z—yl

Fxp.u(@,9)] < C cem VA=) gy,

67(
1+ |\/X|65 max{z,y}
This shows |kx g, (2, y)| < Ck(z—y) with k(z) = e~ (sRer=IBDIzl ‘that is, the kernel
kx g,u is dominated by a convolution kernel. Convolution with & is L,-bounded if
k € L1(R), which is precisely the condition Re vs > |§|, which in turn is equivalent
to u ¢ —Pg. This shows that the resolvent of A g is well-defined and Lp-bounded

for all p & Pg.
It remains to estimate A\e?*”ky s, to conclude o(Ay 3) = Ps. Let

y:i=Revs— || >0 and a:=c¢|VA|l>0.

_ sx__ sy
e VAlle™ —e I zyeR.

|Exp,u(z,y)| < C

Then we have
A2k (2, )| < Ce 1 VI[1 4 qer min{o v} gmole™ =)
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This is clear in case < y and for x > y it follows from

Qe (€T =) L ogmalet o) | (o5t _ oy)gmale’ —et)
< aeVe— (€ =) 4 1.
Thus we obtain
INe25%ky g (x,y)| < Ce V=¥ 4 Caes min{zwhe=ale™ el 4y ¢ R.

The first kernel on the right yields convolution with an L;-function which is L,-
bounded, as before. The second one is symmetric, and we have

: o lesT 5y
/saesmm{c”’y}e ale e ‘dy
R

x o0
_ ST sy sx .Sy
<e ¢ / sae®¥e® “dy + e™¢ / sae®Ye™ ¢ dy < 2.

This shows that the second kernel defines an integral operator which is simul-
taneously bounded in L;(R) and in Ly (R), with bound independent of «. By
the Riesz-Thorin interpolation theorem it is also bounded in L,(R), uniformly in
a>0,ie., in A€ Xy with ¢ <.

These arguments show that

(1 + Axg) ' Ly(R) C Ly (R; (1 + €**P)da).

Since we know that the spectrum of —(d, + )2 is the parabola Pg, we may
conclude that (14 Ax 5) ' Ly(R) C H2(R), again with bound uniform in A € Xy,
This concludes the proof of the theorem. O

One should observe that our estimates are not uniform in u, but they are of course
so when g is bounded. This then implies that near a point ;o € Pg we have an
estimate of the form

(1= Ax8) "L, my) < C/dist(u, Ps), 1 & P,

which is optimal besides the constant C. However, we do not know whether a
resolvent estimate of the form

(i — Axg) ) < Cp,  dist(p,Pg) > p,
for p > 0, uniformly in A € X4, is valid. We are able to show this only for A > 0.

4. Operator-valued symbols of second order

Having established uniform bounds for the operator families
Ko={(n+Axs) " A€ Xg}, Ki={Ae®(u+Arp) " 1 A€ By} C B(Ly(R))

for every fixed ¢ € (0,), let us consider R-boundedness of Ky and ;. Suppose
we have established this property. Then holomorphy in A permits to employ Theo-
rem 2.1. We may replace A by any sectorial operator D with bounded H>°-calculus
and angle ¢% < m which commutes with e?** and 9,.. In particular, we are allowed
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to plug in D = 9, or D = 9§ for a € (0,2) or, more generally, an anomalous
diffusion operator D = 95 — A,. The result then is that for all these different
operators the spectrum of L = De?® — (9, + 3)? is contained in the parabola Pg.

To prove R-boundedness of Ky and K; we use the domination theorem for
kernel operators in L,(R) which says the following: if each of the kernels ky g, for
A€ Xy, B €Rand p & —Pg fixed is pointwise bounded by a kernel x, and the set
of kernel operators K, for a belonging to some index set, is R-bounded then the
family K = {K,} is so as well, see [6] for instance. Recall also that R-boundedness
is additive.

In our situation we have bounds for K7 in terms of a single convolution kernel
e~ 712l for some v > 0, plus the family £ := {asesmin{zvle=ale™=e™ . o > 0},
Therefore, it is enough to show R-boundedness in L,(R) of the family of kernel
operators L. To prove this the following lemma will be useful. We first introduce
some more notation. Given any function f € Lj joc(R), the maximal function Mf
of f is defined by

1 x+a
(Mf)(x) := sup —— |f(s)|ds, x€R.

a>0 2a —a

The result now reads as

Lemma 4.1.
(a) Suppose ¢ € C*(R) is positive, nondecreasing and convez with ¢’ (z) — 0 as
x — —oo. Then the integral operator Ty defined on D(R) by

