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ABSTRACT. In this note we describe a new approach to establish regular-
ity properties for solutions of parabolic equations. It is based on maximal
regularity and the implicit function theorem.

1. INTRODUCTION

In this note we describe a new approach to establish regularity properties for a
wide array of parabolic evolution equations. It is based on the theory of maximal
regularity. The thrust of this approach is manifold.

e It allows to solve a given partial differential equation without loss of deriva-
tives, thus permitting to handle fully nonlinear equations.

e It allows to resort to the implicit function theorem to study further prop-
erties of solutions, such as smooth dependence on given data.

e It allows to study the regularity of solutions by merely applying scaling
arguments in conjunction with the implicit function theorem.

In order to explain the main idea of our approach, let us consider the model
problem of a family of graphs {I'(¢) = graph(u(-,t)); 0 < ¢t < T} over R™, evolving
according to the mean curvature flow

Ojud;u
&gu - <52J - ]W) 823Ju = O7 u(O) = Uog, (1.1)

where 1 < 4,5 < n, and where §;; denotes the Kronecker delta. Equation (1.1) is
a quasilinear parabolic evolution equation of second order. To economize notation

we set
Biuf)ju

and restate equation (1.1) as
Ou+ F(u) =0, u(0) = uo. (1.2)

Let E; := buc®*5(R™), j = 0,1, be the little Holder spaces defined in (2.8). The
mapping F is real analytic, that is,

F e Cw(El,Eo). (13)
1
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Given that F is differentiable, one can consider the linearized problem
v+ F'(u)v=f, v(0) =y, (1.4)

where F'(u) is the Fréchet derivative of F' at u € E;. Next we introduce the
anisotropic spaces

Eo(I) :=C(I,Ey), Ei(I):=CYI,Eo)NC(I, Ey),

where I = [0,7] is a fixed interval. Clearly, the trace operator 7o : E;(I) — Ej,
v +— v(0) is linear and continuous. It can be shown, and this is the essential
part of the analysis, that the linear problem (1.4) enjoys the property of maximal
regularity. By definition, this means that

(0 + F'(u),v0) € Isom(E1(I),Eo(I) x Ey) (1.5)

for any function u € E;. That is, the linear mapping (9;+F" (u), o) is a topological
isomorphism between the indicated spaces. It is here where maximal regularity
begins to unfold. It implies that the linear problem (1.4) has a unique solution
v € E;(I) for any given right hand side (f,vg) € Eq(I) x E;. The solution v has
optimal regularity, and therefore, no loss of regularity can occur for the linearized
problem. Existence of a unique solution in Eq(I) to the nonlinear problem (1.2)
can now be obtained by a reiteration argument and the contraction principle.
As an immediate outcome, one sees that there is also no ‘loss of derivatives’ for
the nonlinear problem. (This is also true if F' is fully nonlinear). It should be
noted that iteration techniques based on the Nash-Moser implicit function theorem
usually result in a loss of derivatives.

We give a brief account on how the property of maximal regularity in conjunc-
tion with a scaling argument (or a parameter trick) will show that the solution
u € Ey(I) of (1.2) is real analytic in space and time for any positive time.

Let u be the unique solution of (1.2) defined on a maximal interval of existence
[0, (up)). Let T € (0,t%(up)) be a fixed number and set I := [0,7]. For any
given parameters (A, 1) € R x R™ with A € (—eg,&0) one can set

uxu(t, ) =u(t+th\x+tu), (t,z) €l xR (1.6)

It is easy to see that wy, € Eq(I) for all (X, ), provided gg is sufficiently small.
Since the mapping F' commutes with translations, that is,

T F(u) = F(tqu), we€E;, a€cR" (1.7)
one finds that v := uy , € Eq(I) satisfies the parameter dependent equation
v+ (1+NF(w) — (p|Vo) =0, v(0) = u,
or equivalently, that v := uy , solves
(v, (A, p)) =0 (1.8)

where ®(v, (A, p)) := (Orv + (1 + X)) F(v) — (1| Vv), y0v — up). It follows from (1.3)
that the mapping

O :Ei(I) % ((—e0,€0) x R") = Eo(I) x Ey
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is real analytic. Moreover, ®(@, (0,0)) = (0,0), where @ := u|;. It is a consequence
of the maximal regularity property (1.5) that the Fréchet derivative D;® (@, (0,0))
of ® with respect to v satisfies

Dl(p(’l_l,, (0, 0)) = (8,5 + F/(’Z_J,),"}/O) € ISOHl(El(I),]E()([) X El) (19)

The implicit function theorem now allows to solve equation (1.8) for v in terms of
(A, 1) in an open neighborhood U of (0,0) € R x R™. One concludes that

(A 1) = uy,) € C¥(UE(D)). (1.10)
Consequently, the mapping
(A, 1) = ux pu(to, ®o) = ulto + toA, o +top)] : U = R (1.11)

is real analytic for any fixed (tg,z¢) € I x R™ with t; > 0. Hence, the solution
u of the mean curvature flow (1.1) is analytic in space and time for any positive
time ¢ € (0,¢ (ug)).

It is now clear that the only properties needed to carry through the arguments
are (1.3), (1.7), and the crucial maximal regularity property (1.5). The nature of
the mapping F' is completely immaterial: it can be fully nonlinear, can act as a
nonlocal mapping, and it can be of any order.

The idea of using parameters to prove regularity properties of solutions goes back
to Angenent [3, 4]. The strategy of using translations to show analyticity in
space was first employed in [8] for a free boundary problem for the flow of an
incompressible fluid in a porous medium of infinite extent. In that context the
mapping £’ happens to be fully nonlinear, nonlocal, and of first order. Translations
were also used in [7] for the Stefan problem with surface tension in the case where
the free interface is represented as the graph of a function over R".

The advantage of applying maximal regularity lies in the fact that one can resort
to the implicit function theorem. The difficulty, of course, lies in establishing
maximal regularity for a given partial differential equation.

