Center Manifolds for Quasilinear Reaction-Diffusion Systems

Gieri Simonett^∗

University of California, Department of Mathematics, Los Angeles, CA 90024, USA.

Abstract: We consider strongly coupled quasilinear reaction-diffusion systems subject to nonlinear boundary conditions. Our aim is to develop a geometric theory for this type of equations. Such a theory is necessary in order to describe the dynamical behavior of solutions. In our main result we establish the existence and attractivity of center manifolds under suitable technical assumptions. The technical ingredients we need consist of the theory of strongly continuous analytic semigroups, maximal regularity, interpolation theory and evolution equations in extrapolation spaces.

1. Introduction

Already for ordinary differential equations, center manifolds form one of the cornerstones in the development of a qualitative theory. For partial differential equations, these are of even greater importance.

In this work we shall show the existence and attractivity of center manifolds for quasilinear parabolic evolution equations in a neighborhood of a non-hyperbolic critical point. We would like to illustrate our intention and some of our results in the important case of quasilinear reaction-diffusion systems.

For this, let Ω ⊂ R^n be a bounded smooth domain and ν = (ν^1, . . . , ν^n) ∈ R^n be the unit outer normal field on ∂Ω. We then consider the following system of quasilinear reaction-diffusion equations ∂_tu + A(u)u = f(·, u) B(u)u = g(·, u) u(0) = u_0 in Ω × (0, ∞) , on ∂Ω × (0, ∞) , in Ω .

(1.1)

Here, u = (u^1, . . . , u^N ) is a function with N- components and A(v) denotes a second order differential operator, i.e. A(v)u := −∂_j (a_{jk}(·, v)∂_k u) + a_j (·, v)∂_j u + a_0(·, v)u (1.2) AMS Subject Classifications: 35K55, 35K57, 35B32. ∗ Supported by Schweizerischer Nationalfonds. I–1 for u ∈ W^2_p (Ω, R^N) and v belonging to an appropriate function space. For the coefficients and the functions f, g, the dependence on the space variable is indicated by a dot and the summation convention is used.

For B(v) we take a boundary operator of Neumann type, that is, B(v)u := a_{jk}(·, v)ν^j γ∂_ku + b_0(·, v)γu , (1.3) where γ denotes the trace operator. We may also admit boundary operators which correspond to a Dirichlet condition on one part of the boundary and to a Neumann condition on another part and this could even vary in each component of u. This general situation will be explained in section 7.

In order to have simple statements we take the functions to be smooth, i.e

a_{jk}, a_j , a_0 ∈ C^∞(Ω̄ × R^N, L(R^N)) , b_0 ∈ C^∞(∂Ω × R^N, L(R^N)) , f ∈ C^∞(Ω̄ × R^N, R^N) , g ∈ C^∞(∂Ω × R^N, R^N) .

(1.4)

Moreover, we impose appropriate ellipticity and complementing conditions upon the boundary value problem (A(v), B(v)) , (1.5) i.e. (A(v), B(v)) is normally elliptic in the sense of Amann [6] for each v, see section 7. Note that equation (1.1) is a strongly coupled system of quasilinear parabolic equations subject to nonlinear boundary conditions.

Our aim is to develop a qualitative theory (a geometric theory) for abstract quasilinear parabolic equations which covers the reaction-diffusion system (1.1). We pose the following questions:

Does there exist a space X (a phase space), such that

a) given any u_0 ∈ X, the reaction-diffusion equation (1.1) has a unique (classical) solution u := u(·, u_0) on a time interval (0, t^+(u_0))?

b) the map (t, u_0) → u(t, u_0) defines a semiflow on X? The next steps towards a dynamic theory are, for example:

c) The existence of invariant manifolds on X, especially of center manifolds. d) The study of bifurcation problems (e.g. Hopf bifurcation).

e) A stability analysis of bifurcating solutions (e.g. of bifurcating periodic solutions.)

By setting X := W^1_p (Ω, R^N) , p > n , (1.6) we have, due to the results of Amann in [6]:

I–2

For any initial value u_0 ∈ X there exists a unique classical solution

u(·, u_0) ∈ C([0, t^+(u_0)), X) ∩ C^∞(Ω̄ × (0, t^+(u_0)), R^N) (1.7)

of the quasilinear equation (1.1) and the map

(t, u_0) → u(t, u_0) (1.8)

defines a smooth semiflow on X. Moreover, bounded orbits are relatively compact in X and bounded in W^2_p for t > 0.

For more general and additional results we refer to [6]. We merely assumed ‘Neumann type boundary conditions’ in order to have simpler statements. In the presence of Dirichlet conditions on some parts of the boundary, we take X to be the Banach space of all functions in W^1_p (Ω, R^N) satisfying the requested Dirichlet conditions. In addition, the coefficients and functions might be defined on Ω̄ × G only, where G is an open subset of R^N. For example, G can be an open neighborhood of zero in R^N. This will occur when studying small solutions and the existence of invariant manifolds in a small neighborhood of 0. This general situation will be considered in section 8.

Let us remark that W^1_p (Ω, R^N) is a very natural choice for a phase space. First, it is a ‘simple’ space which makes the statements easily accessible to the reader mainly interested in applications. Second, we do not have to assume nonlinear compatibility conditions on the initial values of (1.1), despite our (nonlinear) boundary conditions. Such compatibility conditions would come in by working in spaces with too much regularity, say in W^2_p (Ω, R^N) or in Hölder spaces. This would force us to work in nonlinear Banach manifolds, which is considerably more complicated. On the other hand, due to the character of partial differential equations in infinite dimensional function spaces, there is not a distinguished phase space and the Sobolev space W^1_p is far from being the only possible choice. In fact, there are many other function spaces, including some of the Bessel potential spaces, the Besov spaces and the so called little Nikol’skii spaces. Indeed, the techniques used in [4,6] and [35] produce results for a variety of spaces which are intimately connected with various interpolation methods.

In this paper we focus our attention on c). A forthcoming note shall be devoted to d) and e). Suppose (f(·, 0), g(·, 0)) = (0, 0) , (1.9)

such that 0 is an equilibrium of (1.1).

Let (μ_k)_{k∈N} be the sequence of eigenvalues of the linear elliptic eigenvalue problem

[ −A(0) + ∂_2f(·, 0) ] v = μv in Ω , [ −B(0) + ∂_2g(·, 0) ] v = 0 on ∂Ω

(1.10)

I–3 and assume { μ_k ; k ∈ N } = σ_c ∪ σ_s

with σ_c ⊂ iR and σ_s ⊂ [ Re z < 0 ] . (1.11)

Observe that the L_p realization of (1.10) has compact resolvent so that the eigenvalue problem is indeed well posed. Then we can state the following theorem.

Theorem 1 Existence and attractivity of center manifolds

a) For any k ∈ N^∗ there exists a finite dimensional, locally invariant C^k-center manifold M^c = M^c_k ⊂ W^1_p (Ω, R^N) (1.12)

(living in a suitable small neighborhood of 0) for the quasilinear reaction-diffusion equation ∂_tu + A(u)u = f(·, u) in Ω × (0, ∞) , B(u)u = g(·, u) on ∂Ω × (0, ∞) . (QRD) Moreover, M^c_k is tangential at 0 to the finite dimensional space X^c given by

X^c := ⨁ μ_j ∈σ_c N(μ_j ) , N(μ_j ) the algebraic eigenspace of μ_j .

b) Each M^c_k attracts solutions of (QRD) with initial values in a small neighborhood of X at an exponential rate.

The proof relies on maximal regularity results. (See [20] and [10] for an improvement which allowed us to find invariant and attractive manifolds in the Sobolev space W^1_p (Ω, R^N) and also in several other function spaces). Moreover, we use results of Amann on quasilinear parabolic equations, evolution equations in interpolation and extrapolation spaces. We will rely quite heavily on interpolation theory. For many additional results, see [35].

Existence and attractivity results for center manifolds, using maximal regularity, were first shown in [21], and, independently, in [30]. (The latter paper establishes the existence without considering attractivity). The authors obtained center manifolds even for fully nonlinear parabolic equations. However, in the context of quasilinear equations, our results provide some important improvements. We show existence and attractivity in spaces which do not have the property of maximal regularity, for example in the Sobolev space W^1_p (Ω, R^N). Our results on attractivity are optimal and take also the smoothing property of quasilinear equations into consideration. Moreover, we can treat equations subject to nonlinear boundary conditions. We are not aware of any other results on existence of invariant manifolds in this context. As it is not simple to verify the conditions involved with maximal regularity, our work can also be considered to I–4 give an application of the results in [21] to a wide class of nonlinear parabolic equations. (But we mention that we have improved their results in the case of quasilinear equations). Our method gives the possibility of working in spaces which are related in a natural way to the given equations.

Recently, center manifolds have become a subject of great interest. But while there are numerous contributions in the case of semilinear equations - cf. the work of Carr [14], Henry [24], Chow and Lu [15,16], Bates and Jones [12], Mielke [29], Iooss and Vanderbauwhede [25] to mention only a few - we know only of the work of Da Prato and Lunardi [21], Mielke [30], and of the contribution of Mielke [29] in the case of quasilinear equations. In the latter paper, the author gets an existence result using L_p maximal regularity. However, he is mainly interested in quasilinear elliptic equations in Hilbert spaces.

Acknowledgment: This paper is part of my doctoral thesis which was written at the University of Zürich. I would like to express my special gratitude to my adviser, Prof. H. Amann, for many helpful discussions and for having introduced me to the field of parabolic equations and many other fields. This paper was written while I enjoyed the hospitality of the Department of Mathematics at the University of California, Los Angeles.

Notation: Let E and F be two Banach spaces over the same field K, where K is either

R or C . Then we denote by L(E, F ) the vector space of all bounded linear operators

from E to F and we equip this space with the uniform operator norm. We denote by Isom (E, F ) the (open) subset of L(E, F ) consisting of all isomorphisms from E onto F. If two Banach spaces E, F coincide except for equivalent norms, we express this by writing E .= F. If E is a subspace of F , E → F means that the natural injection is continuous, that is, E is continuously embedded in F . E^d→ F then stands for dense embedding, i.e E ⊂ F is densely and continuously embedded.

If E → F and A : dom (A) ⊂ F → F is a linear operator, defined on a linear subspace dom (A) of F , we define the (maximal) E-realization of A, A_E , by

dom (A_E ) := { x ∈ E ∩ dom (A) ; Ax ∈ E } , A_E x = Ax .

For a Banach space E, the (continuous) dual is denoted by E^′ and < ·, · >_E : E^′ × E → K , (e^′, e) → e^′(e) is the duality pairing. If X_1 and X_0 are two Banach spaces with X_1^d→ X_0 we define

H(X_1, X_0) := {A ∈ L(X_1, X_0);

-A generates an analytic C_0-semigroup on L(X_0)} .

(1.13)

Note that H(X_1, X_0) is an open subset of L(X_1, X_0) . Finally, if U ⊂ E is an open subset and f : U → F is Fréchet differentiable, we write ∂f(x) for the derivative of f at a point x ∈ U . I–5

2. Maximal regularity

Our results on the existence and attractivity of center manifolds for quasilinear equations rely on maximal regularity results. These in turn are intimately connected with the continuous interpolation spaces introduced by Da Prato and Grisvard in [20]. In this section we present some results about maximal regularity. We refer to [20,27,17,10,35].

To describe what maximal regularity is about, we consider the linear Cauchy problem (CP )_{(A,f,x)} { ∂_tu + Au = f(t) , u(0) = x .

(2.1)

on a Banach space X. Here, −A is the generator of a strongly continuous analytic semigroup on X, denoted by {e^{−tA}; t ≥ 0}. It is well known that A is a densely defined closed operator. Hence, the domain of A, D(A), equipped with the graph norm becomes a Banach space. Throughout, we will change slightly the notation and write

X_1 := D(A) , X_0 := X . (2.2)

It follows that (X_0, X_1) forms a pair of densely embedded Banach spaces, i.e. X_1^d→ X_0. Note that A ∈ H(X_1, X_0), cf. (1.13). Now assuming that f is a continuous function on a given time interval I, say I := [0, T ] for a fixed T > 0, we may ask, whether the Cauchy problem (2.1) has a solution u := u(·, x) := u(·, x, f) ∈ C^1(I, X_0) ∩ C(I, X_1) . (2.3) In general, this does not hold unless some more regularity assumptions are posed on f. In fact, it is known that (2.1) has a solution whenever f ∈ C^β(I, X_0) + C(I, X_γ) , β, γ ∈ (0, 1] . Hereby, X_γ denotes an arbitrary interpolation space between X_1 and X_0 . We refer here to [18, Theorem 5.9] or [3, Theorem 8.2]. But there do exist spaces where (2.1) can indeed be solved for each function f belonging merely to C(I, X_0). We define

M_1(X_1, X_0) :={A ∈ H(X_1, X_0) ;

(∂_t + A, R_1) ∈ Isom (C^1(I, X_0) ∩ C(I, X_1) , C(I, X_0) × X_1)} ,

(2.4)

where R_1u := u(0) . Since solutions of the Cauchy problem (CP )_{(A,f,x)} necessarily are unique, the only hard requirement in this definition is that the mapping is surjective. Here, the continuous interpolation spaces come into play guaranteeing that there exist pairs (X_0, X_1) of densely embedded Banach spaces and A ∈ H(X_1, X_0) such that A ∈ M_1(X_1, X_0). Observe that A ∈ M_1(X_1, X_0) means that the Cauchy problem has a unique solution which depends continuously on (f, x). In addition, note that u̇, Au have the same regularity as f. This justifies and explains the words maximal regularity. This property is very important in connection with nonlinear equations, (i.e. ‘fully’

II–1 nonlinear evolution equations), cf. [19,20,10,26]. It should be mentioned that the assumption (2.4) implies a hard restriction on the geometry of the space X_0. In fact, it has been proven in [11] that spaces with maximal regularity contain a copy of the sequence space c_0, i.e. contain a closed subspace isomorphic to c_0. In particular, if X_0 is reflexive, M_1(X_0, X_1) certainly is empty. Whenever we would like to use maximal regularity results we have to work in non reflexive spaces.

It was observed in [10] that we can do better in (2.4), allowing functions f with a singularity in 0. It is this improvement which allows to take care of the smoothing property of quasilinear parabolic evolution equations (in the framework of maximal regularity), cf. section 3 and [10,35].

In order to formulate these results, we introduce the following function spaces. These are important for two reasons. First, they describe some more general function spaces where results on maximal regularity can be stated, see (2.16) below. Second, these are useful in order to describe the continuous interpolation spaces.

Let X_0 and X_1 be Banach spaces with X_1^d→ X_0. Then, for α ∈ (0, 1) and J := (0, T ] we define :

V_α (J; X_0, X_1) := {u ∈ C^1(J, X_0) ∩ C(J, X_1);

lim_{t→0} t^{1−α}(‖u^′(t)‖_{X0} + ‖u(t)‖_{X1} ) = 0} ,

(2.5)

equipped with the norm

‖u‖_{Vα (J;X0,X1)} := sup_{t∈J} t^{1−α}(‖u^′(t)‖_{X0} + ‖u(t)‖_{X1} ) . (2.6)

This definition can be extended to α = 1 by setting

V_1 (J; X_0, X_1) := C^1([0, T ], X_0) ∩ C([0, T ], X_1) . (2.7)

Given any u ∈ V_α (J; X_0, X_1) and 0 < s < t ≤ T we obtain ‖u(t) − u(s)‖_{X0} ≤ ‖u‖_{Vα (J;X0,X1)} ∫_t s dτ τ^{1−α} ≤ ‖u‖_{Vα (J;X0,X1)} ∫_{t−s} 0 dτ τ^{1−α} ,

which shows that V_α (J; X_0, X_1) is continuously embedded in UC^α((0, T ], X_0), the space of uniformly α-Hölder continuos functions on the interval (0, T ] with values in X_0. Thus, each function u ∈ V_α (J; X_0, X_1) can be extended to [0, T ]. It is not difficult to see that the mapping R_α : V_α (J; X_0, X_1) → X_0 , u → R_αu := u(0) (2.8)

defines a bounded linear operator. Now, we can define the following space consisting of the traces of functions belonging to (2.5):

X_α := R_α ( V_α(J; X_0, X_1) ) . (2.9)

II–2

The space X_α is equipped with the norm

‖x‖_α := inf {‖u‖ ; u ∈ V_α (J; X_0, X_1), x = u(0)} (2.10)

which turns it into a Banach space. It can be shown that the mapping

(X_0, X_1) → X_α , α ∈ (0, 1) , (2.11)

assigning to each pair (X_0, X_1) the intermediate space X_α , defines an exact interpolation method of exponent α . This interpolation method was introduced in [20], cf. also [27,17,10], and is called the continuos interpolation method. Besides this definition, the continuous interpolation spaces can also be introduced in another way. Indeed, due to [22], we have (X_0, X_1)^0_{α,∞} .= X_α . (2.12)

Here, (X_0, X_1)^0_{α,∞} is obtained by assigning to each pair (X_0, X_1) (of densely embedded Banach spaces) the closure of X_1 in (X_0, X_1)_{α,∞} , where (·, ·)_{α,∞} denotes the real interpolation method. The second definition has the advantage that the continuous interpolation spaces can be related to the real (and also the complex) interpolation spaces, cf. section 6. Moreover, duality and reiteration results for the continuous interpolation method can be proved by using known results for the real interpolation method.

