ANALYTICITY OF THE INTERFACE
IN A FREE BOUNDARY PROBLEM

JoACHIM ESCHER AND (GIERI SIMONETT®*

ABSTRACT. We consider the flow of an incompressible Newtonian fluid in a porous medium
with a free surface. We state existence and uniqueness of a maximal classical solution and
then prove that the moving boundary is real analytic in the time and space variables.

1. INTRODUCTION

Of concern is a class of free boundary problems which arise, for instance, in connection
with the flow of an incompressible fluid in porous media. More precisely, we consider
the following situation: Let 'y denote a fixed, impermeable layer in a homogeneous and
isotropic porous medium. We assume that some part of the region above 'y is occupied
with an incompressible Newtonian fluid. In addition, we suppose that there is a sharp
interface, I', separating the wet region Q; enclosed by I'y and I'y, respectively, from the
dry part, i.e., we consider a saturated fluid air flow. he fluid moves under the influence
of gravity and we assume that the motion is governed according to arcy s law. he
standard model encompassing this situation consists of an elliptic e uation for a velocity
potential, to be solved in a domain with a free boundary, and of an evolution e uation for
the free boundary. In order to give a concise mathematical description let us introduce
the following class of admissible interfaces:
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Let I'; with ¢ o be a given initial interface. hen the motion of the fluid is governed
by the following system of coupled e uations for the velocity potential and the
free interface I'y I'y  where :

in Qf

Ly

on I

and
0
ere we use the following notation: stands for the Laplacian in and
denotes the partial derivative with respect to the coordinate of the space variable.
Moreover, is the gradient of in In slight abuse of notation, stands
for the derivative of in the direction of the outer unit normal field on L'y
Observe that at each point of I';y  the normali ed outer unit vector is given
by
We complement . . with the additional condition
lim Qy
for a positive constant
n inherent di culty in treating problem . comes from the fact that the interface

ry constituting the free boundary of the domain, is a priori un nown. It is to be
determined as part of the problem. Note that . represents an elliptic boundary value

problem for the velocity potential where appears as a free parameter, while
contains an evolution e uation for  Observe that both sets of e uations are coupled, such
that neither can be solved independently.

In , , we have obtained existence and uni ueness of a maximal classical older
solution of . ., provided the initial data ¢ o satisfy an additional mild regularity
assumption and a suitable parabolicity condition. Moreover, we have proved that solutions
conserve the regularity of the initial data and generate a smooth semiflow on an appropriate
state space. ince we have to deal with a fully nonlinear evolution e uation, these results
are far from being immediate.

he purpose of this paper is to show that solutions regulari e and are smooth, and
even analytic in and

In order to formulate our results, we need some preparation. ssume
and let : be the little older spaces, that is, the closure of in

We restrict our class g of admissible interfaces to be
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Observe that o such that the domain Q; is well defined and has, in particular, a
boundary. It can be shown see ection that the elliptic boundary value problem
in the unbounded domain

in Qy on I'g on Iy lim
has a uni ue classical solution, named ; We now define

!

It is easy to see that belongs to . Moreover, is open in  see Lemma . . We
are now ready for our main results.

T 0

C 0 Ly

Observe that solutions of . . are smooth, even if the initial data have much less
regularity. hisis a considerable improvement of our previous results in , . Note that
the smoothing has to come from the evolution e uation . and can not be provided by
elliptic regularity theory. ince we have to cope with a fully nonlinear evolution e uation
involving a nonlocal nonlinearity, see ection | this result seems uite surprising. In fact,
we get our results from an appropriate invariance property of the nonlinear operator, see

our arguments in Lemma ., heorem . and emar s . . Our approach uses results
from the theory of maximal regularity due to ,see also , , . In addition, we will
employ a tric of ngenent, see |, . We also rely on results obtained in ,

It should be observed that the strong maximum principle yields

!

his can be seen by applying the maximum principle to the function
should now be compared with the condition imposed in . . We do not now if
is indispensable.

