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1. The problem. We are concerned with a class of moving boundary problems
for bounded domains in R™, which comprise in particular the so-called single phase
Hele-Shaw problem. In order to describe precisely the involved geometry, let {2 be a
bounded domain in R™ and assume that its boundary 9€2 is of class C*°. Moreover,
assume that 0 consists of two disjoint nonempty components J and I'. Later on,
we will model over the exterior component I" a moving interface, whereas the interior
component J describes a fixed portion of the boundary. Let v denote the outer unit
normal field over T" and fix @ € (0,1). Given a > 0, set

U:={peC® ) llplorr) < al.
For each p € U define the map
0, :=idr + pv

and let ', := im(6,) denote its image. Obviously, 6, is a C** diffeomorphism
mapping I onto I',, provided @ > 0 is chosen sufficiently small. In addition, we
assume that a > 0 is small enough such that I', and J are disjoint for each p € U.
Let 2, denote the domain in R" being diffeomorphic to © and whose boundary is
given by J and I',. To describe the evolution of the hypersurface I, fix T'> 0 and
set [ :=[0,T]. Then each map p: I — U defines a collection of domains Q,¢, t € I.
For later purposes it is convenient to introduce the following generalized parabolic
cylinder:

Qpr = {(2,1) eR" x [0,T]; 2 € Yy} = U(Qp(t) x {t})

and, correspondingly,

Do i={(z,t) €ER" x [0,T]; w € Ty} = | J(Tpe) x {t}).
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Observe that Qg p is just the standard parabolic cylinder Q x [0, T]. Similarly, T'g p =
I' x [0, T). For the sake of completeness, we write Jp := J x [0,T].

Now let pg € U be given. Moreover, pick b € C(J) and § € {0,1}. Then
we consider the moving boundary problem of determining a pair (u, p) satisfying the
following set of equations:

Au = in Q,7,
= on I',r,
(1.1) (176)U+6(VU‘V‘]) = on Jr,
0N, — (Vu|VN,) = on T',r,
p(0,) = on T.

Here, A and V stand for the Laplacian and the gradient, respectively, in the Euclidean
metric. The outer unit normal field over J is denoted by v;. The parameter ¢ is
introduced to label the boundary condition on the fixed boundary J (where § = 0
corresponds to a Dirichlet boundary condition and 6 = 1 corresponds to a Neumann
condition). Moreover, N, is a defining function for 'y, i.e., T, = Np_l(O)7 peU. A
precise definition of IV, is given in section 2.

The set of equations in (1.1) express that the free boundary moves with normal
velocity given by the normal derivative of a harmonic function which vanishes on the
boundary. More precisely, the motion of the free boundary is governed by V = — gﬁ,
where the function u satisfies the first three equations in (1.1). Here, V is the normal
velocity taken to be positive for expanding hypersurfaces and v is the outer unit
normal field on the moving boundary.

Assume now that n =2, § =1, and b > 0. Then problem (1.1),, represents the
classical formulation of the expanding two-dimensional Hele-Shaw flow; see Crank
[5], Elliott and Ockendon [10], Elliott and Janovsky [9], DiBenedetto and Friedman
[7], and Richardson [21]. In this model, u has the meaning of the pressure in an
incompressible viscous fluid blob €2,. Since b is positive, further fluid is injected
through the fixed boundary J at the rate b. Hence, the blob is advancing in time,
modelled by the moving boundary I',. Some authors (see Fasano and Primicerio [15] or
Steinbach and Weinelt [22]) consider the above model in the case of prescribed pressure
on the fixed boundary, i.e., with the inhomogeneous Dirichlet boundary condition
u=>bon J. This boundary condition corresponds to the case 6 =0 in (1.1),,. In our
model, we cover both cases and we prove the existence of a unique classical solution
(u, p) for the general problem (1.1),,; see the main result below. As pointed out in [5],
(8], [9], [10], [16], and [22], there are further applications of (1.1),, to different multi-
dimensional moving boundary problems. We mention the electrochemical machining
problem, the one-phase Stefan problem with zero specific heat, the flow of viscous
fluid through porous media, and the injection moulding process. These models make
sense in higher space dimensions and under general boundary conditions on the fixed
boundary J.

To clearly state our result, we need some definitions. Given an open subset U of
R™, let h*(U) denote the little Holder space of order s > 0, a closed subspace of the
usual Holder space BUC?®(U); see section 2 for a precise definition. Throughout this
paper we fix a € (0,1) and we define

V= b2t N U.
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Moreover, we need the anisotropic function spaces Ch%*(€2, 7) consisting of all u :
Q, 1 — R such that, given (z,t) € Q, 7, the function u(-,) belongs to h*(Q,))
and the function u(x,-) belongs to C([0,T]). A pair (u,p) is called a classical Hélder
solution of (1.1) if

(u,p) € Ch***(Q,.r) x (C([0,T), V)N CH([0,T), k' T*(I)))

and if (u, p) satisfies the equations in (1.1) pointwise. Our main result now reads as
follows.

THEOREM 1.1.  Assume that b € h***7%(J) is nonnegative and not identi-
cally equal to zero. Then, given any initial value py € V, there exist T > 0 and
a unique classical solution (u, p) of (1.1),, on [0,T]. Moreover, the moving boundary
p:(0,T) =V is analytic in the time variable.

It should be emphasized that Theorem 1.1 guarantees a unique classical solution
to problem (1.1) for each C?* initial hypersurface I',, which is close to I' in the sense
that py belongs to V.

In Elliott [8] and Elliott and Janovsky [9], a variational inequality approach for
problem (1.1),, is developed, and the existence and uniqueness of global weak so-
lutions are proved. However, as stated in the Conclusion of [9] (see p. 106), the
existence of classical solutions left an open problem.