Our approach described so far relies on the fact that we can use translations on R™,
and that the mapping F is equivariant with respect to translations. The approach
can be generalized in two directions. First, it can be generalized to parabolic
equations on a symmetric Riemannian manifold M, where one assumes that the
nonlinear mapping F' is equivariant with respect to the Lie group which acts as
a transformation group on M. This has been done in [9]. In this note we show
how the translation-parameter trick can be localized. In order to do so, we pick
(to, o) € J x R™ and choose smooth cut-off functions y € D(R™) and ¢ € D(J)
with

supp (x) C B(zo,€0),  supp (¢) C (to — €0, %0 + €0), (112)

where €9 can be chosen as small as we wish for. Instead of (1.6) we can now
consider the parameter-dependent function

unp(t, ) == u(t + ()N x4+ ((t)x(x)p), (t,x) € J x R". (1.13)
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The function v := uy , also satisfies a parameter-dependent equation
0w+ Fy u(v) =0, v(0) = ug. (1.14)

The new difficulty now lies in showing that the mapping [(v, (A, p)) = Fx ,(v)] is
analytic. This will be done in the following sections. The current note will serve
as the basis to establish regularity results for free boundary problems, such as the
Stefan problem with surface tension, and the Navier-Stokes equations with surface
tension.

2. PARAMETER-DEPENDENT DIFFEOMORPHISMS

In the following, we assume that X is an open set in R". Moreover, we assume
that g € X is fixed. Let ey > 0 be chosen such that B(xg, 3¢0) C X and let
X € D(B(z,2¢0),R) be a smooth cut-off function with x = 1 on B(zg,eq) and
with 0 < x < 1. We define the parameter dependent mapping

Oux) =+ x(z)p, zeR", peCr (2.1)

Here and in the following, B(zq, ) denotes the ball of radius r and center ¢ with
respect to the Euclidean norm in R™, and Bcr (zo, 7) stands for the corresponding
ball in C™.

Lemma 2.1. There exists a positive number rq such that
(a) ©,(B(xo,3e0)) C Ben(xo,3e0) for any p € Ben (0,19).

(b) ©,(B(x0,3e0)) C Ben (wo,30) for any p € Ben (0,79).

(C) |6ﬂ(‘r) - @Mo(y)‘ S 3/2|(E - y| + ‘,U, - M0|7 V%y € X7 V/J,,U(] € BC” (07T0)'

Proof. (a) Choose rg < g¢ and let & € B(xo,2¢¢) and p € Ben(0,79) be given.
Then we have
1©(x) = xo| < |z — 20| + x(x) |u] < 3eo,
showing that ©,(B(zo,2e0)) C Ben (20, 3€0). Since
O, (x) = x for € B(zo, 3e0) \ B(xo, 2¢0)
we obtain the assertion in (a).
(b) is a consequence of (a).

(c) It follows from the mean value theorem that |x(x) — x(¥)| < |Vx|loo|z — y| for
x,y € X. A simple computation then yields

1Ou(2) = O (W) < & =yl + Ix(@) = x(W)] lul + [xW)] 1w — pol
< (L4 [IVxlloo To)lz =yl + |1 — pol.
We can assume that rg is already chosen small enough such that [|[Vx|leo 70 < 1/2
and this implies (c).
Proposition 2.2. There exists a positive number ro such that
0, € Diff*(X), € B(0,ro).
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Proof. Let i € R" be given. Clearly, the mapping ©, is smooth in z. Its derivative
is given by

DO, =1+R, with R,(z)=[Vx(z)® pul. (2.2)
Let 7o be the number of Lemma 2.1. We can assume that
sup [Ru(@)| S1/2, e BO,ro). (2.3)
S

Note that equations (2.2)—(2.3) imply that the derivative DO, (x) is invertible for
x € X. Lemma 2.1(a) shows that W, := ©,(B(xo,3c0)) C B(zo,3e0) for any
€ B(0,7p). We can then infer from the inverse function theorem, applied to the
mapping O,, : B(zo, 30) — B(xo, 3¢0), that

W, C B(xo,3e0) is open, p € B(0,ro). (2.4)

We claim that W,, = B(x¢, 3g¢) and that ©,, is injective. Since B(z, 3¢¢) is convex,
we may apply the mean value theorem, yielding

1=y =0,0)=0,) = [ Ruy+rle—u)ir@=y) (25
for z,y € B(xo, 3ep). It follows from (2.3) that
|z =yl <2|0u(x) — Ou(y)| (2.6)

for every z,y € B(xo, 3¢0) and every p € B(0,79). We conclude that ©,, is injective
and that W, is closed in B(xq,3eo). Since B(xo,3eg) is connected, (2.4) implies
that W, coincides with B(xo, 3eg). It follows from the inverse function theorem
that

©,, € Diff > (B(xo, 3€0)), w € B(xzg, ro).
Since O,(z) = z for z € X \ B(zo,2¢0) and ©, € C*(X) we obtain 0, €
Diff>*(X), and the proof is now complete. |

Remarks 2.3. (a) It follows from Proposition 2.2 and the definition of ©,, that
@# € Dlﬁ‘oo(]B(Io, 250)), ne ]E(O,TQ).
(b) It is clear that ©,, € Diff *(U) for any open set U with B(xz,3s9) C U.

In the following we assume that U is an open set in R™ such that

o E(l‘o,&?o) cU,

2.7
e [ is either bounded and has a smooth boundary, or U = R". 27)
Let s > 0. The little Holder spaces are defined by
BUC*(U), ifseN
buc®(U) := ), ifs 1 . . (2.8)
the closure of BUCHITY(U) in BUC*(U), ifs¢ N

where [s] denotes the integer part of s, and where BUC*®(U) are the classical Holder
spaces. Moreover, for 1 < p < oo let W;(U) denote the Sobolev-Slobodecki spaces,
and let H,(U) be the Bessel-potential spaces.
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Let m € N be given and let s € (0,m). The following interpolation results are well-
known, see [11, 13, 14], and also [1, Section I1.2] for a short account of interpolation
theory,

(BUC(U), BUC™(U)) s jm.0o = BUC*(U), s ¢N,

(BUC(U), BUC™(U))$1n.00 = buc®(U), s¢N, 29)
(LP(U)a W;R(U))s/m,p = W;(U)v s ¢ N, .
[Lp(U), W (U)]s/m = Hy(U).
Moreover, we have the interpolation inequalities
lulls- < e@)llullga™ ™ ulF",  s€Om), weF™,  (2.10)

where § € {buc(U), BUC(U),W,(U),H,(U); 1 < p < co}. Our notation indicates
that we choose one of the symbols in {buc(U), BUC(U), W, (U), H,(U)}, and then
use this symbol exclusively throughout formula (2.10). We recall that

buc®(U) := buc(U) = BUC(U) =: BUC(U), WJ(U)=H)(U) = Ly(U).
We also recall that

§" CF isdense for F e {buc(U),W,(U),H,(U); 1< p< oo} (2.11)
It is well-known that

0; € LT, F), F € {buc(U),BUC(U),W,(U),H,(U)}, s>0. (2.12)

Moreover, point-wise multiplication [(a,u) — au] is bilinear and continuous for
the spaces

BUCP(U) x §*(U) — §*(U), § € {buc,W,,H,}, 0<s<p,
BUC™(U) x §™(U) - §™(U), Fe{BUC,W,}, meN,
BUC*(U) x BUC®(U) — BUC®(U), s> 0,

buc® (U) x buc®(U) — buc®(U), s> 0.