The situation where X_1 and X_0 are given by (2.2) is of particular interest, since the continuous interpolation spaces can then be characterized with the help of the semigroup {e^{−tA}; t ≥ 0} generated by −A. We assume that type(−A) < 0. Then

D_A(α) := (X, D(A))^0_{α,∞} = {x ∈ X ; lim_{t→0} t^{1−α}‖Ae^{−tA}x‖_X = 0} (2.13) and ‖x‖_α := sup_{t∈J} t^{1−α}‖Ae^{−tA}x‖_X (2.14) is an equivalent norm, cf. [36], [35, Corollary 3.8]. Therefore, the elements of the continuous interpolation spaces X_α .= D_A(α) can be characterized by x ∈ X_α ⇐⇒ (t → e^{−tA}x) ∈ V_α (J; X, D(A)), 0 < α < 1 . (2.15) Now, we can go back to the linear Cauchy problem (CP )_{(A,f,x)}. Following [10] we define

M_α(X_1, X_0) := {A ∈ H(X_1, X_0) ; (∂_t + A, R_α) ∈ Isom ( V_α (J; X_0, X_1), C_α (J, X_0) × X_α ) } . (2.16)

Here we have set C_α (J, X_0) := {f ∈ C(J, X_0); lim_{t→0} t^{1−α}‖f(t)‖_{X0} = 0} , ‖f‖_{Cα (J,X0)} := sup_{t∈J} t^{1−α}‖f(t)‖_{X0}

for 0 < α < 1 and C_1 (J, X_0) := C([0, T ], X_0).

II–3

Observe that A ∈ M_α(X_1, X_0) means that the Cauchy problem (CP )_{(A,f,x)} has, for each (f, x) ∈ C_α (J, X_0) × X_α , a unique solution

u := (∂_t + A, R_α)^{−1}(f, x) ∈ V_α (J; X_0, X_1) .

u̇ and Au then have the same regularity as f. This is a maximal regularity result which extends (2.4). Of course, we have to show that the set M_α(X_1, X_0) is nonvoid.

2.1 Remarks

a) For A ∈ M_α(X_1, X_0), let (f, x) ∈ C_α (J, X_0) × X_α be given and set

J_Af := J_{A,T} f := (∂_t + A, R_α)^{−1}(f, 0) ,

x(·) := (∂_t + A, R_α)^{−1}(0, x) .

We then have

(J_Af)(t) = ∫_t 0 e^{−(t−τ)A}f(τ ) dτ , x(t) = e^{−tA}x , t ∈ (0, T ] . (2.17)

(Each solution of the Cauchy problem (CP )_{(A,f,x)} necessarily satisfies the variation of constants formula). Together with (2.15) we obtain the following characterization

A ∈ M_α(X_1, X_0) ⇐⇒ J_A ( C_α(J, X_0) ) ⊂ C_α(J, X_1) . (2.18)

Indeed, take f ∈ C_α(X_0). This certainly implies f ∈ L_1((0, T ), X_0) ∩ C((0, T ], X_0). Now, [31, Theorem 4.2.4] shows that J_Af belongs to C^1((0, T ], X_0) and moreover that (J_Af)^′ = f − AJ_Af holds. Together with the assumption J_Af ∈ C_α(J, X_1) this implies J_Af ∈ V_α (J; X_0, X_1). For any (f, x) ∈ C_α(J, X_0) × X_α , the function J_Af + x(·) - which belongs to V_α (J; X_0, X_1) by the given argument and by (2.15) - is the unique solution of the Cauchy problem. Now the open mapping theorem gives that the bounded linear operator in (2.16) is indeed an isomorphism.

b) Let X_γ := (X_0, X_1)_γ , γ ∈ (0, 1), be an interpolation space given by an arbitrary interpolation method (·, ·)_γ of exponent γ. Suppose A ∈ M_α(X_1, X_0) and B ∈ L(X_γ , X_0) for 0 ≤ γ < 1, where X_γ := X_0 for γ = 0. Then we have the following perturbation result A + B ∈ M_α(X_1, X_0) , (2.19)

cf. [10, Lemma 2.5].

c) The definitions and results in (2.9)-(2.19) are independent of T, except that some constants may change.

II–4

2.2 Theorem

Suppose we have two Banach spaces E_1, E_0 with E_1^d→ E_0 and an A ∈ H(E_1, E_0). Let X_0 := D_A(θ) be a continuous interpolation space for an arbitrary θ ∈ (0, 1). Let X_1 := D_A(1 + θ) be the domain of definition of A_{X0} , the part of A in X_0. Then

a) A_{X0} ∈ M_α(X_1, X_0) for each α ∈ (0, 1] .

b) If type(−A) < 0 , the following estimate holds ‖J_{AX0 ,T} ‖_{L(Cα ((0,T ],X0),Vα ((0,T ];X0,X1)} ≤ c(α, θ) , with a continuous function c ∈ C((0, 1] × (0, 1), R^+) which does not depend on the length of the interval (0, T ].

Proof a) has been proven in [10, Theorem 2.14]. Another proof, working with the semigroup e^{−tA} rather than with the resolvent of −A, is given in [35, Theorem 5.4]. There, we also pay attention to the estimate in b). �

When showing the exponential attractivity for center manifolds we will have to use estimates which do not depend on the length of some fixed time intervals. In fact, we will need the following result

2.3 Proposition

Let the assumptions of Theorem 2.2 be satisfied and fix ω_0 with type(−A) < ω_0 < 0. Then, there exist a continuous function

k := k_θ ∈ C((−∞, |ω_0| ) × (0, 1], R^+) (2.20)

with t^{1−α}e^{ωt} ‖ ∫_t 0 e^{−(t−τ)A}f(τ ) dτ ‖_{X1} ≤ k(ω, α) sup_{τ∈(0,t]} τ^{1−α}e^{ωτ} ‖f(τ )‖_{X0} , 0 < t ≤ T for each function f ∈ C_α (J, X_0) .

Proof We refer to [35, Proposition 5.6]. Here, we stated the result for θ ∈ (0, 1) fixed. It can be shown that the function k depends continuously on (ω, α, θ), cf. [35, Proposition 5.6]. It should be observed that type(−(A − ω)) = type(−A) + ω < 0 for each ω ∈ (−∞, |ω_0| ]. �

Using the property of maximal regularity again, we can state a result on the existence of bounded global solutions for the linear Cauchy problem. It is this result which leads to the existence of center manifolds.

II–5

2.4 Theorem Let the assumptions of Proposition 2.3 be given. Then, the inhomogenous Cauchy prob- lem u̇(t) + Au(t) = f(t) , t ∈ R , (2.21) has, for each f ∈ BC(R, X_0), a unique bounded solution u ∈ BC(R, X_1) ∩ BC^1(R, X_0) given by u(t) = (Kf)(t) := ∫_t −∞ e^{−(t−τ)A}f(t) dτ . (2.22) Moreover, K ∈ L(BC_η(R, X_0) , BC_η(R, X_1)) , η ∈ [ 0, |ω_0| ) (2.23) with ‖K‖_{L(BCη(R,X0 ) , BCη(R,X1 ))} ≤ k(η) , (2.24) and k ∈ C( [0, |ω_0| ), R^+ ) .

Hereby, BC_η(R, X), η ≥ 0 , denotes the function space BC_η(R, X) := { g ∈ C(R, X) ; ‖g‖_η := sup_{t∈R} e^{−η|t|} ‖g(t)‖_X < ∞ } .

Proof See [35, Theorem 5.7] and also [21, Proposition 1.2] for a related statement. �

2.5 Corollary Let f ∈ BC_η((−∞, 0], X_0) be given with 0 ≤ η < |ω_0|. Then

‖ ∫_0 −∞ e^{τA}f(τ ) dτ ‖_{X1} ≤ k(η) sup_{t≤0} e^{−η|t|} ‖f(t)‖_{X0} .

2.6 Remarks a) Theorem 2.4 can be generalized to the case that σ(−A) ∩ iR = ∅. (I.e. e^{−tA} is hyperbolic). Then, the inhomogenous Cauchy problem (2.21) has, for f ∈ BC(R, X_0), a unique bounded solution u ∈ BC(R, X_1) ∩ BC^1(R, X_0) given by

u(t) = (Kf)(t) := ∫_t −∞ e^{−(t−τ)A} π^sf(t) dτ − ∫_∞ t e^{−(t−τ)A} π^uf(t) dτ . Here, π^s denotes the projection onto the stable subspace and π^u the projection onto the unstable subspace.

b) For some remarks in connection with the results of this section and the existence of center manifolds for quasilinear parabolic equations see the discussion at the end of section 5.

II–6

3. Maximal regularity and quasilinear equations

In this section we are concerned with abstract quasilinear parabolic equations. We collect here some statements and facts we will need to carry through our arguments on the existence and attractivity of center manifolds.

To fix the notation, assume that there are given two Banach spaces X_1 and X_0 with X_1^d→ X_0 . Let U be a nonempty subset of X_0 and (A, F ) : U −→ L(X_1, X_0) × X_0 . (3.1) We then consider the autonomous quasilinear Cauchy problem u̇ + A(u)u = F (u) , t > 0 , u(0) = x . (3.2) u : J_u → X_0 is called a solution of (3.2) on (the nontrivial interval) J_u if 0 ∈ J_u and u ∈ C(J_u, U) ∩ C^1(J_u \ {0}, X_0) ∩ C(J_u \ {0}, X_1) (3.3) and u satisfies u̇(t) + A(u(t))u(t) = F (u(t)) , t ∈ J_u \ {0} , u(0) = x . u is called a maximal solution if there does not exist a solution of (3.2) which is a proper extension of u . Of course we assume that the set U carries a topology (which is not necessarily the topology of X_0). Now, we give conditions which guarantee that the quasilinear Cauchy problem (3.2) indeed has solutions. We then state that the equation (3.2) defines a smooth semiflow on an appropriate space. Let X_θ , 0 < θ < 1 , (3.4) be the continuous interpolation spaces introduced in section 2. We fix two reals α and β with 0 < β < α ≤ 1 . (3.5) Let U_β be an open subset of X_β (3.6) and U_α := U_β ∩ X_α (3.7) be equipped with the topology of the space X_α . It is known that X_α → X_β whenever β < α and this immediately implies that U_α is a well-defined open subset of X_α . We assume that (A, F ) ∈ C^k(U_β , L(X_1, X_0) × X_0) , k ∈ N^∗ ∪ {∞, ω} , (3.8) and A(x) ∈ M_α(X_1, X_0) , x ∈ U_α . (3.9) III–1

Then we obtain the following result on the existence and smooth dependence of solutions

3.1 Theorem The quasilinear Cauchy problem u̇ + A(u)u = F (u) , t > 0 , u(0) = x (3.10) has for each x ∈ U_α a unique maximal solution u(·, x) , defined on the maximal interval of existence [0, t^+(x)) , with u(·, x) ∈ C([0, t^+(x)), U_α) . (3.11) Moreover, u(·, x) ∈ V_α ((0, T ]; X_0, X_1) for each 0 < T < t^+(x) . (3.12) D := ⋃ x∈U_α [0, t^+(x)) × {x} is open in R^+ × U_α and

(t, x) → u(t, x) ∈ C^{0,k}(D, U_α) , (3.13) i.e. the map defines a C^k-semiflow on U_α .

Proof For α < 1 we indicate a proof which works for k = 1- too, i.e. for the case where the functions (A, F ) in (3.8) are merely Lipschitz continuous. We show that for each x_0 ∈ U_α there exist positive constants τ = τ (x_0) and ϵ = ϵ(x_0) such that the quasilinear Cauchy problem (3.10) has a unique local solution u(·, x) with u(·, x) ∈ V_α((0, τ ]; X_1, X_0) (3.14) for each x ∈ B_α (x_0, ϵ) (for ϵ and τ being sufficiently small). In fact, for x_0 ∈ U_α we rewrite (3.10) as u̇ + A(x_0)u = B(u)u + F (u) , t > 0 , u(0) = x (3.15) with B(u) := A(x_0) − A(u). Now, we obtain a local solution of (3.15) in the function space (3.14) by a fixed point argument. Indeed, for each v ∈ V_α((0, τ ]; X_1, X_0) we have [ s → B(v(s))v(s) + F (v(s)) ] ∈ C_α ((0, τ ], X_0) . (3.16) Thanks to the property of maximal regularity in (2.16), the linear Cauchy problem u̇ + A(x_0)u = B(v(t))v(t) + F (v(t)) , u(0) = x , has a unique solution ϕ_x(v) := u ∈ V_α((0, τ ]; X_0, X_1) . (3.17) III–2

Since V_α((0, τ ]; X_1, X_0) → C([0, τ ], X_α) , cf. [35, Proposition 5.1], (3.11), in fact, is a consequence of (3.12). We refrain from giving more details and refer to [35], [10]. �

3.2 Corollary Assume 0 ∈ U_α and denote the linearization of (3.10) at 0 by L, i.e. L := A(0) − ∂F (0) . (3.18) Then, each solution u(·, x) of the quasilinear Cauchy problem (3.10) satisfies u(t, x) = e^{−tL}x + ∫_t 0 e^{−(t−τ)L}g(u(τ, x)) dτ , t ∈ [0, t^+(x)) (3.19) with g(u) := (A(0) − A(u))u + F (u) − ∂F (0)u , u ∈ U_α ∩ X_1 , (3.20) and hence solves the Cauchy problem u̇ + Lu = g(u) , t ∈ (0, t^+(x)) , u(0) = x . (3.21) Each solution of (3.21) also solves (3.10).

Proof Indeed, let u(·, x) be a solution of (3.10), defined on the maximal existence interval (0, t^+(x)). Fix T ∈ (0, t^+(x)). Thanks to (3.11) and (3.12) we obtain [ τ → g(u(τ, x)) ] ∈ C_α ((0, T ], X_0) (3.22) In fact, from (3.8) we get in particular that F ∈ C^1(U_α , X_0) and (3.22) then easily follows from (3.11) and (3.12). (3.9) shows that A(0) ∈ M_α(X_1, X_0) and (3.8) gives that C := −∂F (0) ∈ L(X_β , X_0) . We infer from Remark 2.1 b) that L := A(0) + C ∈ M_α(X_1, X_0) . (3.23) Now, it follows from (3.22)-(3.23), (2.15) and (2.16) that the function v defined by v(t) := e^{−tL}x + ∫_t 0 e^{−(t−τ)L}g(u(τ, x)) dτ (3.24) belongs to the function space V_α ((0, T ]; X_0, X_1) and solves the linear Cauchy problem v̇(t) + Lv(t) = g(u(t, x)) , 0 < t ≤ T , v(0) = x . (3.25) But then, v clearly also solves the Cauchy problem (3.10) and we conclude that v = u(·, x)|[0, T ] . Since T can be chosen arbitrarily, the assertions follow. It is clear that each solution of (3.21) solves (3.10). (Note that (3.21) has a solution. This can be shown by similar arguments as in Theorem 3.1). �

3.3 Remark Observe that Theorem 3.1 expresses a smoothing property for solutions of the quasilinear parabolic equation (3.10). Indeed, u(t, u_0) belongs to X_1 for each positive time t, even if the initial values are in X_α . (Solutions immediately become more regular than the initial values are). In section 5, we will work simultaneously with the topologies of X_α and X_1 .

III–3

4. Existence of invariant manifolds for

quasilinear parabolic equations

In this section we shall show the existence of locally invariant manifolds for the abstract autonomous quasilinear equation u̇ + A(u)u = F (u) , t > 0 . (4.1)

We assume that there are given two Banach spaces X_1 and X_0 with X_1^d→ X_0 . Let α , β be two fixed reals with 0 < β < α < 1 and let X_α , X_β be the continuous interpolation spaces. Let U_β be an open subset of X_β and set U := U_α := U_β ∩ X_α . It follows that U ⊂ X_α is an open subset (where U inherits the topology of X_α ). Moreover, we require (A, F ) ∈ C^k(U_β , L(X_1, X_0) × X_0) , k ∈ N , k ≥ 1 , (4.2) and There exists a pair (E_0, E_1) of Banach spaces with E_1^d→ E_0 and an extension Ã(·) of A(·) so that the following conditions hold for each x ∈ U:

(i) Ã(x) ∈ H(E_1, E_0) , (ii) X_0 .= D_{Ã(x)}(θ) , X_1 .= D_{Ã(x)}(1 + θ) for some θ ∈ (0, 1) , (iii) A(x) is the X_0-realization of Ã(x) , (iv) E_1 → X_β → E_0 and

there exists c > 0 and δ ∈ (0, 1) with ‖e‖_{Xβ} ≤ c‖e‖^{1−δ}_{E0} ‖e‖^δ_{E1} , e ∈ E_1 . These technical assumptions will allow us to use maximal regularity results. Indeed, Theorem 2.2 together with (i)-(iii) implies that A(x) ∈ M_α(X_1, X_0) , for each x ∈ U . (4.3) Moreover, we have (Ã(x) − ∂F (x)) ∈ H(E_1, E_0) by (iv), Young’s inequality and a wellknown perturbation result, cf. [23, Theorem 5.3.6]. Finally, F ∈ C^k(U_β, X_0) gives A(x) − ∂F (x) = the X_0-realization of Ã(x) − ∂F (x) , x ∈ U . (4.4) Assume that 0 ∈ U , F (0) = 0 (4.5) such that 0 is an equilibrium for the semiflow generated by (4.1). We study the behavior of the semiflow in a neighborhood of this equilibrium under some suitable assumptions on the spectrum of the linearized equation. Set L := A(0) − ∂F (0) . (4.6) III–4

It follows from (4.3)-(4.4) that −L generates an analytic C_0-semigroup on X_0. Suppose that the spectrum of −L admit the following decomposition:

σ(−L) = σ_s ∪ σ_c with σ_s ⊂ [Rez < 0] , σ_c ⊂ iR (4.7) and σ_c consists of finitely many eigenvalues with finite multiplicity . (4.8) We set λ_s := sup {Re σ_s} and choose ω_s and ω_c such that λ_s < ω_s < ω_c < 0 . (4.9) Let π^c be the spectral projection for the spectral set σ_c , π^s := id_{X0} − π^c and X^c := π^c(X_0). Then, there exists a decomposition of X_0 and X_1 into a direct topological sum which reduces L and the analytic semigroup (e^{−tL})_{t≥0} generated by −L, i.e.

