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ABSTRACT. The presence of surfactants, ubiquitous at most fluid/liquid interfaces,
has a pronounced effect on the surface tension, hence on the stress balance at the
phase boundary: local variations of the capillary forces induce transport of momen-
tum along the interface — so-called Marangoni effects. The mathematical model gov-
erning the dynamics of such systems is studied for the case in which the surfactant
is soluble in one of the adjacent bulk phases. This leads to the two-phase balances
of mass and momentum, complemented by a species equation for both the interface
and the relevant bulk phase. Within the model, the motions of the surfactant and
of the adjacent bulk fluids are coupled by means of an interfacial momentum source
term that represents Marangoni stresses. Employing L,-maximal regularity we ob-
tain well-posedness of this model for a certain initial configuration. The proof is
based on recent Lp-theory for two-phase flows without surfactant.
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1. Introduction.

Surfactants are surface active agents that are adsorbed at gas/liquid or liquid/liquid interfaces,
where they lower the surface tension. The presence of surfactants in multiphase systems, either
in the form of unavoidable impurities, or as specific substances like emulsifiers to affect the
system’s behavior, has a significant influence on the shape and the dynamics of the interfaces.
Indeed, resulting variations of the capillary force induce Marangoni stresses which increase the
drag of fluid particles and hinder the internal circulation [7]. For example, the terminal rise
velocity of bubbles or droplets can be drastically reduced, which results in larger contact times
between the fluid phases and, hence, alters mass transfer.

Surfactants are soluble in at least one of the adjacent bulk phases, hence there is also ex-
change of surfactants between the relevant bulk phases and the interface by adsorption and
desorption [8]. Along the interface surfactant is transported by convection and diffusion. Fur-
thermore, changes of the interfacial area due to compression or stretching cause corresponding
changes in the surfactant concentration.

Mathematically, the analysis of two-phases flows with surfactant corresponds to the study
of free boundary problems for the Navier-Stokes equations, coupled with a diffusion equation
having a dynamic condition on the free boundary.

Existence results for the one-phase Navier-Stokes equations with a free surface were obtained
in [2, 5, 31, 32, 33]. In a series of publications, Solonnikov considered the motion of an isolated
viscous incompressible drop subject to capillary forces, see [27] and the references contained
therein.

There is significantly less work for the one-phase Navier-Stokes equations with Marangoni
effects, which refers to situations where the surface endures tangential stresses caused by varia-
tions of surface tension. The latter can be caused by temperature gradients, for instance. This
case is considered in [1], where the flow of a viscous liquid with its free surface subjected to
a nonuniform thermal flux is studied; see also [19]. Assuming the Boussinesq approximation
to account for density variations, stationary solutions are obtained in weighted Holder spaces.
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The instationary situation is considered in [34], where small time existence of the free surface
flow of a heat conducting viscous droplet of constant density in three dimensions is proved.

Problems involving the two-phase Navier-Stokes equations with surface tension have been
investigated in [28, 29, 10, 9]. In [28, 29] small time existence for smooth initial data as well
as global existence and convergence to the equilibrium configuration for nearby initial data is
proven. Small time existence in weighted Hélder spaces is obtained in [10] for incompressible
fluids, while combinations of compressible and incompressible fluids are allowed in [9]. For
compressible two-phase flow without surface tension but with additional energy balance see [30].

There is a large amount of literature in the Engineering Sciences on two-phase flows in the
presence of surface active substances, but a rigorous mathematical analysis is still missing so
far. However, interesting first numerical results in 2D are obtained in [18], while analytical
calculations for bubbles in plane extensional flow of low velocity are given in [25]. In these
contributions, the surfactant is considered as insoluble, a common idealization.

In the present paper we consider the two-phase Navier-Stokes equations with surfactant
dependent surface tension complemented by a convection-diffusion equation inside one phase
with another convection-diffusion equation on the free surface which are nonlinearly coupled.
We give a derivation of the mathematical model, for which an appropriate surface transport
theorem is employed. To keep the paper self-contained, a proof of the latter together with an
introduction of the notion of surface divergence is included in two appendices. The main result
of this paper is the existence of a unique classical solution to this free boundary problem for
a certain initial configuration of the phases. The latter corresponds to situations encountered
by the usual localization procedure which leads to “deformed halfspaces” for the two phases.
The strategy here is to build up the proof based on recent results on two-phase flows without
surfactant. This works, since, luckily, the surfactant equations are decoupled from the Navier-
Stokes equations in the associated linear problem.

Our proof makes use of recent developments in the theory of maximal regularity for par-
abolic problems. For a general reference to this subject, we refer to the monograph [11]. Of
particular importance for this work are the papers [12, 13, 14, 22, 23|, where basic notations
used throughout this paper can be found.

2. The Mathematical Model.

The subsequent mathematical model describes two-phase flows with a free boundary to capture
the motion of a fluid particle (droplet or bubble) in an ambient fluid phase (gas or liquid). We
consider isothermal flows of two immiscible Newtonian fluids with constant densities. Based on
continuum mechanics, balance of mass and momentum inside the phases lead to the Navier-
Stokes equations, i.e.

V-u=0, O(pru)+ V- (pru®@u—S)=0

with the stress tensor
S=—ml+ ps (Vu + (VU)T>.

These balances hold in Q. (t) UQ_(¢), where Q4 (¢) are the domains occupied at time ¢ by two
fluids with density p+ and viscosity u-, respectively. Hence the material parameters depend
on the phase. Whenever a distinction between the different phases is not necessary, the phase
indices + and — are omitted. The phases are separated by a phase boundary I'(¢) at which at
least one of the material parameters has a jump-discontinuity. At this interface, the additional
jump conditions

[p(u—uint)]n = 0,

[pu ® (4 — Uing) — S]n = okn+ gradpo
appear, where wuiy is the interfacial velocity, gradpo denotes the surface gradient of the surface
tension o (cf. Appendix A) and
Kk = —divrn
is the sum of the (local) principal curvatures of the interface. More precisely, it should read

divr(s), but the dependence on ¢ is dropped whenever this is reasonable. Throughout the paper,
n denotes the unit normal at the interface directed into the phase Q. (¢), say, in which case
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k(t,z) > 0 at z € T'(¢) iff Q4 (¢) N B,(x) is convex for small » > 0. The notation [¢] stands for
the jump of a physical quantity ¢ across the interface, i.e.