(2.13)

Given a function u € L 10c(U) we define the pull-back and the push-forward
operator, respectively, induced by the diffeomorphism ©,,:

* O
O u:=uo00,,

2.14
Ofu:=wuo (0,) ", € B(0,70). 214

In the following Proposition we collect some useful properties for the operators ©7,.
We show that ©j, induces an isomorphism on all the function spaces introduced
above, and we study the dependence on the parameter u.

For future reference, the results are stated in a more general form than actually
needed in the present note.
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Proposition 2.4. Let m € N and s € [0,m)].
(a) Suppose § € {buc(U), BUC(U),W,(U), H,(U)}. Then

0;, € Isom(3*), [@;]71 =04, w € B(0,70).
Moreover, there exists a positive constant M = M(m) such that
10%lc <M. € B, o). (2.15)
(b) Suppose § € {buc(U),W,(U), H,(U)}. Then
[ ©yu] € C(B(0,70),5%) for any u € F*. (2.16)
(c) Suppose § € {buc(U),W,(U), H,(U)}. Then
[ — OLu] € CY(B(0,70),T°) for any u € F (2.17)
The partial derivatives are given by
O, [©3u] = X[©,,0;ul, weFt, je{l,--,n} (2.18)

Proof. (a) (i) Pick p € B(0,79) and u € BUC(U). We conclude from Lemma 2.1(c)
and from Proposition 2.2 that

©,u e BUCU),  [O;ulpucw) < |ullBucw), € B(0,r0). (2.19)
Next, let u € BUC™(U). It is evident that ©ju € C™(U), and a straightforward
computation shows that

8‘3[@;;11] = Z b (1, ) [@Z@”u], 18] < m, (2.20)
lvI<18]

where bg ., € BUC(B(0,79) x U). (We have, in fact, bg, € BUC*(B(0,r¢) x U)).
We conclude from (2.19) and (2.20) that

©,u € BUC™(U), 195 ullBuem @) < M|ullpuen @), 1€ B(0,r0),

for an appropriate constant M. Clearly, ©7, is linear for every fixed p € B(0,70),
and it follows from (2.19)-(2.20) that

©F, € L(BUCY(U)), 105 | csuct @y < M, 1€[0,m]NN. (2.21)
It is clear that [©7]~! = ©X, and the open mapping theorem yields ©, € BUC!(U)

for I € [0,m] NN. The case §° € {buc*(U), BUC*(U)} for s € (0,m) \ N follows
from (2.9) and (2.21) by interpolation.

(ii) It is a consequence of the transformation rule, Remark 2.3, and equations
(2.2)—(2.3) that

0, € L(L,(U)), 19,llc,wy <My, peB0,ro). (2.22)

It is not difficult to show (by approximating) that formula (2.20) remains valid for
u € W;(U). One can then conclude that

O; € LOVI(U)), 10 cavpwy < Moy pEBO7).  (223)
As in (i) we obtain the assertion for §° € {W;(U), H;(U)} by interpolation.
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(b) (i) We first consider u € BUC(U). Since u is uniformly continuous we find for
every £ > 0 a number § > 0 such that |u(y) — u(z)| < € whenever y,z € U and
ly — 2| < 6. Lemma 2.1(c) then shows that

[(©Lu)(z) — (©,,u)(z)| <&,
whenever © € U, u, uo € B(0,7r9) and |u — po| < 6. We have, thus, proved that
[ ©%u] € C(B(0,r0), BUC(V)), u € BUC(U). (2.24)

The assertion in (b) follows now from (2.20) and (2.24) for §' = BUC', | € {0,m}.
Suppose that s € (0,m) and let u € buc®*(U). Let € > 0 be given. According to
(2.11) we find a function v such that

v e BUC™U), |lu-—v|s<ce/3M, (2.25)
where M is the constant of equation (2.15). Equations (2.15) and (2.10) yield
105u = O, ulls < 10 (u—v)|ls + [[©v = O vlls + 116}, (u —v)|s
< 2M |l —v]|, + ¢ Ojv — O}, vl 00 — O], vlly ™"
< 2M u = vlls + c2Mjo]lm)* ™ O] — O], vlg "

for any 1, o € B(0, 7o), where we use | -l := |- | spc=(v). The case §° = buc*(U)
is now a consequence of (2.24) and (2.25).

(ii) Let u € Ly(U) and let € > 0 be given. There exists a function v with
v e C.(U), lu—vll, <e/3M. (2.26)

Using Lemma 2.1 and Proposition 2.2 it is easy to see that there exists a compact
set K contained in U such that supp (0;,v) C K for any p € B(0,70). We conclude
that

18], =6}, vll, < (Au(K)) V7[00 — 6}, vl Bucw) (2.27)

where A, (K) denotes the Lebesgue measure of K. It follows from (2.15) that
164 = O, ully < (1O, (u = v)llp +[1©;0 = O vllp + |6, (u =),
<M — vl + 00— O}, vy
and we infer from (2.24) and (2.26)-(2.27) that
[ Ou] € C(B(0,70), Lp(U)),  ue Ly(U). (2.28)

The case §° € {W,;(U), H;(U)} follows in the same way as in step (b)(i).
(c) Pick u € 1. We infer from (2.12)—(2.13) and from part (b) that

(1= x©,,0;u] € C(B(0,70),F*), jed{l,---,n} (2.29)

Let 1 € B(0,79) be fixed, and choose € > 0 small enough such that p + he; €
B(0,rp) for h € (—¢,¢).
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(i) Let us temporarily assume that u € C>°(U) N F*TL. Tt follows from (3.7) that

1

h [
(ii) An approximation argument shows that the statement in (2.30) is also valid
for u € F*TL. The assertion in (c) can now be obtained from (2.29) by analogous
arguments as in step (i) of the proof of Proposition 3.2. O

1
fithe, W—Opu] = X@fﬁjuz/ (XOitrhe, Qju—xOp0ju) dr in §°.  (2.30)
0

Remarks 2.5.