Tof(x / o' (y)f(y)dy, zeR,

satisfies [Ty f ()] < 2(Mf)(z) for all x € R.
(b) Suppose ¢ € C?(R) is positive, nonincreasing and In1) is concave with w1 (x)
— 0 as x — oco. Then the z'ntegml opemtor Sy defined on D(R) by

Sy f(x
satisfies |Sy f(z)] < 2(Mf)( ) for all z € R.
Proof. (a) Let f € D(R) be given. Then we have

T/ (2)] < (a / & W) FW)ldy = dlz)™ / &"(y) /xlf(S)ldsdy
2(Mf) (@) b(z) ! / & (4)(x — y)dy

— 2(Mf)(x / &' (y)dy < 2(Mf)(z).

These estimates can be justified by first integrating over a finite interval and then
. . . T

letting the lower limit go to —oo. It should be noted that [*  ¢'(y)dy < ¢(x)

since ¢ is positive and nondecreasing.

y)dy, x€R,
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(b) Similarly we obtain

Suf(@)] < = w /w )1 (y)ldy = ( / /lf )|dsdy

< 2(Mf)(x — x)dy

- 2047055 / v
<20 [ vty = 207) (o)

where in the last inequality we used that —1i'(z)/v¥(x) = —(d/dz)Iny(z) is in-
creasing, since Int(x) is concave by assumption. ([

Now we can prove the following result.

Proposition 4.2. Let 3 € R, s > 0, 1 < p < 00, and suppose j1 ¢ —Pg. Then the
operator families

Ko={(n+Ax5) "+ A€ Xy} C B(Ly(R))
and
K1 = {2 (u+ Arg) ' 0 A€ Sy} C B(Ly(R))
are R-bounded for every fized ¢ € (0, 7).

Proof. The proof uses the characterization of R-boundedness of integral operators
in L,-spaces by means of square function estimates and proceeds like the proof of
Theorem 4.8 in Denk, Hieber and Priiss [6]; see also Clément and Priiss [3] where
this argument appears for the first time.

Take any functions f; € L,(R) and any numbers \; € £, and let K; denote
the integral operator with kernel \;e?**ky, 5 ,.(z,y). Then with ¢;(z) = e,
Pi(z) = e, a; = c1|v/Ni| > 0, Lemma 4.1 yields

|K fi(z)] < C(Mf;)(z), foraa. zeR,

hence

Z|Klfl(:1c)|2 §CZ|Mfi(x)|2, for a.a. x € R,
where C' > 0 denotes a constant that is independent of f; and A;. Since the maximal
operator M is bounded in L,(R;ls) for 1 < p < oo, see [19, Theorem II.1.1], we
may continue

Qi) 2 e, m) <C|Z|Mf| )L, <C|Z|f| Y21, )

This implies that the family 1y satlsﬁes a square functlon estimate, and it fol-
lows from [6, Remark 3.2(4)] that K; is R-bounded. Ky is R-bounded since it
is dominated by a single L,-bounded kernel operator, see [6, Proposition 3.5] for
instance. (]
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We can now state the following result, alluded to in the introduction to this section.

Theorem 4.3. Let B € R, s > 0, 1<p<oo, and let D denote an invertible sectorial
operator on a Banach space X with bounded H°-calculus and angle ¢35 < w. Let

L on L,(R; X) be defined by means of
Lu = De** — (9, + B)?,
with natural domain
D(L) ={u€ H}(R; X): e**"u € L,(R; D(D))}.
Then o(L) C Pg, and for any w > B2, w+ L is invertible, sectorial, and admits a
bounded H*-calculus in L,(R; X).

Proof. We may conclude from Theorem 3.1 and Proposition 4.2 that o(L) C Pg,
see the arguments given at the beginning of the current section. Consequently

w+ L is invertible for every pu & —Pg. (4.1)
We now consider the operator A given by
A= De** D(A) :={u€ Ly(R,X):e**u € L,(R,D(D)}.