In , existence of solutions in the case n  is obtained by use of the Nash Moser
implicit function theorem. It should be mentioned that the approach in leads to a
serious loss of regularity for solutions, see emar . b . here is a di erent approach
to free boundary problems on bounded domains, based on variational ine ualities, see

., ,and the references mentioned there. In this variational setting one can only
get wea solutions, since elliptic theory can not help to improve the regularity of wea
solutions. Numerical methods for solving the case n ~ have been presented in ,

inally, we would also li e to mention , | for related problems.
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RANS ORMATION O THE RO EM

In this section we transform the original problem into a problem on a fixed domain.

We give a representation of the transformed di erential operators in the new coordinates.

s a conse uence, it turns out that the transformed operators will depend nonlinearly

upon the un nown function ere, we follow , . s anew result, we show analytic

dependence of the mappings upon . In the se uel, we ta e the liberty to replace  with
, where is the constant appearing in

In the following, is fixed. Let
inf
Note that is open in iven , define
for Q
with Q : It is easily verified that is a di eomorphism from Q onto
Q; where Let
L for Q;
L. for Q
denote the pull bac and push forward operators, respectively, induced by . iven
and Q , we define the following transformed operators:
*
*
*
*

where ¢ and  stand for the trace operators and and
denote the outer normal according to I' and I'g, respectively.
Weset I : Let ¢ be given and consider the following transformed
problem

in Q

on Iy

on I

lim
and
0 0 0

Observe that the functions and both depend on In order to eep the notation simple,
we have suppressed its dependence. Note that . and . are the transformed versions
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of . . and . | respectively. It is clear that solutions are also transformed under
the di eomorphisms introduced above.

We will give a representation of the transformed operators and in local coordi
nates. Let : for Q

L

P his follows by similar arguments as in the proof of Lemma . in , where the
case is considered.

We will now study the mapping properties of the di erential operators and
with respect to o do so, we first have to introduce some function spaces. or
let denote the chwart space, that is, the rechet space of all rapidly decreasing
smooth functions on . Moreover, assume that and that is an open subset of
. hen denote the classical older spaces of functions having bounded
derivatives up to order , and such that the th derivatives satisfy a uniform older
condition. We define the of order to be

closure of n

ere, is the restriction map with respect to , that is, : for s
a special case we obtain

closure of n

iven let  denote the left translation by the vector i.e.,
for hen the little older spaces have the following property



L
0
0
0
P Let be fixed.
a It is easily verified that is a group of contractions on
Observe that translations commute with di erentiation . Note that
for It follows from . that is a group of contractions on
b ssume and let 0 be given. It is not di cult to see that
0
It follows from . and part a that is strongly continuous on
¢ Let and 0 be given. Note that 0
owing to part b .  ence the integral on the right side of . exists in

1s now a conse uence of the mean value theorem.

We need some further function spaces. ssume that is an open subset in
hen we set

closure of in
inally, we use the notation
ssume  is either or Q It is not di cult to verify that pointwise multiplication, i.e.,
the map is bilinear and continuous on
his shows in particular that the spaces and are continuous multi
plication algebras. Note that for each case in . , where

if
L
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P a 1c g It is easy to see that — Let ¢ : 0
denote its norm and set g : 0 where 1s the norm of the bilinear
forms in . with Let satisfy 0 o hen it is not di cult
to verify that It follows from . and the remar s after . that the series
0
0 0
converges in for each with 0 o Moreover, it is easy to see
that
0
0 0

his proves the first assertion.

b It follows from a , . ,and Lemma . that
Q Q
is an analytic map for each and Now the second assertion is a
conse uence of . and the fact that
Q Q Q
Q

are linear.

he next Lemma gives an isomorphism property for the elliptic boundary value problem
in little older spaces.