(a) The assumption that U be a ‘smooth’ open set is not indispensable. It is only
required for the interpolation and and multiplier results (2.9)—(2.13) which are
used in the proof of Proposition 2.4.

(b) The proof of Proposition 2.4 shows that the assertions are valid in the case

§' e {BUC'(U),WL(U)}, l€N,

for any open set U with B(zg,3r¢) C U.
(c) The assertions of Proposition 2.4 also remain valid if

§° € {buc*(U), BUC*(U), W;(U)}
for any open set U with B(zo,3r¢) C U.

3. HIGHER REGULARITY

In this section we show that the mapping [ — @Zu] enjoys more regularity than
stated in Proposition 2.4, provided the function u has better regularity properties.
In the following, U and X are open sets as considered in section 2. We begin with
a technical Lemma.

Lemma 3.1. Let m € N and k € N* U {oo}. Suppose that a € C™*(X). Then
(b= x'*©%0%a] € C(B(0,7), BUC™(U)),  0<|a| <k

Proof. Since supp (x) C B(xg,3c9) C UN X, the assertion of the Lemma is mean-
ingful. Let v € C(X) be given, and let ¢ € D((B(xo,220), R). Since v is uniformly
continuous on B(xg, 3g¢) we find for every given € > 0 a number 6 > 0 such that

lo(y) —v(2)| <e, y,z€B(xo,3c0), |y—2z <
We can now deduce from Lemma 2.1(b)—(c) that
[(COLv)(x) — (€O, v)(x)| = [C(x)| [v(On(z)) — V(O (2))] <,
whenever z € U, p, up € B(0,79) and | — po| < §. We have shown that
(1= (O] € C(B(0,70), BUC(U)). (3.1)

Now let a € C™+#(X). Let n € N" be a fixed multi-index with |n| < m. If follows
from Leibniz’ rule and from (2.20) that

o oo = X S0 ()ban )@ Do (32)

B<n |vI<IBl
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Note that v := 9*t7a € C(U) and ¢ := 9" "xl*l € D((B(xo,2¢0),R). The claim
in (c) follows from (3.1) and (3.2). O

Proposition 3.2. Let m € N and k € NU {oo,w}. Suppose that
a € C™TH(X) N BUC™(U).
Then we have
[ ©%a] € C*(B(0, 7o), BUC™(U)) (3.3)
and
0%0ral = x*[©%0%],  |a| < k.
Proof. Lemma 2.4 shows that the mapping
g = [+ 0a] € C(B(0,ro), BUC™(U))
is well-defined. Moreover, Lemma 3.1 shows that
(b= x'*©%0%a) € C(B(0,ro, BUC™(U)),  0< o <k (3.4)
(i) Let u € B(0,79) be fixed, and choose € > 0 small enough such that p + he; €
B(0,79) for h € (—¢,¢). Let € X be given. Then the mean value theorem yields
1
H(©,0() @)@ = [ (Ond@dr (5)

Note that both sides of equation (3.5) vanish if @ ¢ supp(x). Consequently,
formula (3.5) is also valid for any x € U. It is not difficult to verify (by resorting
to Riemann sums, for instance) that

1

1
/ (X®Z+Th€jaja)(x) dr = (/ X@Z—i-rhej ajadT) (l‘), zecU, (36)
0 0

where the integral fol(X@Z+Thej 0;a) dr exists in BUC™(U). We conclude that

1 * ! * *
7l9(p + hej)=g(p)] = [x©},0;a]= /0 (XOtrhe, 0ja—xO},d5a) dr (3.7)
in BUC™(U). Lemma 3.1 implies that

(XO} s rhe, 050 — x©;,05a) = 0 in BUC™(U) as ¢ — 0,

uniformly in 7 € [0,1]. It follows that
1
/ (X@ZJrThej dja—x©40;a) dr — 0 in BUC™(U) as e — 0. (3.8)
0

Consequently, also the left side of equation (3.7) converges to 0 in BUC™(U) as
e — 0. We have, thus, proved that the partial derivative 0,,g(u) exists and is
given by d,,,g(1) = x©},0;a. In addition, Lemma 3.1 shows that

g € CY(B(0,70), BUC™(U)).
(ii) We can now repeat the steps above with a replaced by xO7,
Ousu, O] = XP1070:0;a).

0ja to obtain
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An induction argument yields
g € C*B(0,r0), BUC™(U)) and 0hg(p) = X‘o‘l@;@aa
for |a] <k, where k € NU {o0}.
(iii) Suppose now that k¥ = w. Since a is (real) analytic, there exists an open
neighborhood Ug of U in C™ and a (unique) mapping
ac € C*(Uc,C) such that UcNR®"=U and ac|U =a. (3.9)

We can assume without loss of generality that ¢y is small enough such that
Ben (20,30) C Uc. It follows from Lemma 2.1(a) and the definition of ©, that
©,(U) C Uc for any p € Ben (0,70), and consequently, the mapping
ge(p)(x) := (Oyac)(x) = ac(Ou(x)), (3.10)

is well-defined for € U and p € Ben (0,79).
(iv) Since ac € C*(Uc, C), it is clear that ©j,ac € C™(U,C). We claim that

[+ O ac] € C(Ben (0,70), BUC™ (U, C)). (3.11)
Let ¢ € D(B(xo, 3€0)) be a smooth cut-off function with ¢ =1 on supp(x). As in
the proof of Lemma 3.1 one shows that

