On the Rayleigh-laylor Instability for the
Two-phase Navier-Stokes Equations

JAN PRUSS ¢ GIERI SIMONETT

ABSTRACT. The two-phase free boundary problem with sur-
face tension and downforce gravity for the Navier-Stokes system
is considered in a situation where the initial interface is close to
equilibrium. The boundary symbol of this problem admits ze-
ros in the unstable halfplane in case the heavy fluid is on top
of the light one, which leads to the well-known Rayleigh-Taylor
instability. Instability is proved rigorously in an L,-setting by
means of an abstract instability result due to D. Henry.

1. INTRODUCTION

Of concern is the motion of two immiscible, viscous, incompressible capillary
fluids, fluid | and fluid,, that occupy the regions

Qi(t) = {(x,y) eR"XR: (-1){(y — h(t,x)) >0, t =0}, i=1,2.
The fluids are separated by a sharp interface
I(t) ={(x,y) eR"xR:vy =h(t,x), t >0}

with an unknown function h that needs to be determined as part of the prob-
lem. The motion of the fluids is governed by the incompressible Navier-Stokes
equations with surface tension and downforce gravity and reads as follows, where
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i=1,2;
(pi(0ru + (W - VIU) — uiAu + Vq = —piyaen+1 in Qi(t),
divu =0 in Q;(t),
—[S(u,q)v] = okv onT(t),

(1.1) 1[ul=0 onT(t),
V=u-v onI'(t),
u(0) = ug in Q;(0),
[T(0) = I,.

The constants p; > 0 and p; > 0 denote the densities and the viscosities of the
respective fluids, o stands for the surface tension and y, is the acceleration of
gravity. Moreover, S(u, q) is the stress tensor defined by

S(u,q) =pi(Vu+ (Vu)") —ql  in Q;(t),

and [v] = (v, = Vig, o) Ir(t) denotes the jump of the quantity v, defined on
the respective domains Q;(t), across the interface I'(t). Finally, k = k(t, -) is the
mean curvature of the free boundary I'(t), v = v(t, ) is the unit normal field on
[(t),and V = V(t,-) is the normal velocity of I'(t). Here we use the convention
that v(t,-) points from Q;(t) into Q,(t), and that k(t,x,y) is negative when
Qq (t) is convex in a neighborhood of (x,y) € I'(t). System (1.1) comprises the
two-phase Navier-Stokes equations with surface tension subject ro gravity. In order to
economize our notation, we set

P = PiXa,it) T P2Xa,tyy M= HMiXg, ) T H2Xq, (1)

where x denotes the indicator function. It is convenient to introduce the modified
pressure 4 = q + pYay. With this convention system (1.1) can be recast as

(p(Oru + (U -V)U) —puAU+Vqg =0 in Q(t),
divu =0 in Q(t),
—[S(u,q)v] = okv + [plyayVv onT(t),

(1.2) 1ul=0 onI['(t),
V=u-v onT'(t),
u(0) = ug in Qg,
L[(0) = T.
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Given are the initial velocity ug : Qo — R™"! with Qg = Q;(0) U Q,(0)
as well as the initial position Iy = graph(hg). The unknowns are the velocity
field u(t,-) : Q(t) - R™*! the pressure field 4(t,-) : Q(t) — R, and the free
boundary I'(t), where Q(t) = Q;(£) U Q,(f).

In case that Q; (t) is a bounded domain, y, = 0, and Q,(t) = @, one obtains
the one-phase Navier-Stokes equations with surface tension, describing the motion
of an isolated volume of fluid. For an overview of the existing literature in this
case we refer to the recent publications [17,19-21].

The motion of a layer of viscous, incompressible fluid in an ocean of infi-
nite extent, bounded below by a solid surface and above by a free surface which
includes the effects of surface tension and gravity (in which case Qo is a strip,
bounded above by Iy and below by a fixed surface Ij) has been considered by
[1-3,20, 23, 24]. If the initial state and the initial velocity are close to equilib-
rium, global existence of solutions is proved in [2] for o > 0, and in [24] for
0 = 0, and the asymptotic decay rate for t — oo is studied in [3]. We also refer
to [5], where in addition the presence of a surfactant on the free boundary and in
one of the bulk phases is considered but gravity is neglected.