A is the product of D with the multiplication operator M := €27, which has an
R-bounded H>-calculus with ¢f*° = 0 on L,(R), and hence also on L,(R, X).
It follows from the remarks at the end of Section 2 that A € H*(R, X) with
o% < ¢ . Next we consider the operator B, defined by

B := 60_((91 _/6)2a D('B) :HgGR)a

where 8y > (2. It follows from Mikhlin’s theorem that B is sectorial and admits
an H>-calculus on L,(R). Moreover, we can also conclude that &y > (% can be
chosen in such a way that ¢% + ¢% < 7. Since L,(R) has property o we obtain,
in addition, that ¢35 + ¢£> < 7. This result also holds for the canonical extension
of B to L,(R,X). The same arguments as in [17, Section 5] now show that there
exists a number wg > 0 such that

wo+ A+ B s sectorial and admits an H*-calculus on L,(R, X). (4.2)

The remaining assertions of Theorem 4.3 are now a consequence of (4.1)—(4.2) and
[6, Proposition 2.7]. O

Remarks 4.4. (a) Suppose D = 8y, with domain D(8;) = {u € W, (J) : u(0) = 0}.
Then it can be shown that, in fact, o(L) = Pg. This follows from the property

that every number —u € Pg is an eigenvalue of either Ay g or its dual, with
eigenfunction

u, (A x) = PR, (Ve [s), Ae€X,, zeR,

see Section 3. Taking the inverse Laplace transform with respect to A over an
appropriate contour will provide an eigenfunction of L, or its dual, with eigen-
value —pu.
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(b) A correspondig result to Theorem 4.3 can also be stated for operators of the
form D + (w — (0 + 8)?)e~2%%, but we leave this to the interested reader.

5. Parabolic equations with dynamic boundary conditions
on wedges and angles

In this section we consider an application of our main results to the diffusion
equation on a domain of wedge or angle type, that is, on the domain G = R™ x C,,
where m € Ny, and for a € (0,27), C, denotes the angle

Co ={z=(rcosg,rsing): r >0, ¢ € (0,a)}.
The boundary I' = 9G then consists of two faces
To={(y,7,0); y e R™ r >0}, Ty={(y,rcosa,rsina): y € R™, r >0}

We consider the problem

u=fa onT,x(0,T)
ou+0,u=fs3 onlyx(0,T)
u|t=o = up on G.

Ou—Au=f; inGx(0,T)
( (5.1)

Here m € Ny and v denotes the outer normal for G at I'. The function f; is given
in a weighted L,-space, i.e.,

f1 € Lp(J x R™; Ly(Ca; || dx)),

where v € R will be chosen appropriately, and J = (0,7). The functions f; and
fs are supposed to belong to certain trace spaces.
It is natural to introduce polar coordinates in the z-variables, x = (r cos ¢, r sin ¢)
where ¢ € (0,«) and r > 0. Then the diffusion operator 9; — A transforms into
1 o

0~ Ay~ 02+ 30, - =%,
where y denotes the variable in R™, and A, is the Laplacian in the y-variables.
The underlying space for the function f; now is

f1 € Ly(J xR™ x (0,a); L,(Ry; 77 dr)).
It is also natural to employ the Euler transformation » = e* where now z € R.
Setting
u(t7 y? ¢7 T) = Tﬁv(t7 y? ¢7 1n T)?
we arrive at the following problem for the unknown function v.
€2 (0 — Ay)v + P(0y)v — 8351) =¢g1 in(0,7)xR™x(0,a) xR
v=gs on (0,7)xR™ x{a} xR
"o —0gv =g3 on (0,T) x R™ x {0} xR
V[t=o =v9 on R™ x (0,a) x R

(5.2)
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where gl(tvyv ¢7:17) = 6(2_ﬁ)$f1(t7y7 ¢76$) and

92<t,y,$) = eiﬁzf2(t7ya ez)v 93<tay7$) = e(liﬁ)xf?)(tayvex)'

The differential operator P(9,) is given by the polynomial P(z) = —(z + 3)?, as a
simple computation shows. The resulting equations are now defined in a smooth
domain, but they contain the (non-standard) differential operators e**9;, s = 1,2,
and e?*A,. We observe that these operators do not commute with P(9,).

Next we note that

[l o.oPds= [ 122 fity.6.npar/r < .
R 0
in case we choose p(2 — 3) = v+ 2, that is, § = 2 — (y + 2)/p. Making this choice
of 3, we can remove the weight and work in the unweighted base space
X :=Ly(J xR™ x (0,a) x R).

We want to extract the boundary symbol for problem (5.2). For this purpose
we define an operator Ag in X = L,(J x R™ x R), J = (0,7T), by means of

(Agu)(t,y,x) = ((0r — A))e*™ — (0x + B)*)u, (t,y,2) € J x R™ x R,
with domain

D(Ag) = Lp(J x R™; H2(R)) N oH,(J; Ly(R™; Ly(R; €**Pdx)))
NHZ(R™; Ly(J; Lp(R; €**Pdx))).