L
0 Q Q
P We refer to heorem . and ppendix in , where the the case
is treated.  he proof uses the classical results of gmon, ouglis, and Nirenberg, the

maximum principle, and the continuity method. he same ideas carry over to

iven , we define
0

ssume that , and put . hen is the uni ue solution in
Q of the following elliptic boundary value problem

m 0 on I'g on I



L : Q
P o shorten the notation, let g : Q : Q : and
a .ecall that is an open subset of . Moreover, letting
0
it follows from Lemmas . and . that
0
b  iven 0 , define : . hen 0
is open in 0 , and it is nown that
0 0
¢ Let 0 be given, and define by
for
hen 0 and conse uently
0
Now the assertion follows from the identity and the fact that the composition

of analytic maps is analytic too.

HE NON INEAR E O UTION E UATION

In this section we fuse the coupled system of e uations . . into a single fully
nonlinear evolution e uation. o do so, we first introduce a nonlinear, nonlocal pseudo
di erential operator which will be instrumental to our approach.

iven we define
0
or fixed, | is a nonlocal pseudo di erential operator, the so called
see . he mapping depends nonlinearly upon
Observe that Lemma . and Lemma . yield
P

he following Lemma will be important for obtaining the smoothing property of solutions.

L



P It follows from Lemma . and the definition of that and the spaces are
invariant under translations. Let o denote the left translation by le.,
0 : for hen the spaces Q are also invariant
under o Let now be fixed.
a simple computation reveals that
0 0
where and are the coe cients of the di erential operator
see Lemma . . imilarly, we get

for the coe cients of the boundary di erential operators Next, note that

0
for any function Q ere, is the trace operator with respect to I' 1i.e.,

for Q and

b Let : y the definition of in . , is a solution of

m 0 on [I'g on I
We claim that 0 which amounts to showing that o solves the

elliptic boundary value problem

i Q 0 on 'y onI’
sing . and the fact that di erentiation commutes with translations, we obtain
0 0 0 0
his and . shows that 0 0 We infer from o 0
o and from . . that
0 o0 on I 0 on I

We have proved that
0

¢ It remains to combine . . and . to complete the proof.
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Next we show that the rechet derivative of  is the negative generator of
a strongly continuous analytic semigroup on provided an additional condition is
imposed on or set We introduce the following set
It is not di cult to see that implies and vice versa, where  was
introduced in . . We note some properties of
L
P a It is easy to see that Let

inf
It is not di cult to verify that implies se the definition of  and
Lemma . . herefore, It is a conse uence of . and Lemma that
ence is open in

b Let be given. It follows that
since o by . . hisshows that

We are ready for the core results of this section.

T
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P a  he result was proved in , heorem . and orollary . , see also ,
under the assumption that satisfies the stronger condition
where

We shall show that the problem does have a scaling invariance, which can be used to

improve the previous result contained in , . odoso, let be a real and let
denote the dilation of a function by , that is, : for It is easy

to see that defines an isomorphism on the spaces or convenience, let us set
: sing similar arguments as in the proof of Lemma . it can be shown that

Q

Let us now assume that is given. hen it can be verified that the rescaled function
satisfies

provided is chosen large enough. It is also not di cult to verify that the nonlinear
mapping has the scaling property for It then follows from the
chain rule that

Let be fixed such that . issatisfied. We conclude from our previous results in ,
that the operator generates a strongly continuous analytic semigroup on
ut so does We can now infer from . that generates a strongly
continuous analytic semigroup on
b It can be shown that generates a strongly continuous analytic semigroup on
too, where and he statements in b then follow from the interpo

lation result
0

0 denotes the continuous interpolation method, from | see also

, and from the results in which state that all bounds are uniform on compact

where

subsets of

uppose that g We consider the nonlinear evolution e uation
0

Note that the elliptic e uation . and the evolution e uation . are now united
in a single e uation, involving only the un nown function  which determines the free
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boundary. he next Lemma shows that solutions of . lead to solutions of . .
and vice versa.