Our approach to problem (1.1),, proposed in this paper is of a different nature.
Indeed, transforming the original problem on a fixed domain, we are looking for clas-
sical solutions from the very beginning. After a natural reduction of the transformed
equations, we are led to an evolution equation for the moving boundary involving
a nonlinear and nonlocal pseudodifferential operator of first order. The main result
for this pseudodifferential operator can be summarized by the fact that it depends
smoothly on the unknown and that the corresponding linearized operator is a nicely
behaving operator; i.e., it generates a strongly continuous analytic semigroup on an
appropriate subspace of Holder continuous functions, provided b > 0 and b # 0. This
generation property of the linearization makes it possible to use the general results of
the theory of maximal regularity, due to Da Prato and Grisvard [6], and to construct
a unique classical solution of the nonlinear problem. The same technique has been
applied to moving boundary problems arising in gravity flows of incompressible fluids
through porous media; see [12] and [13].

There is a one-dimensional version of problem (1.1),,; see the work of Fasano
and Primicerio [14], [15]. Since the geometry of one-dimensional moving boundary
problems is considerably easier to handle, classical solutions are well known to exist
in this case.

For two-dimensional simply connected domains and for initial data belonging to
an appropriate Gevrey class, Reissig [20] recently proved the existence of analytic
solutions to a Hele-Shaw model with a point source.

Let po € V be given and assume that b € h2+*=%(J) \ {0} is nonnegative. More-
over, let (u, p) denote the classical solution of (1.1),, constructed in Theorem 1. Then,
given ¢ € [0, 7], the pressure u(-,t) € h>T*(Q,(;)) is the unique solution in AT ()
of the following elliptic boundary value problem:

Au=0 in Quy, u=0 on T,y, (1—-0u+6Vulyy)=>b on .J

Hence the strong maximum principle implies that the pressure u(-, t) is strictly positive
in €,¢). This property is crucial for our approach; see step (b) in the proof of Theorem
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From a mathematical and a physical point of view, problem (1.1),, also makes
sense for negative b. However, in this so-called ill-posed case, the problem has a
completely different feature, as pointed out by Elliott and Ockendon [10] based on
numerical investigations, by DiBenedetto and Friedman [7] proving so-called finger-
ing, and by Fasano and Primicerio [15] establishing blow-up and nonexistence results
for one-dimensional problems. Our results are also optimal in this sense, since we
guarantee the existence of classical solutions in the well-posed case b > 0, b # 0, and
we prove that the linearized reduced problem for the moving boundary is ill-posed in
the sense of Hadamard for b < 0, b # 0; see Remark 5.3.

2. The transformed problem. In this section we transform the original prob-
lem into a problem on a fixed domain, and we introduce a nonlinear, nonlocal pseudo-
differential operator ® of an appropriate reduced problem for the moving boundary
I',. In addition, we provide a useful representation of the Fréchet derivative of ®.

Let us first introduce some function spaces which we will need in what follows.
Assume that U is an open subset of R™. Given k € N U {0}, let C¥(U) denote
the space of all f : U — R having continuous derivatives up to order k. The closed
subspace of C*(U) consisting of all maps from U into R which have bounded and
uniformly continuous derivatives up to order k is denoted by BUC*(U). Given a €
(0,1), the space BUC*T(U) stands for all f € BUC*(U) having uniformly a-Hélder
continuous derivatives of order k. In addition, C¥(U) denotes the subspace of all real
analytic functions on U.

Furthermore, we write S(R™) for the Schwartz space, i.e., the Fréchet space of
all rapidly decreasing smooth functions on R™.

Next let ry denote the restriction operator with respect to U, i.e., ryu := u|U
for u € BUC(U). Then the little Holder spaces h*(U), s > 0, are defined as

h*(U) := closure of ry (S(R™)) in BUC*(U).

Finally, assume that M is an m-dimensional (sufficiently) smooth submanifold of R™.
Then the spaces BUC*(M) and h®(M), s > 0, are defined as usual by means of a
smooth atlas for M; see [24].

It is useful to write I', as a 0-level set of an appropriate function. For this, pick
ap € (0,dist(T, J)) and let

N :T x (—ag,a9) — R", N(z,\) =z + Iv(z).
If ap > 0 is small enough, we have that
N e Dlﬂ“’o(I‘ X (—(Lo,ao),R),

where R := im(\/). It is convenient to decompose the inverse of A" into N =1 = (X, A),
where

X € BUC*(R,T) and A € BUC* (R, (—agp, ag)).

Note that X(y) is the nearest point on I" to y and that A(y) is the signed distance
from y to T' (that is, to X(y)). The neighborhood R consists of those points with
distance less than ag to I'. Given p € V, now define

Nyt R—=R,  Ny(y):=Aly) — p(X(y))-
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Then it is not difficult to verify that I', = N, '(0). Therefore, the gradient VN,
is perpendicular to I',, and VN, points outward since N,(y) < 0 if y € Q,. So it

follows that the outer unit normal field v on I', is given by v = \gx:;\' Let p €
CL([0,T7], htT*(T")) be given and set

Np(yvt) = A(y) - p(X(y),t), NS Ra te [OvT]
Then

OWNy(y,t) _ op(X(y),1)

VW=~ 19N (5.0] = [N, (y.0)]

ye Fp(t)v te [OvT]v

is the normal velocity of the moving hypersurfaces I',;) in the direction of the outer

normal field. Hence the fourth equation in (1.1) can be rewritten as ,lféxpl =
f
—(Vulv), which shows that the motion of the hypersurfaces I',;) is governed by
V=9
ov

Next we introduce an appropriate extension of 6, to R™. For this we assume that
a € (0,ap/4), and we fix a ¢ € C°(R, [0,1]) such that

1 if A <aq,

p(A) =
) 0 if [A>3a

and such that sup |[0¢(A)| < 1/a. Then we define for each p € V the map

N(X (), Aly) + o(Ay)p(X(y) if yeR,

© =
(v) y if ygR.