Then the solution of the homogeneous problem

(0 — Ay)v + P(0z)v —93v =0 in (0,7) x R™ x (0,a) x R
v=0 on(0,7)xR™x {a} xR
v=p on(0,T)xR™x {0} xR

Vt=o=0 onR™ x (0,a) xR
with Dirichlet datum v = p on J x R™ x {0} x R is given by

v(¢) = ¢(Ag, d)p, ¢(2,¢) = sinh((a — $)v/z)/sinh(av/z), ¢ € (0,q).
Evaluating the normal derivative and inserting into the dynamic boundary condi-
tion yields

eE“op+v(Ag)p =g, pli=0=0, (t,y,z)€e JxR™ xR (5.3)

where ¥(z) = y/z coth(ay/z).

We want to study the boundary symbol e*9; + ¥(Ag) in the base space X :=
L,(J x R™ x R). For this purpose we note that according to Theorem 4.3 the
operator Ag + § admits a bounded H>-calculus for each § > 3%, Moreover, it is
not difficult to see that Ag+§ is m-accretive on X whenever § > 2. The function
1) is meromorphic on C with poles in

{21, = —1} = —k*(7/a)* : k € N}
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and ¥(z) ~ /z as z — o0, provided |argz| < 6 < 7. It follows that (Ag) is
a well-defined, closed linear operator with D(¢)(Ag)) = D((Ag + 0)/?), see [6,
Section 2.1] for more details.

The function ¥ admits the following representation as a series

W):é[u%Zﬁ}, 2 g {—r2:jeN}

k=1 k

Inserting Ag into this representation we obtain

a(Ag) =1+2> Ag(Ag+r})~"

k=1
=1+2> (Ag+B8)(Ag+r7)" =282 (Ag+r7)~"
k=1 k=1

Employing the semi-inner product (-, -) in X we estimate as follows.

a((Ap)u,u) > [ul® +2) " ((As + B2)(As + B° + (r — %) ", u)

k=1
—28%) (A + B8+ (r — 5%) " "ullul
k=1
> [1-282 Y 0% = 607 Jul?
k=1
alf| 2 T — 2] 2
2 [177r—a|ﬁ|}|u| = —ag

provided (k+1)71r—a|ﬁ\ < k7r+1a|ﬁ\ for all k € N, which is equivalent to |8| < 7/2a.

Thus if 3 is restricted to the range |5] < 7/2a then ¥(Ap) is strictly accretive
in X.

We remark that the condition |3| < m/2a is also necessary for ¢(Ag) to be strictly
accretive. In order to see this, recall that ¢(c(A4s)) C o(¢(Ag)) according to
the (weak) spectral mapping theorem. Thus for ¢(Ag) to be strictly accretive,
1(0(Ag)) must be contained in the set [Rez > ¢] with ¢ > 0. Note that the curves
—(n 4+ i€)* with 0 < n < || fill up the parabola Pg, the spectrum of Az. The
function
) &sinh(2a€) + nsin(2an)
Re (- %)=
eY(=(n+ic)) cosh(2a€) — cos(2an)

is strictly positive for all £ € R and 0 < || < |g| if and only if sin(2«|n|) > 0, the

latter condition being equivalent to || < m/2a. Thus ¥(Pg) C [Rez > 0] if and
only if |8] < 7/2a.
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It should also be observed that in case we assume a Neumann condition on ¢ = «,
¥(z) = v/ztanh(ay/z). In this case
_ &sinh(2a€) — nsin(2am)

Rew (= +i6)) = = 3a8) T cos2an)

which does not have positive real part for £ € R, for no values of 7. Thus in this
case, ¥(Ag) fails to be accretive.

We will now show that there exists a sufficiently large positive number wy such
that wo + 0re” + (Ag), with domain D(9,e”) N D(y(Ag)), is invertible, sectorial
and admits a bounded H*-calculus on X. Since e*9, +1(Ag) is strictly accretive,
we can conclude that e?9d; +1(Ag) is in fact invertible and m-accretive, and hence
sectorial on X. It then follows from [6, Proposition 2.7] that d:e® + 1(Ag) admits
a bounded H*°-calculus on X as well.

To prove the remaining statement we use, once more, the result on sums
of non-commuting operators, Theorem 2.2. For this purpose we have to estimate
the relevant commutator in the Labbas-Terreni condition (2.3). We will need the
following auxiliary result for the commutator of (2 — Ag) ™! with the multiplication
operator e”.

Lemma 5.1. Suppose z € p(Ag) N p(As—1). Then
[(z— Apg) ' e"]e ™ = ((z— Ag) ' — (2 — Ag_1) ") on X.