[¢](t.2) = lim_ (gzﬁ(t,x +hn) — otz — hn)), x e (1)

Below, it is assumed that the two-fluid system under consideration does not endure phase
changes like melting or evaporation. Consequently, there are no convective fluxes across the
interface, and hence the normal components of the fluid velocities are continuous at the phase
boundary, and the interface itself is advected with the flow, i.e.

(uy - n)iry = (u— - n)irey =V,

where V' denotes the normal velocity of the interface. Furthermore, we assume no-slip at the
interface. Then the jump conditions simplify to

[u] =0, [-S]n = okn + gradro.

Throughout this paper, we consider the case of a soluble surfactant, i.e. a chemical species
which is adsorbed at the interface but also lives in at least one of the bulk phases. For technical
simplicity, we concentrate on the case in which this species is only present in phase €, which
is also of practical relevance. The local concentration ¢ of a dilute chemical species is governed
by the balance equation

Oc+ V- (cu+J)=0,
where we assume that the molecular flux is given by Fick’s law,
J = —DVe,
with constant diffusivity D > 0. This leads to the convection-diffusion equation
oic+u-Ve—DAc=0

inside €2;. For more details about the continuum mechanical modeling of two-phase flows up
to this point see [16, 26].

At the phase boundary, mass balance for a material control area, i.e. M(t) = I'(t) NV (¢)
with a material control volume V (t), implies

i/ CI‘dO’t:—/ JFNdSt—/ [J]ndat
dt Jare aM(t) M(t)

Here cr denotes the surface specific concentration of the surfactant on the interface I' and Jp
is the interfacial molecular flux of surfactant which will be modeled by Fick’s law again, i.e.

JF = —DF gradFCF

with Dp > 0. Observe also that [J] - n reduces to —D(Ve - n) (), understood as the Q-sided
limit, here, since the species ¢ is only present in Q.. Application of the surface divergence
theorem (Theorem A in Appendix A), the surface transport theorem (Theorem B in Appendix
B) and the usual localization procedure leads to the differential formulation of the surfactant
balance. A completely Eulerian formulation is problematic since cr is only defined on gr(T).
An intermediate Eulerian/Lagrangian formulation reads as

8,57"011 + diVF(CFUI‘) — crkV — DrArer = D(VC . Tl)‘r(t),

where 0; pcr stands for the derivative of cr along a purely normal path, ur is the tangential
part of v and Ar denotes the Laplace-Beltrami operator on I'; cf. Appendix B.

One more constitutive equation is needed to determine the surfactant distribution. Here we
assume that the process of ad- and desorption of surfactant at the interface is instantaneous
if viewed on the time scale of convective and diffusive transport. This leads to the additional
relation

er = (er))s
where it is reasonable to assume that v : R, — R, is C? with 4/ > 0. In concrete con-
stitutive equations, v will usually satisfy v(c0) = ¢f°, since the phase boundary has a finite
capacity concerning adsorption of surfactant. This relation gets more complicated in case of
liquid/liquid /surfactant-systems in which the surfactant is soluble in both phases; a survey on
adsorption and partitioning of surfactants is given in [24].
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Q,(1) y=h(t.x)

Figure 1: Configuration of the phases at the interface and localization.

Finally, the surface tension ¢ is a function of cr and it can be significantly lowered due to
the adsorption of surfactant. Below, we assume that o : R, — R, is C? with ¢ > 0. In this
situation, a nonhomogeneous surfactant distribution leads to nonzero surface gradients of the
surface tension. This corresponds to so-called Marangoni forces which cause tangential stress
at the phase boundary and can trigger currents along the interface, the so-called Marangoni
convection. This back-effect of the surfactant distribution on the hydrodynamics is mediated
via the surface gradient of ¢ within the momentum jump condition. The full model of a two-
phase flow with soluble surfactant now reads as

Balance equations.
V-u=0 for ¢t>0,z¢€QsL(t),
(1) O(pru) + V- (pru@u—5)=0 for t>0,x¢€ QL(t),

Oic+u-Ve—DAc=0 for t>0,x¢€Qy(t).

Free boundary conditions.

[u]=0, V=u-n for ¢t>0,xel(t),

[-S]n =o(cr)kn + o'(cr) gradper  for ¢ >0, z € T'(¢),

(2)
D(Ve-n)ir@ = Oy mer +divr(crur) — crsV — DrArper  for ¢ >0, x € I'(2),

cr(t,x) =~(c(t,z)) for ¢>0,zeTl(t).
Initial conditions.
u(0,x) = up(x), for =z € QL(0),
(3) ¢(0,x) = co(x) for x € Q4(0),
[0) =Ty, ecr(0,z)=c(z) for zeTy.
Recall that S is given by
(4) S=-—nmI+8° with 8=y (Vu + (Vu)T).

3. Main Result: Small Time Existence in a Deformed Halfspace.

The principal aim of this investigation is to obtain local existence of classical solutions for
Iy being a closed manifold such that the connected component of R"*!\ Ty represents a
fluid particle like a drop or a bubble. This general situation can be treated by a localization
procedure, which will be carried out in a forthcoming paper. Here, we are interested in the
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model problem which occurs by localization at points on I'g; cf. figure 1. In this case, Q4 are
deformed halfspaces and I'j is close to a plane, say R™, i.e. 'y is a graph over R" given by a
function hg with |Vhg|s small. The main result for this model problem reads as follows.