[ — C@ZGC] € C(Bcn (0,70), BUC™(U,C)). (3.12)
In more detail, we have
o [©;.ac](z Z bs.~ (1, ) [0],07ac](z), zeU, |B] <m, (3.13)
[vI<18]

with appropriate functions b, , € BUC(Bc»(0,79) x U,C). Let v € N be a fixed
multi-index with |y] < m. We know that the real partial derivatives d7ac are
continuous on Ug, and therefore are uniformly continuous on the compact set
Ber (20, 3g0). That is to say that for any £ > 0 there is a number 6 > 0 such that

|07ac(z1) — 0ac(z2)| <&, 21,22 € Ben(zo,360), |21 — 22| < 6.
Lemma 2.1(b)-(c) then implies that
00 ac(x) ~ O}ac()| <&, .y € Blro.320). [z~ 9l < (2/3)5. (3.14)
and p € Ben (0,70), as well as
197,07 ac(z) — O, dlac(z)| <&, p,po € Ben(wo,70), |10 — pol <9,  (3.15)

uniformly in z € B(xg,3g0). Equation (3.12) follows now from Leibniz’ rule and
from (3.13)-(3.15). Recall that ©,(z) = z for « ¢ supp(x). If follows from the
fact that ¢ =1 on supp() and from (3.9) that

(1-¢)0 ac = (1-{()a, € Ben (0, 79). (3.16)
Since a € BUC™(U) by assumption, we evidently have
(1= (1= ¢)Ojac] € C(Bcn (0,70), BUC™(U)) (3.17)

and the assertion in (3.11) follows from (3.12) and (3.17).
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(v) Let 0, ac denote a complex partial derivative of ac, where we use the notation

z=(z1,""+ %, ,%n) € C". Since 9,,ac € C™(Uc, C) we can conclude as in (i)
that
(10— x©},0;ac] € C(Ben (0,70), BUC™ (U, C)). (3.18)
(vi) Next we show that
gc € C'(Ben (0,m0), BUC™(U,C)) and 0y, 9c = xO;,0:,ac. (3.19)

In fact, the assertion follows by the same arguments as in step (i) of the proof.
We now have p € Ben (0,79), h € Be(0,¢), and we replace g and a by g¢ and ac,
respectively.

(vii) We infer from step (iii) — and the well-known fact that a holomorphic function
is complex analytic — that gc € C¥(Bca (0, 1), BUC™(U,C)). Consequently,

g= gC|B(07TO) € CW(IB((LTO)» BUCm(U))
and the proof is now complete. O

In order to be able to treat differential operators in various function spaces, we
present the following result, which generalizes Proposition 3.2.

Theorem 3.3. Let m € N and k € NU {oo,w}. Suppose that
acC™R(X)NF*
where § € {buc(U), W,(U), H,(U); 1 <p < oo}, s € [0,m]. Then we have
[ ©a] € C*(B(0,70),3°).
Proof. (i) Let k € NU {oco}. Lemma 2.4 asserts that the mapping
g = [ 05a] € C(B(0,70),5*)

is well-defined. Next, observe that equation (3.8) remains valid in the present
context, since the proof only relies on the property that a € C™*(X). We
conclude from

1
supp /0 (XOj 4 rhe, Dya—XO}050) dr) C supp(x). 1 € B(0.7o).

and from (3.8) that
1
/ (X@;+Thej8jafx@zaja) dr—0 ing°ase—0 (3.20)
0 :

and the assertions follow from (3.7) and (3.20).

(ii) Suppose k = w. An inspection of step (iii) in the proof of Proposition 3.2 shows
that equations (3.12) and (3.17) are also satisfied for the spaces §*(U, C). The proof
proceeds now along the lines of steps (v)—(vii) of the proof of Proposition 3.2. [

The following result shows that our method can be used to characterize smooth-
ness.
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Theorem 3.4. Let X C R™ be an open set and let k € NU {oco,w}. Suppose that
u € BUC(X). Then u € C*(X) iff for any xo € X there ewists ro := 1o(x) > 0
such that

[ ©%u] € C*(B(0, ro), BUC(X)).

Proof. (i) Assume that u € C*(X). Let xo be fixed and choose g > 0 such that

B(zo,3e9) C X. The assertion follows now from Remark 2.5 and Theorem 3.3.
(ii) Let ¢ € X be fixed and suppose that

[ ©%u] € CF(B(0, o), BUC(X)), (3.21)

for some number 79 > 0, where ©,, is defined in (2.1). Let £ : BUC(X) — R,
Ev = v(xzg), and observe that £ € L(BUC(X),R). Hence £ € C*(BUC(X),R)
and we conclude from (3.21) that

[ (©%u)(w0) = u(xo + 1)) € C*(B(0,70),R). (3.22)
Equation (3.22) means that u € C*(B(x¢,70), R). Since this is true for any point
xo € X we have proved that u € C*(X), and the proof is now complete. O

4. DIFFERENTIAL OPERATORS

For later use we study how differential operators transform under a change of
coordinates induced by ©,,.
We will first consider differential operators with constant coefficients and we set

A°() = O(0°(04 ), a €N, peB(0,r). (4.1)
Proposition 4.1. Suppose that § € {buc(U), BUC(U), W,(U),H,(U)}. Letl €
N. Then
[ A% ()] € C¥(B(0,70), L(F*T. %)), ol <L
Proof. (i) Let A;(pn) == ©j, (0;(©% -)). An easy computation shows that
Aj(p)u = ((DO,) " ej|Vu), we C'(U), ueB0,r0), (4.2)

where e; is the j-th canonical basis vector in R", and where (-|-) denotes the
inner product in R™. It is not difficult to see that formula (4.2) holds true for any
u € §F' with t > 1. In fact, this is evident for § € {buc, BUC}, and follows by
approximation in the other cases. It follows from (2.2)—(2.3) and from Cramer’s
rule (for instance) that

(= (DO,)" '] € C¥(B(0,r0), BUC™ (U, L(R™))) (4.3)
where we take m = [s] + [. We conclude from (2.12) and (2.13) that
(B~ (Be;|V )] € C¥(BUC™(U, LR™)), L(F,F1), 1<t<s+1, (4.4)

since all the operations involved are linear [or bilinear] and continuous. It is now
a straightforward consequence of (4.2)—(4.4) that

[ Aj(w)] € C(B(0, 7o), LT, F7Y), 1<t <s+L. (4.5)
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(ii) Suppose a = €; + ej. Then we have