X_1 = X^c ⊕ X^s_1 , X_0 = X^c ⊕ X^s_0 , L = L_c ⊕ L_s , e^{−tL} = e^{−tLc} ⊕ e^{−tLs} , t ≥ 0 , where L_c denotes the part of L in X^c and L_s the part in X^s_0 . We refrain from giving an additional index to the finite dimensional space X^c. It follows (from [37, p.118] for example) that there is also a decomposition X_γ = X^c ⊕ X^s_γ with X^s_γ .= (X^s_0 , X^s_1 )_γ , (4.10) where (· , ·)_γ denotes the continuous interpolation method in our context. It can be shown that the spectrum of L̃ := Ã(0) − ∂F (0) and the operator L coincide, cf. [9]. Hence, there exist also decompositions of E_0 and E_1 and an analogous of (4.10) holds as well. We conclude that L_s is the X^s_0 -realization of L̃_s , the part of L̃ in E^s_0 . Then

L_s ∈ M_α (X^s_1 , X^s_0 ) and type(−L_s) = λ_s i.e. −L_s generates an analytic C_0-semigroup on X^s_0 and the property of maximal regularity holds. (This follows again from Theorem 2.2). Finally, let M_c and M_s be positive constants with ‖e^{−tLc} ‖_{L(X}c_) ≤ M_ce^{t ωc} , t ≤ 0 , ‖e^{−tLs} ‖_{L(X}s_{j )} ≤ M_se^{t ωs} , t ≥ 0 , j = 0, 1 . (4.11) Theorem 2.4 and Corollary 2.5 can now be applied to the spaces X^s_0 and X^s_1 with ω_0 = ω_s and A = L_s :

The linear Cauchy problem v̇(t) + L_s v(t) = f(t) , t ∈ R has, for each η ∈ [0, |ω_s|) and f ∈ BC_η(R, X^s_0), a unique solution v ∈ BC_η(R, X^s_1) which is given by

v(t) = (K_sf)(t) := ∫_t −∞ e^{−(t−τ)Ls} f(τ ) dτ . III–5

Moreover, ‖K_s‖_{L(BCη(R,X}s_{0 ) , BCη(R,X}s_{1 ))} ≤ k(η) , with k ∈ C([0, |ω_s|)) . (4.12)

Now using results of [21] and [16], (cf. also [25]) we can establish the existence of locally invariant C^k-manifolds, M^c_{loc} ⊂ X_1 , for the quasilinear equation (4.1). We will show that these are exponentially attractive in the norm of the space X_1 for solutions with small initial data belonging to the interpolation space X_α . This is an optimal result which pays attention to the smoothing property of solutions of quasilinear parabolic equations. Moreover, we are not loosing any invariant manifold by looking for them in the more regular space X_1. (Note that (4.1) defines a C^k-smooth semiflow on the space X_α. Nevertheless, each invariant manifold lies in the smaller space X_1, again due to the smoothing property.) This gives us the possibility to get results in a larger range of spaces which do not have the property of maximal regularity. We collect here some notation and the existence results we will need. In particular we have to take care of a ‘cutting’ trick.

We may write the quasilinear problem (4.1) as a semilinear equation, i.e.

u̇(t) + Lu(t) = g(u(t)) , u(0) = u_0 (4.13)

with g(z) := (A(0) − A(z))z + F (z) − ∂F (0)z , z ∈ X_1 . (4.14)

It is this step which requires the property of maximal regularity. The function g then has the following properties:

g ∈ C^k(U_1 , X_0) and g(0) = 0 , ∂g(0) = 0 . (4.15)

Next, we modify the mapping g in a neighborhood of zero of the finite dimensional space X^c. We may assume without loss of generality that U is given by

U = U^c × U^s with U^c ⊂ X^c , U^s ⊂ X^s_α ,

where U^c and U^s are neighborhoods of zero in the indicated spaces. Let ρ_0 be chosen such that W_1 (2ρ_0) := B_Xc (0, 2ρ_0) × B_{X1} (0, 2ρ_0) ⊂ U^c × U^s_1 ,

(g| W_1 (2ρ_0)) ∈ BC^k(W_1 (2ρ_0) , X_0)

(4.16)

holds, where U^s_1 := U^s ∩ X_1 equipped with the topology of X_1 . For ρ > 0 let r_ρ ∈ C^∞(X^c × X^s_1 , X_1) be given by r_ρ(x, y) := χ(ρ^{−1}x)x + y , (x, y) ∈ X^c × X^s_1 , where χ ∈ C^∞(X^c, [0, 1]) denotes a smooth cutoff function for the closed ball B_Xc (0, 1) of X^c with support in B_Xc (0, 2). Now we set

g_ρ := g ∘ r_ρ , 0 < ρ ≤ ρ_0 . (4.17)

III–6

We then have for the modified mapping g_ρ

g_ρ ∈ C^k(X^c × U^s_1 , X_0) and g_ρ(0) = 0 , ∂g_ρ(0) = 0 , g_ρ ∈ BC^k(V_{2ρ0} , X_0) with V_{2ρ0} := X^c × B_Xs_1 (0, 2ρ_0) and

(4.18)

g_ρ = g in B_Xc (0, ρ) × U^s_1 . (4.19)

Hence, the solutions of (4.13) remaining in B_Xc (0, ρ) × U^s_1 coincide with the solutions of u̇(t) + Lu(t) = g_ρ(u(t)) , u(0) = u_0 . (4.20)_ρ Note that solutions indeed exist because of the property of maximal regularity. It is clear that the modified equation (4.20)_ρ is equivalent to the coupled system

ẋ(t) + L_c x(t) = π^cg_ρ (x(t) , y(t)) , x(0) = x_0 , ẏ(t) + L_s y(t) = π^sg_ρ (x(t) , y(t)) , y(0) = y_0 ,

(4.21)_ρ

with x_0 = π^cu_0, y_0 = π^su_0 .

We can now state the following result on the existence and smoothness of invariant manifolds:

4.1 Theorem ( Existence of center manifolds ) Let the assumptions (4.1) − (4.8) be satisfied. Then there exists a ρ_k ∈ (0, ρ_0] and for each ρ ∈ (0, ρ_k] there is a unique mapping σ = σ_ρ = σ_{k,ρ} ∈ BC^k(X^c , X^s_1 ) (4.22) with the properties σ(0) = 0 , ∂σ(0) = 0 . (4.23) In addition ‖σ(x) − σ(x^′)‖_Xs_1 ≤ b ‖x − x^′‖_Xc (4.24) for a suitable positive constant b and im(σ) ⊂ B_Xs_1 (0, ρ) . (4.25) The following holds for the graph of σ a) M^c := M^c(k, ρ) := graph (σ) ⊂ X_1 is a globally invariant C^k-manifold for the equation (4.21)_ρ or (4.20)_ρ respectively, i.e. the solution (x_ρ , y_ρ) of (4.21)_ρ exists globally for each initial value (x_0, y_0) ∈ M^c and (x_ρ (t), y_ρ (t)) ∈ M^c for t ∈ R . III–7

Let z(·) := z(·, x) := z(·, x, σ, ρ) (4.26) be the (global) solution of the reduced ordinary differential equation ż(t) + L_c z(t) = π^cg_ρ ( z(t), σ(z(t)) ) , t ∈ R , z(0) = x . (4.27) Then σ satisfies the (fixed point) equation σ(x) = ∫_0 −∞ e^{τLs} π^sg_ρ ( z(τ, x), σ(z(τ, x)) ) dτ . (4.28)

b) (i) M^c_{loc} := M^c_{loc}(k, ρ) := graph (σ | B_Xc (0, ρ)) ⊂ X_1 (4.29) is a locally invariant C^k-manifold for the equation (4.13) relative to the set W_1 (ρ) := B_Xc (0, ρ) × B_Xs_1 (0, ρ) , i.e. M^c_{loc} is invariant for solutions of the equation (4.13) as long as they remain in W_1 (ρ) .

(ii) If u(·) : R → X_1 is a global solution of (4.13) with u(t) ∈ W_1 (ρ) for all t ∈ R, then π^su(t) = σ(π^cu(t)) , t ∈ R , (4.30) and π^cu(·) is the solution of the ordinary differential equation

ż(t) + L_c z(t) = π^cg (z(t), σ(z(t))) , t ∈ R , z(0) = π^cu(0) , (4.31) i.e. M^c_{loc} contains all small global solutions.

Proof Let S_{k,ρ} be the set S_{k,ρ} := { σ : X^c → X^s_1 ; σ(0) = 0 , ‖σ(x)‖ ≤ ρ , ‖∂^j σ(x)‖ ≤ b_j , j = 1, ..., k − 1 , [∂^{(k−1)}σ]_{1−} ≤ b_k } , equipped with the topology of bounded functions, i.e. with the norm ‖σ‖_∞ := sup_{x∈Xc} ‖σ(x)‖_{X1} . For σ ∈ S_{k,ρ} let G be the mapping defined by G(σ)(x) :=

∫_0 −∞ e^{τLs} π^sg_ρ ( z(τ, x), σ(z(τ, x)) ) dτ , (4.32) III–8 where z(·, x) denotes the solution of (4.27).

It follows from [21, Theorem 3.2] that there exists a ρ_k > 0 such that the mapping G has a unique fixed point σ_{k,ρ} ∈ S_{k,ρ} for a suitable choice of b_j , j = 1, ..., k. Here, the reals b_j do not depend on ρ ∈ (0, ρ_k]. The assertion (4.24) then follows by taking b := b_1 and (4.25) follows from

im (σ) ⊂ B_Xs_1 (0, ρ) for σ = σ_{k,ρ} ∈ S_{k,ρ} .

The results in [21] guarantee the existence of a mapping σ ∈ BC^{k−}(X^c, X^s_1 ), (i.e. σ has continuous and bounded derivatives up to the order (k − 1) and ∂^{(k−1)}σ is uniformly Lipschitz continuous), such that the graph, graph (σ), is globally invariant for the system (4.21)_ρ .

In addition, we can deduce with [16, Theorem 6.2] that σ has bounded and continuous derivatives up to the order of k.

It follows from (4.12) that the key assumption (H) in [25] is satisfied. Then it is not difficult to see that the assumptions of [25, Theorem 2.2] hold. The only slight difficulty lies in the fact that they use a different ‘cutting’ function r_ρ . However, their modified function corresponds to our g_ρ on the set V_ρ , defined in (4.18). We can conclude with a little effort that σ coincides with the mapping ψ in [25, Theorem 2.2]. Now the assertions (4.23) , (4.30) and (4.31) follow from [25, Theorem 2.3]. �

4.2 Remarks

a) M^c_{loc} is, as the graph of a C^k-function defined on an open subset of a finite dimensional space, a finite dimensional C^k-manifold of dimension dim (X^c) and x → (x, σ(x)) is a parametrization. Hence, the tangential space of M^c_{loc} at 0 is given by T_0 (M^c_{loc}) = im (id_Xc , ∂σ(0)) . (4.23) then implies T_0 (M^c_{loc}) = X^c × {0} ≡ X^c which says that the space X^c, the center space, is tangential to M^c_{loc} at 0. M^c_{loc} is a (local) center manifold in X_1 for (4.1).

The local center manifolds, M^c_{loc} , are not uniquely determined, in contrast to the global center manifold described in Theorem 4.1. Note that we obtain center manifolds which are as smooth as the functions are. But in general, we can not guarantee the existence of smooth C^∞ manifolds if the functions (A, F ) are smooth. In fact, the reals ρ_k may shrink to 0 when k increases. For a detailed analysis we refer to [39] and the references given there.

b) If we replace (4.7) with σ(−L) = σ_s ∪ σ_{cu} where σ_s ⊂ [Rez < 0] , σ_{cu} ⊂ [Rez ≥ 0] , σ_{cu} ∩ iR ≠ ∅ . and then substitute c with cu at each place where this is meaningful, we obtain the existence of a center unstable manifold M^{cu}_{loc} , which is tangential to X^{cu} .

III–9

5. Attractivity

We now prove that the center manifolds obtained in Theorem 4.1 attract solutions at an exponential rate. It is essential that we can prove that this happens in the topology of X_1 even if the initial values are in the weaker interpolation space X_α . This is an optimal result which takes care of the smoothing property of quasilinear parabolic equations. We first state that solutions of (4.20)_ρ with small initial data in X_α remain in a small neighborhood of X_α . Due to the definition of g_ρ we only have to prove this for the part of the solution in the stable subspace X^s_α .

5.1 Lemma Let u := u(· , u_0) := u (· , u_0 , ρ) be the solution of the equation (4.20)_ρ and let t^+(u_0) := t^+(u_0 , ρ) be the positive escape time of the initial value u_0 .

Then, there exists a ρ^, ∈ (0, ρ_0 ] and for each ρ ∈ (0, ρ^, ] there exists a neighborhood U_α (ρ) of 0 in X_α with the following properties: a) t^+(u_0) > 1 for each initial value u_0 ∈ U_α (ρ) , b) π^s u([0, t^+(u_0)), u_0) ⊂ B_Xs_α (0, 2ρ) , u_0 ∈ U_α (ρ) .

Proof We refrain from proving this here and refer to [35, Lemma 9.1]. �

5.2 Lemma

Let σ = σ_ρ = σ_{k,ρ} ∈ BC^k(X^c , X^s_1 ) be as in Theorem 4.1 and let z(·) := z(·, π^cu_0) := z(·, π^cu_0, σ, ρ) (5.1)

again denote the (global) solution of the ordinary differential equation ż(τ ) + L_c z(τ ) = π^cg_ρ ( z(τ ), σ(z(τ )) ) , τ ∈ R , z(0) = π^cu_0 . (5.2) Moreover, define

w(τ, t) := z(τ − t, π^cu(t)) for τ ∈ R and t ∈ [0, t^+(u_0)) , i.e. w(·, t) solves the differential equation

ẇ(τ ) + L_c w(τ ) = π^cg_ρ ( w(τ ), σ(w(τ )) ) , τ ∈ R , w(t) = π^cu(t) , (5.3)

where u := u(·, u_0) := u_ρ(·, u_0) is the solution of equation (4.20)_ρ .

III–10

Finally, set ξ(t) := π^su(t) − σ(π^cu(t)) , t ∈ [0, t^+(u_0)) . (5.4) Then ξ(t) = e^{−tLs} ξ(0) + ∫_t 0 e^{−(t−τ)Ls} h_1(τ, t) dτ + e^{−tLs} ∫_0 −∞ e^{τLs} h_2(τ, t) dτ (5.5) where the functions h_1 and h_2 are given by h_1(τ, t) := π^s[ g_ρ ( π^cu(τ ), π^su(τ ) ) − g_ρ ( w(τ, t), σ(w(τ, t)) ) ] , 0 < τ ≤ t < t^+(u_0) , h_2(τ, t) := π^s[ g_ρ ( z(τ ), σ(z(τ )) )−g_ρ ( w(τ, t), σ(w(τ, t)) ) ] , τ ≤ 0 ≤ t < t^+(u_0) .

Proof Due to the property of maximal regularity, the solutions of (4.20)_ρ are given by the variation of constants formula, cf. Corollary 3.2 and in particular (3.19). Hence, π^su(t) = e^{−tLs} π^su_0 + ∫_t 0 e^{−(t−τ)Ls} π^sg_ρ (π^cu(τ ), π^su(τ )) dτ . (5.6) It then follows from (4.28) that ξ(t) = e^{−tLs} π^su_0 + ∫_t 0 e^{−(t−τ)Ls} π^sg_ρ ( π^cu(τ ), π^su(τ ) ) dτ − ∫_0 −∞ e^{τLs} π^sg_ρ ( z(τ, π^cu(t)), σ(z(τ, π^c u(t))) ) dτ . Using the substitution τ → t + τ we obtain for the second integral ∫_0 −∞ e^{τLs} π^sg_ρ ( z(τ, π^cu(t)), σ(z(τ, π^cu(t))) ) dτ = ∫_t −∞ e^{−(t−τ)Ls} π^sg_ρ ( w(τ, t), σ(w(τ, t)) ) dτ . Now, the assertion follows from σ(π^cu_0) =

∫_0 −∞ e^{τLs} π^sg_ρ ( z(τ ), σ(z(τ )) ) dτ . �

III–11

5.3 Proposition Set x(·) := π^cu and y(·) := π^su . Then, for each ρ ∈ (0, ρ^, ] there exists a L_α(ρ) > 0 with lim_{ρ→0} L_α(ρ) = 0 (5.7)

such that, given any initial value u_0 ∈ U_α(ρ), the following holds: (i) ‖ g_ρ ( x(τ ), y(τ ) ) − g_ρ ( w(τ, t), σ(w(τ, t)) )‖_{X0} ≤ L_α(ρ)‖x(τ ) − w(τ, t)‖ + L_α(ρ)‖y(τ ) − σ(x(τ ))‖_{X1} , τ, t ∈ (0, t^+(u_0)) , (ii) ‖ g_ρ ( z(τ ), σ(z(t)) ) − g_ρ ( w(τ, t), σ(w(τ, t)) )‖_{X0} ≤ L_α(ρ)‖z(τ ) − w(τ, t)‖ , τ ∈ R , t ∈ (0, t^+(u_0)) .