Previous results concerning the mwo-phase problem (1.2) with y, = 0 in the
3D-case are obtained in [7-9,22]. In more detail, Densiova [8] establishes ex-
istence and uniqueness of solutions (of the transformed problem in Lagrangian
coordinates) with v € WZS’S/ Zfors € (%,3) in case that one of the domains
is bounded. Tanaka [22] considers the two-phase Navier-Stokes equations with
thermo-capillary convection in bounded domains, and he obtains existence and
uniqueness of solutions with (v, 0) € w; SI2fors € (%, 4), with 0 denoting the
temperature.

Here we are interested in the situation where I is close to a hyper-plane, say
R™ x {0} with n = 1, i.e., [y is a graph over R", given by a function hy that is
small in an appropriate norm. Then it is natural to transform the problem to a flat
fixed interface, and solve the resulting quasilinear evolution problem. Our basic
well-posedness and regularity result for problem (1.2) reads as follows.

Theorem 1.1. Fixp > n + 3 and let
(10, ho) € Wp 2P (Qo, R 1) x W /P (R™)

be given. Assume that the compatibility conditions

(1.3)

divig =0 in Qq,
[uDovo — 1 (vo - Dovo)vo] =0, [uo] =0 onTy,

are satisfied, where Dy = (Vug + (Vug) "), and vy is the unit normal field on Ty.
Then for each a > 0 there exists n > 0 such that for
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”uOHW,g_Z/V(QO) + ”hO”WIZ_Z/p([R") <n,

there exists a unique classical solution (u,q,T) of problem (1.2) on (0,a). In ad-
dition, M = Ureo.a)({t} X T(t)) is a real analytic manifold, and the function
(U,q) : O = R"2 is real analytic, where © = Ureo,a) (1t} X Q(1)).

Proof- This result is proved in [17] in case that y; = 0. The proof given there
extends to the case y,; > 0, as the additional term [p]lyah on the interface is of
lower order. Actually, in Section 6 we shall give a different existence proof based
on the implicit function theorem. O

We mention that system (1.2) has also been analyzed in [18] for initial data that
are not necessarily close to equilibrium. More precisely, it is proved in [18] that
(1.2) admits unique solutions (on a possibly small time interval) that have the
same regularity properties as above, provided ||Vhg|l« is small enough.

It is the purpose of this paper to prove mathematically rigorously that the
trivial solution (u, h) = (0,0) of problem (1.2) is unstable in the state manifold
SM, to be defined below, in an L, -setting in case that the heavy fluid overlies the
lighter one, i.e., if p» > p1. This is the Rayleigh-Taylor instability which is well
known in Physics and Hydrodynamics, cf. [4,06,11, 14] and the references given
there. The Rayleigh-Taylor instability manifests itself in the way that any distur-
bance of the equilibrium solution (u, h) = (0,0) will grow to produce spikes of
the heavy fluid moving downward and bubbles of the light fluid moving upward.
The precise statement of our main result is as follows.

Theorem 1.2. Ler p > n + 3. Suppose that p1, p2, M1, M2, O, Ya > 0 are con-
stants and py > py. Then the trivial equilibrium (w,h) = (0,0) is L,-unstable.
More precisely, there is a constant gy > 0 such that for each 6 > 0 there are initial

values
(10, ho) € Wy "7 (Qo, R™ 1) x W 2P (R™),

subject to the compatibility conditions (1.3) in Theorem 1.1 with

||u0||W;—2/n + ||ho||W3—2/n <0
such that the solution (u, h) for some to € (0, a] satisfies

(o) lly2-2m + IR (E) llyy 32 = Eo-

Our method depends on the proof of Theorem 1.1 presented in [17], as well
as on an abstract instability result for iterates of a mapping due to Henry [12],
applied here to the Poincaré map or time-one-map of the system. To verify the
assumptions in Henry’s result we show that the boundary symbol s(A, T) admits
zeros (Ao, To) in the unstable half-plane in case p, > p; and prove that such a
zero induces the spectral values Ag for the linearized operator of the problem at
the trivial equilibrium.
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2. REDUCTION TO A FLAT INTERFACE AND LINEARIZATION
The nonlinear problem (1.2) can be transformed to a problem on a fixed domain
by means of the transformations
v(t!x!y) = (ull L] -sun)(t:x:y + h(tlx))!
w(t,x,y) =un1(t,x,y + h(t, x)),
m(t,x,y) =q(t,x,y + h(t,x)),
where t € J = [0,a], x € R", ¥ € R, ¥ # 0. With a slight abuse of notation

we will in the sequel denote the transformed velocity again by u, that is, we set
u = (v, w). With this notation we obtain the transformed problem