Note that [A — A+ @(X)p] is strictly increasing since |9p(A)p| < 1. Then it is not
difficult to verify that
0, € Diff>T*(R", R™) N Diff ***(Q,Q,) and O, =40,.
Moreover, we observe that there exists an open neighborhood U of J such that
(2.1) 0,|U =1idy.

It should be mentioned that the above diffeomorphism was first introduced by Han-
zawa [18] to transform multidimensional Stefan problems to fixed domains. In the
following we use the same symbol 8, for both diffeomorphisms 6, and ©,. The pull-
back operator induced by 6, is given as

0*u:=0u:=uob, for ue BUC(S,).
Similarly, the corresponding push-forward operator is defined as
Ov:=0%:=vo 9;1 for v e BUC(Q).
LEMMA 2.1. Given p €V and k € {1, 2}, we have

0% € Isom(h"(Q,), K*T*(Q)) NIsom(R* (T ,), h¥T(I))
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with [03]1 = 0.
Proof. Let p € V and k € {1, 2} be given. It follows from the mean value theorem
that

0% € Isom(BUC*T*(,), BUC*T*(0)).

Hence, to prove the first assertion, it suffices to show that 67u belongs to the space
h*+e(Q), whenever u belongs to h*T(€2,). But this is an easy consequence of the

following known characterization of little Hélder spaces: a function u € BUC*T(Q)
belongs to h*+(Q) iff

B _Hbs
lim  sup [0%u(w) — 0%u(y)] =0, peN*, |B] = k.

«
T—0t o< |z—y|<T T

This can be seen by means of local coordinate charts along the lines of Lemma 2.7
and Remark 2.8 in [19]; see also [3]. The second assertion follows analogously. O

Given p € V, we now introduce the following transformed differential operators,
acting linearly on BUC?(Q):

A(p)v = —05(A(0Lv)),  B(p)v:=05(V(0£v)|[VN,),
Cv = (1= 6)ysv+6(vsVolry),

where v and «; denote the trace operators with respect to I' and J, respectively.
Assume now that (u, p) is a classical Holder solution of (1.1),,. Then it is not difficult
to see that v := [t — 67 u(t, -)] belongs to C([0, 77, h**t2(Q)) and that the pair (v, p)
satisfies the following equations:

A(p)v=0 in Qor,
v=0 on Ty,
(2.2),, Cv=>b on Jr,
Op+B(p)pv=0 on Tor,
p(0,:)=po on T.

A pair (v, p) is called a classical Hélder solution of (2.2),, if

o]

v € C([0,T], >+ (Q)),
p € C([0,T),V)nC([0,T], k1 (T))

and if (v, p) satisfies the equations in (2.2),, pointwise. The following lemma is an
obvious consequence of Lemma 2.1 and (2.1).

LEMMA 2.2. Let pg € V be given.

(a) If (u, p) is a classical Hélder solution of (1.1),,, then (8,u,p) is a classical
Hélder solution of (2.2),,.

(b) If (v,p) is a classical Holder solution of (2.2),,, then (0{v,p) is a classical
Hélder solution of (1.1),,.

In the next two lemmas we collect some results for elliptic boundary value prob-
lems in little Holder spaces. We shall use these results in sections 3 and 4.
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LEMMA 2.3.

(A, B) € C*(V, L(h*T*(Q), h*(Q) x h'T*(T))).

Proof. Let n denote the standard Euclidean metric on R™ and let #*n be the
Riemannian metric on € induced by the diffeomorphism 6,,, i.e.,

0;77|96(£a ()= 77‘0,3(3:) (Tzapga Txg,og)

for v € Q and £, ¢ € T,(Q2). Then A(p) and B(p) are just the Laplace-Beltrami
operator and the outer normal derivative of (£2,677). Since the metric 677 depends
analytically on p € V, the assertion follows easily. a

LEMMA 2.4. Let p € V be given. Then for each

(f.g,h) € h*(Q) x K*T(T) x h*To7°(J)
there exists a unique classical solution v := V (p)(f,g,h) in h*>T(Q) of
Alpjv=f in Q, v=g on T, Cv=h on J.
Moreover, there exists a positive constant C' := C(p) such that

IV(p)(f, 9, W)ll2ra0 < C(If o + lgll2ar + [All2+a—s.7)-

Proof. (a) It follows from the proof of Lemma 2.3 and by construction that A
is a uniformly elliptic operator having a-Hoélder continuous coefficients and that C' is
a normal boundary operator with regular coefficients too. Hence we conclude from
Theorem 7.3 and Remark 2 on p. 669 in [1] that, given any compact subset K of V,
there exists a positive constant C' := C(K) such that

[Wll2+a.0 < C(1A(P)Vllag + I0l24ar + [1CV]24a-s6.1)

for all v € h2T%(Q) and all p € K.

(b) Observe that (A(O),v7 C) is a regular elliptic boundary value problem with
constant coefficients on a smooth domain. Hence it follows from formula (3) on p.
236 in [24] that

(A(0),7,0) € Isom(h*t*(Q), h*(Q) x K*T*(T) x K*To70(J)).

Now let p € V be given and set K := {tp; t € [0,1]}. Then K is a compact subset of
V, and therefore it follows from (a) and the continuity method (see Theorem 5.2 in
[17]) that

(A(p),7,C) € Isom(R*T(Q), h*(Q) x h*T*(T) x A2To4(T)).