L 0

P he proof follows from our definition of in

We show the existence and uni ueness of solutions for

0 0

P he proof is based on heorem . , which enables us to apply the theory of
maximal regularity. or the analyticity of the semiflow see . We refer to , for
some additional information on the behavior of solutions as approaches 0

R It should be noted that the property of maximal regularity, as stated
in heorem . b ,is uite restrictive. In fact, a result of aillon shows that maximal
regularity can only be expected in anach spaces containing an isomorphic copy of ¢ the
space of all se uences that converge to  On the other side, the results of a rato and

risvard ensure the existence of anach spaces where maximal regularity does occur.
Of concern are, of course, unbounded operators .

Observe that solutions of . preserve the regularity of the initial values. heorem
should be compared with the main result in , where a Nash Moser type approximation
techni ue is used. With this approach, the authors are only able to guarantee existence
of a local solution with much less space regularity than the initial values are assumed to
have. In fact, these authors consider the case and suppose that the initial values
are in the obolev space hen they guarantee the existence of a local solution
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HE SMOOTHIN RO ERT

In this section we will prove the much stronger result that solutions regulari e for
In order to obtain the results on analytic dependence, we will rely on a tric invented by
ngenent see and . his tric consists of introducing some additional parameters
in the evolution e uation, and then to use the implicit function theorem to exploit the
analytic dependence on the parameters. Maximal regularity will again be instrumental to
push through this idea.

Let ¢ be given and let
0
be the solution of . , where : 0 ssume is fixed and set
Let with su ciently small be given and define by
Note that for and
L
0
P hoose su ciently small, such that for all and
a We then infer from . and Lemma . b that We show that
If is fixed and is su ciently small,
and the assertion follows from Lemma . and

b Next we show that 1s di erentiable in with derivative
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Let be given. If follows from the mean value theorem and from Lemma . that
where
0
0
We infer from Lemma . and . that converges towards in as
his proves our claim. o verify that the derivative of is continuous, it

su ces to observe that

hen . and an analogous argument as in a give the assertion.

¢ sing . and the fact that 1is a solution of . | we immediately get

Now, we involve Lemma . to obtain

ince see . , we have proved the assertions of Lemma

Now we turn our attention to the parameter dependent evolution e uation

Invo ing the implicit function theorem and maximal regularity see heorem . | we will
show that solutions of depend analytically on the parameters and his result
is then used to prove that the functions which are solutions of by the previous

arguments, admit much better regularity properties with respect to and than obtained
in  heorem

L
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P Observe first that is an open subset of Indeed, this follows
from the fact that is open in and from the compactness of herefore,
the domain of definition of  is open in

a Note that induces a mapping where
we use the same notation without fearing too much confusion. Its derivative is given by

Iso note that the mapping

is analytic, being the restriction of a continuous linear operator to an open subset. It is
now easy to see that is analytic.

b We infer from . . that

for and We show that the linear
inhomogeneous evolution e uation

has for each a uni ue solution
Indeed, this follows from heorem . and an additional consideration. ee emar
I . . b, p. ,or p. . . and the open mapping theorem complete
the proof.
P
0 0
0

P Observe that holds true if, and only if, is a solution of

Now all statements follow from Lemma . , Lemma . , and from the Implicit

unction heorem on anach paces.
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We are in the position to prove the smoothing property of solutions.

T . 0 . 0
0
P a Let o and be fixed. hen there is an such
that
0
et where ssume
where  is determined by roposition . . In the following we will show by an induction

argument that

and
where o do so, observe first that Lemma . ensures
0 0 0
and hence
0 0
We infer from o and the mean value theorem that
0
for where with sing Lemma . , o and the
compactness of y we can conclude that converges towards as
uniformly in le.,

n as
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On the other side;, . ensures that the derivative of exists in the stronger topol
ogy of ince this latter space is embedded in and
the derivative is uni uely determined, we have proved that in
and therefore that
y Lemma . and the same arguments as above, we first find
0
and we then conclude that In summary, we have shown
is now a conse uence of and o In a next step, we employ the result
in and the mean value theorem to derive
0
ince see we can use the compactness of  and Lemma
to see that this function divided by converges towards in as
roposition . then implies
he remaining assertions of are obtained in the same way. We can now repeat the
arguments and we arrive, after a finite number of steps, to and
b Note that o ence the statements of and
remain true on the fixed interval for y choosing we have,

in particular,

for and
ince the interval and can be chosen arbitrarily, . is an
immediate conse uence of . . sing the fact that is embedded in

we have also proved that
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¢ Observe that if, and only if| for herefore,
holds true if and only if