(p Ootu — pAu + V1t = F(u, 1, h) in R+
divu = F4(u, h) in R
—[uoyv] = [uVxw] = Gy (u,h) on R",
—2[puoyw] + [r] = (A + [p]lya)h = Gw(u,h) onR",

20 | ur=o0 on R™,
ath—w|y:0 =H(u,h) on R™,
u(0) = ug in R+
[n(0) = ho,

for t > 0, where ’
R™! = {(x,y) €eR*"xR:y +0}.

More details on this transformation, on the nonlinear right hand sides, can be
found in [17]. Here we should point out, however, that the definition of G, in
this paper differs from that in [17] in the following way: solving the second line
of formula (2.7) in [17] for [17]] and substituting the result into the expression for
G, in formula (2.8) of [17] results in

(22) Gy(v,w,h) = —[u(Vxv + (Vxv))]Vh + |Vh|* [ud,v]
+ {[uoyw] — (IVA| [uVxw]) + Vh|? [udyw]} Vh.
Thus the quantity [17] can be eliminated in the nonlinearity G .

The linearization of (2.1) at (u, h) = (0, 0) leads to the linear inhomogeneous
problem
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(pOiu — uAu + V1 = f in R+
divu = fy in R+,
—[uoyv] = [uViw] = go on R",

2.3 | —2[poyw] + [rr] — (6dA + [plya)h = gw on R",
[u] =0 on R",
oth —wly—0 = gn on R™,
u(0) = ug in R+
[ n(0) = hy.

We are interested in the regularity class

u € Hy(J;Lp (R, R"™ 1)) n L, (J; H (R™, R" 1)),

A e g,

where J = [0,a]. In the following, wp denote as usual the Sobolev spaces if
m € Z. For non-integer s, W, are the Sobolev-Slobodeckii spaces, and Hj, the
Bessel-potential spaces. For K € {H, W}, by K;, we mean the homogeneous ver-
sion of K3,. Note that H =W, for integer values of s, but that in general these
spaces are different. We refer to [17, Section 2] for more details.

If we assume a solution in the class (2.4), then for the right hand sides f and
Sfa we necessarily have f € L, (J x R*"!, R"*1) and

fa € Hy(J;H,'(R™1) 0 L, (J; Hy (R™1)),

since the operator div maps L, into H,'. By trace theory we necessarily have
2-2/p :
ug € Wp P (Rn+1, R1+1Y, and the lateral trace of u belongs to

Yo = Wy (B Ly (R R™) A Ly (J; Wy P (R, R,
and that of 9ju to
Y= WL, (R RYD) A Ly (s Wy P (R, R,
see for instance [10]. Therefore gy € Y7, and if in addition
[r] € W72 (L (R™) n Ly (W P (R™M),

then we also have that g, € Y. Here and in the following, 1/2p means 1/(2p).
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Concerning the regularity of the height function h, we note that the equation
for h lives in the trace space Yy, hence naturally h should belong to

hewy PP (J;L,(RM) 0 HL (s Wy P (R™)).

On the other hand, the equation for the normal component of the normal stress
lives in Y3, and contains the term Ah, hence h should also belong to the space

Ly (J; ngl/p (R™)). These considerations lead to the following natural space for
the height function h

hewy P(L,(RY) nHY(We P (R™) 0 Ly (W /P (R™M).

This then implies gy € Yo, as well as hg € W;*'" (R") by trace theory. Our next
theorem states that in this setting, problem (2.3) admits maximal regularity; the
described regularities of the data are also sufficient. In particular, the solution map
defines an isomorphism between this space of data and the solution space defined
above.

