Differen tial and Integral Equations Volume 13 (7–9) July–Septem ber 2000, pp. 1189–1199

SELF-INTERSECTIONS FOR THE SURF ACE DIFFUSION AND THE VOLUME-PRESER VING MEAN CUR VATURE FLO W

Uwe F. Ma yer and Gieri Simonett

Departmen t of Mathematics, Vanderbilt University, Nashville, TN 37240

(Submitted by: Herbert Amann)

Abstract. We prove that the surface-di ffusion flow and the volumepreserving mean curvature flow can drive embedded hypersurfaces to self-intersections.

1. In tro duction. In this paper we consider two geometric evolution laws: the surface-di ffusion flow and the volume-preserving mean curvature flow. We prove that embedded hypersurfaces can be driven to a self-inter-section in finite time. This situation is in strict contrast to the behavior of hypersurfaces under the mean curvature flow, where the maximum principle prevents self-intersections.

The surface-di ffusion flow is a geometric evolution law in which the normal velocity of a moving hypersurface equals the Laplace-Beltrami of the mean curvature. More precisely we assume in the following that Γ_0 is a closed, embedded hypersurface in R^n . Then the surface-di ffusion flow is governed by the law

V(t) = Δ_{Γ( t)}H_{Γ( t)} , Γ(0) = Γ_0 . (1.1)

Here Γ = {Γ(t) : t ≥ 0} is a family of smooth, immersed, orientable hypersurfaces, V(t) denotes the velocity of Γ in the normal direction at time t, while Δ_{Γ( t)} and H_{Γ( t)} stand for the Laplace-Beltrami operator and the mean curvature of Γ(t), respectively. The volume-preserving mean curvature flow is governed by the law

V(t) = − (H(t) − H(t)) , Γ(0) = Γ_0 , (1.2)

Accepted for publication May 1999. AMS Sub ject Classifications: 35R35, 35K55, 58G11, 58F39.

1189

1190 uwe f. mayer and gieri simonett

where H(t) := |Γ(t)|^{− 1} � Γ( t) H(t) dσ denotes the average of the mean curva-

ture.

The evolution laws (1.1) and (1.2) do not depend on the local choice of the orientation. However, if Γ(t) is embedded and encloses a region Ω( t) we always choose the outer normal, so that V(t) is positive if Ω( t) grows, and so that H_{Γ( t)} is positive if Γ(t) is convex with respect to Ω( t).

The surface-di ffusion flow (1.1) was first proposed by Mullins [20] to model the dynamics for the motion of the surface of a crystal when all mass transp ort is by curvature-driv en diffusion along the surface. It has also been examined in a more general mathematical and physical context by Davì and Gurtin [10], and by Cahn and Taylor [7]. The surface-di ffusion flow has recently attracted the atten tion of various researchers; see [3, 4, 6, 8, 11, 12, 13, 16, 19, 21]. We refer to [5, 14, 15, 17] for work related to the volume-preserving mean curvature flow.

The surface-di ffusion flow and the volume-preserving mean curvature flow evolve hypersurfaces in such a way that the surface area decreases. Moreover, if Γ is embedded then both flows preserve the volume of the region Ω( t) enclosed by Γ(t); see for instance [12, 14]. The results herein show that both flows can force Γ(t) to lose embeddedness in order to decrease surface area.

Theorem 1. Let 0 < β < 1. There exist a closed embedded hypersurfac e Σ_0 ∈ C^{2+ β} , a constant T_0 > 0, numbers t_0,t_1 ∈ (0,T_0] with t_0 < t_1, and a C^{2+ β} –neighborhood U_0 of Σ_0 such that the surface-diffusion flow (1.1) has a unique classical solution Γ = {Γ(t) : t ∈ [0,T_0]} for all Γ_0 ∈ U_0, and such that Γ(t) ceases to be embedded for every t ∈ (t_0,t_1) and every Γ_0 ∈ U_0. Each hypersurfac e Γ(t) is of class C^∞ for t ∈ (0,T_0] and smooth in t ∈ (0,T_0).

It was conjectured in [11] and later proved in [16] that the surfacediffusion flow can drive a dumbbell curve of an appropriate shap e to a self-intersection. Theorem 1 extends this result considerably: we can handle nonsymmetric hypersurfaces in any dimension, whereas the metho d of [16] seems restricted to (symmetric) curves. It should be noted that the neighborhood U_0 of Theorem 1 also contains C^∞ -hypersurfaces that will be driven to a self-intersection in finite time. Our approac h relies on results and techniques in [12].