A% () = 67 (910, (1)) = O3, (9,010, (0%u)) = (Au() A, (). (4.6)
The mapping

LEFTHXLETLFTH) - LELSTY, (AB)—BA (47)
is bilinear and continuous, and hence it is analytic. We infer from (4.5)—(4.7) that
> A%(w)] € C¥(B(0,70), L(F",57%)), 2<t<s+l.
(iii) Let & = (@1, -+ , ). Then
A% (p) = (Ar(p))™ - (A ()

and the claim follows from (4.5) and (4.7) by induction. O

We will now consider differential operators with variable coefficients. That is,
we consider the differential operator

A=Y "0an0%  aa€CUR), o <], (4.8)
la|<l

where [ is a positive integer. The parameter-dependent family of diffeomorphisms
{©,; 1 € B(0,70)} generate a parameter-dependent family {A, ; u € B(0,7)} of
differential operators (the transformed differential operators), given by

Ay =) (05a,)05,(0%(04 ), e B(0,r0). (4.9)
lal<t

We shall show that regularity properties of the coefficients a,, translate into regu-
larity properties for the map [p — A,].

Theorem 4.2. Let m € N and k € NU {oo,w}.
(a) Suppose that a, € C™T*(X) N BUC™(U) for every |a| < 1. Then

[ Ay) € CH(B(0,70), L3 (U), §°(V))),

where § € {buc, BUC, W, Hp} and s € [0,m].

(b) Suppose that a, € C™F(X) Nbuc®(U) for every |a| < 1, where s € [0, m]

is fized. Then
[ Au] € CH(B(0,r0), LFH(U), §°(V))),

where F(U) = buc®*(U).

Proof. (a) It follows from (2.13) that the mapping
f 2 BUC™(U) x LE*H(U),3°(U) = LEH(U),5°(0)),

f(a,T)(u) := a(Tu) (4.10)
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is bilinear and continuous, and hence analytic. We can now conclude from (3.3)
and Proposition 4.1 that

e Y J(©haa, A*(W))] € CH(B(0,10), LFT(U),3°(1))), (4.11)
la] <t
and this is exactly the assertion in (a).

The proof of (b) follows from (2.13) and Theorem 3.3 by analogous arguments. [

5. TIME DEPENDENCE

We will now consider the situation where time is an additional variable.

In the following we use the notation I := [0, T, where T is a fixed positive number.
Let J be an open interval in (0,T). Let to € J be fixed and choose ¢y such that
[to — 30, to + 3eo] C J. Moreover, let ¢ € D(tg — 20, to + 2¢0) be a smooth cut-off
function with ¢ =1 on [ty — €9,t0 + €o] and with 0 < ¢ < 1. Of course, we can —
and we will — assume that the number £¢ also satisfies the assumptions stated at
the beginning of section 2.

It turns out to be convenient to introduce the mapping

O\(t):=t+C(t)A, tel, INeR (5.1)
Proposition 2.2 shows that there is a positive number 7y such that

0y € Diff > (J), A€ (—=710,70)- (5.2)

In order to obtain regularity results in time and space for parabolic equations, we
define the parameter-dependent mapping

Py u(t,x) = (t+CONz+()x(@)p), (tLx)ed xU, (A\p)e R (5.3)

A straightforward modification of the proof of Proposition 2.2 shows that there
exists a number rg > 0 such that

@), € DiIff > (J x U), (A, 1) € B"1(0, 7). (5.4)

We can assume that all the results of sections 2 and 3 remain valid for the same
number rg. Given a function u : I x U — R we set

uy = 93 u, (A, p) € B0, 7). (5.5)
The parameter-dependent function uy , can also be written as
uxu(t) =T, (t)0u(t,") where T,(t):=0OF4,, teIL (5.6)
It is important to note that

ux,.(0,-) =u(0,-) for any function v and any (A, i). (5.7)

We will first prove the following useful extension result.
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Lemma 5.1. Let E be a Banach space. Suppose that
[ f(p)] € C*(B(0,70), E), k € N* U {00, w}.
Let F(p)(t) := f(C(t)u) for p € B(0,79) and t € I. Then we have
[ = F(u)] € C*(B(0,79),C(1, E)).

Proof. To shorten the notation we set W := B(0, 7). Since 0 < ¢ < 1 we see that
F(p) € C(I,E) for each p € W. We will focus on the case k = w. It will be clear
from the proof how to proceed for k € N* U {oo}.

Let us assume that f € C¥(W, E). Then there exists an open neighborhood W¢
of W in C™ and a unique mapping
fc e C¥*(Wg, Ec) such that WenNR" =W and fc|W = f,

where E¢ is the complexification of E. We can assume without loss of generality
that W = Ben (0,7). This implies that ¢(¢)u € W whenever p € We and ¢ € I.
It is then clear that

Fe(p) = fe(C()p) € C(I,Ec),  peWe.

Let 1 € W be fixed and choose ¢ > 0 such that p+ he; € We for all h € Be(0, €).
It follows from the mean value theorem that

1 1

FPelis+ hes) = Felol(0) = [ 00, o<+ hey))dr.

It is easy to see that the quotient on the left side converges to ((t)0-, fc(C(t)p)
uniformly in ¢t € I as h — 0, and we conclude that the partial derivatives 9, Ft
exist in C'(I, Ec) and are given by

O, Fe = ()0, fe(C()p) meWe, je{l,...,n}.
A moment of reflection shows that
[ = C()0z,; fe(C()n)] € C(W, C(I, Eg)).
Therefore, the mapping Fg is (continuously) complex differentiable and we obtain
1= Fe(w)] € C¥(We, O, Ec)).
We conclude that F' = Fc|W € C¥(W,C(I, E)), and this completes the proof. [

Proposition 5.2.
(a) Let m € N and k € NU {oo,w}. Suppose that

acC™R(X)NF* (5.8)
where § € {buc(U),W,(U),H,(U);1 < p < oo}, s € [0,m]. Then we

have
[+ Tpua] € CH(B(0,m0), C(1,5%)).
Moreover, 0;[T,a] = (¢x)1NT,0%a) for every |a| < k.
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(b) Suppose § € {buc(U), BUC(U),W,(U),H,(U)}. Then
[ T,0°T, '] € C¥(B(0,m0), C(1, L(F*Y,3%))), ol <L

Proof. (a) Let £ =3° and define f(u) := ©ja. The assertions follow from Theo-
rem 3.3 and Lemma 5.1.