Theorem 2.1. Ler 1 < p < o be fixed, p + %, 3, and assume that 0, Ya, Pi,
and i are positive constants for i = 1, 2, and set ] = [0,al. Then the instationary
Stokes problem with free boundary (2.3) admits a unique solution (w, 1v, [1], h) with
regularity

u € Hy(J; Ly R™,R™1) 0 Ly (J; Hy (R™, R™),

T € Ly (Js HL (R™1)),

[rr] € Wp' > 2P (3L (R™) N Ly (J; Wy P (RM)),

hew, P(L,R™) n HY(Wp P (R™) N Ly (W /P (R™)

if and only if the data (f, fa, g, Gn, Wo, ho) satisfy the following regularity and com-
patibility conditions:

(@ f € Lp(J;Lp(R™,RMHD)),

(b) fa € H),(J; H,'(R™ 1)) n L, (J; H) (R™*1)),

© g = (gv,gw) € Wp" P (J;Ly (R™, R™) A L, (J; Wy /P (R™, R™1)),
(d) gn € Wp PP (L (RM) N Ly (Js W P (RM)),

(€ uo € Wy PRI, R, hy € Wy /P (RM),

() divig = £4(0) in R"*1 and [ug] = 0 on R™ if p > 3,

(g —[Moyvo] — [UVxwo] = gu(0) on R™, if p > 3.



1860 JAN PRUSS ¢ GIERI SIMONETT

The solution map [(f, fa,9,9Gn, uo, ho) — (u,,[1t],h)] is continuous between
the corresponding spaces.

Proof. For a detailed proof of Theorem 2.1 in case ys = 0 we refer to [17].
The proof carries over to the case yz > 0 since the term [p]yah is of lower order.
The only change occurs in the boundary symbol s(A, |€]); see Section 3. O

We also need a corresponding result for the stationary Stokes problem

(pAsu — pAu + V1T =0 in R*1,
divu = f4 in Rn1
(2.5) 1=[poyv] - [uVxw] =gy onR",
—2[poyw] + [7] = guw on R",
[u] =0 on R",

where A, > 0 is fixed. It reads as follows.

Theorem 2.2, Let1 < p < o be fixed, and assume that 0, ya, pi, and [ are
positive constants for i = 1,2, and that Ay > 0. Then the stationary Stokes problem
(2.5) admits a unique solution (w, 1t, [10]) with regularity

ue ngz/p(RnJrl;anJrl), = W;*z/p(Rn+l)’ [[Tl']] c W;f3/lﬂ([Rn),

if and only if the data (f, fa, g, gn) satisfy the following regularity conditions:
(@) fae Wy P@R"™) 0 H, (R,
(b) g = (gv,gw) € Wp P (R R,
The solution map [(fa,g) — (w, T, [1])] is continuous between the corresponding

SP&ZCK.V.

Proof. Necessity is obtained by trace theory. To prove sufficiency, we can use
the same reductions as in [17], Sections 3—4, with the notable difference that here
we only need to consider the stationary case with Ay > 0 a fixed parameter. O

3. ZEROS OF THE BOUNDARY SYMBOL
As shown in our paper [18], the boundary symbol of the linear problem is given
by

O_|§|2 - [p]])/a
(p1+ p2)A/IEl +4nin2/ (N +n2)°

(3.1) SAIED) =A+
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Here A denotes the co-variable of time ¢, and & that of the tangential space variable
x € R™, and we employed the abbreviations

wj = APjA+uilE12,  ni= JHiwy + wll, n2 = Jihws + gl

The boundary symbol s(A, |€]) has been studied in detail in the papers [16,17] in
case Y, = 0, and in [18] for y, > 0. It has been shown in [18, Remarks 3.2 (b),
(c)] that s(A, T) does not admit zeros (A, T) # (0,0) with ReA > 0and T = 0
in case p2 < p1, i.e., in the stable case. On the other hand we have the following
result.

Proposition 3.1. Suppose py > p1 > 0 and py, k2,0, Ya > 0 are constants.
Then for each & € R™ with

0 < &l < T« = (ya[p]/o)?

there is A(1E]) > 0 such that s(A(1E]),1E]) = 0. Every zero of s(A,|E|) with
ReA = 0 s real.