Theorem 2. Let 0 < β < 1. There exist a closed embedded hypersurfac e Σ_0 ∈ C^{1+ β} , a constant T_0 > 0, numbers t_0,t_1 ∈ (0,T_0] with t_0 < t_1, and a self-intersections for surf ace diffusion 1191

C^{1+ β} –neighborhood U_0 of Σ_0 such that the volume-preserving mean curvatur e flow (1.2) has a unique classical solution Γ = {Γ(t) : t ∈ [0,T_0]} for all Γ_0 ∈ U_0, and such that Γ(t) ceases to be embedded for every t ∈ (t_0,t_1) and every Γ_0 ∈ U_0. Each hypersurfac e Γ(t) is of class C^∞ for t ∈ (0,T_0] and smooth in t ∈ (0,T_0).

To the best of our knowledge, Theorem 2 provides the first rigorous proof for the occurrence of self-intersections for the volume-preserving mean curvature flow. In particular, we give a proof for an example proposed by Gage [15] who considered a curve similar to our Figure 3.

2. The surface-diffusion flow. In this section we prove Theorem 1. We first introduce some notations. Given an open set U ⊂ R^n , let h^s(U) denote the little Hölder spaces of order s > 0, that is, the closure of BUC^∞ (U) in BUC^s(U), the latter space being the Banach space of all bounded and uniformly Hölder-continuous functions of order s. If Σ is a (suffi ciently) smooth submanifold of R^n then the spaces h^s(Σ) are defined by means of a smooth atlas for Σ . It is known that BUC^t(Σ) is continuously embedded in h^s(Σ) whenever t > s. In the following, we assume that Σ is a smooth, compact, closed, immersed, oriented hypersurface in R^n . Let ν be the unit normal field on Σ commensurable with the chosen orientation. Then we can find a > 0 and an open covering {U_l : l = 1,... ,m} of Σ such that

X_l : U_l × (− a, a) → R^n , X_l(s, r) := s + rν(s)

is a smooth diffeomorphism onto its image R_l := im(X_l); that is,

X_l ∈ Diff^∞ (U_l × (− a, a),R_l) , 1 ≤ l ≤ m .

This can be done by selecting the open sets U_l ⊂ Σ in such a way that they are embedded in R^n instead of only immersed, and then taking a > 0 sufficien tly small so that each of the U_l has a tubular neighborhood of radius a. It follows that R := ∪ R_l consists of those points in R^n with distance less than a to Σ . Let β ∈ (0,1) be fixed. Then we choose numbers α, β_0 ∈ (0,1) with α < β_0 < β. Let

W := {ρ ∈ h^{2+ β0} (Σ) : ||ρ||_∞ < a}. (2.1)

Given any ρ ∈ W we obtain a compact, oriented, immersed manifold Γ_ρ of class h^{2+ β0} by means of the following construction:

Γ_ρ := m� l=1 Im � X_l : U_l → R^n , [s → X_l(s, ρ(s))] � .

1192 uwe f. mayer and gieri simonett

Thus Γ_ρ is a graph in normal direction over Σ and ρ is the signed distance between Σ and Γ_ρ. On the other hand, every compact, immersed, oriented manifold Γ that is a smooth graph over Σ and that is contained in R can be obtained in this way. For convenience we introduce the mapping

θ_ρ : Σ → Γ_ρ, θ_ρ(s) := X_l(s, ρ(s)) for s ∈ U_l , ρ ∈ W .

It follows that θ_ρ is a well-defined global (2+ β_0)–diffeomorphism from Σ onto Γ_ρ. The surface-di ffusion flow (1.1) can now be expressed as an evolution equation for the distance function ρ over the fixed reference manifold Σ ,

∂_tρ = G(ρ) , ρ(0) = ρ_0 . (2.2)

Here G(ρ) := L_ρθ^∗_ρ(Δ_{Γ ρ} H_{Γ ρ} ) for ρ ∈ h^{4+ α} (Σ) ∩ W, while Δ_{Γ ρ} and H_{Γ ρ} are the Laplace-Beltrami operator and the mean curvature of Γ_ρ, respectively, and L(ρ) is a factor that comes in by calculating the normal velocity in terms of ρ; see [12] for more details. We are now ready to state the following existence result for solutions of (2.2). Prop osition 2.1. (a) Let σ ∈ W be given. Then there exist a positive constant T_0 > 0 and a neighborhood W_0 ⊂ W of σ in h^{2+ β0} (Σ) such that (2.2) has a unique solution,

ρ(·,ρ_0) ∈ C([0,T_0],W) ∩ C^∞ ((0,T_0) × Σ) for every ρ_0 ∈ W_0 .