Theorem 1. Let py, p+, D, Dr >0 and v,0 € C*(R,) with o > 0. Fiz p > n+ 3 and suppose
the following conditions to hold.

Regularity of initial data:
ho € W3?/P(R™), To=gr(ho), ug€ Wy PR\ T;R™),
co—¢CcE Wﬁ”“’(ﬁi), & —ere Wp2_2/p(F0)
with appropriate ¢, ¢r € R and QY = {(z,y) e R"" : 2 € R", y > ho(x)}.
Compatibility condition:

Vug =0, [Sﬂzon = (n, S\Otzon> n] = —o'(cp) gradroc%,

[ug) =0, p =(coir,), e = ().
Then there is 1 > 0 such that the following holds. Given hg with |Vho| <1 and ¢ > 0 with

sup X — inf ¢ <),
z€T, z€lo

there exist to = to(uo, ho, co, ) and a classical solution (u,m,c,cr) of (1)—~(4) in (0,to). The
solution is unique within the class of maximal reqularity as described in Theorem 2 below.

The proof of Theorem 1 consists of three main steps as given in the subsections to follow.

3.1. Reduction to a Halfspace.

Suppose that I'(¢) is a graph over R", parameterized as
I'(t) = {(z,h(t,z)) :x € R"} forte J=][0,T]
with Q4 () lying “above” I'(t), i.e.
Oy (t) ={(z,y) e R"" xR:y 2 h(t,x)} forteJ.
Reduction from deformed into true halfspaces is achieved by means of the transformations

Ul(t71‘7 h(ta .Z’) + y)

ot z,y) = !
un(t, @, h(t,z) +y)
w(t7 xz, y) = un+1(ta xz, h(t7 iC) + y)
pt,zy) = 7tz h(tz)+y)
where t € J, x € R”, y € R and
5(t,x,y) = c(t,x,h(t,x) +y) —c
6F(t,l‘) = CF(t,Jﬁ,h(t,l‘)) _7(6)7

where t € J, z € R", y € Ry = [0,00). Notice that we passed to concentration differences w.r.
to the “values at infinity” and that now (z,y) instead of x denotes a point in R**1. For the
two-phase balance equations for mass and momentum, this conversion has already been carried
out in [14]. Therefore, we concentrate on those calculations needed to transform the surfactant
balance. Since the orientation of I'(¢) is such that the normal field is exterior to Q_(t), the unit
normal at the point (x, h(t, x)) is given by

nlt,z) = B(t,z) /2 [ ~Vah(tz) } with 8(t,2) = 1+ |Vah(t, ).

The normal velocity V of I'(-) is
V(t,x) = B(t,x) "2 8:h(t, z).
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Together with the kinematic condition V' = (u - n)p this yields the transport equation
(5) Oth + V|y=0 - Vih = W)y=0 »

which describes the evolution of h. Note that u is contiuous across I'(t), hence v},—¢ and w},—g
are well-defined.
According to (24) in Appendix A, the curvature of I'(t) at = € I'(¢) can be calculated as

(6) K(t,x) = —divpyn(t,z) = V- (B(t,2) V2V, h(t, x))
hence

k=Azh—G(h)
with
(7) G(h) = (1= BV Agh + B3/ (Voh, V2R VD) .
Differentiation of c(t,x,y) = é(t, z,y — h(t,z)) + ¢ yields

u-Ve=wv-Vye+ (w—v-Vyh)d,é
as well as
Ac=Nyé+ B¢ —2(V,0,¢, Voh) — 8,¢ Agh,

where the corresponding arguments have to be used. Therefore, the surfactant balance in Q. (¢)
transforms into the quasilinear partial differential equation

0¢¢ — DA, C—D82C— F.(v,¢,h), teld, zeR" yeR.

Here, the nonlinearity is given by

8) Fo(v,6,h) = —v-Vyé+ D ((@ —1) 026 — 2 (V,0,¢, Vuh) — 0,¢ Amh) .
For the transformation of the surfactant balance on I'(¢), we prefer to use the formulation
D
% +ecrdivrur —cr &V — Dr Arer = D (Ve-n)r,
i.e. the one which employs the full Lagrangian derivative
D d
Z (tw, ity @) = et + 5,60t + 5), 1t + 5)) o=
Dt ds
with (£,n) the solution of
gk( )_uk( (S)ﬂn(s))v fk(t):(Ek fork:1,...,n,

1(s) = un41(s,€(s),m(s)), n(t) = h(t, z).
Exploiting (5) it follows that n(s) = h(s, £(s)), hence
DCF i
d

D (t,z, h(t,x)) =

cr(t + s,&(t +5), h(t +5,£(t + 5)))|s=0

d
= = er(t+ s, &(t+ 5))|s=0

= Or(t,z)+v(t,z) - Vyir(t,z).

We will now compute divru = divrur — &V in the new variables. According to (19), the surface
divergence divru of the vector field u is given by

divru(z, h(z Z g (x)(0yu(x, h(x ) (e5,0;h(x)))
= 3 (3~ B 0n(@)0;h(x) ) (9i0y(w,0) + (. 0)0;h(a))

=V, -v(z,0) — 7YV, w(z,0) — V,u(z,0)V,h(x), Voh(z)).

In the computations above we have suppressed the variable t.
The Laplace-Beltrami operator (see Appendix A) transforms as

Arcr =712V, - (82 Ve — B7Y2(Voh, Viér) Vih) .
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A direct calculation shows that
AF cr = Awér‘ - B_l <vwh7 Viél" vzh + Awh V:vél—‘> + 5_2 <Vih vmha Va:h> vwh : VwEF .