This completes our argumentation. 0
Let us now introduce the natural decomposition V=S @& T & R of the above
solution operator by setting

=
>
i

<

(p)(,0,0) € L(h*(Q), K?*2(Q)),
)(0,,0) € L(R*T(T), h*T*(Q)),
R(p) :=V(p)(0,0,") € L(h>**=0(]), h***(Q)).

=
>
i

<
>
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Given v € BUCY(Q), let d,v denote the directional derivative with respect to the
outer unit normal on T', i.e., d,v := v(Vu|v). Using this notation it follows from the
strong maximum principle that

(2.3) 9y (R(p)b) <0,

provided b € h2T2=%(J) \ {0} with b > 0.
Throughout the remainder of this paper we fix

(2.4) be h?te=?()\ {0} with >0
and we set
®(p) := B(p)R(p)b for peV.

It follows from Lemma 2.3 and the definition of R that ® maps V into h!*%(T"). Given
po € V, we now consider the nonlinear evolution equation in h'**(T') for the operator
®:

(2.5) dep + ©(p) =0, p(0) = po.
A function p: I = [0,T] — h'T%(T) is called a classical Holder solution of (2.5) if
p € C(I,V)NnCHI,hT(T))

and if p satisfies (2.5) pointwise on I. Using this notation it is now easy to state the
following reduction of the transformed problem (2.2).

LEMMA 2.5. Let pg € V be given.

(a) If p is a classical Hélder solution of (2.5), then the pair (R(p)b, p) is a classical
Hoélder solution of (2.2).

(b) Suppose that (v, p) is a classical Holder solution of (2.2). Then p is a classical
Hilder solution of (2.5).

Proof. This follows immediately from the definition of R(p). 0

In order to treat the nonlinear evolution equation (2.5), we first show that ®(p)
depends smoothly on p € V and we provide an appropriate representation of the
Fréchet derivative 0®(p) of ® at p € V. For this we introduce for each p € V the
following linear operators:

K = K(p) i= ~0A(p)[-, R(p)b] € L(h2(T), h(2),
M = M(p) = OB(p)[-, R(p)b] € LB+ (D), ().

Here, the notation dA(p)[h, v] stands for

dA(p) o] = ©

| Alpteho,  he YD), ve BT(Q).
g

e=0

LEMMA 2.6. ® € C¥(V, h*+t*(T)) with

9®(p) = B(p)S(p)K(p) + M(p)

for each p € V.
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Proof. (a) Due to Lemma 2.3, it suffices to show that
[0 R(p)b] € C¥(V,h**(Q))  with  9(R(p)b) = S(p)K (p).

(b) Recall that V is an open subset of h>T®. Let « denote the trace operator with
respect to I' and let

F(p,v) := (A(p)v,yv,Cv —b), (p,v) €V x h*T(Q).
Then it follows from Lemma 2.3 that
F e C¥(V x h*T(Q),h%(Q) x h2T(T) x h*T72(.])).
Moreover, given (p,v) € V x h?t%(Q), we have that
02F (p,v)w = (A(p)w,yw,Cw) and & F(p,v)h = (9A(p)[h,1],0,0)

for w € h?T*(Q) and h € h?T%(T"). Now the assertion follows from Lemma 2.4 and
the implicit function theorem. a

The next two sections are devoted to the study of the linearization 0®(p) of ®.
We will see that it is a nicely behaving operator; i.e., we will prove that —0®(p)
generates a strongly continuous analytic semigroup on h*+*(T).

3. Localizations. Given k € (0,al, let R, := N(T' X (=&, 0]). Then there exists
m :=m, € N and an atlas {(U;,¢;); 1 <1 < m} of R, such that diam(U;) < 2« for
alll € {1,...,m}. Let

S GCOO((—5,5)"71,UZ), le {1,...,m},

be a parameterization of Uy NT. Furthermore, let P := (—§,6)" ! and Q := P x [0, )
and define

o Q — U, (w,7) = si(w) — rv(s1(w)).

Without loss of generality, we may assume that 6 = k and that u; := 90;1 for1 <1<
m. The additional parameter x is introduced to control the size of the chart domain
U;. This fact will be used in section 5 to prove a perturbation result; cf. Lemma 5.1.
Finally, to further economize our notation, we set pu := y;, U := U; and we let

prui=uopu, ueC(U) and pw:=vou t, wvel(Q)

denote the pull-back and push-forward operators, respectively, induced by u. Given
le{l,...,m}, we define local representations A := A; and B := B; of A and B with
respect to (@, p;) by setting

A'p)p™ = p*Alp) and B(u'p)u* = p*B(p), peV,
respectively. To determine the coefficients of A and B, let
i

pi=pri=pup, peV

and put d(w,r) := p(w) —r for (w,r) € Q. In addition, we use the notation

0; =00, 1<j<n—1,  8,:=0,.
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Given 1 < j, k <n —1, define
Wik = (0;5|0ks) + d((0;1* v|0ks) + (Opp*v|0;5)) + d* (0" v|Opp*v).