(b) The map [(t, ρ_0) → ρ(t, ρ_0)] defines a smooth local semiflow on W_0. (c) ρ(·,ρ_0) ∈ C([0,T_0],h^{4+ α} (Σ)) ∩ C^1([0,T_0],h^α (Σ)) for every ρ_0 ∈ h^{4+ α} (Σ) ∩ W_0. Pro of. (a) and (b) follow from [12, Theorem 2.2]. Moreover, [12, Lemma 2.1] shows that the mapping [ρ → G(ρ)] : h^{4+ α} (Σ) ∩ W → h^α (Σ) is smooth and that the derivative is given by G^′(ρ) = P (ρ) + B(ρ), where

P (ρ) ∈ L(h^{4+ α} (Σ) ,h^α (Σ)) , B(ρ) ∈ L(h^{2+ α} (Σ) ,h^α (Σ)) , ρ ∈ h^{4+ α} (Σ) ∩ W.

In the following we fix ρ ∈ h^{4+ α} (Σ) ∩ W. Lemma 2.1 in [12] also shows that P (ρ) generates a strongly continuous analytic semigroup on h^α (Σ) . A wellknown perturbation result, see [1, Theorem I.1.3.1], then implies G^′(ρ) ∈ L(h^{4+ α} (Σ) ,h^α (Σ)) also generates a strongly continuous analytic semigroup on h^α (Σ) . It is known (see [1, Vol II], for instance) that the little Hölder self-intersections for surf ace diffusion 1193

spaces are stable under the continuous interp olation metho d [1, 2, 9, 18]. Therefore, the spaces (h^{4+ α} (Σ) ,h^α (Σ)) form a pair of maximal regularit y for G^′(ρ); see [1, Theorem III.3.4.1] or [2, 9, 18]. Part (c) follows now from maximal regularit y results, for instance [2, Theorem 2.7]. □

In order to provide a proof of Theorem 1 we now choose Σ to be any smooth, compact, closed, immersed, orientable hypersurface in R^n such that its image contains the flat (n − 1)-dimensional disk U := {(s, 0) ∈ R^{n− 1} × R : |s| ≤ 1} twice, and with opposite orientations. To be precise, let i : Σ → R^n be the immersion under consideration; then we ask that

i^{− 1}(U) = U^+ ∪ U^−

with U^+ ∩ U^− = ∅ and both U^+ and U^− are flat (n − 1)-dimensional disks of radius 1. Additionally we ask that Σ \ (U^+ ∪ U^− ) be embedded in R^n . Identifying U^+ for the moment with its image U we ask that the normal on U^+ points upwards; that is, ν(·)|_U+ = e_n , the n^{th} basis vector of R^n . It follows that ν(·)|_U− = − e_n .

Figure 1 This is a possible choice of Σ, cut in halves.

Let W be as in (2.1), and let σ ∈ h^{4+ α} ∩ W have the following local symmetry: σ(− s) = σ(s) for every s ∈ U^± . This implies ∂_j σ(0) = 0 for 1 ≤ j ≤ n − 1. Observe that θ_σ (s) = (s, ± σ(s)) (these are coordinates in R^n ) for s ∈ U^± and that θ_σ : U^± → θ_σ (U^± ) is an h^{4+ α} –diffeomorphism. It is straigh tforward to compute G(σ)|_U± := L(ρ)θ^∗_σ � Δ_{Γ σ} H_{Γ σ} � |_U±

1194 uwe f. mayer and gieri simonett

in local coordinates, yielding

(n − 1)G(σ)|_U± (0) = − Δ^2_{n− 1}σ(0) +

n− 1�

j,k=1

(∂_j ∂_kσ(0))^2Δ_{n− 1}σ(0)

+2 n− 1�

j,k,l=1

∂_j ∂_kσ(0)∂_j ∂_lσ(0)∂_k∂_lσ(0) ,

where Δ_{n− 1} is the Laplacian in Euclidean coordinates of R^{n− 1} (see [12, Section 2] for more details). We will now specify one more property of σ. We choose r > 0 small and we require that σ(s) = |s|^4 for s ∈ U^±_r = {s ∈ U^± : |s| < r}; if r is small enough then this is compatible with the fact that σ ∈ h^{4+ α} (Σ) ∩ W. We conclude that

