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1. INTRODUCTION

IN THIS PAPER we consider parameter-dependent quasilinear reaction-diffusion equations on a
bounded domain of R”. It is our purpose to study the dynamical behavior of solutions to these
equations. In particular, we are interested in the behavior of the solution set if the parameter
is changed. To be more precise, let us assume that Q C R" is a bounded domain having a
smooth boundary. Then we consider the parameter-dependent equation

ou+ @, wu = f(A,-,u in Q x (0, ),

®A, wu =g, -, u) on dQ x (0, ), (1.1),
u(0) = u, in Q.
Here, u = (u', ..., u™)is a R™-valued function and A varies in an open subset A of some finite
dimensional Banach space, say of R. Moreover,
(R4, u), B(4A, u) (1.2)

denotes a very general boundary value system, where @(A, u) stands for a system of second
order quasilinear differential operators and ®(A, u) denotes a system of quasilinear first order
boundary operators. Being more specific, we consider the general second order differential
operator

@A, wu == d(ap (A, -, wdu) + a;(A, -, w)d;u + ay(4, -, wu. (1.3)

Since we allow u to be a vector valued function, the coefficients take values in the space £(R")
of all (real) N X N-matrices. Note that we use the summation convention, where j and & run
from 1 to n. Moreover, the dot stands for the space variable. Throughout, we assume the
coefficients to be smooth functions of the variables, i.e.

ay, a;, @y € C°(A x Q x G, £L(RY)), (1.4
where G denotes an open subset in RY. B(A, ) then stands for the boundary operator

B4, Wu := da; (4, -, WVydu + by(h, -, wyu) + (1 — Syu. (1.5)

1 Supported by Schweizerischer Nationalfonds.
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Here, y is the trace operator and v = (v!, ..., v") denotes the outer unit field on dQ. Moreover,
for

d := diag[d’, ..., oV): 0Q — L(RY),

the boundary characterization map, we assume that §" € C(82, {0, 1}), 1 < r < N. Hence, J"
assigns to each component of connectedness of 3Q one of the values {0, 1}. Thus, the function
d characterizes whether we have ‘‘Neumann type’’ or Dirichlet boundary conditions on a given
component of 9Q. We assume that the function b, depends smoothly on the indicated variables.
In addition, let

feCAXQAXGRY), geCAXIUXG,RY). (1.6)

In order to have a powerful theory we shall impose an ellipticity and complementing condition
upon the boundary value systems (®(4, ©), (4, u)). We will require that

(@A, u), ®(2, u)) are normally elliptic for (4, u) € A X C(Q, G). (1.7)

We refer to [1], where the definition of normally elliptic boundary value problems is intro-
duced. It should be noted that this definition weakens the ellipticity conditions usually imposed
on systems. Moreover, the concept of normally elliptic boundary value systems is in a certain
sense optimal, cf. [1, theorem 2.4; 2, theorem 4.1, remark 4.2c].

Note that (1.1), is a system of parameter-dependent, strongly coupled reaction-diffusion
equations subject to nonlinear boundary conditions.

To give a simple example where our assumptions are met, we consider the special case
ay(A, -, u) = a(A, -, u)d; and a; = a5 = by = 0 for 1 =< j, k < n, where J; is the Kronecker
symbol. Also, let 6' = --- = ¥ =1 for the boundary characterization map. Then the
quasilinear reaction-diffusion system (1.1), takes the form

du — d;(a(A, -, wdu) = f(A, -, w) in Q X (0, ),

a(, +, w)vypdu = g(,-,u)  on dQ x (0, ), (1.8),
u(0) = u, in Q.
We assume that
o(a(, x, n)) C [Rez > 0], A,x,nNeAxQxG, (1.9)

where og(a(A, x, 1)) denotes the spectrum of the N x N-matrix a(4, x, ). Then
(—aj(a(/li K u)aj)a a(l’ " U)Vj)’aj)
defines a normally elliptic boundary value system, see [1, theorem 4.4]. If N = 2 and the matrix

a is given by

a]](A-, X, ’7) alZ(A’x’ ’1):| (110)

a(A,x,n) =
¢, [—anu,x, mo 0
condition (1.9) is satisfied whenever

all(la X, ’7) > 0’ alZ(lr X, 77)021().,)(, ”) > 0, (A,X, ,]) € A X Q X G (111)