Proof. Note first that s(A,0) # 0 unless A = 0, hence we may assume § # 0
below. It is convenient to the use the scaling = A/T? where T = || € (0, ).
By a slight abuse of notation we set

w;(C) = \p;CT+uj, ni(C) = Juiwi(T) + o,  n2(C) = Jowa(T) + py,

and obtain
S(A,T) = T2(C + w(T)k(D)),
where ( \
_ o _ 2= pP1)Ya
v = (p1+p)T  (p1+p2)T3
and
1 4 4 N1(C)n2(C)
k(2) p1+p2 Mm(C) +n2(0)°

Thus (A, T) is a zero of s if and only if (T, T) satisfies § + @ (T)k(T) = 0. It has
been shown in [16] that argk(Z) € (-1/2,0] if argC € [0, 7r/2]. This implies
that for ReC > 0, € # 0, we have T + ¢(T)k(C) # 0 if either T = T4 or C is
non-real. Thus we need to show that for T € (0, T) there is a a zero (1) > 0
of T+ ¢(7T)k(T) = 0. But the function ®(T) = T/k(T) is nonnegative and
strictly increasing for € > 0, it is zero at £ = 0 and behaves like £? as T — oo,
hence ®(0, 0) O (0, 00). On the other hand, since —y is decreasing on (0, T+)
and —@(0,T«) = (0,0), we see that for each T € (0, Ty) there is a unique
C(T1) > 0 such that (L (7)) = —y@(T), i.e., (C(T),T) is a zero of the function
C + @(T)k(T), which yields the zeros (L(1€)I€1%,&) of the boundary symbol
S(A,[E]). O
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The critical value T« = /[p]ya/0 is known as the cutoff wave number in the

literature, cp. e.g. [11]. Note that ®(T) ~ C? as C — oo, while ®(C) ~ C/k(0) as
C — 0. This gives the asymptotics

- [p]]Ya -3/2 =0
¢ \/(Pl""pz)T T 0

C(T) ~c(Te — 1), T — Ty,

with ¢ = 20k(0)/(p1 + p2) T2, which implies for A(T) = T2C(T)

| [elya 1)
AlT) ~ |42 - 0;
() (p1 + pz)T T

A(T) ~

(T4 —T), T — Tx.
Mmo+py *

Thus A(T) — 0as T — 0, T, hence the function [T — A(T)] has a positive
absolute maximum in the interval (0, T4) which we denote by A > 0 in the
sequel.

4. THE SPECTRUM OF THE LINEARIZATION

As a base space for the functional analytic setting we use

Xo = LV’U(Rn+1;Rn+1) % ngl/p(Rn),
where the subscript 0 means solenoidal, and we set

Xl _ lef(RnH§ le) % ngl/v([Rn)_

As before, we use the decomposition u = (v, w). Define a closed linear operator
in Xy by means of

4.1) A(u,h) = (—HAu + lVrr, —w) ,
p P

with domain X; = D(A) € Xj
D(A) = {(u,h) € Xi N Xp: [u] =0, [udyv + uViw] =0 on R"}.

The pressure field 7 in (4.1) is determined as the solution of the transmission

problem

P
[rt] =2[uoyw] + (0A + [plya)h onR™.

(lVTrIch> =(HAu|V<p> . @ EW,(RM,
(4.2) L, \P L
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One should compare this operator A with [20], where the corresponding operator
in the one-phase case has been introduced and analyzed.
Concerning the transmission problem, we set

t=m/p, f=pAu/p, g:=2[uo,w]+ cAh+[plyah.

Then the solution of the transmission problem consists of two parts T = 1T + 0.
M is given by m = —divD,!f, i.e,, Vr; = Rf, where R denotes the Riesz-
transform with symbol € ® £//€|2. On the other hand, r; solves

Aty = 0in R"™! [pm] =g — [pmi] =: go and [0, 2] = 0 on R™.

The solution of the latter problem is given by

() = sign()P(11)go,

1
(p1+ p2)
where {P(s) : s = 0} denotes the Poisson semigroup on R". Thus Vit €
Lp([R”“) since g and go belong to Wéil/p([R”) and f € Lp([R”“), see for
instance formula (2.14) in [17] for the assertion for 7;.

System (2.3) can be rewritten as the abstract evolution equation

(4.3) %(u,h) + A, h) = (f/p,gn), t >0, (u(0),h(0)) = (uo, ho),

provided (fa,g9) = (0,0). Since (2.3) has maximal Lj,-regularity, the abstract
problem (4.3) has maximal L,-regularity as well. In particular, —A generates an
analytic Co-semigroup in Xy. Concerning the spectrum o (A) of A, we have the
following result.