Here, VZ¢r and VZh denote the matrix of all (mixed) second-order derivatives of ér and h,
respectively. Finally, exploitation of

Ve(t, z,y) = (Vo — 04,V h,0,€)(t, z,y — h(t, x))
yields
(Ve n)ip = (820, = 872 V,8- Vih) = -
Altogether, this leads to the quasilinear partial differential equation
8tEF—DF Axép :GC(U,w,éF,é,h), te J,ZL’GR”
with
Ge(v,w,ép, 6, h) = —v - Vuépr — (ér +ér) (Ve - v+ B8 {(Vow — Voo Vih, Vh))
— Dr 37 (V,h, V2er Voh + Ayh Vér)
+ Dr 372 (V2hVh, Voh) Voh - Vér
+ D BY209,¢ =0 — D B2V 16 |ymo - Vih.

The nonlinear boundary condition for the transformed concentration reads as

cr = ’Y(E‘i’ 5\1/:0) - 7(5) .
To obtain the linearized version, this is rewritten as

&r =70 €ly=0 = G5 (€y=0)
with 79 = /() and
(10) Gy (€y=0) = ¥(€+ Ey=0) —¥(€) = 7'(€) (€ly=o0) -
To exploit the results from [14] for constant surface tension, those terms have to be specified
that correspond to the changes in the momentum jump condition in case o depends on the
surfactant concentration cp. For this purpose, let o9 = o(¢r) and rewrite the second equation
in (2) as

[—S]n — ogkn = (o(cr) — o9)kn + o’ (cr) gradper.

The right-hand side consists of a tangential part corresponding to v and a normal part corre-
sponding to w. After application of the above transformations, this leads to nonlinearities GS™*f
and G$"f which are given by

G2 (ép, h) = (o(ér) — 00)(Gr(h) — Ah)Vih
+ o' (ér)Vair — 710" (é0)(Veér - Voh)Vah,

Gy (@, h) = (0(er) = 00)(Agh — Gy(h)) + 870" (&) Vaér - Vih.

Before writing down the full system of transformed equations, we will introduce some more
notation. We set

R" x R := {(z,y) e R* x R: z € R", y # 0},
HH = R" x (0, 00),
H™ = R" x (—00,0).
Suppose that f: R" x R — R¥ is some given function. Then
I+ ::f|ﬂ-]11+13 f- ::f|Hj+1
denote the restrictions of f to HT‘l and H"™!, respectively. It is clear that f completely
determines the functions f; and f_, and vice versa. Moreover, the mapping

fe (fan o), WER™ x RyRF) — Wi (HHRY) x Wi (H™HRY)
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defines an isometric isomorphism, where W are the usual Sobolev-Slobodeskii spaces.
Next suppose that we are given a pair of positive numbers, say p = (4, - ), and a function
f:R® x R — R¥. Then
/’L+f+($7y) lfy>07
wf(z,y) = .
p— f-(z,y) ify<0.

If the function f has one-sided limits at y = 0 these are denoted by fi(z,0) and f_(z,0),
respectively. Then we set

[,Uf](x) = pt f4+(2,0) — p— f-(2,0), r €R™
If [f] = 0 we write
f(.’L‘) = f(a:,O) = f+(x’0) = f*(xa())'
Note that in this case we have [uf] = [u]f for any pair u = (uy,pu_) € R2.
Combining the transformed equations derived above with those from [14], we end up with
the following coupled system of nonlinear equations.

Differential Equations.

pOww —pAv+Vyp = F,(v,w,p,h) in JxR"xR
pow — pAw+0yp = Fy(v,w,h) in JxR"xR
Va-p+0yp = Fy(v,h) in JxR"xR
a1) 0¢ — DAE = F.(v,éh) in JxHH
Oth —w = Gp(v,h) on JxR"
Oiér — Dr Ayér = Ge(v,w,ér, ¢ h) on JxR"
—[p0y] — 1] Vaw = Gy(v,w,[p], h) + G (&, h) on JxR"
—2[udyw] + [p] — 00 Ah = Gu(v,w, h) + G (ép, h) on JxR"
Boundary conditions.
(12) ] =0, [w]=0, ér—"¢y=0=Gy(Cy=0) on JxR".

Here G, F,, G, and G, are given by (7), (8), (9) and (10), respectively. The other nonlinearities
have been computed in [14] and are given by

Fy(v,w,p,h) = pu(=2(Vah-Va) 0ypv + [Voh|> 0v — Agh 8,v) + Vi h Oyp
+p (= (v-Va)v+ (v-Vgh) Oyv — wdyv + (w — v - Vi h) dyv),
Fy(v,w,p,h) = p(—2(Veh- V) 0w+ |Vh|? 5‘511) — AghOyw)
+p (= (v-Va)w+ (v Vzh) dyw — wdyw + (w — v - Vzh) Gyw),
Fy(v,h) = Vah- v,
Gp(v,h) = =V h v,
Go(v,w,[pl, h) = 00(Gr(h) — Agh)Vah — [ 0yw]Vih + [p]Vah
~[1 (Vv + (Vo)) Vah + [Vah [0 0y0] + Vah - [10,0]Vah

Guw(v,w, h) = —00Gy(h) — [WVah - Vow + | Veh[* [ 0yw] — Vih - [udyv].

3.2. The associated linear problem.

According to Section 3.1, the linear system associated with (11), (12) has the following form.
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Differential Equations.

PO —uAv+Vep = f, in JxR"xR

pOw — pAw+0yp = fu in JxR"xR

Ve-v+0yw = f in JxR"xR

(13) dé—DAE = f. in JxH}

Oth—w = gp on JxR"
Oi¢r — Dr Azér = g. on JxR"
—[noyv] = W] Vow = go on JxR"
—2[poyw] + [p) — o0 AR = gy on JxR"

Boundary Conditions.

(14) [v]=0, [w =0, ér—vwé=gy on JxR".

Initial Conditions.

W
Vjy—=0 = Vo, Wjt=o = Wp on R" xR,
~ _ = n+1
(15) Clt=o = Co on HY™,
_ = _ =0 n
hjt—o = ho, Cry=o = Cr on R".