G(σ)|_U± (0) = − 24 < 0. (2.3)

It follows from Prop osition 2.1 that the evolution equation (2.2) with initial value ρ(0) = σ has a unique solution

ρ(·,σ) ∈ C([0,T_0],h^{4+ α} (Σ)) ∩ C^1([0,T_0],h^α (Σ)) . (2.4)

Next we consider the restriction ρ^± (t, σ) on U^± of the function ρ(t, σ), that is, ρ^± (t, σ) := ρ(t, σ)|_U± for 0 ≤ t ≤ T_0, and we set d^± (t) := ρ^± (t, σ)(0), to track the position of the center. It follows from (2.4) that d^± ∈ C^1([0,T_0]). Moreover, using the local character of G, we conclude that d^± satisfies the equation

(d^± )^′(t) = G(ρ(t, σ))|_U± (0) for 0 ≤ t ≤ T_0 , d^± (0) = 0. (2.5)

Equations (2.3)–(2.5) and the mean value theorem yield

d^± (t) = − Mt +

� � 1 0 � (d^± )^′(τt) − (d^± )^′(0) � dτ � t , (2.6)

where M := 24. It follows from (2.6) that there exists a positive constan t μ > 0 and an interval (t_0,t_1) ⊂ (0,T_0] such that ρ^± (t, σ)(0) = d^± (t) ≤ − μ for t ∈ (t_0,t_1). By Prop osition 2.1(b) we can find a function σ_0 ∈ W_0 such that Σ_0 := Γ_{σ0} is embedded and such that Γ(t) := Γ_{ρ(t,σ0)} is immersed for at least t ∈ (t_0,t_1). By employing Prop osition 2.1(b) once more we conclude self-intersections for surf ace diffusion 1195

there is a neighborhood W(σ_0) ⊂ W_0 of σ_0 in h^{2+ β0} (Σ) such that Γ_{ρ0} is still embedded, whereas Γ_{ρ(t,ρ0)} is immersed for t ∈ (t_0,t_1) and all ρ_0 ∈ W(σ_0). We note that C^{2+ β} (Σ) is contained in h^{2+ β0} (Σ) with continuous injection j : C^{2+ β} (Σ) → h^{2+ β0} (Σ) . Hence U_0 := j^{− 1}(W(σ_0)) is an open C^{2+ β} – neighborhood of σ_0, and Theorem 1 follows by choosing Σ_0 := Γ_{σ0} and Γ_0 := Γ_{ρ0} for ρ_0 ∈ U_0. □

Figure 2 This is half of Γ_0, a surface that loses embeddedness and becomes immersed. The gap might have to be much smaller than depicted.

3. The volume-preserving mean curv ature flow. As in the previous section Σ denotes a smooth, compact, closed, immersed, orientable hypersurface in R^n , and we define W := {ρ ∈ h^{1+ β0} (Σ) : ||ρ||_∞ < a} for a > 0 appropriate. The volume-preserving mean curvature flow (1.2) in R is equivalent to the following evolution equation for the distance function ρ:

∂_tρ = G(ρ), ρ(0) = ρ_0 , (3.1)

where ρ_0 ∈ W is chosen such that Γ_0 = Γ_{ρ0} , and where

G(ρ) := L(ρ) � H_{Γ ρ} − θ^∗_ρH_{Γ ρ} � , ρ ∈ h^{2+ α} (Σ) ∩ W . (3.2)

Here H_{Γ ρ} is the mean curvature of Γ_ρ and L(ρ) comes from calculating the normal velocity in coordinates of Σ ; see [14] for more details. We have the following existence result for solutions of (3.1). Prop osition 3.1. (a) Let σ ∈ W be given. Then there exists a positive constant T_0 > 0 and a neighborhood W_0 ⊂ W of σ in h^{1+ β0} (Σ) such that (3.1) has a unique solution,

ρ(·,ρ_0) ∈ C([0,T_0],W) ∩ C^∞ ((0,T_0) × Σ) for every ρ_0 ∈ W_0 .