Clearly, [wj] is symmetric. In addition, observe that [(0;s|0ks)] is uniformly positive
definite on P and that sup|d(w,r)| < 2a. Hence we may assume also that [wjj] is
uniformly positive definite on @, provided a > 0 is small enough. Let w denote the
inverse of [w;;] and let w’* be the components of w. Finally, set

D(w,r) = VP©ONp VP , (w,r) €Q,
(vp)r 1
and let
g 1= 9la(p) = O 0,J0u1"0,), 1<), k<,
denote the components of the metric tensor with respect to (Q, ). Note that

1 lp(w,r) = 0,(u(w, 7)) = s(w) + d(w, r)v(s(w))

since ¢ =1 on u(Q). In addition, observe that d(w,r) = p(w) —r is the function —N,,
in local coordinates. Using the orthogonality relations (9;s|v) = 0 and (9;v|v) = 0,
direct calculations yield the formulas

w0
(3.1) [9jx] = + D
0 O
and
) w —wVp
(3.2) [g7*] =

—(wVp)" 1+ (wVp|Vp)

where [¢7F] is the inverse of [g;x]. From (3.1), (3.2), and the well-known formula
(which essentially is Cramer’s rule)

Gnn = det [gir]1<jh<n - det [¢77] 1<) pcn—1,
one then deduces that
(3.3) G = \/det [gjk]lgyykgn = \/det w1,
Finally, let W denote the uniformly elliptic second-order differential operator acting
on C?(P) which is induced by w, i.e.,
n—1
Wo:=— > w*doho, oe€C*(P).
J,k=1

In the next lemma, we use the following notation: given @ € C®(Q x R x R" ' R)
and o € C1(P), let a(o, Vo) denote the Nemitskii operator induced by a, i.e.,

a(o,Vo)(w,r) :=a((w,r),0(w), Vo(w)), (w,r) € Q.
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LEMMA 3.1. There exist
Qjk, 45, bj € C=(Q X (—a,a) x R"™1 R), 1<j, k<n,
such that
[ar] is symmetric and uniformly positive definite,

(3.4) ~
b, is uniformly positive

on compact subsets of Q x (—a,a) x R™™" and such that

Ap) = i
(3.5)
B(j) = g b; (5, V)0,

a;k(p, Vp)0;0k + Zl a;j(p,Vp)Oj + (W p)on,
=1 =

Proof. Recall that A(p) and B(p) are just the Laplace-Beltrami operator of
(€2,0%n) and the outer normal derivative on I' of (€2, 0%7), respectively, where  denotes
the standard Euclidean metric on R™; see the proof of Lemma 2.3. Hence assertion
(3.4) is obvious, since (A, B) is a representation of (A, B) in local coordinates. The
explicit decomposition of the coefficient of 9,, of A follows from (3.2). O

We close this section by determining the local representations of K(p) and M(p)
according to the parameterization (@, p). In order to do this, we introduce

K := K(p) i= —DARD) w* (R(p)B)] € LW (P), h*(Q)),
M = M(p) := 0B(3)[-, u* (R(p)b)] € L(h+2(P), h1+(P))

for each p € V.
LEMMA 3.2. Given p € V, we have

W K(p)=K(p)p~  and  p*M(p) = M(p)u".

Proof. Fix p € V. To shorten our notation, we write v := R(p)b and h = w*h for
h € h*T%(T"). Then we have

p*K(p)h = p9A(p)[h,v] = p*A(p + h)v — p* A(p)v + o(h)

= A(p+h)prv — A(p)pv + o(h)
= QA(p)[h, o]
= K(p)u*h
as h — 0 in h2**(I' N U;). The second assertion can be proved analogously. a

LEMMA 3.3. There exist
Ei’ ijCOO(QX(_a7a)XRn*17R)7 j:O7"'7n_17
such that

n—1
Kh = =0, (1" (R(9)D)]Wh + > k;(p, Vp)sh + ko(p, Vi)h,
j=1
n—1

Jj=1
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for each h € h?T*(P). Here again, k; and m; denote the Nemitskii operators induced
by k; and m;, respectively.
Proof. The above assertions follow easily from Lemma 3.1. d

4. Fourier multiplier operators. In this section we are concerned with lin-
ear differential operators having constant coefficients, obtained by freezing the local
representation (A, B) of (4, B) at p € V and at 0 € Q. These operators are used to
associate a Fourier multiplier operator G; to the Fréchet derivative 0®(p) of ® at p.

Throughout this section we fix p € Vandl € {1,...,m,}. Of course, all operators
appearing in this section will depend on the choice (p,1). However, we will suppress
this dependence throughout this section. Let H™ = R"™* x (0, 1) denote the truncated
half-space in R"™, and let o denote the restriction operator from H" to R" ™! x {0} =
R"™™ . Moreover, we set

(41) W= an@O), B =b(0), 1<) k<n,
and we define the following linear differential operators with constant coefficients:
Ao == Z a?kajé)k, BO == Zb(;’}/oaj
Gik=1 j=1

Furthermore, let

n—1
g 0 0 0 ¢jek -1
a = (ah,” . ,a(n_l)n)7 ap ‘= Z ajkfjf 5 f S Rn s
Jk=1

and define for fixed £ € R™ ! the following parameter-dependent quadratic polyno-
mial:

qe(2) =1+ aop(§) + 2i(a@lé)z — ab,2% 2€C.

Since the matrix [a7,] is positive definite, it follows that, given £ € R™™!, there exists

0
J
exactly one root A(&) of g¢(-) with positive real part, which is given by

i(al 1 ~
A§) = Elom T 40 Vad, (1+ ag(€)) — (@)
Finally, we set
b= (0,00 ), = (md,...,mo ).

In the following, F and F~! denote the Fourier transform and the inverse Fourier
transform, respectively, in R"~!. We are now ready to introduce the following Fourier
multiplier operators, acting on functions defined on R" ™!,

(4.2) Tog(z,y) == [F e XV Fgl(),
where g € h2t*(R"™!) and (z,y) € H". Moreover,

1

(43) SOh(xa y) = f71(1 - ei/\(.)y) 1+ aO(')

(),
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for h € h*(R™ ') and (x,y) € H™. Then it can be shown that

To € L(h3Fo(R"), h+e (H™)),

(4.4)
So € L(h*(R"™H), k2T (H™));

see Appendices A and B in [12]. Next note that the function uw = 7Zog solves the
elliptic boundary value problem

(I1+Ag)u=0 in H", Yu=g on R"1
whereas v = Sph is a solution of

(I1+Ag)v=h in H", Yv=0 on R"

where we use the same notation for the extended function h(z,y) := h(z), (z,y) €
H™ =R""! x (0,1). In addition, we define

kO = (0" (R(p)D)])(0),

(4.5) i* . _
wy” = wl®(0), 1< k<n-—1.