Proposition 4.1. Suppose py > p1 > 0 and py, k2,0, Ya > 0 are constants,
and let A with domain D(A) = X, be defined in Xy as above.

Then Ao € 0 (—A) for each zero (Ao, |E|) € (0, 00) x (0,0) of s(A, [E]) = 0.
In particular, 0 (—A) N Cy = [0, A ] with Ao > 0 from the previous section.

Proof:

(i) The idea is to show that whenever we have a zero (A, [o|) of the boundary
symbol s, then A is an approximate eigenvalue of —A, hence in o (-A). So
suppose s (Ao, [€|) = 0. We define functions he by means of

he(x) = e Xy (x), x€R™ &>0,
where x is a Schwartz-function such that its Fourier-transform X is a test

function with supp(X) C Bgrn(0,1), x(0) = 1 and X:(x) = x(ex). This
implies by means of the formula I/AlE (§) = e "X ((E—&p)/¢€) that the support
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of leg is contained in the ball B (&p, €). In particular, forall ¥ e R, 1 <
p < o and K € {H,W}, the operators Dy, := —A, DY? and D;,'? as well
as By := AoDy,! act boundedly in

K, (R™) = {g € K} (R") : supp(g) C Brn(&o,€)},

as long as, say, € < [&y|/2. Note that the spectra of D, DY? and By in K},
are contained in [, B] for some 0 < &x < B < oo,
(ii) The Lp-norm of h¢ is [|hell, = €™ P xllp, and moreover, we have

IRl < ce™Plixllgs, k=<4, 0<e=<]|8l/2

Hence by the interpolation inequality one sees that coe ™7 < ||h|| Ky <
cie™P 0 < g < 1&l/2, v € [0,4], where K € {H,W} and co, ¢ are
positive constants.

Next we consider the stationary Stokes problem

(pAou — AU + VT =0 in R+
divu =0 in R+
(4.4) L [uayv] - [uVsw] = 0 on R™,

—2[uoyw] + [r] = (A + [plya)hs onR",

[[u] =0 on R",

As in Theorem 2.2 one shows that (4.4) admits a unique solution (ue, 7¢) which
enjoys the estimate

el ey + IVl ety < CllRellys-r gy < Cere™P.

We then have
Ao(ufih’f) +A(u51h€) = (01gf)l

where gs = Aghe + (0DY/* — [[p]]yaDﬁl/Z)(Pl +p2) k(XD ) k.
(iii) It remains to estimate g.. First we observe that

Dyhe(x) = 180|*he (x) — ere(x),
7e(x) = B X[2i((E|V)X) (£x) + e(AX) (ex)],
hence

Dy he(x) = & 2he(x) + €l&] 2Dyl (x),
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and therefore
(C — Bo)he = (€ — Aol& 1 P he — €lEol By,

which yields

(C - BO)_lhs =
= (C = A0l&1 ™) The + €€ 72(C — A0l &1~ (L — By) ' Bore.

With ki (Z) = (0 — C[p]yalAo) (p1 + p2) " 'k(T), by means of Dunford’s

functional calculus in K} o (R™) this yields, with a closed contour I' in the

open right half-plane surrounding [, B8],

ki(Bo)he =

_
C2mi

=k1(Aol& | P he +

L ki (2)(C - Bo) ' he dT
£ _ “2\-1/+ _ -1
TG L k1(C)(T — Aol&l ™)~ (€ — By) "Byt dC

= k1 (Aol& |2 he + €K e,

where the operator K is bounded and does not depend on €. Here we used
the fact that k; () is bounded. Finally, we have in a similar way

12, _ L -l

DY*he = 5= | \E(@ - Do) Mhedg
_ & . 2\ -1(r _ -1
~ [8olhe - 5o | E@ - 18 (€ - Do) done
= [&olhe + €Ka7%,

with a bounded operator K, that is independent of €. Thus in summary we
have

ge = Ao + (0DY* = [plyaDy ) (1 + p2) "' k(Bo)) he
= 5(Ao, &0V he + (k1 (Ao/IE0|>)Ka + K1 DY) 7
= &(k1(Ao/|&|H) Ky + K1 D)/ *)re,
since by assumption $(Ag, |Eg|) = 0. The operators K; are bounded and

1/2 . . .
D,/* is so on functions whose Fourier transform has compact support bounded
away from 0, hence we obtain

||g6||W§71/p([R”) = CE”TEHW;*I/V(Rn) = CE”hEHW;*l/Z’(Rn) = CE&-—TL/V.
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Scaling the functions h, by the factor €"/7 we have || (ug, he)llx, = ¢ > 0
and (Ao + A)(ug, he) — 0as € — 0. Thus Ag must belong to the spectrum
of (—A).