Maximal regularity in an appropriate L,-setting for this problem is given by the following re-
sult. Before stating this result we introduce some function spaces. Let H; (H") denote the
closure of C°(H’tt) w.r. to the L,-norm of the gradient and let OH; (H:1) be the closure of
C®(HEH) w.r. to the same norm. Moreover, let H;l(H’f“l) be the dual of OH;(]HI?EH).

Theorem 2. Let py,pu+, D, Dr,v0,00 > 0. Let 1 < p < oo with p # 3/2,3 and J = [0,T].
Then problem (13)—(15) admits a unique solution (v,w,p, h,¢,ér) such that

(v,w) € Hy (J; Ly(R™ x R;R™1)) 0 L, (J; HE(R™ x R; R™1)) |
p+ € Ly(J; Hy(HER))
[p] € W/27 122 (J; L,(R™)) N L, (J; W /P (R™)),
h € W=t (J; Ly(R™) 0 Hy (J; W2~ YP(R™) 0 Ly (J; Wi HP(R™))
¢ € Hy(J: L,(H'™) 0 L, (J; B (H} ).
ér € H) (J; Ly(R™)) N Ly (J; HY(R™))
if and only if the data of the problem satisfy
a) (fo, fuw) € Lp(J; Ly(R™ x Ry R™ 1))
b) (vo,wo) € Wi 2P(R™ x R;R™1) by € W 2/P(R"),
Goe Wy M@ e e Wy PR,

) (fp)* € HY(J; Hy{(HE™) N Ly (J; HA(HET),

d) fo € Ly(J; Ly(HTT),

e) (gva gw) € Wpl/Q_l/Qp(J; Lp(Rn; RnJrl)) NL, (J§ W;_l/p(RnQ Rn+1)) s
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) gn € Wp ™/ (5 Ly(R™) 0 Ly (J; Wy~ /P(R™))

8) ge € Lp(J; Lp(R™))

h) gy € Wy 2P (J5 Ly(RM) N Ly (J; W5 /P (R™))
and the compatibility conditions

i) [vo] =0, [wo] =0 ifp>3/2,

j) Cojy=0 — P = gy =0 if p>3/2,

)
k) V.- vg: + 8yw6t = f;ﬁt:O mn H[jl(HiJ"l) ,
)

1) —[pdyvo] — 1] Vawo = gy ji=0 ifp>3.

Proof. Concerning the proof, notice first that the “only if”-part follows by taking traces; see
section 5 in [12]. For the “if”-part observe that problem (13)—(15) consists of two decoupled
subsystems. The first one involves only (u,p,h) and the corresponding result is Theorem 3.3
in [14]. The second one is built by the surfactant equations, i.e. those for ¢ and ér. Here the
desired maximal regularity follows from that of the diffusion equation on R™ and on a halfspace
with Dirichlet boundary condition; cf. [11] and [22]. O

3.3. Solution of the quasilinear problem.

We do not intend to give the detailed proof here, but rather present the main ideas of the proof.
In fact, the arguments are very similar to those employed in [12] for the Stefan problem with
surface tension, and in [14] for the free boundary value problem of the Navier-Stokes equations.

Introduce function spaces Xr X Yp for the right-hand side of the differential equations in
(13) and Zp for the corresponding solutions as follows. The elements of X are functions

f:(fv»fw7fp7fc)a defined on [07T] XRn+1 XR7
with regularity given by a), ¢), d) of Theorem 2. The elements of Y are functions
g= (gvvgungh,gcvg*y)y defined on [O,T] X Rn7

with regularity defined in e), f), g), h) of Theorem 2. The solution space Zp consists of functions
z = (v,w,p, h, ¢, ¢r) with regularity as described in Theorem 2. Zp additionally also contains
the first of the boundary conditions in (14), i.e. [v] = 0,[w] = 0. Equipped with their natural
norms these spaces are Banach spaces. The corresponding spaces of functions with zero trace
at t = 0 (if they exist) will be denoted by a lower left subscript 0.

Next it is convenient to introduce an auxiliary function z* € Zp which resolves the initial
conditions and the compatibilities j), k) and 1) of Theorem 2. By the assumptions of Theorem 1
such a function z* exists, it can be constructed via Theorem 2 applied to special right-hand
sides. This way we can now work in the spaces ¢ Z7 and ¢ Xt X oY 1, which allow for embeddings
with embedding constants independent of T'. The choice of the exponent p > n + 3 yields

(v+,wy) € C([0, T CoHLE™)), e C([0,T]; Co(HL)),

ér € O([0,T]; Gy (R™1)), h e C([0,T); GF(R™)) N C*([0, T]; Cy (R™),
and the spaces for the g’s are Banach algebras, except for that of g..
Introducing the linear operator L : ¢Zr — X7 X oY 7, defined by the left-hand side of (13)
and the last term in (14), Theorem 2 shows that L is linear, bounded, and invertible. The norm
of L=1 is bounded by some constant M, which does not depend on T' € (0, Tp], where Ty < 0o

is fixed. We now define H : Zr — X x Yr by the right-hand side of (11) and by the last
boundary condition in (12).

Then the nonlinear problem can be rewritten as
Lz=H(z+42")— Lz" := Ho(2), 2z€oZ7.

Note that Hy maps ¢Z into ¢ X7 X oY+ by construction. Inverting L, this problem becomes
the fixed point problem
z = L_lHO(Z), z € ol
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Fix a closed ball B,.(0) C ¢Z7. The aim is to show that L~'Hy maps B,.(0) into itself and is a
strict contraction on B,.(0). Thus we have to show that
1 r -
[Ho(2) = Ho(D)loxrxovs < ga7l2 = Zlozss  [Ho(2)loxrxovr < 57, 22 € Br(0).
Among the finitely many terms appearing in the definition of the F’s and G’s we encounter
three types.

e terms containing the factor V h;
e terms containing the factor o(ér) — oo;
e lower order terms.