Proof (i) We define W_α (2ρ) := B_Xc (0, 2ρ) × B_Xs_α (0, 2ρ) . (5.8) Moreover, we set B(z) := A(0) − A(z) for z ∈ U = U_α . Lemma 4.1 and the definiton of the function r_ρ then imply that v_ρ(τ ) := r_ρ (x(τ ), y(τ )) ∈ W_α(2ρ) , τ ∈ [0, t^+(u_0)) (5.9) for ρ ∈ (0, ρ^, ] and for each initial value u_0 ∈ U_α(ρ) . We conclude from (4.25) that

w_ρ(τ, t) := r_ρ(w(τ, t), σ(w(τ, t))) ∈ B_Xc (0, 2ρ) × B_Xs_1 (0, ρ) (5.10) for each τ ∈ R . We can assume that the norm of the inclusion i : X_1 → X_α is bounded by 1. (If not, we can replace the norm ‖ · ‖_α of X_α by ( ‖i‖_{L(X1,Xα)} )^{−1}‖ · ‖_α and use Lemma 4.1 with this norm). Due to (5.9)-(5.10) and (4.17) we have to estimate g (v_ρ(τ )) − g (w_ρ(τ, t)) (5.11) for τ , t ∈ (0, t^+(u_0)). With (4.14) we estimate: B(v_ρ(τ ))v_ρ(τ ) − B(w_ρ(τ, t))w_ρ(τ, t) = B(v_ρ(τ )) ( v_ρ(τ ) − w_ρ(τ, t) ) + ( B(v_ρ(τ )) − B(w_ρ(τ, t)) ) w_ρ(τ, t) .

III–12

The first term can be estimated by ‖B(v_ρ(τ ))(v_ρ(τ )−w_ρ(τ, t))‖_{X0} ≤ sup_{z∈Wα(2ρ)} ‖B(z)‖_{L(X1,X0)} ‖v_ρ(τ )−w_ρ(τ, t)‖_{X1} . (5.12)

Using the mean value theorem we obtain for the second term ‖ ( B(v_ρ(τ )) − B(w_ρ(τ, t)) ) w_ρ(τ, t)‖_{X1} ≤ sup z∈W_α(2ρ) ‖∂B(z)‖_{L(Xα,L(X1,X0))} ‖v_ρ(τ ) − w_ρ(τ, t)‖_{Xα} ‖w_ρ(τ, t)‖_{X1} ≤ sup z∈W_α(2ρ) ‖∂B(z)‖_{L(Xα,L(X1,X0))} ‖v_ρ(τ ) − w_ρ(τ, t)‖_{X1} · 3ρ , τ > 0 , (5.13)

where ‖w_ρ(τ )‖_{X1} ≤ 3ρ for τ ∈ R

is a consequence of (5.10) (or (4.25)). Again using the mean value theorem we also obtain

‖F (v_ρ(τ )) − ∂F (0) v_ρ(τ ) − [ F (w_ρ(τ, t)) − ∂F (0) w_ρ(τ, t) ] ‖_{X0} ≤ sup z∈W_α(2ρ) ‖∂F (z) − ∂F (0)‖_{L(X1,X0)} ‖v_ρ(τ ) − w_ρ(τ, t)‖_{X1} , τ > 0 . (5.14) It follows from the definiton of r_ρ given in (4.17) that ‖v_ρ(τ )−w_ρ(τ, t)‖_{X1} ≤ ‖χ (ρ^{−1}x(τ )) x(τ )−χ (ρ^{−1} w(τ, t)) w(τ, t)‖+‖y(τ )−σ(w(τ, t))‖_{X1} for τ > 0. If [χ]_{1−} denotes the Lipschitz seminorm of the cutoff function χ we obtain (by considering the cases w(τ, t) ≤ 2ρ resp. w(τ, t) > 2ρ and by a symmetry argument): ‖χ (ρ^{−1}x(τ )) x(τ )−χ (ρ^{−1} w(τ, t)) w(τ, t)‖ ≤ (1+2[χ]_{1−}) ‖x(τ )−w(τ, t)‖ , τ > 0 (5.15) and with (4.24) ‖y(τ ) − σ(w(τ, t))‖_{X1} ≤ ‖y(τ ) − σ(x(τ ))‖_{X1} + ‖σ(x(τ )) − σ(w(τ, t))‖_{X1} ≤ ‖y(τ ) − σ(x(τ ))‖_{X1} + b ‖x(τ ) − w(τ, t)‖_{X1} , τ > 0 . (5.16)

By collecting the results in (5.12)-(5.16) we get the assertion (i) where L_α(ρ) is given by ( 1 + b + 2[χ]_{1−} ) × sup z∈W_α(2ρ) ( ‖B(z)‖_{L(X1,X0)} + 3ρ ‖∂B(z)‖_{L(Xα,L(X1,X0))} + ‖∂F (z) − ∂F (0)‖_{L(X1,X0)} ) .

Observe that L_α can be made small by decreasing ρ .

III–13

For proving (ii) we replace v_ρ given in (5.9) by v_ρ(τ ) := r_ρ (z(τ ), σ(z(τ )) , τ ∈ R .

Now, all conclusions of (5.9)-(5.16) hold for this situation as well. � For the next proposition we also refer to [21, p.131] for the case α = 1 and to [24] p.148 for the easier case of semilinear equations. 5.4 Proposition Set p := max { ‖π^c‖_{L(X0)} , ‖π^s‖_{L(X0)} } . Then a) ‖x(τ ) − w(τ, t)‖ ≤ pM_cL_α(ρ) ∫_t τ e^{μ(ϑ−τ)} ‖ξ(ϑ)‖_1 dϑ , 0 < τ ≤ t < t^+(u_0) with μ := μ(ρ) := pM_cL_α(ρ) − ω_c . (5.17) b) ‖z(τ )−w(τ, t)‖ ≤ pM_cL_α(ρ) e^{−μτ} ∫_t 0 e^{μϑ} ‖ξ(ϑ)‖_1 dϑ , τ ≤ 0 , t ∈ [0, t^+(u_0)) .

Proof a) Let t ∈ (0, t^+(u_0)) be fixed. It follows from (5.3) that w(·, t) is given by w(τ, t) = e^{−(τ−t)Lc} x(t) + ∫_τ t e^{−(τ−s)Lc} π^c g_ρ (w(s, t), σ(w(s, t))) ds . (5.18) Moreover, we infer from (4.21)_ρ that x(τ ) = e^{−(τ−t)Lc} x(t) + ∫_τ t e^{−(τ−s)Lc} π^c g_ρ (x(s), y(s)) ds , τ ∈ (0, t^+(u_0)) . (5.19) (4.11) and Proposition 5.3 then imply ‖x(τ ) − w(τ, t)‖ ≤ pM_c | ∫_τ t e^{(τ−s)ωc} ‖ g_ρ ( x(s), y(s) ) − g_ρ ( w(s, t), σ(w(s, t)) ) ‖_0 ds | ≤ pM_cL_α(ρ) | ∫_τ t e^{(τ−s)ωc} ‖ξ(s)‖_1 ds | + pM_cL_α(ρ) | ∫_τ t e^{(τ−s)ωc} ‖x(s) − w(s, t)‖ ds | . By multiplying this inequality with e^{−τωc} we obtain e^{−τωc} ‖x(τ ) − w(τ, t)‖ ≤ a(τ, t) + k ‖ ∫_τ t e^{−sωc} ‖x(s) − w(s, t)‖ ds | , III–14 where we have set k := pM_cL_α(ρ) , a(τ, t) := k | ∫_τ t e^{−sωc} ‖ξ(s)‖_1 ds | . 0 < τ ≤ t (5.20)

For t ∈ (0, t^+(u_0)) fixed we get a(·, t) ∈ C([0, t], R^+), due to ξ(·) ∈ C_α ((0, t], X^s_1 ) → L_1((0, t), X^s_1 ) .

By applying Gronwall’s Lemma (cf. [5, Lemma 6.1]) we obtain e^{−τωc} ‖x(τ ) − w(τ, t)‖ ≤ a(τ, t) + k | ∫_τ t a(s, t)e^| ∫_τ s k dσ| ds | , 0 < τ ≤ t . (5.21)

Now, after plugging in a(τ, t), interchanging the order of integration and doing some computation we get e^{−τωc} ‖x(τ ) − w(τ, t)‖ ≤ k ∫_t τ e^{k(ϑ−τ)}e^{−ωcϑ} ‖ξ(ϑ)‖_1 dϑ , 0 < τ ≤ t which gives the assertion in a) .

b) z(·) := z(·, x(0)), being the solution of (5.2), is given by z(τ ) = e^{−τLc} x(0) + ∫_τ 0 e^{−(τ−s)Lc} π^cg_ρ ( z(s), σ(z(s)) ) ds , τ ∈ R . On the other hand we have x(t) = e^{−tLc} x(0) + ∫_t 0 e^{−(t−s)Lc} π^cg_ρ (x(s), y(s)) ds . This together with (5.18) implies z(τ ) − w(τ, t) = ∫_t 0 e^{−(τ−s)Lc} k_1(s, t) ds + ∫_0 τ e^{−(τ−s)Lc} k_2(s, t) ds (5.22) with k_1(s, t) := π^c [ g_ρ ( w(s, t), σ(w(s, t)) ) − g_ρ ( x(s), y(s) ) ] , 0 < s ≤ t and k_2(s, t) := π^c [ g_ρ ( w(s, t), σ(w(s, t)) ) − g_ρ ( z(s), σ(z(s)) ) ] , s ≤ 0 .

Now, Proposition 5.3 and the first part of the proof show ‖k_1(s, t)‖ ≤ pL_α(ρ) ‖w(s, t) − x(s)‖ + pL_α(ρ) ‖y(s) − σ(x(s))‖_1 ≤ M_c(pL_α(ρ))^2 ∫_t s e^{(ϑ−s)μ} ‖ξ(ϑ)‖_1 dϑ + pL_α(ρ)‖ξ(s)‖_1 (5.23)

III–15 for 0 < s ≤ t and ‖k_2(s, t)‖ ≤ pL_α(ρ) ‖w(s, t) − z(s)‖_1 , s ≤ 0 . (5.24) We then obtain from (5.22)-(5.24) (by interchanging the order of integration and a forward calculation) ‖z(τ ) − w(τ, t)‖ ≤ ke^{τωc} ∫_t 0 e^{ϑμ} ‖ξ(ϑ)‖_1 dϑ + k | ∫_τ 0 e^{(τ−s)ωc} ‖z(s) − w(s, t)‖ ds | . with k given in (5.20). Hence e^{−τωc} ‖z(τ ) − w(τ, t)‖ ≤ k ∫_t 0 e^{ϑμ} ‖ξ(ϑ)‖_1 dϑ + k | ∫_τ 0 e^{−sωc} ‖z(s) − w(s, t)‖ ds | = a(t) + k | ∫_τ 0 e^{−sωc} ‖z(s) − w(s, t)‖ ds | with a(t) := k ∫_t 0 e^{ϑμ} ‖ξ(ϑ)‖_1 dϑ . (5.25) Using Gronwall’s Lemma, cf. [5, Corollary 6.2], we obtain: e^{−τωc} ‖z(τ ) − w(τ, t)‖ ≤ a(t) e^| ∫_τ 0 k dσ | = a(t) e−kτ , τ ≤ 0 . Now, assertion b) follows. � 5.5 Corollary a) ‖h_1(τ, t)‖_Xs_0 ≤ n (ρ) ∫_t τ e^{(ϑ−τ)μ} ‖ξ(ϑ)‖_1 dϑ + pL_α(ρ) ‖ξ(τ )‖_1 , 0 < τ ≤ t < t^+(u_0) , b) ‖h_2(τ, t)‖_Xs_0 ≤ n (ρ) e^{−μτ} ∫_t 0 e^{μϑ} ‖ξ(ϑ)‖_1 dϑ , τ ≤ 0 ≤ t < t^+(u_0) , with n (ρ) := n (ρ, α) := M_c(pL_α(ρ))^2 . (5.26)

Proof Proposition 5.3 and Proposition 5.4. � We can assume that ρ^, is sufficiently small such that μ = μ(ρ) := pM_cL_α(ρ) − ω_c < |ω_s| ρ ∈ (0, ρ^, ] (5.27) III–16 holds. (Note that L_α(ρ) can be made small by decreasing ρ and ω_c, ω_s have been chosen with ω_s < ω_c < 0). Moreover, we fix ω sufficiently close to ω_s with ω_s < ω < ω_c < 0 and μ + ω := μ(ρ) + ω < 0 , ρ ∈ (0, ρ^, ] . (5.28)

5.6 Lemma For each t ∈ (0, t^+(u_0)) the following holds: a) h_1(·, t) ∈ C_α ((0, t], X^s_0 ) and sup τ∈(0,t] τ^{1−α} e^{|ω|τ} ‖h_1(τ, t)‖_Xs_0 ≤ (^{n(ρ)}_{|μ(ρ)+ω|} + pL_α(ρ) ) sup_{ϑ∈(0,t]} ϑ^{1−α} e^{|ω|ϑ} ‖ξ(ϑ)‖_1 .

b) h_2(·, t) ∈ BC_μ((−∞, 0], X^s_0 ) and sup_{τ≤0} e^{μτ} ‖h_2(τ, t)‖_Xs_0 ≤ n(ρ)^{Γ(α)}_{|μ(ρ)+ω|α} sup_{ϑ∈(0,t]} ϑ^{1−α} e^{|ω|ϑ}‖ξ(ϑ)‖_1 .

Proof a) It follows from Corollary 3.2 that the function h_1(·, t) belongs to C_α ((0, t], X^s_0 ). (Observe that this has been used several times throughout this section). From Corollary 5.5 we obtain for τ ∈ (0, t] : τ^{1−α} e^{|ω|τ} ‖h_1(τ, t)‖_Xs_0 ≤ τ^{1−α} e^{|ω|τ} ( n (ρ) ∫_t τ e^{(ϑ−τ)μ} ‖ξ(ϑ)‖_1 dϑ + pL_α(ρ) ‖ξ(τ )‖_1 ) .

For the first term we get, keeping in mind the second part of (5.28),

τ^{1−α} e^{|ω|τ} ∫_t τ e^{(ϑ−τ)μ} ‖ξ(ϑ)‖_1 dϑ ≤ sup_{ϑ∈(0,t]} ϑ^{1−α} e^{|ω|ϑ} ‖ξ(ϑ)‖_1 ∫_t τ e^{−|μ+ω| (ϑ−τ)}(τ /ϑ)^{1−α} dϑ ≤ sup_{ϑ∈(0,t]} ϑ^{1−α} e^{|ω|ϑ} ‖ξ(ϑ)‖_1 ∫_t τ e^{−|μ+ω| (ϑ−τ)} dϑ ≤ sup_{ϑ∈(0,t]} ϑ^{1−α} e^{|ω|ϑ} ‖ξ(ϑ)‖_1 |μ + ω|^{−1} . Now, the assertion a) follows.

b) Corollary 5.5 b) immediately implies sup_{τ≤0} e^{μτ} ‖h_2(τ, t)‖_Xs_0 ≤ n (ρ) ∫_t 0 e^{μϑ} ‖ξ(ϑ)‖_1 dϑ . III–17

Furthermore, we have ∫_t 0 e^{μϑ} ‖ξ(ϑ)‖_1 dϑ ≤ sup_{ϑ∈(0,t]} ϑ^{1−α} e^{|ω|ϑ} ‖ξ(ϑ)‖_1 ∫_t 0 e^{−|μ+ω| ϑ} ϑ^{α−1} dϑ and with the substitution ϑ → |μ + ω| ϑ we can estimate ∫_t 0 e^{−|μ+ω|ϑ}ϑ^{α−1} dϑ ≤ |μ + ω|^{−α} Γ(α) ,

where Γ(α) denotes the Gamma function. This gives the assertion in b) . �

5.7 Proposition Let ω be given by (5.28). Then there exist continuous functions k : [0, |ω_s|) → R^+ and k : [0, |ω_s|) × (0, 1] → R^+ such that the following holds for each ρ ∈ (0, ρ^, ] and t ∈ (0, t^+(u_0)) :

t^{1−α} e^{|ω|t} ‖ ∫_t 0 e^{−(t−τ)Ls} h_1(τ, t) dτ ‖_Xs_1 ≤ k(|ω|, α) ( n(ρ) |μ + ω| + pL_α(ρ) ) sup_{ϑ∈(0,t]} ϑ^{1−α} e^{|ω|ϑ} ‖ξ(ϑ)‖_1 ,

and ‖ ∫_0 −∞ e^{τLs} h_2(τ, t) dτ ‖_Xs_1 ≤ k(μ)n(ρ) Γ(α) |μ + ω|^α sup ϑ∈(0,t] ϑ^{1−α} e^{|ω|ϑ} ‖ξ(ϑ)‖_1 .

Proof The first assertion follows from our assumptions in section 4, from Proposition 2.3 (by replacing X_j with X^s_j , j = 0, 1 , and A with L_s) and from Lemma 5.6. Corollary 2.5 (with the same modification), (5.28) and Lemma 5.6 give the second assertion. � We now give the main result of this section which states the exponential attractivity for the invariant C^k-manifolds constructed in Theorem 4.1.

III–18

5.8 Theorem ( exponential attractivity ) Let ω be given by (5.28). Then there exists a ρ ∈ (0, ρ^, ] such that ‖π^su(t) − σ(π^cu(t))‖_1 ≤ N_α t^{1−α} e^{−|ω| t} ‖π^su_0 − σ(π^cu_0)‖_α , t ∈ (0, t^+(u_0))

holds for each ρ ∈ (0, ρ ] and each initial value u_0 ∈ U_α(ρ). Here, the constant N_α does not depend on the initial values u_0 ∈ U_α(ρ) .