(b) Let B := L(F*+,F°%) and let f(u) := A%(u), where A%(u) is defined in (4.1).
We can now apply Proposition 4.1 and Lemma 5.1. O

Proposition 5.3. Let | € N* be fized and let § € {buc(U), W, (U), H,(U)}.
(a) Suppose u € CH(I,F°)NC(I,FH). Then uy, € CHI,F°)NCI,FH).
(b) Suppose u € VVZ}(I7 F)NL,(I,FFY). Thenuy,, € WZ}(I, F)NL,(I, 5.
In both cases, the time derivative is given by
Oury = (14 CNT,050u + By, , (5.9)
where

[t B, € C¥(B(0,70), C(I, L(F,5))). (5.10)

Proof. (i) We first observe that the parameter-dependent mapping 6 has the same

properties as the mapping ©,, of section 2, where the set U is now replaced by the

interval I. The fact that I is closed does not create any additional difficulties. It

is clear that the proof of Proposition 2.4(a) also works for the vector-valued spaces

BUC™ (I, E) and W, (I, E), where E is some Banach space. Note that we have

C™(I,E) = BUC™(I, E) due to the fact that I is compact. We conclude that
Oxu € E1(I) and Ofiu= (1+ ¢ N0 0w for any u € Eq(I), (5.11)

where E, (I) € {CY(I,5°) N C(I,F*H), WI}(I,SS) N L,(I, 5}

(i) Let v € CY(I,F*) N C,F*Th).

We obtain from (2.15)—(2.18) that T, € C}(I,§°) N C(I,F*!), and also that

Ty =T,dw+ Y ¢'xp; Tudjv. (5.12)
J

(iii) Let v € Ly(I,§*H). It follows from (2.16) that T),: I — L(F*t!) is strongly

continuous. A well-known property then asserts that T,,v : I — &+ is measurable

and (2.15) implies that T,,v € L,(I,F**).

(iv) Suppose that v € W) (I,§°) N L,(I,3**"). Based on the property that v
is absolutely continuous and has a derivative in L,(I,§®) almost everywhere, we
obtain by similar arguments as in (ii) that

T,ve I/Vp1 (I1,5°%), oT,v=T,0w+ Z ¢ xpT,050. (5.13)
J
(v) Let

By =Y { xp;[T,0T, o, neBO,r0), veEi(I). (5.14)
j=1
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Proposition 5.3 follows now from (5.11)—(5.14) and Proposition 5.2. O
Proposition 5.4. Let k € N* U {oo,w}.
Suppose that a € C™E(J x X) N BUC™(I x U). Then

(A, 1) = ay,,] € CF(B"(0,r0), BUC™(I x U)). (5.15)

Proof. The proof follows by the same arguments as in the proof of Proposition 3.2.
O

6. EXAMPLES

In this section we collect four simple examples which show the flexibility and
power of our approach.

In our first example we show how the results in sections 2 and 3 can be used to
prove regularity properties for elliptic equations.

Let us consider the second order elliptic equation
alAu=f in X, (6.1)

where X is an open set in R"™. We assume that the differential operator A := a A is
uniformly strongly elliptic, that is, we assume that there exists a positive number
0 such that a(z) > ¢ for every z € X.

Example 6.1. Suppose that (a, f) € C*(X) and that u € C?(X) is a solution of
(6.1). Then u € C¥(X).

Proof. Pick zy € X. Choose 9 > 0 with B(zg,3¢¢) C X. Let {©,; 1 eB(0,r)}
be the family of diffeomorphisms introduced in section 2. Let U := B(xq, 3¢¢) and
observe that

u € Wg(U), ae C?(U)NBUCU), feCU)nLyU). (6.2)
Next set g := yu, where v € L(WZ(U), Wp271/p(]f)) denotes the trace operator for
I’ := 90U, see [13, 14]. Clearly, u solves the elliptic boundary value problem
Au=f in U, yu=g¢g on I.
For later use we note that
(A,7) € Isom(W2(U), L,(U) x W2~1/2(T)) (6.3)
see [14, Theorem 4.3.3.(ii)], for instance. We introduce the transformed quantities
uy, = 0Ou, A, :=0,(A6L.), f.:=0f, € B(0,7g). (6.4)
It follows from (6.2), from Theorem 3.3 and from Theorem 4.2(a) that
[t = (Au, £u)] € C¥(B(0,70), LW, (U), Lp(U)) x Ly(U))- (6.5)
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Moreover, we know from Proposition 2.4 that u, € W2(U) for p € B(0,70). We
note that equation (6.4) yields A,u, = O}, (Au) = O}, f, and that yu, = yu = g.
We conclude that u,, solves the transformed elliptic problem
(Apv,y0) = (fur9), 1 €B(0,70). (6.6)
We finally introduce the function
O W2(U) x B(0,70) = Lp(U) x W21/2(T),
(v, p) = (Apv = fu, 7w — 9)-
It is a consequence of (6.5) that
® e C¥(W2(U) x B(0,70), L,(U) x W2~1/2(T)) (6.7)
and it follows from equations (6.3) and (6.6) that
(I)(uua ,LL) = (Oa 0)7 M S B(07T0)7 (6 8)
D1®(ug,0) = (A,7) € Isom(W2(U), L,(U) x W2~1/2(T) ‘

where, of course, uy = u. We conclude from (6.7)—(6.8) and the implicit function
theorem that there exists a number r = r(xg) € (0,79) such that

[ uy] € C¥(B(0,7), W(U)).