First of all, we are interested in whether the quasilinear reaction-diffusion system (1.1), does
have a unique solution for a given initial value u,. After this very first question, we are
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concerned with the dynamical behavior of solutions. Thanks to the very general results proven
in [1], we already know that the quasilinear reaction-diffusion system (1.1), generates a semi-
flow on an open subset of an appropriate function space. Note that this property stands at the
beginning of a thorough development of a geometric (or dynamic) theory for quasilinear
equations which contain (1.1), as a prominent and important prototype. In fact, let p > n
and set

H) g = fu e Hy(Q,RY); (1 — S)yu = 0}, Vi={ueHyq u(@ C G). (1.12)

Owing to the trace theorem, H, g is a closed subspace of the Sobolev space H,(Q, RY).
Moreover, it follows from Sobolev’s embedding theorem and the fact that Q is compact that V'
is a well-defined open subset of H;,(B. If we assume that (1 — d)g = 0, the following result is
proven in [1, 3].

Given any initial value u,, the parameter-dependent quasilinear reaction-diffusion
system (1.1), has a unique maximal classical solution

u(-, uy, A) € C([0, t (uy, M, VYN C(Q x (0, t*(uy, 1)), RY) (1.13)
satisfying u(0, u,, A) = u,. The mapping
(L, up) — u(t, uy, 1) (1.14)
defines a smooth semiflow on V depending smoothly on A € A.

Important further questions are related to the existence of bifurcating solutions such as
steady states and periodic solutions emerging from an equilibrium. We will now assume that
0 e G and

(f(-,0,4),8(,0,4)) = (0,0), AeA. (1.15)

Then 0, i.e. the solution = 0, is an equilibrium for the quasilinear system (1.1), and we may
consider the linearization at this point. Thus, we consider the elliptic eigenvalue problem

[—@(1, 0) + 35 f(4, -, O)]v = u()v  inQ,
[-®(1, 0) + d58(4, -, 0)]v = O on 4Q.

(1.16),

Observe that (1.16), is well-posed since the L ,-realization has a compact resolvent. Then let
{ﬂk(j.); ke N}s Ae A, (1'17))\

denote the set of eigenvalues of (1.16),, each one counted according to its multiplicity. If we
assume for the first moment that

(M) ke N} C [Rez< 0], AeA,

then we infer from the principle of linearized stability that 0 is an asymptotically stable critical
point for the semiflow induced by (1.1), . For a proof, see [4, 5]. Indeed, in the case that there
are no eigenvalues on the imaginary axis, the results in the latter paper imply in particular that
0 is exponentially stable. Hence, the dynamical behavior of small solutions to the parameter-
dependent equation (1.1), remains essentially the same if 1 is changed. But there is a drastic
change if some of the eigenvalues hit or cross the imaginary axis if A is varied. This situation
occurs in the case of Hopf bifurcation, for example, where a pair of conjugate eigenvalues
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crosses the imaginary axis, causing bifurcation of periodic solutions. It is this situation we
would like to investigate in detail.

We first establish the existence and attractivity of parameter-dependent, locally invariant
manifolds, M (1), for the quasilinear reaction-diffusion system (1.1), . Using invariant (center)
manifolds is a well-known approach to study (local) bifurcation of small solutions, such as
periodic solutions or steady states. The method of invariant manifolds is common in dynamical
systems and in ordinary differential equations and has also been used in the context of
semilinear evolution equations, cf. [6-8]. However, not much is done in the case of quasilinear
equations. In fact, we shall use the results in [S] where the existence and attractivity of center
manifolds in the case of quasilinear equations has been established for the first time. To be
more precise, we were able to show that center manifolds exist and attract solutions in the
topology of V. (Note that V is a natural phase space for (1.1),, due to (1.13) and (1.14).) In
order to prove this, we had to use maximal regularity results, cf. [9, 10]. But while maximal
regularity results are only obtained in some very special spaces (the continuous interpolation
spaces), we were able to overcome this restriction, cf. [5]. A slight modification of the results
in [5] will cover the parameter-dependent case. To be more specific, we suppose that there exists
Ag in A such that

g. = {u(de)s -5 s (A} C IR, g, = {uj(4e);j > J} C [Rez < O] (1.18)
Let
X = @ <j<s N(uj(do))s (1.19)

be the ‘‘center space’’, where N(u;(4,)) denotes the algebraic eigenspace of the eigenvalue
#;(Xo). Note that each N(u;(4)) is finite dimensional since (1.16), has a compact resolvent.
With this we can state the following theorem.