Note that (8, [u*(R(p)b)])(0) = — (9, [R(p)b])((0)). Hence, it follows from (2.3) that
kO is positive. Given h € h?T*(R™™1), let

n—1

(4.6) (Koh)(z) = —k® |1 = > wi’0;0, | h(z), zeR"".
Gk=1

It is then obvious that

(4.7) Ko € L(h*T(R™ 1), h(R™1)).

Similarly, we set m) :=m;()(0) and define
n—1
Moh:=>>"ml0;h,  hehTR.
j=1

Now let ¢ € [0,1] be given and set
Gt :=t(BoSoKo + Mo) + (1 — t)ByTp.

Observe that G; € L(h2T*(R™ 1), pMHe(R" 1)) for t € [0,1], as (4.4) and (4.7) show.
Since Ky and M are the principal parts of X and M, respectively, with coefficients
fixed at p € V and at 0 € @, the operator G; may be considered as the constant
coefficient operator of the principal part of 0®(p). The operator BT is called the
Dirichlet—-Neumann operator. Hence Gy is the constant coefficient version of the lo-
calization BT of BT} see also [11]. We should mention that we slightly modified the
concepts and notations as introduced in [11] and [12]. However, an inspection of the
proofs given in [12] show that formula (4.4) can be proved in the same way by using
Fourier multiplier results in Holder spaces; see [12, App. A.]. We can now prove the
following result.
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LEMMA 4.1. Givent € [0,1], the operator G; is a Fourier multiplier operator with
symbol g; i.e., Gy = F g, F where

(1+ wh&;8)

,_ _ 0
91(6) = b%A(g){u Dot

}—I—z’{((t — )b+ tiif€)}

for all € € R" 1.
Proof. (a) In a first step we provide a representation of SoKy. It is an immediate
consequence of (4.6) that the Fourier transform of Koh is given by

(FRoh)(€) = k" (1+ wf&;€) (FR)(€)
for h € K>T*(R"!) and ¢ € R"*. Now it follows from (4.3) that

(1+w)&)

(4.8) (FSoKoh)(&,y) = —(1 — e XK T +ao(6)

(Fh)(&),

where £ € R" ! and y € (0,1).
(b) Observe that v90;u = d;vou for u € h*T*(H™) and j = 1,...,n — 1. Hence
(4.8) yields

1+ wie;er)

_ (
(4.9) BoSoKoh = F~1 W2 A(&)K 1+ a(£)

Fh| .

From formula (4.2) we infer that
b)v00;To = F € v ibJE,]F, j=1,...,n—1,

and

b2 00,To = —F LN F.
Hence we find that
(4.10) BoTo = F € — W) A(E) — i(b&))F,
Finally, it is clear that
(4.11) Mo = FHE — i(m|€)]F.

Combining (4.9)—(4.11), we get the assertion. O

As a first consequence of Lemma 4.1, we show that —G; generates for each t € [0, 1]
a strongly continuous analytic semigroup on h't*(R™™!). To make this precise we
need a few definitions. To begin with, assume that a, > 0, ¢ > 0 and let

EUSY () = {a € C®(R" ! x (0,00)) ; a is positively homogeneous
of degree o, all derivatives of a are bounded on |£]? + p? =1,

and Rea(&, 1) > a (€12 + u2)7/2, (6, 1) € R" x (0,00)}.

Given two Banach spaces Ey and F; such that Fj is continuously and densely embed-
ded in Ey, let H(E1, Ey) denote the set of all A € L(E1, Ey) such that — A, considered
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as an unbounded operator in Fy, generates a strongly continuous analytic semigroup
on Ey. It is known (see Remark I.1.2.1(a) in [2]) that A € L(E4, Ep) belongs to
H(E1, Ey) if there exist positive constants C' and A, such that

A + A € Isom(Ey, Ep),

(4.12)
Azllz + (2]l 2 < ClA+ A)zlle,, =€ By, A€ [Rez > A

THEOREM 4.2. Suppose that (2.3) holds. Then
G € H(PPT R, R TR Y),  te0,1].

Proof. (a) Basically, the idea is to use Lemma 4.1 together with appropriate
results on Fourier multipliers to verify the generation property of G;. Having this
intention, it is well known that homogeneous symbols are much easier to handle.
Hence, in a first step we introduce a parameter-dependent version of the symbol g;,
which is positively homogeneous of degree 1. Given (&, 1) € R"! x (0,00), let

Ms>:‘“ o Va4 () - @10
and r(&, u) = Re(A(&, p)). Then we set

(1 + w"¢&x)
w2+ ao(§)

for (¢,p) € R"™! x (0, oo ) and t € [0,1]. Obviously, g:(-,1) = g:. Moreover, it is
clear that gy € C*° (R" x (0,00),C) and that each g; is positively homogeneous of
degree 1. In addition, it is easily verified that all derivatives of a are bounded on
€* +p? =1

(b) Observe that k° > 0, thanks to assumption (2.4) and (2.3). In addition, we
know from (3.4) and (3.5) that a2, > 0 and b2 > 0. Furthermore, there exist positive
constants K and r, such that

12 +ag(€) S K2+ €%, (& p) > ro/p? + €2

for all (¢, 1) € R™ ™! x (0,00). The first estimate follows immediately from the defini-
tion of ag. The second one is a consequence of the ellipticity of [a;x]i1<;k<n. Finally,
recall that w is uniformly positive definite; see section 3. Hence there is a positive
constant w, > 0 such that (,uQ—&—wékgjgk) > w, (p?4|€]?) for all (€, ) € R" ™ x (0, 00).
This leads to an estimate