1196 uwe f. mayer and gieri simonett

(b) The map [(t, ρ_0) → ρ(t, ρ_0)] defines a smooth, local semiflow on W_0. (c) ρ(·,ρ_0) ∈ C([0,T_0],h^{2+ α} (Σ)) ∩ C^1([0,T_0],h^α (Σ)) for every ρ_0 ∈ h^{2+ α} (Σ) ∩ W_0. Pro of. Part (a) and part (b) follow from the results in [14, Section 2]. To be more precise, in [14] only embedded surfaces are considered. However, a careful analysis of the proof shows that the existence, uniqueness, and semiflow results remain valid for immersed hypersurfaces, provided one defines the mappings X and Φ_ρ of [14, Section 2] by their local analogs as in [12, Section 2]. Part (c) can be established by similar argumen ts as in the proof of Prop osition 2.1.

We proceed to prove Theorem 2. Our first goal is to construct a suitable reference manifold Σ . We take a positively oriented, immersed curve in R^2, such as the one in Figure 3. The immersed image contains a line segment twice, with opposite orientations, and the image without this line segment is an embedded curve.

d + c

x d

Figure 3 Rotation of this curve in R^n yields the hypersurface Σ.

For the two-dimensional case this curve will be Σ , while for the higherdimensional case we rotate the curve to generate a hypersurface, as outlined below. Let [s → (x(s),y(s))] : [0,L] → R^2 be a parametrization by arc length of the curve and let S^{n− 2} ⊂ R^{n− 1} be the standard (n − 2)-dimensional unit sphere. Then we set

Σ = {(x(s),y(s)ω ) : s ∈ [0,L],ω ∈ S^{n− 2}}.

self-intersections for surf ace diffusion 1197

Let κ_1 denote the scalar curvature of the curve [s → (x(s),y(s))]. Then a standard computation yields the mean curvature of Σ as H = 1 n − 1 � κ_1 − (n − 2) x^′ y � . (3.3)

Furthermore, the symmetry of Σ can be used to compute the average of H as H = |S^{n− 2}| |Γ| �_L 0 H(s)y(s) ds .

Using equation (3.3) and setting d = min{y(s)} one derives

(n − 1)

�_L 0 H(s)y(s) ds = d

�_L 0 κ_1(s) ds +

�_L 0 κ_1(s)(y(s) − d) ds

− (n − 2)

�_L 0 x^′(s) ds .

The theorem of the turning tangen ts implies that � κ_1(s) ds = 2π, and hence it is clear that H > 0 provided d is large enough, which amounts to shifting the curve far enough away from the axis of rotation. By continuity the average of the mean curvature of Γ_ρ is therefore also positive provided ρ ∈ W is small enough. Finally, it is clear that by construction Σ contains a flat (n − 1)-dimensional annulus U twice, with opposite orientations, and that Γ_ρ is in fact embedded in R^n provided ρ < 0 on the annulus.

We let U^± be the two components of i^{− 1}(U), where i : Σ → R^n is the immersion under consideration, and U is the flat annulus from above. We now choose σ ∈ h^{2+ α} (Σ) ∩ W with σ ≡ 0 on U^± (in fact we could choose σ ≡ 0 on Σ so that Γ_σ = Σ ); then by (3.2)

G(σ)|_U± = H_{Γ σ} > 0. (3.4)

Let ρ(·,σ) be the unique solution of (3.1) with initial value ρ(0) = σ, and note that ρ(·,σ) ∈ C([0,T_0],h^{2+ α} (Σ)) ∩ C^1([0,T_0],h^α (Σ)) (3.5)

due to Prop osition 3.1. As in Section 2 we let ρ^± (t, σ) denote the restriction of ρ(t, σ) on U^± . We set d^± (t) := ρ^± (t, σ)(s_0,ω ) with s_0 any fixed point on

1198 uwe f. mayer and gieri simonett

the line segment that generated U and any fixed ω ∈ S^{n− 2}. It follows that d^± ∈ C^1[0,T_0], and it is easy to see that d^± solves the equation

(d^± )^′(t) = G(ρ(t, σ))|_U± (s_0,ω ) for 0 ≤ t ≤ T_0 , d^± (0) = 0. (3.6)

Equations (3.4)–(3.6) and the mean value theorem show that

d^± (t) = Mt +

� � 1 0 � (d^± )^′(τt) − (d^± )^′(0) � dτ � t with M := H_{Γ σ} . Using Prop osition 3.1(b) we can choose a function σ_0 in W_0 such that Γ_{σ0} is embedded and such that Γ_{ρ(t,σ0)} ceases to be embedded on a time interval (t_0,t_1) ⊂ (0,T_0]. The idea is that the time derivative of d^± is positive, and hence so will be d^± for some later time even if it was initially negativ e; see Section 2 for more details. According to Prop osition 3.1(b) the same behavior will still prevail for ρ_0 in a small enough h^{1+ β0} (Σ) – neighborhood W(σ_0) ⊂ W_0 of σ_0. Theorem 2 now follows by setting U_0 := j^{− 1}(W(σ_0)) with j := C^{1+ β} (Σ) → h^{1+ β0} (Σ) the natural injection. Ackno wlegdmen t. The research of the second author has been partially supported by NSF, Gran t DMS-9801337.