TueoreM 1.1. Let k € N* be given. Then the parameter-dependent quasilinear reaction-
diffusion system
du+ QU wu = f(4,+,u) in Q x (0, «),
®B, wu = g(A,-,u)  on QX (0,),

(1.20),

has a parameter-dependent, finite dimensional, locally invariant C*-manifold 9M“(1) C V, for
A in a sufficiently small neighborhood A = A(k) of A,. More precisely: there exists a mapping
g = g, € BCK(A x X, V)
with
g(4,0) =0 for A € A, 0a(0,0) =0,
such that
M) := graph a(4, -)
is invariant for small solutions of (1.20), . The invariant manifolds (1) attract small solutions
at an exponential rate.

It is shown that the invariant (center) manifolds 9M°(4) contain all the local recurrence. This
allows the reduction of (1.20), to a finite dimensional system of differential equations. Using
results on bifurcation for ordinary differential equations, we are able to study the problem of
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bifurcating solutions for the quasilinear reaction-diffusion equation (1.1),. We focus our
attention on Hopf bifurcation and give conditions, whether the bifurcating orbits are stable or
unstable.

THEOREM 1.2, Let A = (—4,, 4) for some 4, > 0 and assume that {+iw,} are simple eigen-
values of the eigenvalue problem (1.16),, where w, > 0, and all of the remaining eigenvalues
are contained in [Re z < 0].

Let u(A) be the unique continuation of the eigenvalue iw, in a neighborhood of A = 0 and
suppose that

d
H(Reu(i))lho > 0. (1.21)

Then there exists a unique one-parameter family {I'(s); 0 < s < &} of nontrivial periodic orbits
of the system (1.1), in a neighborhood of (0,0) € A X V.
More precisely, there exists € > 0 and a map

AC), T(), u()) € C¥(-¢,€), R X R x V)
with
(2(0), T(0), u(0)) = (0, 27t/ wy, 0)
and such that
I'(s) := T'(u(s))

is a nontrivial T'(s)-periodic orbit of the quasilinear reaction-diffusion system (1.1),, passing
through u(s) e V. If 0 < 5, < 5, < ¢, then I'(sy) # I'(s,).

Moreover, the family {I'(s); 0 < s < &} contains every nontrivial periodic orbit of (1.1), lying
in a neighborhood of (0,7(0),0) e A X R X V.

If

SA(S) > 0 fors >0 (‘‘supercritical bifurcation”’),

then each orbit I'(s) is asymptotically stable in V.
In the case of

sA(s) < 0 fors >0 (“‘subcritical bifurcation’’),

each of the orbits I'(s), 0 < 5 < ¢, is unstable in V.

It is one of the main purposes of this paper to derive stability conditions for the bifurcating
periodic orbits. In fact, we will give an algorithm which enables the determination of whether
the supercritical or subcritical case occurs. This algorithm works in the (infinite dimensional)
case of quasilinear reaction-diffusion systems. It involves derivatives up to the third order and
the knowledge of the linear semigroup on the stable subspace, cf. Section 5. In some special
cases, see remark 5.5(b), the stability analysis is rather simple. An example, based on the
quasilinear reaction-diffusion system (1.8),, will be given elsewhere.

The derivation of our algorithm is self-contained and it uses corresponding results for
two-dimensional ordinary differential equations. We should mention that a similar algorithm
has been described in [6]. However, there are some differences between our derivation and
theirs. First, we have the feeling that our computation is much simpler than the one given in [6]



520 G. SIMONETT

(cf. [6, remark on p. 125]). Second, the results in proposition 5.4 are new and in some sense
naturally related to the problem. Our results apply to ordinary differential equations, semi-
linear evolution equations and, of course, to quasilinear evolution equations. They use the
existence of invariant manifolds and the stability result given in Section 3, which, in turn, is a
consequence of the fact that the invariant manifolds attract solutions at an exponential rate.
We should mention that the authors of [6] have included a proof for the existence of center
manifolds, which only uses that a given evolution equation generates a smooth semiflow on a
Banach space (which is supposed to admit a C”-norm) (see [6, theorem 2.7]). But to our
knowledge, this proof is only valid for the case of flows, and the extension to semiflows is
incorrect {11, p. 36].