Next observe that terms containing derivatives of highest order are linear in these derivatives
and are of the first two types. They can be made small by choice of n > 0. On the other hand,
lower order terms can be made small by the choice of 7' > 0 and r > 0. These estimates are of
the same character as in the two papers cited above.

In conclusion, we can manage this way to show that L='Hy : B,.(0) — B,.(0) is a strict
contraction, and hence admits a unique fixed point, thanks to the contraction mapping principle.
This yields a unique solution on a possibly small time interval in Z7, the optimal regularity
class of type L.

Further regularity of the solutions can be obtained by the parameter trick; cf. [23] and [13].
Under the assumptions of Theorem 1 we obtain in this way classical solutions for ¢ € (0,71,
and even real analyticity in case the given functions v and o have this property. We refrain
from giving more details here.

Appendix A. Surface Divergence.

Let M be an m-dimensional C*-submanifold of R”. Then, locally around any point p € M, the
submanifold is given by a parametrization of class C*. Hence there is an open parameter region
B C R™ and a C*-function g : B — R™ such that g(B) = M N U for some open neighborhood
U C R" of p. Furthermore, the set

{alg(y)v s »amg(y)}

is a linearly independent subset of R", and g is a homeomorphism from B onto M NU. The
tangent space T, M at p € M is given by
T,M = {r € R" : 3C-curve v : (—€,¢) — M s.t. v(0) =p, 7' (0) =7}.
Then,
T,M = span{01g(y),...,0mg(y)} forpe M,y=g '(p).

Let f be a vector field on M, meaning that f : M — R" is everywhere tangential to M,
ie. f(p) € T,M for all p € M. Such an f is a C'-vector field on M if f o g is continuously
differentiable for every Cl-parametrization g of M. It then follows that f o« is continuously

differentiable for every Cl-curve 7 : (—¢,€) — M. In this case, given p € M and 7 € T,M with
T # 0, the directional derivative of f at p in direction of 7 is

of d
=L (p) = = (Fo1)(0)

for a Cl-curve v : (—¢,€) — M such that v(0) = p, v/(0) = 7. Correspondingly, a scalar field
¢: M — Ris Clif pogis C! for every C'-parametrization g. In this case, the surface gradient
grad, ¢ is given by

3(25

a7

i=1
where {7,..., 7} is an orthonormal basis of T),M.
Given a C'l-vector field f on M, a coordinate-free definition of the surface divergence divysf

of fis

(16) diva f(p) =

grad ¢(p) =

va do—mf y
R LG Jong g Y A
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where
M, (p) = M NV, (p)
with a family of open sets V,.(p) C R™ such that

p € V.(p), diam(V,.(p)) = O(r) asr — 0+

and 9V, (p) is piecewise of class C?; notice that M, (p) is an m-dimensional submanifold with
boundary OM,(p) and the latter is itself an (m — 1)-dimensional submanifold of M without
boundary. In (16), (-, -) is the Euclidean (inner) product on R™ and N denotes the exterior
unit normal field to OM,(p), i.e. N(q) € T,M, N(q) L T,0M,(p) at ¢ € OM,(p) and N(q)
points outward w.r. to M, (p). Further, |M,(p)| denotes the surface area of M, (p). If M has
parametrization g : B C R™ — R” near p € M, then

M, (p)] = /B VAt G(y) dy

with B, = g~1(M,(p)) and the Gramian
G(y) - (<81 (y)vajg(y)>)1gi7jgm .

In the following, do,, = \/det G(y)dy denotes the surface measure on M and do,,_; is the
corresponding surface measure on the respective (m — 1)-dimensional boundary-submanifold.
A more common formulation of divy;f is obtained as follows. Given p € M and a basis
{r,...,7m} of T,M, let {ry,..., 775} C T, M denote the co-basis such that
<Tia T;> = 62] )
ie. {7i},{7;} C T, M form a biorthogonal system. Extend {71, ..., 7m} by means of 7, 41,..., 7

€ (T,M)* to a basis {71,...,7,} of R". We now exploit the fact that M is locally a graph over
T,M: Let ¢ : M N B.(p) — T, M be given by

m m n
cp(q):ZyiTi for ¢ € M with q:p—&—Zyin—l— Z th Tk -
i=1 i=1 k=m-+1

For sufficiently small € > 0, the map ¢ : M N B.(p) — ¢(M N B.(p)) is a diffeomorphism. Now,
let B, = (—r,r)™ C R™ with > 0 and define the parametrization g : B, — R" by

m
9ly) = w’l(Zyi n—) .
i=1
Then '
digly) =7 +o(lyl) asy—0,
since ¢ approximates the identity near the point p. Let

V. (p) = {p+zn:tﬂi 1t € (—7“77“)}

and
M,.(p)=MnNV,.(p)=g(B,) forsmallr>0.
Then

|M.(p)| = /B \/det ((@g(y), @»g(y))) dy = (2r)" VdetG +o(r™) asr — 0+

with G = ((1;,75)) . The boundary of M, (p) is

1<i,j<m
OM,.(p) = U Wi(p) with Wl(p) =Wl (p)UW)™ (p),
j=1

where
Wit(p) = {g(y) :yi € [—r,7] fori #j, y; = 4r}.
On OM,(p) the outer unit normal field N satisfies

*

N(q) = £— +o(r) for g€ Wi*(p).