(iv) Finally, if A € C; is not in [0,Ax], then s(A, ) does not vanish. There-
fore the boundary symbol can be inverted by means of Mikhlin’s multiplier
theorem and then solving the remaining Stokes problem we see that A + A
is boundedly invertible. Thus such A belong to the resolvent set of A. The
proof is complete. O

5. HENRY’S INSTABILITY THEOREM

For the reader’s convenience we provide the statement of Henry’s instability theo-
rem, see [12, Theorem 5.1.5], for a more specialized situation which is appropriate
for the problem under consideration in this paper.

Theorem 5.1. Let X be a Banach space, T € C?(Bx(0, 0); X) such that T(0) =
0 and the spectral radius spr T'(0) of T'(0) is greater than one. Then the origin is
unstable in the sense that there is a constant & > 0 such that for each & > 0 there is
Xs € Bx(0,8) and N € N such that the sequence xy = T*x5 € Bx(0, 0) is well
defined for all k € {1,...,N} and ITN x5 = &.

As an illustration consider, as in [15] and [13], the quasi-linear evolution
equation

(5.1) u+Au)u=Fu), t >0, u(0) = uoy,

where X; < Xj are densely embedded Banach spaces, X, = (Xo, X1)1-1/p,p is a
real interpolation space of order 1 — 1/p and power p € (1, ) between X and
X;. The nonlinearities (F, A) : X, — Xo X L(X1, Xo) are of class C2. Assume that
Uy € X) is an equilibrium of (5.1), i.e., A(Us)Us = F(ux). Assume further that
the linearization of (5.1) has maximal L,-regularity, i.e., the operator Ay defined
by

AoV = A(u)V + [A (us)v]ux — F(uy)v, v e X,

is R-sectorial. Due to the results in [15] and [13], the Poincaré map of (5.1),
[ug = Tug—ux =u(a,ug) —uxl, where u(t, 1) denotes the solution of (5.1)
with ug € By, (ux, 0), is well defined and satisfies the assumptions of Henry’s
instability theorem in X = Xy, provided ¢ > 0 is sufficiently small. The deriv-
ative T (0) equals e ™44, which, by the spectral mapping theorem for generators
of analytic Cy-semigroups, has spectral radius greater than one if and only if the
spectrum of the operator —A( contains points in the open right half-plane. In par-
ticular, in contrary to [15] no spectral gap is required. Therefore we may conclude
that the equilibrium u is unstable in the natural state space X, of the problem.
In the situation of the two-phase Navier-Stokes equations with surface tension
and subject to gravity, things are more involved due to the inherent nonlinearity
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of the compatibility conditions for the transformed problem

divu = F4(u, h),

—[uoyv] - [uViw] = Gu(u, h),

(5.2)

on the interface. This leads to a nonlinear state manifold where the semi-flow lives
on. The way out is to parameterize this manifold. Nevertheless, the linearization
of the time-one map will turn out to be the operator e™* with A described in
the previous section, which by Proposition 4.1 has spectral values in the open
right half-plane. This way we will still be able to apply Henry’s result, and as a
consequence to obtain a rigorous proof for the Rayleigh-Taylor instability.

6. PROOF OF THE MAIN RESULT

(i) In a first step we parameterize the state manifold SM of system (2.1) which lies
in the time trace space

Xy = {(u,h) € Wp 2P (R R s Wy 2P (RM) : [u] = 0}
and is defined by

SM = {(u,h) € Xy : divu = Fa(u, h) in R™*1,
—[Hoyv] = [uVxw] = Gv(u,h)}.