In the context of ordinary differential equations and semilinear evolution equations, Hopf
bifurcation has been widely studied in recent years, see for instance the monographs
[6, 7, 12-14] and also [15-18], to mention a few. Extensions to more general nonlinear equa-
tions have been given in [19, 20]. In fact, there are quite different approaches to the study of
Hopf bifurcation. Instead of using reduction via invariant manifolds, one can also use the
so-called Ljapunov-Schmidt reduction. This has been done in [19], where the existence of
bifurcating solutions for quasilinear reaction-diffusion equations has been proven. However,
the author does not study stability conditions, cf. the remarks at the end of his article. On the
other hand, there is a functional analytic approach which was introduced in [15] and later also
used by [20] for fully nonlinear equations. The authors in the latter paper obtain the existence
of bifurcating periodic solutions even for fully nonlinear equations, but they do not consider
stability. Finally, we also mention the work [10], where the authors prove existence of center
manifolds for fully nonlinear equations and then state a result on Hopf bifurcation. Our results
improve on theirs in several directions in the case of quasilinear equations, cf. the discussion in
the introduction of [5]. Our results apply to the wide class of normally elliptic quasilinear
reaction-diffusion systems subject to nonlinear boundary conditions.

In recent years, Amann has developed a dynamic theory for quasilinear parabolic equations
which is able to cover the quasilinear reaction-diffusion systems introduced at the beginning of
this section, cf. [1-3, 21]. Indeed, it is this approach which enables us to deal with quasilinear
reaction-diffusion systems with nonlinear boundary conditions. We mention that the
quasilinear systems studied by Amann, and considered in this paper, are indeed very general
and cover many interesting equations governed by problems in physics, biology and chemistry,
see [2, Section 1]. The ellipticity conditions (normal ellipticity) weaken the usual conditions
imposed on systems (which is sometimes the demanding Legendre condition), cf. again [1, 3].
On the other side, the imposed conditions are still strong enough to render a very powerful
theory (and are in some sense optimal). The equations under consideration include strongly
coupled systems which really are more demanding than, say, scalar equations. Finally, we
deal with nonlinear boundary conditions (note that the boundary operator &(u)u and the
““boundary source function”’ g depend nonlinearly on u). We do not know of other results and
techniques which were able to cover this general situation.

This paper relies on [5], where the abstract setting is introduced and the existence and
attractivity of center manifolds is proven. We will briefly introduce this abstract setting and
extend results to parameter-dependent equations. This is actually a simple task, since we just
extend the spaces by the parameter space. In a later section, we prove that the invariant
manifolds ““carry’’ the dynamical behavior of small solutions. Section 4 then is devoted to
Hopf bifurcation and the computation of the stability algorithm is given in Section 5. In the
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last part, we apply the results to quasilinear reaction-diffusion systems, using results of
[5, Sections 7, 8].

Notations

Let £ and F be two Banach spaces over the same field K, where K is either R or C. Then we
denote by £(E, F) the vector space of all bounded linear operators from E to F and we equip
this space with the uniform operator norm. If two Banach spaces E, F coincide, except for
equivalent norms, we express this by writing E = F. If E is a subspace of F, E — F means that
the natural injection is continuous, that is, £ is continuously embedded in F. E &F then stands
for dense embedding, i.e. E C F is densely and continuously embedded.

2. INVARIANT MANIFOLDS FOR PARAMETER-DEPENDENT EQUATIONS

In this section we briefly introduce an abstract setting which enables us to deal with
parameter-dependent, quasilinear, autonomous evolution equations. We prove the existence of
(parameter-dependent) invariant manifolds and show that these attract small solutions at an
exponential rate. Our approach uses results on maximal regularity of the Da Prato-Grisvard
type and relies on [5]. We refer to [5, Section 2] for a short presentation of the subject, cf. also
[9, 22-24]. We refrain from giving more details and assume that the reader is familiar with some
of the results and the notation of [5].

Let X, and X, be two Banach spaces such that X, g X, . Let F be a finite dimensional space
and assume that

A C Fisopenand 0 € A.
We then consider the parameter-dependent, quasilinear evolution equation

u+ AQ, wu = F(A, u), t>0, A€ A. Q2.1),
We assume that

(A, F) € CA x Ug, £(X;, Xp) X Xo), ke N*¥, (2.2)

where U denotes an open subset of the continuous interpolation space X := (X, X)), with
0 < B < 1, such that 0 e Ug.