(1% + wje;€r)
w2+ ao(§)

12 2
+1¢1%)
/i +lep{ 1 - >+m0(
v K(p? +¢]?)
OO/ 1% + [E2{(1 — 1) + th.},
where k, := kK"K ~'w, > 0. Now, letting
Q1= r*bgmin{l,k*} >0,

Re g¢(§, p) = b?ﬂ"(f,u){(l — ) + tk°

Y

Y

we find that g; € EIIST° () for all ¢t € [0, 1]. Now the assertion is implied by a general
result due to Amann, which in particular states that given a € ElIS° () and po > 0;
it follows that a(-, o) € H(R*T*(R™ 1), AR 1)); see [3]. 0
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5. Perturbations. In this section we prove that, given p € V, the linearization
—0®(p) of —® at p generates a strongly continuous analytic semigroup on h'T<(T).
The main technical tool is a perturbation result contained in Lemma 5.1. To state
this result we need some preparation. First let

9% (p) = t9D(p) + (1 — ) B(p)T(p)

for p € V and t € [0,1]. Obviously, 9®;(p) is a convex combination connecting 9P (p)
and the Dirichlet—Neumann operator B(p)T'(p); see [11].

Next, given k € (0,a], choose smooth test functions ¢, € D(U;) such that
{(U, ) ; 1 <1 < my} is a partition of unity on R,; see section 3 for the defini-
tion of R,. Call such a family {(U;,v¢;); 1 <1 < m,} a (finite) localization sequence

for R,. Moreover, we fix &; € I" such that ; € U;, [ = 1,...,m,;. We may further
assume that @ (0) =&, for I =1,...,m.
To economize our notation, the symbols |- |s and || - ||s are exclusively used for

the norms in A*(R™™1) and h*(T), respectively.

Finally, throughout this section we fix p € V and g8 € (0, ).

LEMMA 5.1. Given e > 0, there exists k € (0, a], a localization sequence {(Uy,¥;);
1<l <m} for R, and a positive constant C := C(p, e, k) such that

|17 (010®:(p)h) = Gilp, D (Yuh) e < lpi (Y1h) |20 + CllAll21s

for allh € K>T(T), 1 € {1,...,m,}, and t € [0,1].

Proof. (a) We fix p € V, | € {1,...,m,} and suppress the pair (p,l) in our
notation. Moreover, given € > 0 and S € (0, «), we only show explicitly the existence
of a positive constant C' such that

(W (YBSKR) — BoSoKop™ (Yh)|14a < €lp” (Vh)|24a + Cllhll2+s

for all h € h?*%(T"). The remaining two terms

| (Y BTh) — BoTop™ (Vh)|11a, | (W Mh) — Mop™ (Yh)|1+a

can be estimated similarly (and are even easier to handle). Our argumentation fol-
lows the proof of Lemma 6.1 in [12] and uses in particular obvious generalizations of
Lemmas 6.5, 6.6, and 6.7 in [12] to the n-dimensional case.

(b) Choose a smooth test-function x € D(U) such that x|supp(y) = 1. Then we
have

Y BSK — BoSoKop™tp = " xBSK1p — BoSoKop™ x1p — u*x[BSK, 9],

where ¢ and x also denote the linear operators induced by pointwise multiplication
by ¢ and x, respectively, and where [A, B] := AB — BA denotes the commutator of
A and B. Tt follows, essentially from Leibniz’ rule (see Lemma 6.5(b) in [12]), that
there exists a positive constant C such that

IIBSK,Ylhll1+a < Cllhll2+s,  h e r*F(D).
Hence, it suffices to estimate the operator

W xBSK — BoSoKop™x.
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In addition, we split that operator in the following way:

(5.1) w*xBSK — BySoKou"x = u*xBSK — Bou" xSK + Bo{p* xS — Sou" x} K
+ BoSo{ " XK — Kop™ x}-

(c) Let us start with the first term p*xBSK — Bou*xSK. Again, by Leibniz’ rule,
the commutator [1*x, By] can be estimated as

(5.2) [ x; Boluli+a < Clulita,m7, u € h*H(H™).

Thus we are left to control the operator p*xB — (u*x)Bou*. By the definition of B
we get the formula

(5.3) pxB — (W x)Bop™ = (W x){B— Bo}tu".
But, as in [12, Lemma 6.7(a)], we find positive constants C' and Cj; such that

(5.4) [(*x){L + Ao — A} () |a,mrn +(0*X){B — Bo}(1*v) 144
< Cr'™vll2a,0 + Crllvlli a0

for all v € h?T%(Q). Finally, observe that

(5.5) S e L(h(Q),h*(Q), K e LK(T),h7(Q))

for v € [8, a] and that

(5.6) p* € DIff ©(R*T*(T N U), h*T(P)).

Combining (5.2)—(5.6), we can find a k1 € (0, a] and a positive constant C' such that
* * € x
(5.7) " (XBSKg) = Bow” (xSKg)l1+a < 117 gl2+a + Cllgll2+s

for all g € 2T N V).
d) In a next step we estimate the operator p*xS — Sou*x. To achieve this, we
BoX X
use the representation

(5.8) xS — Sop* x = So{[ Ao, w* x]u* S + (W x){1 + Ao — A}p* S},

which follows from Lemma 6.6 in [12]. Again, the operator [Ag, u*x] is of lower order
in the sense that there exists a positive constant C' such that

(59) |["40’ M*X]u‘a,é S C|u|1+a,é ? u E h1+04(Q°)

Hence, it follows from (5.4), (5.5), (5.6), (5.8), and (5.9) that there is a k3 € (0, a]
such that

* * €1«
(5.10) 1Bo{1* (xSKg) — Sop* (xKg) }Hi+a < S 1 glo e + Cllgllats

for all g € 2T NU).
(e) From Lemma 3.2 we know that

XK — Kop™x = (" XK — Ko™ + [ x, Ko]u™



Downloaded 04/28/15 to 129.59.223.219. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

CLASSICAL SOLUTIONS OF HELE-SHAW MODELS 1045

But here again, it follows from Leibniz’ rule that there is a C' > 0 such that
(5.11) ¥ X, Kolp*gla,mn < Cllglitas g € B*H(TNU).