Let us assume that p is chosen large enough such that W2(U) < BUC(U). Since
xo can be taken arbitrary we obtain that v € C¥(X) from Theorem 3.4. g

In our second example we consider the linear parabolic equation
Ou—alAu=0 in R" u(0) = ug. (6.9)
We assume that X is an open subset of R™, that
a € C¥(X)N BUC(R"), (6.10)
and that the differential operator A := a A is uniformly strongly elliptic.
Let T > 0 be fixed and set I := [0,7] and J := (0, 7). Finally, let p € (14+n/2,00).
Example 6.2. Let ug € W,?_Q/p(]R”) be given. Then equation (6.9) has a unique
solution w € Wy (I, Ly(R™)) N Ly,(I, W2(R™)) with u € C*(J x X).
Proof. The proof is based on the maximal regularity result
0y + (v —A), ) € Isom (E{(I),Eo(I) x szfz/p(R”)) (6.11)
where v > 0 is an appropriate constant, where yyv := v(0), and where
Ey(1) := W (I, L(R™) 0 L(I, W2AR™),  Eo(l) = Ly(I, L,(R")),
see [6, Corollary 6.2] and [1, Theorem II1.4.10.7].
Let v € E1(I) be the (unique) solution of
(Orv + (v — A)v,yov) = (0, ug). (6.12)
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Pick (tg,z0) € J x X and let
au(t, @) == o(t+ CON z + C(E)x(x)p),  (t,z) €T xR™

It follows from Proposition 5.3 that vy, € E;(/). We conclude from (5.9) and
(6.12) that

Ooap = —(1+ N [v — (Tha)T, AT, T,050 + Buoa
= (14N [v = (Tha) T, AT, s + Buva

Consequently, vy, is a solution of the parameter-dependent equation

(6.13)

(Ovw + Ay w, yow) = (0,up),
where
Ay pwi= 1+ [v— (Tua)TMATu_l]w - B, w.
We infer from (5.10) and Proposition 5.2 that
[(A, 1) = Axu] € C¥(B™FH(0, 7o), L(Ex (), Eo (1))
The implicit function theorem shows that
(A, 1) = v ] € C¥ (B0, 70), E1 (1))
Since Eq(I) — BUC(I x R™) we conclude that
[\ 1) = va,u(to, o) = v(to + A, o + )] € C¥(B"(0,70), R),

showing that v is in fact analytic on a neighborhood of (¢g,zg). Since (o, xo) can
be chosen anywhere in J x X we have shown that v € C*(J x X). It remains to
observe that u(t) := e”‘v(t) solves the parabolic equation (6.9) and that u has the
same regularity properties as v. (I

Remarks 6.3. (a) By relying on maximal regularity results in little Holder spaces
of negative order [2], the regularity assumptions on the initial value ug can be
considerably relaxed (at the expense of imposing slightly more regularity on the
coefficient a).

(b) It is clear that we can also treat much more general parabolic systems which
satisfy the condition of normal ellipticity, see [2, 6]. In addition, we can also admit
time dependent coefficients and time dependent source terms.

In our next example we presuppose existence of a classical solution for the
non-autonomous parabolic equation

Ou—alAu=f in JxX, (6.14)

where X is an arbitrary open subset of R™ and J = (0,T) for some T > 0, and we
will be concerned with the regularity properties of u. We assume that

(a,f) € C¥(J x X), (6.15)
and that the differential operator A := a A is uniformly strongly elliptic.

Example 6.4. Suppose that u is a classical solution of the parabolic equation
(6.14). Then u € C*(J x X).
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Proof. Let (tg,z09) € J x X be fixed and choose gy > 0 such that B(z,3¢¢) C U
as well as [tg — 3eo,to + 3e0] C J. In addition, choose 7 small enough such that
7 ¢ supp (x) and define I := [0,Ty — 7] where Tj is slightly smaller than 7. Let
U := B(xo,3¢0) and let I' := 9U. Moreover, let p € (1 + n/2,00). The basic
maximal regularity result for the present situation is

(Or — bA, vr,70) € Isom(E4 (1), Eo(I)), (6.16)
where we set b(t,x) = a(r + t,x) for ¢t € I, and where
Ei(1) =W, (I, Ly(U)) N Ly (I, W (U)),
Eo(I) := {(91, 92, w0) € Fo(I) NW~*/P(U); g2(0) = wolr},
Fo(I) = Ly(I, Ly(U)) x (W, ~"/27(1, Ly(I))) N Ly(1, W~ V/P(D))
see [10, Section IV.9], and also [5, 12]. Next we set
vo:=u(r), filt):=ft+7)|v, f(t):=ult+7)r, tel
Since u is classical solution of equation (6.14), we obtain (f1, fa,v) € Eo(I). Let
v(t) := u(t + 7). We conclude that v € Eq(I), and that v is the (unique) solution
of (at - bAa’yIV’YT)'U = (flvaa’UO)' Let
ot x) = ot + C()x(@)A, z + ((t)x(z)p), (t,x) e I xU.

It can be shown that the pertinent results of section 5 do also hold for the transfor-
mation ®(¢t,x) := (t + ((t)x(z)\, z + ((¢)x(z)n) and we can, once again, conclude
that

(A, 1) = vau] € C¥(B"H(0, 7o), Ex (1))

The assertion follows as in the previous example. O

In our last example we consider the nonlinear parabolic equation

&-uaju

atu— a (5’Lj — m

> 0;0;u=0 on R", u(0) = up. (6.17)

We assume that the coefficient a satisfies the assumptions
a € buc®(R™") N C¥(X), a(x) >0, ze€X, (6.18)

where X is an open subset of R”, and where § > 0. Equation (6.17) coincides with
the mean curvature flow described in the introduction in case that a = 1.

Example 6.5. Let ug € buc>™*(R™) be given. Then there exists a number T' > 0
such that equation (6.17) has a unique solution

u € C*([0, T, buc® (R™)) N C([0, T, buc***(R™)). (6.19)

The solution has the additional regularity property u € C¥((0,T) x X).
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Proof. Let
8iv8-v

One can show that (1.5) remains valid for our new function F. Based on equa-
tion (1.5) we obtain a unique solution u in the class (6.19) for the parabolic equa-
tion (6.17). Let (to, o) € (0,T) x X be fixed and set

uxu(t, ) == u(t + C(E)N, z + C(t)x(x)n), (t,x) € I x R™,

where I := [0,T]. It follows from Proposition 5.3 that v = wuy , satisfies the
parameter dependent equation

0w+ Fy u(v) =0, v(0) = uo,
where
Fru(v) =1+ NT.F(T, 'v) — Byo.
Based on Proposition 5.2 we conclude that
[(v, (A, 1)) = Fau(v)] € C(E1 (1) x B"H(0,10), Eo (1)),

where the spaces E;(I) and Eg(I) have the same meaning as in the introduction.
The implicit function theorem lets us once more conclude that

(A 1) = u ] € C“ (B (0,70), B (1))

and we obtain as in the previous examples that v € C¥(J x X). d
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