We want to parameterize SM locally near (0,0) over the the tangent space X;), of
SM at (0,0), given by

Xy = {(u,h) € Xy :divu = 0in R™', [ud,v] + [uV,w] = 0 on R"},

by means of an analytic map ® : Byo (0,7) — S2M which is bijective onto its range
such that ®'(0) = I. For this purpose we consider the problem

PALU — AU + VT =0 in R+
divu = Fa(it +u, h) in R"+1,
—[udyv] = [uVxw] = Gy (it + u,h) on R™,
—2[poyw] + ] =0 on R",
[ul =0 on R",

for some fixed Ay > 0 and given (it, h) e Byy (0,7) C Xf,. We write this equation
in short hand notation as Ly, (u, T, [17]) = N (it + u, h) in

Z:={u,m,[r]) s u e Wy PR R,

me Wy PR, [m] e wy P (R
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Since the nonlinear terms are polynomial, it is not difficult to verify that N is
real analytic and N'(0) = 0; see [17, Proposition 6.2] for a related result. La,
is invertible by Theorem 2.2, and hence the implicit function theorem yields a

unique solution (u, 1, [1t]) = 3 (i, h) € Z near 0. The mapping
3 : BX;)/(OIY) - Z!

with 7 chosen small enough, is real analytic and satisfies 3'(0) = 0. Denoting by
P.:7Z- Wﬁ_z/p(R"H; R™*1) the projection given by P(u, 1, [17]) = u, we set

(6.1) ®(it, h) = (it + (i, h),h) with @ (i1, h) = P33, h).

Then <I>(BX29(0,1’)) C SM, d: Bxg(O,T) — Xy is real analytic, ®'(0) = I, and ®
is injective. Hence it remains to show local surjectivity near 0. So suppose that
(i, h) € SM has sufficiently small norm. Solving the problem

(pAsu — AU + VT =0 in R7+1
divu = F4(1t, h) in R™*1,
{=[udyv] - [uVsw] = Gy (il,h) onR™,
=2[uoyw] +[m] =0 on R",

[[u] =0 on R",

by means of Theorem 2.2 yields a unique solution (u, 1, [171]) € Z. One read-
ily verifies that (i, h) = (it — u,h) belongs to Xg, and QD(ﬂ,I:L) = u, showing
surjectivity of ® near 0. In particular, SM C X, is a real analytic manifold near
0 € Xy.

(ii) Now we proceed as in the proof of [17, Theorem 6.3], employing the notation
of that proof. Fora given (19, hg) € SM we construct the extension z« (g, ho) €
E(a). The map

[(ito, ho) = 24 (®(iko, 119))] : By (0,7) — E(a)
is real analytic. Therefore, fixing a > 0 the mapping

K:oE(a) XBX;)/(O,T) - oF(a),

6.2 _ _ _
(62 K(z, (@1, ho)) = L(z + z4 (®(To, ho))) — N(z + z+ (@ (ito, ho)))

is real analytic. We have K(0,0) = 0 as well as D.K(0,0) = L. Therefore the
implicit function theorem yields a real analytic map

¥ : Bxo(0,7) — oE(a)
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such that K (¥ (iio, ho), (1o, o)) = 0 for all (iig, ho) € BX;)/(O,’I’), with 7 chosen
sufficiently small. Thus

(6.3) z := ¥ (ilo, ho) + z« (B (ilo, ho)) € E(a)
is the unique solution of problem (2.1) and, moreover, the mapping
(6.4) [(ito, ho) = 2(ito, ho) ] : Byy (0,7) — E(a)

is real real-analytic.

(iii) Having obtained a unique solution z = z(fiy, ho) € E(a) of (2.1), we can
employ the same arguments as in steps (vi)—(vii) in the proof of [17, Theorem 6.3]
to establish analyticity of the solution as stated in Theorem 1.1.

(iv) Differentiating the mapping [ (i, ho) — z(iig, ho)] with regard to the initial
value (iig, ho) one sees that the linearization at (0,0) of (2.1) is given by the
Cauchy problem

%(u, h) + A(u, h) = (0,0), (u(0),h(0)) = (uo, ho).

This implies that the linearization at (0,0) of the time-one-map [(iiy, hy) —
z(1)] of the nonlinear problem (2.1) is given by e~A. Since (—A) generates an an-
alytic Co-semigroup in Xy the spectral mapping theorem yields spr(e 4) = e~ >
1 by Proposition 4.1, hence we may apply Theorem 5.1 to obtain instability of
the trivial solution. The proof of our main result is therefore complete. O
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