Proof. An easy computation shows that (z — Ag_1)ev = e®(z — Ag)v for every
function v € D := D((0,T] x R™ x R). Applying (2 — Ag_1)~! to this equation
gives

v =(z—Ag_1) te"(z — Ag)v, vED.
Substituting v = (2 — Ag) "' (z— Ag)v on the left side and then replacing (2 — Ag)v
by e~ *(z — Ag)v yields

e"(z — Apg) te (2 — Ag)v = (2 — Ag_1) (2 — Ag)v, veED.
The assertion now follows from the fact that {(z—Ag)v : v € D} isdensein X. O

In order to check the commutator condition (2.3) we first remove some poles from
1 such that the remainder 9 is holomorphic in a sector —a + X4, where

—a < —b:=min{—(8 - 1), -5%}, ¢ <€ (0,7).

Observing that 1 has first-order poles at —r? with corresponding residues —(2/a)r?

we can take
2r? 1
Yo(z) :==Y(z) + o T4

with ¢ a constant. The condition |3| < 7/« ensures that )y is in fact holomorphic
on an open set containing the closure of —a + X4 for —a € (=73, —b) and any
¢ € (0,7). By choosing ¢ big enough we can, moreover, arrange that ¢y maps

+c,
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the sector —a + X4, with ¢ < m, into a sector Xy with 6 < w/2. The difference
Y(Ag) — o (Ag) is bounded, as one easily verifies. Then we fix n > 0 and compute

(1 + 0e™) (A + 1+ 0re”) " H(n + 0ee”) 7, (1 + 10 (Ap)) ']
= (A 1+ 0e™) " (1 + vo(Ag)) €)™ - Dpe”(n + Bre”) T,
which gives
(0 + 0re™) (A + 1+ 0pe™) T (0 + 0ee™) T (1 + o (A)) " 5 )
C’r] (1 + |/\|)_1 : H(ﬂ + 1/10(145))_1’ ew]e—w|B(X).
Next taking I' = —a+0%4, the boundary of the sector —a+X4, with ¢ appropriate,

and using Lemma 5.1 we get

[(1e+ wo(Aﬁ))_l,eﬂe_ﬂB(X) =

1 w()(Z) _ -1 x1, —=x
27 ru+1/)0(z)[(z As) " ele dzg(x)

.’(z—Ag)fl—(z—Ag 1) |B(X |dz].

/H'wo
Since Ag — Ag_1 = —20; — 23 + 1 we obtain

(2 = Ag) ™ = (2 = A1)~ < (2= Ap) "M (Ag — Ag—1)(z — Ap-1) 7|
< O(1+ o)~

'l
B(X) B(X)
This implies

|dz|
(1+ |2])3/2

[+ 20(Ap)) ™" €T |5 < MWO

Iu

/ |dz|

=Tl (lul + [=21M2) (A + |2]) ~ |N|2 =

since 1o (z) ~ /2. Thus the assumptions of Theorem 2.2 are satisfied for
A:=n+0e® and B :=1(Ap),

with o = 0 and 3 =1 —¢, for each € > 0. Indeed, observe that 1(Ag) is sectorial

with angle strictly smaller than 7/2. This follows from the fact that 1) maps the

sector —a + X4 into a sector Xy with 6 < 7/2. Hence the parabolicity condition

holds. Moreover, it is clear that ¢o(Ag) admits a bounded H*-calculus on X since

Ag+ 6 does so according to Theorem 4.3. We may conclude that there is a number

wo > 0 such that wy + de” + Yo(Ag) with natural domain is closed, invertible,

sectorial, and admits an H*°-calculus on X. Perturbing by the bounded linear

operator ¥(Ag) — 1o (Ag) we see that the same result holds for wg + dre® + 1 (Ap),

possibly after choosing a larger number wy.

‘We summarize our considerations in

Theorem 5.2. Let 1 < p < co and assume |3] < w/2a. Then for each g € X =
L,(J x R™ x R), (5.3) admits a unique solution p in

Ly(JxR™; H(R))NLy(J; Hy (R™; Lp(R; €Pdx))) N H, (J; Lp(R™; Ly (R; €7 d))).
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There is a constant M > 0, independent of g, such that
e 0plx + |plL, (1xrm; @) + 1Pl L, (70 R L, (Rieopdary)) < Mg|x-

The operator L = 0ye*® +1)((0y—Ay)e** — (0 +3)?) admits a bounded H* -calculus
on X.
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