Proof According to Lemma 5.2, ξ(t) is given by ξ(t) = e^{−tLs} ξ(0) + ∫_t 0 e^{−(t−τ)Ls} h_1(τ, t) dτ + e^{−tLs} ∫_0 −∞ e^{τLs} h_2(τ, t) dτ . (5.29)

Let u_0 ∈ U_α(ρ) and t ∈ (0, t^+(u_0)) be fixed. For the first term in (5.29) we obtain by using 2.14 (or a general result from interpolation theory) t^{1−α}e^{|ω|t} ‖e^{−tLs} ξ(0)‖_1 ≤ c_α ‖ξ(0)‖_α . (5.30) Proposition 5.7 gives t^{1−α} e^{|ω|t} ‖ ∫_t 0 e^{−(t−τ)Ls} h_1(τ, t) dτ ‖_Xs_1 ≤ c_1(ρ, α) sup_{ϑ∈(0,t]} ϑ^{1−α} e^{|ω|ϑ} ‖ξ(ϑ)‖_1 (5.31) with c_1(ρ, α) := k(|ω|, α)( n(ρ) |μ(ρ) + ω| + pL_α(ρ) ) . (5.32) Finally, using (4.11) and again Corollary 5.7 we get t^{1−α}e^{|ω|t} ‖e^{−tLs} ∫_0 −∞ e^{τLs} h_2(τ, t) dτ ‖_Xs_1 ≤ c_2(ρ, α) sup_{ϑ∈(0,t]} ϑ^{1−α} e^{|ω|ϑ} ‖ξ(ϑ)‖_1 (5.33) with c_2(ρ, α) := M_s k (μ(ρ)) n(ρ)

Γ(α) |μ(ρ) + ω|^α sup_{t≥0} t^{1−α}e^{(ωs+|ω|)t} . (5.34) Now, (5.30)-(5.33) yield t^{1−α}e^{|ω|t} ‖ξ(t)‖_1 ≤ c_α ‖ξ(0)‖_α + (c_1(ρ, α) + c_2(ρ, α)) sup_{ϑ∈(0,t]} ϑ^{1−α}e^{|ω|ϑ} ‖ξ(ϑ)‖_1 . (5.35) We choose ρ ∈ (0, ρ^, ] such that c_1(ρ, α) + c_2(ρ, α) ≤ 1/2 , ρ ∈ (0, ρ ] . (5.36) III–19

Fix an arbitrary T ∈ (0, t^+(u_0)). Then, we can conclude with (5.35) and (5.36) that t^{1−α}e^{|ω|t} ‖ξ(t)‖_1 ≤ c_α ‖ξ(0)‖_α + (1/2) sup_{ϑ∈(0,T ]} ϑ^{1−α}e^{|ω|ϑ} ‖ξ(ϑ)‖_1 for t ∈ (0, T ] and hence t^{1−α}e^{|ω|t} ‖ξ(t)‖_1 ≤ 2c_α ‖ξ(0)‖_α , t ∈ (0, T ] . Since T can be chosen arbitrarily the statement follows. �

5.9 Remarks a) Let M ⊂ X_1 be a given subset and denote by d_{X1} (z, M) := inf_{m∈M} ‖z − m‖_{X1} the distance of a point z ∈ X_1 from M. Then, Theorem 5.8 gives that d_{X1} (u(t), M^c) ≤ N_α t^{1−α} e^{−|ω|t} ‖ξ(0)‖_α , t ∈ (0, t^+(u_0)) , u_0 ∈ U_α(ρ) ,

i.e. the set M^c is exponentially attracting solutions of (4.20)_ρ with initial values in U_α(ρ). Remark that the solutions of (4.20)_ρ coincide with the solutions of (4.1), or (4.13) respectively, as long as these remain small. Therefore, the set M^c is also exponentially attractive for solutions of (4.1) as long as they are small.

b) Let X be a Banach space with X_1 → X → X_α . (5.37) Suppose that (t, x) → u(t, x) (5.38) generates a semiflow on U ∩X , where u(·, x) denotes the solution of (4.13), or (4.18)_ρ respectively, with x ∈ U ∩ X . Then the center manifolds constructed in Theorem 4.1 are invariant for the semiflow (5.38) and Theorem 5.8 gives ‖π^su(t) − σ(π^cu(t))‖_X ≤ c N_α t^{1−α} e^{−|ω| t} ‖π^su_0 − σ(π^cu_0)‖_X (5.40)

for t ∈ (0, t^+(u_0)) and u_0 ∈ U_α(ρ) ∩ X .

This last remark deserves some comments. We obtain the exponential attractivity of the center manifolds for each space which is ‘sandwiched’ by X_1 and X_α . For the quasilinear reaction-diffusion system (1.1) described in the introduction, X is the space W^1_p (Ω, R^N). Note that we already established that (1.1) generates a (smooth) semiflow on X. We keep in mind that we had to work in spaces with maximal regularity to carry through our arguments. In particular we had to use the property of being able to linearize the quasilinear equation (4.1) and then represent the solutions

III–20 by the standard variation of constant formula. Moreover, the existence result in 4.1 relies on maximal regularity. We should mention again that this result was obtained, essentially, in [21]. We also would like to draw attention to [39]. In fact, after establishing (4.12) (for which we invoked maximal regularity), the assumption (H) in their work is satisfied and the general existence results apply. It is this property, namely that solutions of the linear problem

v̇(t) + L_s v(t) = f(t) , t ∈ R

are given by

v(t) = (K_sf)(t) := ∫_t −∞ e^{−(t−τ)Ls} f(τ ) dτ , which leads to the fixed point equation (4.32). We do not know of a possibility to omit the use of maximal regularity results. What is left to show is that we are able to verify (5.38) and all the assumptions of section 4 in the context of partial differential equations, say for the quasilinear reaction-diffusion system (1.1).

Theorem 5.8 gives the best possible estimate. In fact, it gives an estimate in the ‘better’ spaces X_1 for solutions with initial values in the weaker spaces X_α , taking into consideration the smoothing property of quasilinear equations. It is the refinement in [10] which allows to handle this smoothing property in the context of maximal regularity.

(5.40) is not quite optimal for the space X. It is to be expected that the center manifolds attract with exponential rate without the factor t^{α−1} which appears due to our method. However, the result in (5.40) is perfectly good enough. It gives the exponential attractivity for t being bounded away from zero, say for t ≥ 1. Since 0 ∈ X is an equilibrium for the semiflow we can be sure, that solutions with sufficiently small initial data exist in a time interval which is larger than [0, 1]. Remark that this was already incorporated in Lemma 5.1. But in the time interval [0, 1] the solutions can not leave a small neighborhood of X (since they depend continuously on t and the initial values and [0, 1] is compact). So in fact, (5.40) gives the desired result on the exponential attractivity.

III–21

6. Some function spaces

In this section we introduce some function spaces which turn out to be important for the study of quasilinear reaction-diffusion equations. These are the Sobolev and Bessel potential spaces, the Besov spaces and in particular the Nikol’skii and the so called little Nikol’skii spaces. All of these are intimately connected with various interpolation methods. The use of the little Nikol’skii spaces appears in the context of maximal regularity. We collect some basic facts and refer mainly to [13,37,38,9,35].

In the following, let E := (R^N, | · |) be the euclidean space of dimension N. Let S := S(R^n, E) be the Schwartz space of rapidly decreasing functions on R^n with values in E and let S^′ := S^′(R^n, E) denote its dual, the space of tempered E-valued distributions, endowed with the strong topology. Then it is well-known that the Fourier transform satisfies F ∈ Isom(S(R^n, E)) ∩ Isom(S^′(R^n, E)). Finally, let L_p(R^n, E) := ( L_p(R^n, E) ; ‖ · ‖_p ) denote the Lebesgue spaces of E-valued functions for p ∈ [1, ∞].

In the following, we mostly suppress E but we always mean E-valued functions and distributions. For convenience, we assume further on that p ∈ (1, ∞). Then, for s ∈ R, the Bessel potential spaces H^s_p (R^n) are defined by

H^s_p (R^n) := ( {u ∈ S^′(R^n) ; F^{−1}Λ^{s/2}Fu ∈ L_p(R^n)} , ‖ · ‖_Hs_{p(R} n_) ) , (6.1)

where Λ(ξ) := (1 + |ξ|^2) and ‖u‖_Hs_{p(R} n_) := ‖F^{−1}Λ^{s/2}Fu‖_p for u ∈ H^s_p (R^n). It is wellknown that H^k_p (R^n) .= W^k_p (R^n) , p ∈ (1, ∞) , k ∈ N , (6.2)

i.e. the Bessel potential spaces with integer exponents coincide with the Sobolev spaces W^k_p (R^n) of order k. We mention that the Bessel potential spaces are stable under complex interpolation:

[H^{s0}_p (R^n), H^{s1}_p (R^n)]_θ .= H^{(1−θ)s0+θs1}

p (R^n) , θ ∈ (0, 1) , s0, s1 ∈ R . (6.3)

We further note the duality property

[H^s_p(R^n)]^′ .= H^{−s}_p′ (R^n) , p^′ := p/(p − 1) , (6.4)

where the duality pairing is induced by the standard L_p′ × L_p pairing, i.e. by

< v, u >:= ∫ R^n < v(x), u(x) > dx , (v, u) ∈ S(R^n, E) × S(R^n, E) . (6.5) Here, < η, ξ > denotes for η, ξ ∈ E the pairing in E. We will also use another class of function spaces.

III–22

For p ∈ (1, ∞) , q ∈ [1, ∞] , s ∈ R we define the Besov spaces

B^s_{p,q}(R^n) :=

(H^k_p (R^n), H^{k+1}_p (R^n))_{s−k,q} if s ∈ (k, k + 1), k ∈ Z

(H^{k−1}_p (R^n), H^{k+1}_p (R^n))_{1/2,q} if s = k , k ∈ Z,

(6.6)

where (·, ·)_{θ,q} denotes the continuous interpolation method. In the case of q = ∞ , B^s_{p,∞}(R^n) are the Nikol’skii spaces.

It is well-known that these spaces satisfy

S(R^n) → B^s_{p,1}(R^n) → B^s_{p,q}(R^n) → B^s_{p,∞}(R^n) → B^t_{p,1}(R^n) → S^′(R^n) (6.7)

for t < s. Moreover, B^s_{p,1}(R^n) → H^s_p (R^n) → B^s_{p,∞}(R^n) . (6.8)

Finally,

S(R^n)^d→ B^s_{p,1}(R^n)^d→ H^s_p (R^n)^d→ B^t_{p,q}(R^n)^d→ S^′(R^n) (6.9)

for t < s and q ∈ [1, ∞). Note that all of these spaces are embedded in the space of (tempered) distributions. For the distributional derivatives ∂^α, with α ∈ N^n, we have

∂^α ∈ L(B^s_{p,q}(R^n), B^{s−|α|}_{p,q} (R^n)) ∩ L(H^s_p (R^n), H^{s−|α|}_p (R^n)) (6.10)

for q ∈ [1, ∞]. We mention that the Besov spaces can be equipped with several equivalent norms. In fact, although the Besov are introduced as interpolation spaces, there also exist other descriptions of them. But for our purposes, the definition in (6.6) together with the quoted properties are sufficient.

Let us also note the following duality property of the Besov spaces

[B^s_{p,q}(R^n)]^′ .= B^{−s}_p′_{,q}′ (R^n) , q ∈ [1, ∞) (6.11)

with respect to the duality pairing induced by (6.5). Finally, the little Nikol’skii spaces can be introduced as

b^s_{p,∞}(R^n) :=

(H^k_p (R^n), H^{k+1}_p (R^n))^0_{s−k,∞} if s ∈ (k, k + 1), k ∈ Z

(H^{k−1}_p (R^n), H^{k+1}_p (R^n))^0_{1/2,∞} if s = k , k ∈ Z

(6.12)

Here, (·, ·)^0_{θ,∞} denotes the continuous interpolation method, cf. (2.12). Now, we can complete (6.7) and (6.9) by

S(R^n)^d→ B^s_{p,1}(R^n)^d→ H^s_p(R^n)^d→ b^s_{p,∞}(R^n)^d→ B^t_{p,q}(R^n)^d→ S^′(R^n) (6.13)

III–23 for t < s, q ∈ [1, ∞) and B^s_{p,q}(R^n)^d→ b^s_{p,∞}(R^n) , q ∈ [1, ∞) . (6.14) Moreover, ∂^α ∈ L(b^s_{p,∞}(R^n), b^{s−|α|}_{p,∞} (R^n)) , α ∈ N^n . (6.15) The little Nikol’skii spaces also enjoy the following duality property [b^s_{p,∞}(R^n)]^′ .= B^{−s}_p′_{,1}(R^n) , p^′ := p/(p − 1) , (6.16) with respect to the duality pairing introduced in (6.5). We also note the following properties of the little Nikol’skii spaces (H^{s0}_p (R^n), H^{s1}_p (R^n))^0_{θ,∞} .= b^s_{p,∞}(R^n) (6.17) and (b^{s0}_{p,∞}(R^n), b^{s1}_{p,∞}(R^n))^0_{θ,∞} .= b^s_{p,∞}(R^n) (6.18) for s = (1 − θ)s_0 + θs_1 and s_0 < s_1 . Moreover, we note (H^{s0}_p (R^n), H^{s1}_p (R^n))_{θ,q} .= B^s_{p,q}(R^n) , (6.19) where (·, ·)_{θ,q} denote the real interpolation methods. The little Nikol’skii spaces have been introduced in [20] (and denoted by h^s_p(R^n)). We refer to [35] and [9] for proofs and additional results.

Now, we briefly indicate how these spaces can be defined on an open subset Ω ⊂ R^n. Let r_Ω : D^′(R^n, E) → D^′(Ω, E) , (6.20) be the restriction mapping, where D^′ denotes the space of E-valued distributions on R^n or Ω, respectively, i.e. < r_Ωu , ϕ >:=< u , ϕ > , ϕ ∈ D(Ω, E) (6.21) for u ∈ D^′(R^n, E). From now on, we suppress the space E (noting that all functions and distributions are E-valued). For s ∈ R and p ∈ (1, ∞) let F^s_p (R^n) := {H^s_p(R^n), B^s_{p,q}(R^n), b^s_{p,∞}(R^n) ; q ∈ [1, ∞]} . (6.22) The local versions of the spaces F^s_p (R^n) are defined by F^s_p (Ω) := r_Ω(F^s_p (R^n)) , (6.23) equipped with the natural topology of a quotient space. Then the spaces F^s_p (Ω) are well defined Banach spaces. If we assume that Ω is a smooth (bounded) domain in R^n, it is well-known that there exists a linear, bounded (total) extension operator ext ∈ L(F^s_p (Ω), F^s_p (R^n)) with r_Ω ∘ ext = id_F s_{p (Ω)} , (6.24) III–24 cf. [1,34] and [37, Theorem 4.2.2]. Hence, r_Ω is a retraction and all interpolation results apply to the local spaces, see [37, Theorem 1.2.4]. We note the following results and properties for the local spaces F^s_p (Ω). Fix p ∈ (1, ∞), q ∈ [1, ∞) and −∞ < t < s < ∞ . Then C^∞(Ω̄)^d→ B^s_{p,1}(Ω)^d→ H^s_p (Ω)^d→ b^s_{p,∞}(Ω)^d→ B^t_{p,1}(Ω)^d→ D^′(Ω) , (6.25) D(Ω)^d→ F^s_p (Ω) if − ∞ < s < 1 p . (6.26) If −1 + 1/p < s < 1/p , we have the following duality properties:

[H^s_p (Ω)]^′ .= H^{−s}_p′ (Ω) , [B^s_{p,q}(Ω)]^′ .= B^{−s}_p′_{,q}′ (Ω) , [b^s_{p,∞}(Ω)]^′ .= B^{−s}_p′_{,1}(Ω) , (6.27) with respect to the duality pairing < u, v >= ∫ Ω < u(x), v(x) > dx , u, v ∈ D(Ω, E) . (6.28) The distributional derivative is bounded and continuous, i.e ∂^α ∈ L(F^s_p (Ω), F^{s−|α|}_p (Ω)) , α ∈ N^n . (6.29) We also note that (H^{s0}_p (Ω), H^{s1}_p (Ω))^0_{θ,∞} .= b^s_{p,∞}(Ω) , (b^{s0}_{p,∞}(Ω), b^{s1}_{p,∞}(Ω))^0_{θ,∞} .= b^s_{p,∞}(Ω) ,

(6.30) for s = (1 − θ)s_0 + θs_1 , s_0 < s_1 . Moreover, (H^{s0}_p (Ω), H^{s1}_p (Ω))_{θ,q} .= B^s_{p,q}(Ω) . (6.31) Finally, we will use the following result on pointwise multipliers for the little Nikol’skii spaces: The mapping C^ρ(Ω̄, L(E)) × b^t_{p,∞}(Ω, E) → b^t_{p,∞}(Ω, E) , (m, u) → mu , (6.32) is bilinear and continuous if |t| < ρ < 1.

The following results will be used in section 7 when studying the Dirichlet form of a boundary value system on some function spaces. Assume that p_1, q_0 ∈ [1, ∞), p ∈ (1, ∞) and s ∈ R are given reals with 1/p < s < 1 + 1/p , p_1 > n/2 , q_0 > n − 1 . (6.33) For each s fix ρ(s) such that ρ(s) > |s − 1| . (6.34) III–25

Finally, set ∂ := ∂_j , j ∈ {1, . . . , n} and p^′ = (p − 1)/p . Then

6.1 Lemma a) [ (a, u, w) →< ∂w, a∂u > ] ∈ L^3(C^{ρ(s)}(Ω̄, L(E)) × b^s_{p,∞}(Ω, E) × B^{2−s}_p′_{,1} (Ω, E); R) , b) [ (a, u, w) →< w, a∂u > ] ∈ L^3(C^{ρ(s)}(Ω̄, L(E)) × b^s_{p,∞}(Ω, E) × B^{2−s}_p′_{,1} (Ω, E); R) , c) [ (a, u, w) →< w, au > ] ∈ L^3(L_{p1} (Ω, L(E)) × b^s_{p,∞}(Ω, E) × B^{2−s}_p′_{,1} (Ω, E); R) , d) [ (b, u, w) →< γw, bγu >_∂ ] ∈ L^3(L_{q0} (∂Ω, L(E)) × b^s_{p,∞}(Ω, E) × B^{2−s}_p′_{,1} (Ω, E); R) . Here, L^m(F_1 × · · · × F_m; R) denotes the linear space of all continuous R-valued mmultilinear forms on ∏_m 1 F_i . Moreover, < ·, · > always denotes the duality pairing in various spaces, induced by (6.28).