75|
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Hence

/A (f, NYdom_, = / (f,N>d0m71+/A (2 N dop_y
w7 (p) wi T (p) w2~ (p)

= /[_T s <<(f09)(y) yj=r ,:J>:|> +o(7‘)> \/mdyj

yi= ‘ b

*

- (0, 0 9)(0) + o(r), Y dy; + ofr) | /Aet GIy) i
[—rr]m—1 7}

—r 751

= e (5w

T—J> VdetGi +o(r™) (asr — 0+),

Tl

where dy’ = dy; ...dy;—1dy;j+1 - .. dy, and the matrix GV is obtained from G by elimination of
the j-th row and column. Due to the basic geometric fact that “volume = base area x height”,
it follows that

: T; 1 :
Vdet G = Vdet GJ <Tj7 | ]*|> = W VdetGi forj=1,...,m.
7j i

Hence,

. — / Of X
(17) divarf(p) = Y (5= (). 7).

=1 0T

where {7;},{7;} C T, M is any biorthogonal system. In case {71,...,7;} is an orthonormal

basis of T,M, (17) resembles the well-known definition of the divergence in R™. For concrete
computations it is more useful to write divys f(p) in the local coordinates that correspond to a
given parametrization, i.e. to use

7 = 9ig(y) withy =g " (p).
By definition of G, it follows that {7} is then given by

(7’1*‘ ‘T;;) = (T1| |Tm)G_1,
ie.
(18) T = Zgij 7, in case (¢7) =G '.
i=1
Inserting this into (17) yields
(19) divarf(p) = Y 97 (0;(fo9) (). dig(y)) fory=g~"(p).
ij=1
Using the fact that
1
20 div %) =0 fork=1,....,m,
(20) M<\/det G )

a significant simplification of (19) can be obtained. Indeed,

[t

(21) leMf =

Zaj((vj 0 g) VdetG),

Jj=1

]

det

where the v/ denote the components of f w.r. to the basis {7;}, i.e.

f)=> v (p)7i(p) on M.

j=1
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Let us briefly justify equation (20). By (17) we have

divM(\/ﬁ Tk) = Z <(9j (\/ﬁ Tk)77'j>

=1

<.

o 1 i (_ ajdetG
o s/dethzl 2det G

1 O det G "
= m(_ raeiG 2 0meT))).

The matrix G = ({7, 7;)) satisfies the equation 0;G = QG, with Q = (9;G)G~'. According to
Liouville’s Theorem, the determinant det G then satisfies

Ordet G = (tr@Q) det G.
The matrix @ is given by Q = (9 (7, 7;))G*. For the trace of Q one obtains

(Th, T1) + (@m,Tj))

Jj=1

Q=Y ((O7i.7) + (10, 067)) 9" = Y ((Ou7i.9775) + {97, O47))
i,j=1 4,j=1
= Z<ak7—i77—i*> + <7';,8ij> = 22<T;78k7-j>'
i=1 j=1

j=1

Consequently, Oy det G =23 (77, 9y7;) det G and (20) follows.

The divergence theorem is inherited from the definition of the surface divergence. It reads as
(see Theorem 2.1 in Chapter XII of [20]).

Theorem A (Divergence theorem). Let M be a compact m-dimensional C?-submanifold
of R™ with continuous normal field, and let N be the exterior unit normal field to its boundary
OM. Then, for every Ct-vector field f on M,

(22) /MdivadUm:/aM<f,N) dom—1 .

By means of (17) or (19) it is possible to define div,, f also for nontangential functions f : M —
R™. One important example is the surface divergence of the unit normal field of an (n — 1)-
dimensional submanifold (i.e. a hypersurface). In fact, the sum of the principal curvatures of
M at p is given by (see for instance p. 223 in [4])

(23) R = —diVM nyr -

Indeed, equation (19) then becomes

m m
—divprny = — Z 9”7 (Dj(nar o0 g), dig) = Z 9" hji,
i,j=1 i,5=1
where
hji = —(9j(nar © g), 0ig) = (na © g,0;0ig)
is the second fundamental form of M (with respect to the parametrization g). The expression
Zzljzl g hj; is the trace of the second fundamental form, and it gives the sum of the principal
curvatures of M. In case M is the graph of a function h : B — R for some open set B C R™,
that is, M := {(x, h(x)) : = € B}, one easily shows that
gl = ( o M)
Y14 |Vh|?

and
0 et 3 (= 2RO Y00, — divien (V).

VI+ VAR S U7 14| VAP JI1+ VA
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Let us note in passing that for n = 3, Gauss called H = %/i the mean curvature of M. Notice

also that the divergence theorem does not apply to f = na;. For a not necessarily tangent field
f+ M — R" the decomposition

f=fu+{finm)nn,
where fj; is the tangential part of f, leads to the formula
(25) divy f =divyfu — 6 {(f,num);
observe that

divas ((f; nar) nar) = (gradp (f,nar) s nar) + (f,nar) divar na

and grad,;¢(p) € T,M for any scalar field ¢. Finally, recall that in local coordinates given by
a parametrization g, the Laplace-Beltrami operator Ay, defined by Aps¢ = divas grad,, ¢, is
given as

m

\/detlw > aj( detG(y)gjkak(¢og)(y)), y=9"'(n),
Jk=1

Apo(p) =

for y € B.
For more information concerning vector analysis on (sub-)manifolds see, e.g., [3, 4, 20].

Appendix B. Surface Transport Theorem.
With the notation from A, we are in a position to prove the following result.