Let and be fixed. It is easily verified that consists of
a finite linear combination of terms

Now, follows from
d It follows from ¢ that ence, it remains to prove that
his can be achieved by similar considerations as in part ¢ , where . is being used
instead of
R Let o be the solution of . | defined on 0
It has been proved in  heorem . that en oys better regularity properties than given
in . ,in particular In addition, is the solution of

the linear e uation

his can be shown by using roposition . and heorem . ;or by a direct computation.
We will briefly indicate a di erent and more elementary proof of the regulari ing property
of solutions to the nonlinear e uation . . et for some fixed and
choose ¢ such that 0 et

0

hen it is not di cult to see that is a solution of the linear e uation

where and
0
sing . it can be verified that

n n
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as It follows with the help of maximal regularity see heorem . , and

p- that the inhomogeneous linear evolution e uation . has a uni ue solution
he same argument ensures that has, for su

ciently small, a uni ue solution possessing the same regularity as . Moreover, it

can be shown that
in as
ince is a solution of we have and hence
in as
On the other side, in the topology of as ence we have

proved that

We consider now the linear evolution e uation

Let
0
It follows from Lemma . , Lemma . , and from . that is a solution of
where and
0
sing Lemma ., . | and a compactness argument, we can verify that
in in

as It can be shown that the solution  of converges to the solution  of

in the topology of as Now, we can conclude as
above that

One can then proceed by induction along the lines of a and b . In order to prove
statements for higher order partial derivatives of with respect to  Lemma . is to be
replaced by
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ere, and is the rechet derivative of of order at . It can be proved
that the mapping defined in . satisfies this property.
ngenent s tric provides a very elegant way to prove heorem . . Note that one
can obtain the regularity results of heorem . by using the ideas s etched ina c .

he proof of the smoothing e ect with respect to relies on the fact that the nonlinear
non local operator = commutes with translations. Note that this property is always
satisfied for local operators, that is, for substitution operators induced by local functions.

Let be the solution of . . hen we obtain by a formal computation that

Moreover, by purely formal arguments, we also see that

he argumentsin a and b or Lemma . and heorem . show that all of the steps
are ustified.

NA TIC DE ENDENCE ROO O HEOREM 1.1

We will now use the full power of roposition . to prove the analytic dependence of

upon and
T . 0 . 0
P Note that we have already proved in heorem . that is smooth on

ence, it remains to show that is represented by its aylor series in a neighborhood of
any point of hus, let ¢ ¢ be given. We will show that there is a

0 0 0 with

— 0 0 0 0
0

for o o o Let be given with g and set Observe
that . ensures, in particular, that the mapping
can be represented by its aylor series in a neighborhood of We can find

with
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for some It follows from . that
0
for Let ¢ o be fixed and set
0o: min o 0 0 0
hen it follows from . . that
— 0
for 0 0 o o and ence, the radius of convergence of the aylor series
e uals at least ¢ Moreover, we deduce from . that is being represented in
o o o byits power series. nd so, the proof of heorem . is finished.
P T Let o be given and set ¢ : 0 hen ¢ and
heorem . and heorem . ensure that the nonlinear evolution e uation . has a
uni ue solution : o defined on o and satisfying
where : We define

hen it follows from , . , and elliptic regularity theory, that

Q
Lemma . shows that is a classical smooth solution of . . on on Next,
define
*

where , 1s introduced in ection . It follows that 1s a solution of . . having
the regularity properties stated in heorem . . ince each of the steps can be reversed, we
have also proved uni ueness. inally, it follows from heorem . and the considerations
above that the map 0 o defines an analytic semiflow on his completes
the proof of heorem
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