Proof (6.29) gives ∂ ∈ L(B^{2−s}_p′_{,1} (Ω), B^{1−s}_p′_{,1} (Ω)) ∩ L(b^s_{p,∞}(Ω), b^{s−1}_{p,∞}(Ω)) . (6.35) Using (6.27), (6.32)-(6.35) we get | < ∂w, a∂u > | ≤ c ‖w‖_B2−s_{p′,1 (Ω)}‖a‖_Cρ(s) ‖u‖_bs_{p,∞(Ω)} and hence the assertion in a). The remaining assertions follow from Sobolev type embedding theorems, the trace theorem, and Hölder’s inequality. We refrain from giving more details and refer to [35, Lemma 4.6]. �

III–26

7. Normally elliptic boundary value problems

Let Ω ⊂ R^n be a bounded smooth domain in R^n. We denote the tangent bundle of ∂Ω by T (∂Ω) and the outer unit normal field on ∂Ω by ν = (ν^1, . . . , ν^n). We then consider the (formal) differential operator Au := −∂_j (a_{jk} ∂_ku) + a_j u + a_0u . (7.1) For the moment, we only state the following regularity assumption for the coefficients of the principal part of A a_{jk} ∈ C(Ω̄, L(R^N)) , 1 ≤ j, k ≤ n . (7.2) Let a_π ∈ C(Ω̄ × R^n, L(R^N)) denote the symbol of the principal part, that is, a_π(x, ξ) := a_{jk}(x)ξ^j ξ^k , (x, ξ) ∈ Ω̄ × R^n . (7.3) Then, A is called normally elliptic if σ(a_π (x, ξ)) ⊂ [Re z > 0] , (x, ξ) ∈ Ω̄ × (R^n \ {0}) , (7.4) where σ(a_π (x, ξ)) denotes the spectrum (i.e. the eigenvalues) of the N × N- Matrix a_π(x, ξ). For r ∈ {1, . . . , N}, let δ^r be a function defined on ∂Ω and satisfying δ^r ∈ C(∂Ω, {0, 1}). This implies that δ^r either vanishes or equals 1 on a component (of connectedness) of ∂Ω. With this we set δ := diag [ δ^1, . . . , δ^N ] ∈ C(∂Ω, L(R^N)) . (7.5) We then define a general boundary operator by Bu := δ (a_{jk}ν^j γ∂_ku + b_0γu) + (1 − δ) γu , (7.6) where γ denotes the trace operator. Note that B acts on vector valued functions u = (u^1, . . . , u^N ), assigning to each u^r, 1 ≤ r ≤ N, a Dirichlet condition on components Γ ⊂ ∂Ω with δ^r(Γ) = 0 and a ‘Neumann type’ condition on components with δ^r(Γ) = 1. It should be observed that every system of N linear differential operators of order at most 1 on ∂Ω can be written in the form (7.6). Let

b_π (x, ξ) := δ(x) (a_{jk} (x)ν^j (x)ξ^k ) + (1 − δ(x)) , (x, ξ) ∈ ∂Ω × R^n (7.7) be the associated principal boundary symbol. III–27

Then B is said to satisfy the normal complementing condition with respect to A, if zero is, for each (x, ξ) ∈ T (∂Ω) and λ ∈ [Re z ≥ 0] with (ξ, λ) ≠ (0, 0), the only exponentially decaying solution of the boundary value problem on R^+ : [λ + a_π(x, ξ + ν(x)i∂_t)]u = 0 , t > 0 , b_π(x, ξ + ν(x)i∂_t)u(0) = 0 .

Finally, (A, B) is a normally elliptic boundary value problem on Ω if A is normally elliptic and B satisfies the normal complementing condition with resect to A.

7.1 Remarks We note some conditions guaranteeing that (A, B) is normally elliptic. For a detailed discussion we refer to [6, section 4].

a) Let A be uniformly strongly elliptic, i.e. (a_π (x, ξ)η | η) > 0 , (x, ξ, η) ∈ Ω̄ × R^n × R^N , ξ ≠ 0, , η ≠ 0 , where ( · | · ) denotes the euclidean product in R^N, and let B = γ be the Dirichlet operator. Then (A, B) is normally elliptic.

b) A is called uniformly very strongly elliptic if the uniform Legendre condition is satisfied, i.e. if_N ∑ r,s=1 a^{rs}_{jk} ζ^j_r ζ^k_s > 0 , x ∈ Ω̄ , ζ ∈ R^{nN} \ {0} . Then (A, B) is normally elliptic for each boundary operator B = δ(a_{jk} ν^jγ∂_k +b_0γ )+ (1 − δ)γ . c) We consider the special case of separated divergence-form systems, i.e. we assume a_{jk} = A α_{jk} , 1 ≤ j, k ≤ n with A ∈ C(Ω̄, L(R^N)) , [α_{jk}] ∈ C(Ω̄, L(R^n)) , [α_{jk}] is symmetric and uniformly positive definite . If σ(A(x)) ⊂ [Re z > 0] , x ∈ Ω̄ , (1 − δ(x))A(x)δ(x) = 0 , x ∈ ∂Ω , then (A, B) is normally elliptic.

d) In the case of N = 1 the definitions of normally elliptic, uniformly strongly elliptic and uniformly very strongly elliptic coincide. However, the notion of normally elliptic, which was introduced by Amann, really is more general for systems and is optimal in some sense, see [6, Theorem 2.4].

III–28

We will now study linear boundary value problems of second order in some function spaces. We will do this under very weak regularity assumptions. Although we do not explicitly introduce this concept, we are working in the setting of extrapolation spaces, see [2,3,6,9]. This will finally render the possibility to study the reaction-diffusion system (1.1) as an abstract evolution equation in appropriate spaces.

It turns out to be very convenient to define a topology on the set of all second order normally elliptic boundary value systems.

To do so, we fix from now on p ∈ (n, ∞) . For each s ∈ (1/p, 1 + 1/p), let ρ(s) be chosen such that ρ(s) > |s − 1| . (7.8) Set X := L(R^N). Then we define

M^s_p (Ω) := M^{ρ(s)}_p (Ω) := C^{ρ(s)}(^¯Ω, X)^{n2} × C^{ρ(s)}(^¯Ω, X)^n × Lp(Ω, X) × Lp(∂Ω, X) (7.9)

with a general element m := ((a_{jk} ), (a_j ), a_0, b_0) . (7.10)

We now identify each of the elements m ∈ M^s_p (Ω) with the (formal) boundary value problem A := A(m) := − ∂_j (a_{jk} ∂_k ·) + a_j ∂_j + a_0

B := B(m) := δ (a_{jk}ν^j γ∂_k + b_0γ) + (1 − δ)γ .

(7.11)

It is clear that there is a one-one correspondence between (7.10) and (7.11). In (7.9) we give a precise statement on the regularity of the coefficients and moreover give a topology to the (linear) space M^s_p (Ω).

For m ∈ M^s_p (Ω), the Dirichlet form of the boundary value problem (A(m), B(m)) can be defined, say for (w, u) ∈ H^2_p′ (Ω) × H^2_p (Ω), by a(m)(w, u) :=< ∂_j w, a_{jk} ∂_ku > + < w, a_j ∂_j u + a_0u > + < γw, b_0γu >_∂ := ∫ Ω { < ∂_j w, a_{jk}∂_ku > + < w, a_j ∂_j u + a_0u > } dx + ∫ ∂Ω < γw, b_0γu > dσ , (7.12)

We now show that the Dirichlet form can be extended to some of the spaces introduced in section 6.

7.2 Lemma Let s ∈ (1/p, 1 + 1/p). Then the mapping

M^s_p (Ω) → L^2(B^{2−s}_p′_{,1} (Ω) × b^s_{p,∞}(Ω), R) , [ m → a(m) ] (7.13)

is well-defined, continuous and linear. Here, L^2(X × Y, R) denotes the space of all continuous bilinear forms on X × Y for two Banach spaces X, Y.

Proof The statement is an immediate consequence of Proposition 6.1. �

III–29

7.3 Corollary The mapping

M^s_p (Ω) → L^2(B^{2−s}_p′_{,1,B}(Ω) × b^s_{p,∞,B}(Ω), R) , [ m → a(m) ] (7.14)

is continuous and linear, where B^{2−s}_p′_{,1,B}(Ω) := {u ∈ B^{2−s}_p′_{,1} (Ω) ; (1 − δ)γu = 0} , (7.15) b^s_{p,∞,B}(Ω) := {u ∈ b^s_{p,∞}(Ω) ; (1 − δ)γu = 0} . (7.16)

Proof Note that 2 − s ∈ (1/p^′, 1 + 1/p^′) for s ∈ (1/p, 1 + 1/p). Hence, the trace operator γ is well-defined and continuous, i.e γ ∈ L(B^{2−s}_p′_{,1} (Ω), B^{2−s−1/p′} p^′,1 (∂Ω)) ∩ L(b s p,∞(Ω), b^{s−1/p}_{p,∞} (∂Ω)) . (This follows from [37, Theorem 4.7.1] and a density argument, cf. (6.25)). Now we can conclude that B^{2−s}_p′_{,1,B}(Ω) ⊂ B^{s−2}_p′_{,1} (Ω) , b^s_{p,∞,B}(Ω) ⊂ b^s_{p,∞}(Ω) are closed subspaces and the assertion follows immediately from Lemma 7.2. �

We now use the fact that each continuous bilinear form induces a continuous linear operator. In fact, a ∈ L^2(X × Y, R) iff there exists A ∈ L(Y, X^′) with a(x, y) =< Ay, x > , (x, y) ∈ X × Y and ‖a‖_L2_{(X×Y,R)} = ‖A‖_{L(Y,X} ′_) . (7.17) Obviously, the map [ a → A ] is linear (and continuous).

7.4 Corollary Let A(m) be the linear operator induced by the Dirichlet form a(m), i.e. a(m)(w, u) =< A(m)u, w > , (w, u) ∈ B^{2−s}_p′_{,1,B}(Ω) × b^s_{p,∞,B}(Ω) . (7.18) Then [ m → A(m) ] ∈ L ( M^s_p (Ω), L(b^s_{p,∞,B} (Ω), (B^{2−s}_p′_{,1,B}(Ω))^′)^) .

7.5 Remark Using similar estimates as in Lemma 7.2 it can be shown that [ m → A(m) ] ∈ L(M^s_p (Ω), L(H^s_{p,B} (Ω), H^{s−2}_{p,B} (Ω))) , 1/p < s < 1 + 1/p , (7.19) where

H^s_{p,B}(Ω) = {u ∈ H^s_p (Ω); (1 − δ)γu = 0} , H^{s−2}_{p,B} (Ω) := (H^{2−s}_p′_{,B}(Ω))^′ , (7.20) III–30 the duality pairing being induced by the standard L_p′ × L_p pairing.

7.6 Lemma Let 1/p < s < 1 + 1/p . Then the spaces b^{s−2}_{p,∞,B}(Ω) := cl(H^{s−2}_{p,B} )^′ in (B^{2−s}_p′_{,1,B}(Ω))^′ (7.21) are well-defined and H^{s−2}_{p,B} (Ω)^d→ b^{s−2}_{p,∞,B}(Ω) .

Proof The assertion certainly follows from (the first part of) B^t_{q,1,B}(Ω)^d→ H^t_{q,B}(Ω)^d→ b^t_{q,∞,B}(Ω) , 1/q < t < 1 + 1/q . (7.22) Indeed, we then have B^{2−s}_p′_{,1,B}(Ω)^d→ H^{2−s}_p′_{,B}(Ω) for s ∈ (1/p, 1 + 1/p). Hence, each continuous linear form on H^{2−s}_p′_{,B} induces a (unique) continuous linear form on B^{2−s}_p′_{,1,B}(Ω) (by restriction) and H^{s−2}_{p,B} (Ω) = (H^{2−s}_p′_{,B}(Ω))^′ → (B^{2−s}_p′_{,1,B}(Ω))^′ .

Now, H^{s−2}_{p,B} (Ω)^d→ b^{s−2}_{p,∞,B}(Ω) obviously follows from the definition. Let R ∈ L(∂B^t_{q,1}, B^t_{q,1}(Ω)) ∩ L(∂B^t_{q,q} , H^t_q (Ω)) ∩ L(∂b^t_{q,∞}, b^t_{q,∞}(Ω)) (7.23) be a coretraction for the operator (1 − δ)γ . (For the existence, cf. [35, Lemma 13.3] and [37, Theorem 4.7.1]. We have set ∂B^t_{q,1} := {z ∈ B^{t−1/q}_{q,1} (∂Ω) ; (1 − δ)z = 0} and an analogous definition is used for the other spaces). To show the first dense embedding in (7.22) we pick u ∈ H^t_{q,B}(Ω) and fix ε > 0 arbitrarily. Thanks to (6.25), there exists v ∈ B^t_{q,1}(Ω) such that ‖u − v‖_Ht_{q (Ω)} < ε . Now we set w := R (1 − δ)γv . Since R is a coretraction for (1 − δ)γ we have (1 − δ)γw = (1 − δ)γv . We conclude that v − w ∈ B^t_{q,1,B}(Ω) . It follows that ‖u − (v − w)‖_Hs_{p(Ω)} ≤ ‖u − v‖_Hs_p + ‖w‖_Hs_p = ‖u − v‖_Hs_p + ‖R (1 − δ)γ(u − v)‖_Hs_p ≤ (1 + ‖R (1 − δ)γ‖_{L(H}s_{p)} ) ‖u − v‖_Hs_p . The same arguments also give the remaining assertions. �

7.7 Proposition Let s ∈ (1/p, 1 + 1/p). Then [ m → A(m) ] ∈ L(M^s_p (Ω), L(b^s_{p,∞,B}(Ω) , b^{s−2}_{p,∞,B}(Ω))) and a(m)(w, u) =< A(m)u, w > for each (w, u) ∈ B^{2−s}_p′_{,1,B}(Ω) × b^s_{p,∞,B}(Ω) . III–31

Proof By collecting the results in Corollary 7.4 and in (7.19) we have that A(m) : H^s_{p,B}(Ω) −→ H^{s−2}_{p,B} (Ω) , A(m) : b^s_{p,∞,B}(Ω) −→ ( B^{2−s}_p′_{,1,B}(Ω) )^′ are continuous and linear. Since these linear mappings are induced by the same form, we may use the same notation. Loosely expressed, A(m) is the realization of the same operator in different spaces. In fact, A(m) acting on the first space is the restriction of A(m) acting on b^s_{p,∞,B}(Ω) . This follows by a density argument and the fact that A(m) is induced by the same form. The assertion now follows from Lemma 7.6 and (7.22). � Now, we define the set M^{ρ(s)}_p (Ω) := M^s_p(Ω) of all normally elliptic boundary value problems in M^s_p (Ω) by

M^s_p(Ω) := { m ∈ M^s_p (Ω) : (A(m), B(m)) , (A_π(m(x_0)), B_π (m(x_0))) are normally elliptic for each x_0 in Ω̄ } ,

(7.24)

where (A_π (m), B_π(m)) := ( −∂_k(a_{jk} ∂_j ) , δa_{jk}ν^j γ∂_k + (1 − δ)γ ) denotes the principal part of (A, B). Then (cf. [6,9]) M^s_p(Ω) ⊂ M^s_p (Ω) is open . (7.25) Due to the fact that linear mappings, restricted to an open subset of a linear space, are analytic, we can note the following immediate consequence of Proposition 7.7

7.8 Corollary [ m → A(m) ] ∈ C^ω(M^s_p(Ω), L(b^s_{p,∞,B}(Ω), b^{s−2}_{p,∞,B}(Ω))) . We now state the following very important result

7.9 Theorem (Generation Theorem) Let 1/p < s < 1 + 1/p . Then A(m) ∈ H (H^s_{p,B}(Ω) , H^{s−2}_{p,B} (Ω)) for each m ∈ M^s_p(Ω) , (7.26) where H(E_1, E_0) has been defined in (1.13).

Proof For a proof and many additional and more general results we refer to [9]. �

7.10 Lemma Let s ∈ (1/p, 1 + 1/p) . Then, for each m ∈ M^s_p(Ω) , there exists an ω_0 = ω_0(m) ∈ R such that (ω + A(m)) ∈ Isom ( b^s_{p,∞,B}(Ω) , b^{s−2}_{p,∞,B}(Ω) ) , ω > ω_0 . III–32

Proof Fix t_0, t_1 ∈ (1/p, 1 + 1/p) with t_0 < s < t_1 and ρ(s) > |t_1 − 1| ∨ |t_0 − 1| .