Theorem B (Surface transport theorem). Let I C R open, Q C R™ open and the velocity
field v : J x Q — R™ be Ct. Given tg € I, zg € Q let ¢(t;tg,x0) denote the solution of the
ODE-system

o(t) = ot 4(1)),  B(to) = xo-
Given a compact C%-hypersurface My C €, let
My = {¢(t; to, z0) : 20 € Mo}

denote the advected (material) surface; due to the assumptions on v, Q and My the surface M,
exists for all t € Is = (to — d,tg + §) for some 6 > 0. Let

c:gr(My) ={(t,x):t € Is,x € My} - R

be continuously differentiable. Then,

d Dc .
7 -/Mt cdoy = /Mt (Ht + cdivyy v) doy

D
= /M,, (Fi + cdivpy v — c,%V) doy

(26)

for allt € Is. Here, do; denotes the surface measure on My, k = k(t, ) the curvature of T'(t)
at © € T'(t) according to (23), var the tangential part of v, V= (v, npr) the normal component
of v, and

Dc d
Ft (t,IL’) - % C(t + s, ¢(t + S,t,l’)) |s=0

is the Lagrangian derivative of g.
Proof. Let m=n—1, g : B — R"™ with B C R™ open and bounded, be a parametrization of
My and ®t(y) = ¢(t;tg,y) be the flow map associated with v. Then,

¢':B—R" with g':=®'0yg

is a parametrization of M;. Hence,

/ e(t, 7) doy = / e(t, B(y)) /Aet G(t, ) dy
M, B
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where G(¢,y) is the Gramian

G(ty) = (09" ®), 939" (W) 1<; jm -
Therefore,

d
7 /Mt c(t, z) doy

t
:/<%ctq>t )\/cmdy+ M%&de‘ﬂ(t,y)dy

det G(t,y)

(27)

Dc
f Dt

d
/<%0t<1>t )\/dethydy—/ Dtta:dat

The derivative of d; det G(t,y) can be computed by using Liouville’s Theorem. However, we
prefer here to give a self-contained derivation. For this purpose, notice first that

(Oug', 0vg') -+ Oi(01g", 039") -+ (D19, Omg")

and, by the definition o the first term on the right is

9y det G(t, ) Zdet
<amgt ) 8lgt> e at<amgt ) ajgt> e <amgt ) am,gt>
Using 0:0;9'(y) = Vav(t, 9'(y)) 0;9' (y) we obtain
1
3 9:(0:9' (v) , 959" (y)) = (D ;9" (v) , D;9"(v))

with )
=3 (Vv + (Vo)T), (Veu)! = (vall ’Vivn) .

Consequently, if 7, = 9;¢%, then

(r1,71) - (D, 1) - (71, Tm)
- GfdetG t,y) Zdet
<T7na Tl> ce <D7_ma Tj> <7—m7 Tm>
Define Q € R™*™ by means of
(28) QG:Q(<’TZ‘,T]‘>) ES (<D’Ti, Tj>).
Let a;; = (7;, 7j) and o’ = (1, ..., Qm)T. Then
fﬁtdethy Zdet .|Qaj|...|am).

Due to the properties of the determinant it is now easy to obtain
1
3 Oy det G(t,y) = trQ det (a'|...|a™) = tr Q det G(t,y).

By (28), the matrix Q satisfies Q@ = ((D7;, 7;)) G(t,y)~", hence

Qi = (D, 1 g if (V) == G
k=1
This yields
@y = <DT“ ngj Tk> = (D7, 1;)
k=1

with 77 according to (18), i.e. {7{,..., 7} Cspan{7i,..., 7} is a co-basis. Therefore

Q= Z ((Va0) 7, 70) + (Vo) 71, 7))
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hence )
5 Qe det G(t,y) = divar,v(t, g'(y)) det G(t, )
Insertion into (27) finally yields

17).
/ c(t,x) doy

= / (%ct o' (y ) Vdet G(t,y dy+/ (t, @' (y)) divas,v(t, g' (y)) /det G(t,y) dy

Q.‘&

— /M (g; (t,x) + c(t, z) divpg,v (t,x)) doy . _

The literature contains several variants of Theorem B (cf. [35]), sometimes with uncommon
notations. One such variant of (26) is

d dc
29 — cdo :/ U L divag (o) — ek V) doy
( ) dt M, ! M, <[8t}n M( M) ) t
where ) ]
c
[a}n(tﬁv) = % C(t+ Sud)n(t + 3;t,1’)) |s=0

with ¢, the purely normal interface motion. In the sections above, we used the notation 0 ,c
instead of [2¢] , to avoid confusion with the interfacial jump of a quantity. The function ¢y, is
the solution of

(30) ¢n(t) =vn(t, on(t)), @n(to) =0,
where
vp(t, ) = (v(t,z), np(x)) np(x) on gr(My).
The existence of a solution ¢, of (30) is not obvious, since vy, (¢, z) is only defined on gr(M;).
In such a situation, the tangency condition

1
lim - dist(xzg + hvn(to, x0), Myy4+n) =0 for all tg and 2o € My,
h—0+
is necessary and sufficient for local existence of solutions, given that M; enjoys some mild regu-
larity which holds if gr(M;) is a Ct-submanifold of R™*! and v, is locally Lipschitz continuous;
see, e.g., [6]. Now, given zg € M,,, the C'-regularity of My, and the fact that v — v, with
v =(tg, xo) and v, = v, (to, o) is tangent to My, at xq yields

xg—h(v—vy,) +ey, € My, forsmall h >0
with certain ep € R™ such that |e,| = o(h) as h — 0+. This implies
dist(zo + hvn, Mig1n) < |20 + hvp — ¢(to + hito, w0 — h(v — vn) + ep)]

= |zo+ hv, — (g — h(v — vy,) + hv(to, 0 — h(v — vy)))| + o(h)

= hlv(to,zo) — v(to,zo — h(v — v,))| + o(h) = o(h) as h — 0+

if v is continuous. Hence the required tangency condition holds.
Application of Theorem A yields the formulation

i f et [ (5], =exv)aocs [ et mas,

where ds; denotes the surface measure on dM;. This form of the surface transport theorem
nicely displays the different contributions to the change in surfactant mass due to transport of
species and geometrical changes. A more formal derivation of Theorem B in the language of
Differential Geometry can be found in [4], p. 228ff, while a more heuristic version for n = 3
is given in [35]. For purely tangential surface motion Theorem B reduces to Theorem 2.11 in
Chapter XIT of [3], while for purely normal surface motion a generalization to M; NV with fixed
V C R™ instead of M; is given in [15]; for extensions cf. Remark 3 in [15] and [17, 21].
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