Finally, we infer from Lemma 6.7(b) in [12] that there are positive constants C' and
C. such that

(5.12) | XK — KO}gla,H” < “1_a0|:u*9‘2+04 + Crllglli+a

for all g € R2T(' N U). Since BoSy € L(h*(H™), h1T2(T)), we conclude from (5.11)
and (5.12) that there is a k3 € (0,a] and a C > 0 such that

* * €«
(5.13) |BoSo{1*xK — Kop x }gli+a < 3|M gl2+a +Cllglla+s

for all g € h>T*(I'NU). Now, letting x := min{x1, k2, K3}, the assertion follows from

(5.7), (5.10), and (5.13). 0
THEOREM 5.2. We have

0, (p) € H(R*T*(T), A1 T(T)), peEV, telol1].

Proof. (a) In a first step we provide a parameter-dependent a priori estimate for
0P.(p). To begin with, we know from Theorem 4.2 that there are positive constants
A1 and C4, independent of k € (0,a] and [ € {1,...,m,}, such that

(5.14) 9l2+a + [Allgl1+a < C1l(A+Gi(p, 1)) 9|14

for all g € R2T*(R™ ™), A € [Rez > \y], and I € {1,...,m,}. Furthermore, Lemma
5.1 guarantees the existence of positive constants k, Cs, and a localization sequence
{(Ui, 1) ; 1 <1< my} such that

1

|1 (¥1024(p)h) = Gelp, i (i) 11 <
1

I (Vih)|24a + Cal|lhll245

for all h € R2T(T), 1 € {1,...,m,}, and t € [0,1]. Consequently, it follows from
(5.14) that

|17 i) |2+at [Alpg (Vi) |1 4a

(5.15)
< 200 {|gj (Lu(A + 0®4(p))h) i+ + Col|hlla1s}

for all h € h2T*(T"), A € [Rez > M), L € {1,...,m,}, and t € [0,1]. Next observe
that

[h = 1512@ |17 (¢lh)\k+a]

defines an equivalent norm on h**%(T"), k = 1, 2, due to the fact that the family

{(U, 1) ; 1 <1 < my} is a localization sequence for R,; see [24]. Hence (5.15)
implies the existence of a positive constant C such that

C
(5.16) hllz+a + [AAll1+a < o 1A+ 02(p))hll1+a + CliAl245

for all h € R***(T"), A € [Rez > A, and ¢t € [0, 1].
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Finally, let (-,-)j ., denote the continuous interpolation functor of Da Prato and
Grisvard; see [6]. It is known that

0

(5.17) R*A(D) = (hHa(r),h2+a(r))1_a+ﬁm.

Hence there exists a positive constant C3 such that

1 (o7
Wllass <y lbllzva+ Collbllpa, b€ A+ (T).
Now we conclude from (5.17) that
(5.18) 1Bll2+a + [AlllAll14+a < ClI(A+ 0¢(p))hl1+a

for all h € h?T*(T'), A € [Rez > A, and t € [0,1], where we have set A\, =
2max{A\;,CCs}.

(b) In view of (4.12) and (5.18), it remains to prove that 0®;(p) is surjective for
each ¢t € [0,1]. Moreover, since the estimate (5.18) is uniform in ¢t € [0, 1], a well-
known homotopy argument (see Theorem 5.2 in [17]) implies that it is sufficient to
prove that O®q(p) is onto. Thus, let g € h*T%(T") be given. Then we find, as in the
proof of Lemma 2.4, a unique v € h?*%(Q) such that

(5.19) (A(p), Ay + B(p), C)v = (0,4,0).

The first and the third components of this identity imply that

T(p)yvo = (A(p),7, B(p)) " (0,70,0) = v;

see section 2 for the definition of the operator T'(p). Now, putting h := yv € h?T(T),
the second component of (5.19) gives

(A + B(0)T(p))h = (\v + B(p))v = g,

which completes our argumentation. 0

Remark 5.3. Let p € V be given. Then the proofs of Theorems 4.2 and 5.2
show that —O®(p) does not generate a strongly continuous semigroup on h'T(I) if
b € h¥+2=%(.J)\{0} is nonpositive. Hence, for such b, the linearized evolution equation
for the moving boundary

Oro + 0P (p)o =0, o(0) = o9

is not well posed in A'*%(T) in the sense of Hadamard.

Proof of Theorem 1. Let py € V be given. Thanks to Lemmas 2.2 and 2.5 we only
have to prove the existence and uniqueness of a classical Holder solution of (2.5). To
show this, fix 8 € (0,«). Then it follows from Theorem 5.2 that

02 (p) € H(K*F(1), hITY(I)), peV, 7€ [B.al.

From this and the known fact that little Holder spaces are stable under continuous
interpolation one finds that

(5.20) 0P (p) € My (h*T(T), A1 T(T)), pEV,

where M (F1, Ey) denotes the class of all operators in L(E1, Ey), having the property
of maximal regularity in the sense of Da Prato and Grisvard [6]; see also [4] and [23].
The assertions now follow from Theorem 2.7 in [4].
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