(This is always possible, of course, for t_0, t_1 sufficiently close to s ). Pick m ∈ M^s_p(Ω). Thanks to Theorem 7.9 there exists an ω_0 = ω_0(m) such that the mappings (ω + A(m)) : H^{t0}_{p,B}(Ω) −→ H^{t0−2}_{p,B} (Ω) (ω + A(m)) : H^{t1}_{p,B}(Ω) −→ H^{t1−2}_{p,B} (Ω) are isomorphisms for ω > ω_0 . (We use that these mappings coincide for u ∈ H^{t0}_{p,B}(Ω) ∩ H^{t1}_{p,B}(Ω) ). It then follows from interpolation theory that (ω + A(m)) : (H^{t0}_{p,B} , H^{t1}_{p,B})^0_{θ,∞} −→ (H^{t0−2}_{p,B} , H^{t1−2}_{p,B} )^0_{θ,∞} , θ ∈ (0, 1) , (7.27) is an isomorphism between the interpolation spaces for ω > ω_0 . ((·, ·)^0_{θ,∞} denotes the continuous interpolation method, cf. (2.12)). We show that (H^{t0}_{p,B} , H^{t1}_{p,B})^0s−t_{0t1−t0 , ∞} .= b^s_{p,∞,B} , (H^{t0 −2}_{p,B} , H^{t1−2}_{p,B} )^0s−t_{0t1−t0 , ∞} .= b^{s−2}_{p,∞,B} . (7.28) Note that the first assertion follows from (6.30), from [37, p.118] and the fact that H^{t0}_{p,B} ⊂ H^{t0}_p (Ω) , H^{t1}_{p,B} ⊂ H^{t1}_p (Ω) are complemented subspaces with (id − R(1 − δ)γ) being a projection, where R is given in (7.23). The same argument together with (6.31) shows (H^{2−t0}_p′_{,B} , H^{2−t1}_p′_{,B} )_{(s−t0)/(t1−t0) ,1} .= B^{2−s}_p′_{,1,B} . (7.29) Using the definition of (·, ·)^0_{θ,∞} in (2.12) we have (H^{t0−2}_{p,B} , H^{t1−2}_{p,B} )^0_{θ,∞} := cl (H^{t1 −2}_{p,B} ) in (H^{t0−2}_{p,B} , H^{t1−2}_{p,B} )_{θ,∞} . (7.30) Due to H^{t1−2}_{p,B}^d→ [H^{t0−2}_{p,B} , H^{t1−2}_{p,B} ]_θ → (H^{t0−2}_{p,B} , H^{t1−2}_{p,B} )_{θ,∞} , which holds for the complex interpolation method [·, ·]_θ , cf. [37,13], we obtain (H^{t0−2}_{p,B} , H^{t1−2}_{p,B} )^0_{θ,∞} = cl ([H^{t0−2}_{p,B} , H^{t1−2}_{p,B} ]_θ) in (H^{t0−2}_{p,B} , H^{t1−2}_{p,B} )_{θ,∞} . (7.31) Let θ := (s − t_0)/(t_1 − t_0) .

It follows from the duality theorem, cf. [37, Theorem 1.11.2] or [35, Theorem 1.3], from (7.20) and (7.29) that (H^{t0−2}_{p,B} , H^{t1−2}_{p,B} )_{θ,∞} .= ( (H^{2−t0}_p′_{,B} , H^{2−t1}_p′_{,B} )_{θ,1} )^′ .= ( B^{2−s}_p′_{,1,B} )^′ . (7.32)

III–33

Moreover, [13, Corollary 4.5.2] and (7.20) give [H^{t0−2}_{p,B} , H^{t1−2}_{p,B} ]_θ .= ( [H^{2−t0}_p′_{,B} , H^{2−t1}_p′_{,B} ]_θ )^′ .= ( H^{2−s}_p′_{,B} )^′ , (7.33) where we have used (6.3), (6.24) and the fact that the spaces H^{2−t0}_{p,B} and H^{2−t1}_{p,B} are complemented to obtain [H^{2−t0}_p′_{,B} , H^{2−t1}_p′_{,B} ]_{(s−t0)/(t1−t0)} .= H^{2−s}_p′_{,B} . Finally, we collect (7.31)-(7.33) and conclude with H^{s−2}_{p,B} := ( H^{2−s}_p′_{,B} )^′ and (7.21) that (H^{t0−2}_{p,B} , H^{t1−2}_{p,B} )^0_{(s−t0)/(t1−t0) ,∞} .= b^{s−2}_{p,∞,B} . �

We now fix t_0 ∈ (1/p, 1 + 1/p) and set E_0 := H^{t0−2}_{p,B} (Ω) , E_1(m) := D(A(m)) for m ∈ M^{t0}_p (Ω) . (7.34) Thanks to Theorem 7.9 we know that −A(m) generates an analytic C_0-semigroup on E_0 with E_1(m) .= H^{t0}_{p,B}(Ω) for each m ∈ M^{t0}_p (Ω) . (7.35) Given A ∈ H(E_1, E_0) , D_A(θ) has been defined in (2.13) as being the continuous interpolation space between E_0 and D(A) .= E_1 . Moreover, D_A(1 + θ) has been defined as the domain of definition of the D_A(θ)-realization of A. Note that this implies A ∈ H(D_A(1 + θ), D_A(θ)) , where we use the same notation for A and the D_A(θ)- realization of A. Now we are ready to show

7.11 Theorem For s ∈ (t_0, 1 + 1/p) let θ := (s − t_0)/2 . Then (i) D_{A(m)}(θ) .= b^{s−2}_{p,∞,B}(Ω) , D_{A(m)}(1 + θ) .= b^s_{p,∞,B}(Ω) for each m ∈ M^s_p(Ω) . (ii) [ m → A(m) ] ∈ C^ω ( M^s_p(Ω), H(b^s_{p,∞,B}(Ω) , b^{s−2}_{p,∞,B}(Ω)) ) .

Proof It follows from (7.35) that E_1(m) .= E_1(m^′) for m, m^′ ∈ M^s_p(Ω) . (7.36) Hence, it suffices to identify the interpolation spaces (E_0, E_1(m_0))^0_{(s−t0)/2,∞} for a particular m_0 ∈ M^s_p(Ω) . We choose m_0 := ((a_{jk} (x_0)), 0, 0, 0)) . (7.37) Then a_{jk}(x_0) ∈ C^∞(Ω̄, L(R^N)) , a_{jk} (x_0)ν^j ∈ C^∞(∂Ω, L(R^N)) III–34 and it follows from (7.24) that

(A_π(m_0), B_π (m_0)) := (−∂_j (a_{jk}(x_0)∂_k ), δa_{jk} (x_0)ν^j γ∂_k + (1 − δ)γ) (7.38) is normally elliptic. We set

A 0 (m0) := Aπ(m0)|H^2_{p,Bπ(m0)} : H^2_{p,Bπ(m0)} ⊂ Lp(Ω) → Lp(Ω) and E := E0 := Lp(Ω) , E1 (m0) := H^2_{p,Bπ (m0)} .

We conclude with [6], Theorem 5.2 and Corollary 5.3, that A_0 (m_0) ∈ H(E) . Let

{ (E β (m0), A β (m0)) ; −1 ≤ β ≤ 1 } , (7.39)

be the scale of interpolation and extrapolation spaces, constructed with the complex interpolation method. Thanks to [6, Proposition 5.4], we get

Eβ (m0)^.= H^{2β}_{p,B} , 2β ∈ (−2 +^1_p , 1 +^1_p ) , 2β ∉ Z+^1_p , (7.40)

and in particular

E_0 .= E_{t0 /2−1}(m_0) , E_1(m_0) .= E_{t0 /2}(m_0) , A(m_0) = A_{t0 /2−1}(m_0) . (7.41)

This implies (E_0, E_1(m_0))^0_{θ ,∞} .= (E_{t0 /2−1}(m_0), E_{t0 /2}(m_0))^0_{θ,∞} (7.42) for θ := (s − t_0)/2 . Now, we will use the reiteration theorem for the continuous interpolation method, cf. [20,9] or [35, Theorem 1.3]. Fix t_1 ∈ (1/p, 1 + 1/p) with t_0 < s < t_1 . Then, due to [6, Proposition 5.5]),

E_{t1 /2−1}(m0)^.= [E_{t0 /2−1}(m0), E_{t0 /2}(m0)]_{(t1−t0)/2} .

Hence, E_{t1 /2−1}(m_0) is an intermediate space of class (t_1 − t_0)/2 and the reiteration theorem gives

(E_{t0 /2−1}(m0), E_{t0 /2}(m0))^0_{θ,∞}^.= (E_{t0 /2−1}(m0), E_{t1 /2−1}(m0))^0_{μ,∞} , μ :=^{s − t0}_{t1 − t0} . (7.43)

We conclude with (7.40) and (7.28) that D_{A(m0)}(θ) .= b^{s−2}_{p,∞,B}(Ω) . Now, it follows from (7.36) and the definition of D_{A(m)}(θ) that D_{A(m)}(θ) .= b^{s−2}_{p,∞,B}(Ω) for each m ∈ M^s_p(Ω) . (7.44)

Since (the D_{A(m)}(θ)-realization of) A(m) generates an analytic strongly continuous semigroup on D_{A(m)}(θ) as well, we have that (ω + A(m)) : D_{A(m)}(1 + θ) → D_{A(m)}(θ) is an isomorphism for ω ∈ R sufficiently large. On the other hand, (ω + A(m)) ∈ Isom (b^s_{p,∞,B}(Ω) , b^{s−2}_{p,∞,B}(Ω)) , III–35 thanks to Lemma 7.10. This observation together with (7.44) leads to D_{A(m)}(1 + θ) .= b^s_{p,∞,B}(Ω) . (ii) is now a consequence of (i) and Corollary 7.8. One should observe that H(X_1, X_0) is an open subset of L(X_1, X_0) for two arbitrary Banach spaces X_1^d→ X_0 . �

7.12 Remark Let m_0 be given by (7.37) and let

{ (Fα (m0), A α (m0)) ; −1 ≤ α ≤ 1 } (7.45)

be the scale of interpolation and extrapolation spaces constructed with the continuous interpolation method, i.e.

Fα (m0) :=

(E0 , E1 (m0))^0_{α,∞} , 0 < α < 1 , (E−1 (m0), E 0 )^0_{α+1,∞} , −1 < α < 0 , Ei (m0) , α = i ∈ {−1, 0, 1} . (7.46)

Then b^s_{p,∞,B}(Ω) .= F_{s/2} (m_0) (7.47) for s ∈ (−2 +^1_p , 1 +^1_p ) \ {−1 +^1_p , 0,^1_p }, where b^s_{p,∞,B}(Ω) := b^s_{p,∞}(Ω) for s ∈ (−1 + 1/p, 1/p) . Indeed, for s ∈ (1/p, 1 + 1/p), we obtain from the first part of (7.28) and from (7.40) that b^s_{p,∞,B}(Ω) .= (E_{t0 /2}(m_0), E_{t1 /2}(m_0))^0_{(s−t0)/(t1−t0) , ∞} , where t_0, t_1 ∈ (1/p, 1 + 1/p) and t_0 < s < t_1. Since E_{t0/2}(m_0) .= [E_0, E_1(m_0)]_{t0/2} , E_{t1/2}(m_0) .= [E_0, E_1(m_0)]_{t1/2} we conclude with the reiteration theorem for the continuous interpolation method that b^s_{p,∞,B}(Ω) .= (E_0 , E_1 (m_0))^0_{s/2,∞} = F_{s/2} (m_0) .

Using similar arguments we get - from the second part of (7.28) - the assertion for s ∈ (−2+1/p, −1+1/p) . Finally, we use (6.30) instead of (7.28) if s ∈ (−1+1/p, 1/p)\{0} and get the assertion on the base of (7.40) and a reiteration argument.

7.13 Proposition Let 1/p < s < 1 + 1/p . Set X_0 := b^{s−2}_{p,∞,B}(Ω) and X_1 := b^s_{p,∞,B}(Ω) . Then

(X_0, X_1)^0_{μ,∞} .= b^{s+2(μ−1)} p,∞,B (Ω) for μ > 1 − s/2 . III–36

Proof Due to (7.47),

X_0 .= F_{s/2−1} (m_0) , X_1 .= F_{s/2} (m_0) . (7.48)

We claim that

(F−1 , F1 )_{1/2,1} → F0 → (F−1 , F1 )_{1/2,∞} . (7.49)

(We write F_α := F_α (m_0)). This follows as in [2, section 8], cf. also [35, Theorem 2.2]. Hence, F_0 ∈ C(1/2; (F_{−1} , F_1 )) where C(θ; (F_{−1} , F_1 )) denotes the intermediate spaces of class θ between F_1 and F_{−1} , cf. [13, section 3.5]. (7.49) and the reiteration theorem for the continuous interpolation method give

F_{s/2−1}^.= (F−1 , F1 )^0_{s/4 ,∞} and F_{s/2}^.= (F−1 , F1 )^0_{1/2+s/4 ,∞} . (7.50)

Due to (7.50) and the reiteration theorem we see that

(F_{s/2−1} , F_{s/2} )^0_{μ ,∞}^.= (F−1 , F1 )^0_{(1−μ)s/4+μ(1/2+s/4) ,∞} = (F−1 , F1 )^0_{μ/2+s/4 ,∞} . (7.51)

Note that (μ − 1) + s/2 > 0 by our assumption. Since F_0 ∈ C(1/2; (F_{−1} , F_1 )), cf. (7.49),

and F1 ∈ C(1; (F−1 , F1 )), we use the reiteration theorem a last time and obtain (F−1 , F1 )^0_{μ/2+s/4 ,∞} = (F0 , F1 )^0_{μ−1+s/2 ,∞} . (7.52)

Now, the assertion follows from (7.51)-(7.52) and (7.47). �

7.14 Remarks

a) The main results of this section are given in Theorem 7.9 and Theorem 7.11 showing that the operators −A(m) generate analytic C_0-semigroups on H^{s−2}_{p,B} (Ω) and b^{s−2}_{p,∞,B}(Ω) under rather weak regularity assumptions on the coefficients of the ‘boundary value problem’ (A(m), B(m)).

We mention that the regularity assumptions on the coefficients in Theorem 7.9 can even be relaxed as is shown in [9]. If s = 1, for example, it suffices to assume that ((a_{jk} ), (a_j )) ∈ C(Ω̄)^{n2} × L_p(Ω)^n for p ∈ (n, ∞) .

We would also like to draw attention to the results of Vespri. We refer to [40], where additional references are quoted.

b) It should be observed that Theorem 7.11 contains a result on maximal regularity.

Indeed, this follows immediately from Theorem 2.2. Roughly speaking, normally elliptic boundary problems generate analytic C_0-semigroups with the property of maximal regularity on the spaces b^{s−2}_{p,∞,B}(Ω) .

c) Finally, we mention that Theorem 7.11 gives the analytic dependence of A(·) on the data, i.e on the coefficients. This turns out to be very important in order to show the smooth dependence of the mapping v → A(v) .

III–37

8. Quasilinear reaction-diffusion systems

We will now return to the quasilinear reaction-diffusion system ∂_tu + A(u)u = f(·, u) B(u)u = g(·, u) u(0) = u_0 in Ω × (0, ∞) , on ∂Ω × (0, ∞) , in Ω ,

(8.1)

where A(u) denotes a differential operator of second order and B(u) denotes a boundary operator as given in (7.6), i.e. A(u) := −∂_j ( a_{jk}(·, u)∂_k ) + a_j (·, u)∂_j + a_0(·, u) B(u) := δ ( a_{jk}(·, u)ν^j γ∂_k + b_0(·, u) ) + (1 − δ)γ . (8.2)

We will associate with (8.1) a quasilinear evolution equation u̇ + A(u)u = F (u) , t > 0 , u(0) = u_0 , in appropriate spaces. One of the major difficulties in doing this stems from the nonlinear boundary conditions in (8.1). It forces us to choose the spaces very carefully. To do so we work in the extrapolation setting. Here we would like to refer to [2,3,9]. The advantage of working in the scale of extrapolation spaces has been exploited by Amann in a series of papers, see [6,7,8]. In fact, the advantage of this theory lies in the fact that we can work in rather ‘weak spaces’ and then use the smoothing property of the ‘parabolic’ semiflow generated by (1.8).

We will assume from now on that (i) p ∈ (n, ∞) , p ≥ 2 , (ii) G is an open neighborhood of 0 in R^N , (iii) a_{jk} , a_j , a_0 ∈ C^∞(Ω̄ × G , L(R^N)) , b_0 ∈ C^∞(∂Ω × G , L(R^N)) , f ∈ C^∞(Ω̄ × G , R^N) , g ∈ C^∞(∂Ω × G , R^N) , (1 − δ) g = 0 , (iv) n/p < r < 1 < s_0 < 1 + 1/p , s_0 − 1 < ρ < (r − n/p) ∧ 1/p . Setting U_r := { u ∈ H^r_{p,B}(Ω) ; u(Ω̄) ⊂ G } , (8.3)

it follows from r > n/p and Sobolev’s embedding theorem (and the fact that Ω̄ is compact) that U_r is an open neighborhood of 0 in H^r_{p,B}(Ω) . (8.4) We now consider the mapping m̂ : U_r −→ M^ρ_p (Ω) , v → m̂(v) := ( (a_{jk} (·, v)), (a_j (·, v)), a_0(·, v), b_0(·, v) ) , (8.5)

III–38 where the set M^ρ_p (Ω) is introduced in (7.9).

8.1 Proposition m̂ ∈ C^∞(U_r , M^ρ_p (Ω)) .

Proof Since H^r_{p,B}(Ω) → C^{r−n/p}(Ω̄) , the assertion can be proven by studying the substitution operators

Φ : C^{r−n/p}(Ω̄, R^N) → C^ρ(Ω̄, L(R^N)) ,

induced by the coefficients a_{jk} , a_j , a_0, b_0 , 1 ≤ j, k ≤ n , i.e. Φ(v)(x) := a(x, v(x)) for v ∈ U_r and a ∈ C^∞(Ω̄ × G, L(R^N)) or a ∈ C^∞(∂Ω × G, L(R^N)). For more details we refer to [6] and [18, chapter 15]. �

We can now define the formal ‘boundary value system’ (A(v), B(v)) for each v ∈ U_r by

A(v) := A(m̂(v)) := −∂_j ( a_{jk} (·, v)∂_k ) + a_j (·, v)∂_j + a_0(·, v) B(v) := B(m̂(v)) := δ ( a_{jk}(·, v)ν^j γ∂_k + b_0(·, v) ) + (1 − δ)γ . (8.6)

We require that ( A(m̂(v)), B(m̂(v)) ) , ( A_π(m̂(v)(x_0)), B_π(m̂(v)(x_0)) ) , are normally elliptic for each v ∈ U_r ( and each x_0 ∈ Ω̄ ) .