REFERENCES

[1] H. Amann, “Linear and Quasilinear Parab olic Problems, ” Vol. I, Birkhäuser, Basel, 1995, Vol. II, III, in preparation.

[2] S.B. Angenent, Nonlinear analytic semiflows, Pro c. Roy. Soc. Edinburgh Sect.

A 115 (1990), 91–107. [3] A.J. Bernoff, A.L. Bertozzi, and T.P. Witelski, Axisymmetric surface diffusion:

Dynamics and stabilit y of self-similar pinch-off, J. Statist. Phys., 93 (1998), 725–776.

[4] P. Baras, J. Duchon, and R. Robert, Évolution d’une interface par diffusion de surface, Comm. Partial Differential Equations 9 (1984), no. 4, 313–335.

[5] L. Bronsard and B. Stoth, Volume-preserving mean curvature flow as a limit of a nonlocal Ginzburg-Landau equation , SIAM J. Math. Anal. 28 (1997), 769–807.

[6] J.W. Cahn, C.M. Elliott, and A. Novick-Cohen, The Cahn–Hilliard equation with a concentration dependent mobility: motion by minus the Laplacian of the mean curvature , Europ ean J. Appl. Math. 7 (1996), 287–301.

[7] J.W. Cahn and J.E. Taylor, Surface motion by surface diffusion, Acta metall.

mater. 42 (1994), 1045–1063.

self-intersections for surf ace diffusion 1199

[8] B.D. Coleman, R.S. Falk, and M. Moakher, Space-time finite element metho ds for surface diffusion with applications to the theory of the stabilit y of cylinders , SIAM J. Sci. Comput. 17 (1996), 1434–1448.

[9] G. DaPrato and P. Grisvard, Equations d’évolution abstraites nonlinéaires de type parab olique, Ann. Mat. Pura Appl. (4) 120 (1979), 329–396.

[10] F. Davìand M.E. Gurtin, On the motion of a phase interface by surface diffusion, Z. Angew. Math. Phys. 41 (1990), 782–811.

[11] C.M. Elliott and H. Garcke, Existence results for geometric interface models for surface diffusion, Adv. Math. Sci. Appl. 7 (1997), 467–490.

[12] J. Escher, U.F. Mayer, and G. Simonett, The surface diffusion flow for immersed hypersurfaces , SIAM J. Math. Anal. 29 (1998), 1419–1433.

[13] J. Escher, U.F. Mayer, and G. Simonett, On the surface diffusion flow, Pro c.

Intern. Conf. on Navier–Stokes Equations and Related Problems, TEV/VSP , Vilnius/Utrec ht, 1998.

[14] J. Escher and G. Simonett, The volume preserving mean curvature flow near spheres, Pro c. Amer. Math. Soc. 126 (1998), 2789–2796.

[15] M. Gage, On an area-preserving evolution equation for plane curves, Nonlinear Problems in Geometry , D.M. DeTurck, editor, Contemp. Math. 51, AMS, Providence (1986), 51–62.

[16] Y. Giga and K. Ito, On pinching of curves moved by surface diffusion, Comm.

Appl. Anal. 2 (1998), 393–405. [17] G. Huisken, The volume preserving mean curvature flow, J. Reine Angew.

Math. 382 (1987), 35-48. [18] A. Lunardi, “ Analytic semigroups and optimal regularit y in parab olic problems,” Birkhäuser, Basel, 1995.

[19] U.F. Mayer, Numerical simulations for the surface diffusion flow in three space dimensions , preprin t.

[20] W.W. Mullins, Theory of thermal grooving, J. Appl. Phys. 28 (1957), 333–339. [21] A. Polden, Curves and surfaces of least total curvature and fourth-order flows, Ph.D. dissertation, Universität Tübingen, German y (1996).