(8.7)

This requirement is certainly satisfied if the coefficients ( (a_{jk} (·, η)), δ(a_{jk} (·, η)ν^j ) + (1 − δ) ) ( (a_{jk} (x_0, η)), δ(a_{jk} (x_0, η)ν^j ) + (1 − δ)

) (8.8)

define a normally elliptic boundary value problem for each η ∈ G and each x_0 ∈ Ω̄ . Then, (8.5) and Proposition 8.1 imply (cf. (7.24))

Corollary 8.2 m̂ ∈ C^∞(U_r , M^ρ_p(Ω)) .

We fix 1 < t_0 < s_0 < 1 + 1/p and set

E_1 := H^{t0}_{p,B}(Ω) , E_0 := H^{t0−2}_{p,B} (Ω) , (8.9)

X_1 := b^{s0}_{p,∞,B}(Ω) , X_0 := b^{s0−2}_{p,∞,B}(Ω) . (8.10)

8.3 Proposition Assume that (8.7) holds. Then

[ v → A(v) ] ∈ C^∞(U_r , H (X_1, X_0)) , (8.11)

III–39 and moreover, A(v) ∈ H (E_1, E_0) for each v ∈ U_r , (8.12)

where A(v) := A(m̂(v)) is given by < w, A(v)u >= a(v)(w, u) for (w, u) ∈ X^′_0 × X_1 resp. (w, u) ∈ E^′_0 × E_1 and a(v) := a(m̂(v)) denotes the Dirichlet form of the boundary value problem (A(v), B(v)). Note that the duality pairings are induced by (6.28).

Proof An inspection of (7.27) shows that b^{s0−2}_{p,∞,B}(Ω) .= (H^{t0−2}_{p,B} (Ω) , H^{t1−2}_{p,B} (Ω))^0_{(s−t0)/(t1−t0),∞} . It then follows from the duality theorem for the continuous interpolation method, cf. [37, Theorem 1.11.2 (3b)], and (7.29) that X^′_0 .= B^{2−s0}_p′_{,1,B}(Ω) . Hence, the Drichlet form is well-defined for (w, u) ∈ X^′_0 × X_1 , cf. Corollary 7.3. We consider the mapping U_r → M^ρ_p(Ω) → H(X_1, X_0) , v → m̂(v) → A(m̂(v)) . (8.13) It follows from Theorem 7.11 that (8.13) is well-defined, since m̂(v) ∈ M^ρ_p(Ω) and ρ > (s_0 − 1) (due to the assumption (iv)). Theorem 7.11, Corollary 8.2 and (8.13) immediately give the assertion in (8.11). Moreover, ρ > (t_0 − 1) and we can infer from Theorem (7.9) that (8.12) holds as well. Although A(m) acts as a linear operator in different spaces, we use the same notation. This is justified by the fact that A(m) is the realization of the same bilinear form in different spaces. The remaining statements follow from section 7. �

We now focus our attention on the functions f, g in (8.1).

8.4 Lemma Let F (v) := f(·, v) + γ^′g(·, v) , v ∈ U_r , (8.14) where γ^′ denotes the dual of the trace operator γ ∈ L(H^σ_p′_{,B}(Ω) , B^{σ−1/p′}_p′_{,p}′ (∂Ω)) , 1 − 1/p < σ < 2 − t_0 . (8.15) Then [ v → F (v) ] ∈ C^∞(U_r , X_0) . (8.16)

Proof We may consider the mapping H^r_{p,B}(Ω)^i→C(Ω̄)^{f(·,v)}−→ C(Ω̄) → L_p(Ω) → X_0 . Here, the first inclusion follows from Sobolev’s embedding theorem and the last embedding is a consequence of (7.46)-(7.47). It is well-known that the (substitution) mapping [ i (U_r ) ] ⊂ C(Ω̄) → C(Ω̄) , v → f(·, v) , III–40 defined on the open subset [ i (U_r ) ] ⊂ C(Ω̄) , is C^∞, if f satisfies the assumption (iii). Now the first part of the statement follows from our diagram. For the remaining part, we consider H^r_p (Ω)^i→ C(Ω̄)^γ→ C(∂Ω)^{g(·,v)}−→ C(∂Ω) → L_p(∂Ω) → B^{1−σ−1/p}_{p,p} (∂Ω) . Note that the mapping [ γ ∘ i (U_r ) ] ⊂ C(∂Ω) → C(∂Ω) , v → g(·, v) is C^∞. If follows from (8.15) that 1 − σ − 1/p < 0 such that L_p(∂Ω) → B^{1−σ−1/p}p,p (∂Ω) indeed holds. Hence, [ v → γ^′g(·, v) ] ∈ C^∞(U_r , H^{−σ}_{p,B}(Ω)) , where H^{−σ}_{p,B}(Ω) = (H^σ_{p,B}(Ω))^′ , due to the definition in (7.20). We finally use H^{−σ}_{p,B}(Ω) → H^{s0−2}_{p,B} (Ω) → b^{s0−2}_{p,∞,B}(Ω) = X_0 , where the last inclusion is shown in (7.21). This proves the assertion in (8.16). �

8.5 Remark We have succeed to obtain an abstract evolution equation

u̇ + A(u)u = F (u) , t > 0, u(0) = u_0 (8.17)

in the Banach space X_0 . Thanks to Proposition 8.3 and Lemma 8.4, we have

(A, F ) ∈ C^k(U_r , H(X_1, X_0) × X_0) for each k ∈ N^∗ , (8.18) and A(v) ∈ M_α(X_1, X_0) for each v ∈ U_r . (8.19)

Indeed, (8.19) follows from Theorem 2.2 and Theorem 7.11, cf. Remark 7.15 b). (Note that Ã(v) := A(v) ∈ H(E_1, E_0) is an extension of A(v) ∈ (X_1, X_0), since these operators are induced by be the (same) Dirichlet form). (8.19) is the statement on maximal regularity we were looking for. The only thing which seems to be a little mystery is, how (8.17) reflects the quasilinear reaction-diffusion system (8.1). With the requirement that a(v)(w, u) =< w, A(v)u > for (w, u) ∈ X^′_0 ×X_1 and the definition of F in (8.14) we ensure that solutions of (8.17) are weak solutions of (8.1). Using the smoothing property of the quasilinear parabolic problem (8.17), it can be shown that solutions are in fact much more regular. We work in weak spaces in order to get, temporarily, rid of the nonlinear boundary conditions. Of course, they are always present and in some sense hidden in the spaces. The key observation is that weak solutions satisfy the boundary conditions as soon as they are regular enough, say as soon they belong to H^2_p (Ω) . This idea was used by Amann in [6] to prove the results quoted in (1.6)-(1.8) (cf. also [7]).

III–41

We suppose that (f(·, 0) , g(·, 0)) = (0, 0) , (8.20) such that u = 0 is a solution of the reaction-diffusion system (8.1). We can now state our main result. It reads as follows

8.6 Theorem a) Given any initial value u_0 ∈ U := U_r ∩ H^1_{p,B}(Ω) there exists a unique maximal classical solution u(·, u_0) ∈ C([0, t^+(u_0)), U) ∩ C^∞(Ω̄ × (0, t^+(u_0), R^N) (8.21) to the quasilinear Cauchy problem (8.1) and the map (t, u_0) → u(t, u_0) (8.22) defines a smooth semiflow on U with 0 being an equilibrium.

b) Let the assumptions in (1.10)−(1.11) and (8.20) be satisfied and let X^c be the center space introduced in Theorem 1.1. Then, for any k ∈ N^∗, there exists a mapping σ = σ_k ∈ BC^k(X^c, H^1_{p,B}(Ω)) , (8.23) such that the C^k-manifold M^c := graph (σ) ⊂ H^1_{p,B}(Ω) (8.24) is locally invariant for those solutions of the quasilinear reaction-diffusion system ∂_tu + A(u)u = f(·, u) in Ω × (0, ∞) , B(u)u = g(·, u) on ∂Ω × (0, ∞) , (8.25)

which remain in a sufficiently small neighborhood, U(k), of 0 in U. Moreover σ(0) = 0 , ∂σ(0) = 0 . (8.26)

b) M^c is exponentially attractive in H^1_{p,B}(Ω) for all small solutions u(·, u_0).

Proof The proof of a) is given in [6], cf. also [7]. We now consider the quasilinear parabolic evolution equation (8.17). We show first that (8.17) satisfies all of the assumptions we stated in section 3 and 4. We fix α := 1 − (s_0 − 1)/2 and β ∈ (1 − (s_0 − r)/2 , α) . (8.27) III–42

We then have for the continuous interpolation spaces

X_α = b^1_{p,∞,B}(Ω) and X_β = b^{s0+2(β−1)}_{p,∞,B} (Ω) , (8.28) thanks to Proposition 7.13. We infer from (6.25),(7.16), from (7.20) and (8.27) that X_β → H^r_{p,B}(Ω) . Hence, U_r ∩ X_β =: U_β is an open subset of X_β . Let U_α ⊂ X_α be the open subset U_α := U_β ∩ X_α . Due to U_β → U_r we infer from (8.18) that (A, F ) ∈ C^∞(U_β , H(X_1, X_0) × X_0) . (8.29) Moreover, A(v) ∈ M_α(X_1, X_0) for each v ∈ U_α by (8.19). We can now conclude that the assumptions (3.4)-(3.9) and the assumptions (i)-(iii) of section 4 are satisfied. Due to (8.9), (7.40)-(7.41), [6, Proposition 5.5] and (7.22) we obtain [E_0, E_1]_δ .= H^{t0−2+2δ} p,B → X_β for δ > (s_0 − t_0)/2 + β , which gives assumption (iv) of section 8. Set L := A(0) − ∂F (0) . (8.30) It is not difficult to see that the spectrum of −L , σ(−L) , coincides with the eigenvalues of the linearized elliptic problem (1.10) and hence admit a decomposition σ(−L) = σ_c ∪ σ_s with the properties (1.11). If π^c denotes the spectral projection with respect to the spectral set σ_c it follows that

π^c(X_0) .= X^c := ⊕_{μj∈σc} N(μ_j ) , N(μ_j ) the algebraic eigenspace of μ_j . (8.31)

Theorem 4.1 now gives, for each k ∈ N^∗, the existence of a mapping σ ∈ BC^k(X^c, X_1) , such that M^c := graph (σ) ⊂ X_1 → H^1_{p,B}(Ω) is locally invariant for small solutions of the quasilinear parabolic evolution equation (8.17). Here we should observe that solutions of (8.17) are in fact classical solutions of the quasilinear reaction-diffusion system (8.25). In fact, each solution u(·, u_0) of (8.17) is also a solution of the same evolution equation considered in the spaces (E_0, E_1) . It follows from the considerations in [6, section 9] that u(·, u_0) is the unique maximal classical solution of (8.25) satisfying u(0, u_0) = u_0 . This proves b). Finally, note that H^1_{p,B}(Ω) is ‘sandwiched’ by the spaces X_1 and X_α . Indeed, b^{s0}_{p,∞,B}(Ω) → H^1_{p,B}(Ω) → b^1_{p,∞,B}(Ω) by (6.25),(7.16) and (7.20). The last assertion now follows from Theorem 5.8 and Remark 5.9 b). � III–43

References

[1] R.A. Adams, “Sobolev Spaces,” Academic Press, New York, 1975. [2] H. Amann, Parabolic evolution equations and nonlinear boundary conditions, J.

Differential Equations 72 (1988), 201–269.

[3] H. Amann, Parabolic evolution equations in interpolation and extrapolation spaces, J. Funct. Analysis 78 (1988), 233–270.

[4] H. Amann, Dynamic theory of quasilinear parabolic equations -I. Abstract evolution equations, Nonlinear Anal., Theory, Methods & Appl. 12 (1988), 895–919.

[5] H. Amann, “Ordinary Differential Equations. An Introduction to Nonlinear Analysis,” W. de Gruyter, Berlin, 1990.

[6] H. Amann, Dynamic theory of quasilinear parabolic equations II. Reaction diffusion systems, Differential and Integral Equations 3 (1990), 13–75.

[7] H. Amann, Hopf bifurcation in quasilinear reaction diffusion systems, in “Delay Differential Equations and Dynamical Systems,” Proceedings, Claremont 1990, Springer, LNM 1455, Berlin, 1991.

[8] H. Amann, Highly degenerate quasilinear parabolic systems, Annali Scuola Norm.

Sup. Pisa Ser. IV, XVIII (1991), 135–166.

[9] H. Amann, “Linear and Quasilinear Parabolic Problems,” book in preparation. [10] S.B. Angenent, Nonlinear analytic semiflows, Proc. Roy. Soc. Edinburgh, 115A (1990), 91-107.

[11] J.B. Baillon, Caractère borné de certains générateurs de semigroupes linéaires dans les espaces de Banach, C.R. Acad. Sc. Paris, Série A 290, (1980), 757–760.

[12] P.W. Bates and C.K.R.T Jones, Invariant manifolds for semilinear partial differential equations, in “Dynamics Reported,” Volume 2, (U. Kirchgraber, H.O. Walther, Managing Editors), B.G. Teubner, Stuttgart, John Wiley and Sons, Chichester, New York, 1989 1–38.

[13] J. Bergh and J. Löfström, “Interpolation Spaces. An Introduction,” Springer, Berlin, 1976.

[14] J. Carr, “Applications of Centre Manifold Theory,” Appl. Math. Sc. 35, Springer, New York, 1981.

[15] S.N. Chow and K. Lu, Invariant manifolds for flows in Banach spaces, J. Differential Equations 74 (1988), 285–317.

[16] S.N Chow and K. Lu, C^k centre unstable manifolds, Proc. Roy. Soc. Edinburgh, 108A (1988), 303-320.

[17] Ph. Clément, H.J.A.M. Heijmans et al. “One-Parameter Semigroups,” North Holland, CWI Monograph 5, Amsterdam, 1987.

[18] D. Daners and P. Koch Medina, “Abstract Evolution Equations, Periodic Problems and Applications,” Longman Scientific & Technical, to appear in Pitman Research Notes in Mathematics Series.

[19] G. Da Prato, Maximal regularity results for abstract differential equations in Banach spaces, in “Evolution equations and their applications,” (F. Kappel, W.

III–44

Schappacher, Editors), Research Notes in Math. 68, Pitman, Boston, 1982, 52– 62. [20] G. Da Prato and P. Grisvard, Equations d’évolution abstraites nonlinéaires de type parabolique, Ann. Mat. Pura Appl. (4), 120 (1979), 329–396.

[21] G. Da Prato and A. Lunardi, Stability, instability and center manifold theorem for fully nonlinear autonomous parabolic equations in Banach space, Arch. Rat. Mech. Anal. 101 (1988), 115-144.

[22] G. Dore and A. Favini, On the equivalence of certain interpolation methods, Boll.

UMI (7) 1-B (1987), 1227–1238.

[23] H.O. Fattorini, “The Cauchy Problem,” Addison-Wesley, Reading, Massachusetts, 1983.

[24] D. Henry, “Geometric Theory of Semilinear Parabolic Equations,” Springer, LNM 840, Berlin, 1981.

[25] G. Iooss and A. Vanderbauwhede, Center manifold theory in infinite dimensions, in “Dynamics Reported,” New Series: Volume 1, (C.K.R.T. Jones, U. Kirchgraber, H.O. Walther, Managing Editors), Springer, Berlin, 1992, 125-162.

[26] A. Lunardi, Analyticity of the maximal solution of an abstract nonlinear parabolic equation, Nonlinear Anal., Theory, Methods & Appl. 6 (1982), 503–521.

[27] A. Lunardi, Interpolation spaces between domains of elliptic operators and spaces of continuous functions with applications to nonlinear parabolic equations, Math. Nachr. 121 (1985), 295–318.

[28] A. Mielke, A reduction principle for nonautonomous systems in infinite-dimen-sional spaces, J. Differential Equations 65 (1986), 68–88.

[29] A. Mielke, Reduction of quasilinear elliptic equations in cylindrical domains with applications, Arch. Rat. Mech. Anal. 102 (1988), 205–229.

[30] A. Mielke, Locally invariant manifolds for quasilinear parabolic equations, Rocky Mountain J. of Mathematics, 21, 1991, 707–714.

[31] A. Pazy, “Semigroups of Linear Operators and Applications to Partial Differential Equations,” Springer, New York, 1983.

[32] D. Ruelle, “Elements of Differentiable Dynamics and Bifurcation Theory,” Academic Press, Boston, 1989.

[33] K.R. Schneider, Persistence of center submanifolds of a class of autonomous differential systems, preprint.

[34] R.T Seeley, Extension of C^∞-functions in a half-space, Proc. Amer. Math. Soc.

15 (1964), 625–626.

[35] G. Simonett, Zentrumsmannigfaltigkeiten für quasilineare parabolische Gleichungen, PhD thesis, Univ. Zürich, Switzerland, 1992, and Institut für Angewandte Analysis und Stochastik, Report Nr.2, Berlin, 1992.

[36] E. Sinestrari, On the abstract Cauchy problem of parabolic type in spaces of continuous functions, J. Math. Anal. Appl. 107 (1985), 16–66.

[37] H. Triebel, “Interpolation Theory, Function Spaces, Differential Operators,” North Holland, Amsterdam, 1978.

III–45

[38] H. Triebel, “Theory of function spaces,” Birkhäuser, Basel, 1983. [39] A. Vanderbauwhede, Center manifolds, normal forms and elementary bifurcations, in “Dynamics Reported,” Volume 2, (U. Kirchgraber, H.O. Walther, Managing Editors), B.G. Teubner, Stuttgart John Wiley and Sons, Chichester, New York, 1989, 89–169.

[40] V. Vespri, Abstract quasilinear parabolic equations with variable domains, Differential and Integral Equations 4 (1991), 1041-1072.

III–46