The next assumption on maximal regularity is crucial for our results. In fact, we can then use
(a modified version of) the Ljapunov-Perron method and obtain invariant manifolds as fixed
points of an integral equation. For comments in this direction, see the remarks at the end of
[5, Section 5]. We impose that

A, v) e M(X7, Xy), A, v) e A X U, (2.3)

where 0 < f < « < 1. For the definition of M, (X, X,), see (2.16) in [5]. In particular, A(4, v)
is the negative generator of an analytic semigroup on X, and dom(A(4, v)) = X,, in the sense
of equivalent norms, for each A and each v. We will show in the last section that the quasilinear
reaction-diffusion system (1.1), can be shaped as an abstract evolution equation of the type
(2.1), in carefully chosen spaces X, and X;. The abstract counterpart of (1.15) will then be
reflected by

F(A,00=0, 4eA. (2.4)
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If
L := A(0,0) — 3,F(0,0) (2.5)

denotes the linearization of (2.1), with respect to the second variable, the condition (1.18) will
be recovered as

g(-L)=0.Uag,, g. CIilR, g, C [Rez < 0], (2.6)
where o(—L) denotes the spectrum of the closed operator —L. In an abstract context we assume
that

o, consists of finitely many eigenvalues with finite multiplicity. 2.7
(Note that the spectrum of —L corresponds to the eigenvalues of the eigenvalue problem
(1.16),. Condition (2.7) is automatically satisfied for the quasilinear reaction-diffusion system
described in the Introduction.) Finally, let X denote the finite dimensional subspace, obtained

by the spectral projection, 7, to the spectral set o, and set n° := idy, — n°. Again, the space
X¢ is the abstract counterpart of (1.19). If

g4, u) :=(A0,0) - A, Whu + F(A,u) — 3,F(0,0u, (hueAxX, (2.8
the quasilinear equation (2.1), can be restated as
u+ Lu= g, un, t>0,A€eA. 2.9),

(Note that we need maximal regularity to justify the last step.) Finally, let g, €
CKA x X© x U$, X,) denote the modified function

gp::go(id/\,rp)9 0<p517(), (2-10)

where Uy is a neighborhood of 0 in U N X7} and X7 is a (direct topological) complement of X
in X,. Moreover, r, is defined by r,(x,y):= x(p”X)x + y for (x,y) € X¢x X7, where
x € D(Bx(0, 2)) denotes a smooth cutoff function for the closed ball By:(0, 1) in X°. We then

infer that
g,(4,00 =0 for 1 € A, 3g,(0,0) = 0. (2.11)

We are now ready to state the following theorem.
THEOREM 2.1 (existence of locally invariant manifolds). There exists p, € (0, po] and for each

p € (0, p,] there exists a neighborhood of 0 in A, denoted again by A = A(p), and a uniquely
determined mapping

o =0, = 0y,€BCKA X X, X}) (2.12)
such that
ag(4,0 =0 for A € A, 36(0,0) = 0 (2.13)
and
llo(a, x) — a4, x)lx: = blx — X', 1 €A, x,x e X* .14

for a suitable constant b,

M) := Mg ,(A) := graph(a(4, ) (2.15)
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is a locally invariant C*-manifold for small solutions of the parameter-dependent quasilinear
equation (2.1),.

Let
z2() = z2(,x, ) i=z(-, x, 4, 0, p) 2.16)
be the (global) solution to the reduced ordinary differential equation
2(t) + L.z(t) = n°g,(4, 2(1), a(4, z(¢))), teRR, z(0) = x. 2.17)
Then o satisfies the (fixed point) equation
oA, x) = jo e ng, (4, 2(1, x, 1), (4, 2(1, x, 1)) d7. (2.18)

Finally, OM°(4) contains all small global solutions of (2.1), for 4 € A.

Proof. The parameter-dependent situation can be reduced to the setting in [5] by extending
the spaces by the ¢‘parameter space’’ F. Note that this is a standard trick in this context. More
precisely, set

XO::FXXO, XIZ=FXX1
and
L := diag|0, L], g, = (0, g,),

where diag[0, L] denotes the diagonal matrix with entries 0 and L on the diagonal. It follows
for the extended mapping g, that

g, € CHA x X x U{, Xy), £,(0,0,0) = 0, dg,(0,0,0) = 0.

It is not difficult to see that L satisfies the assumptions of [5, Section 4]. (Note that in the
parameter-dependent case, similar conditions to [5, Section 4] can be imposed, yielding the
required maximal regularity results.) It is plain that the spectrum of —L consists of

g(—L) = o(—-L) U {0} and X =Fx X¢, (2.19)

where X° denotes the eigenspace according to the spectral projection of the spectral set a. U {0].
More precisely, let I1° be the spectral projection for o, U [0} and set IT° := idy, — I1°. Then,

I1° = diag[idg, 7] and IT° = diag[0, n°], (2.20)
and, moreover,
L. = diag[0, L_], L, =L, (2.21)

where we identify {0} x X7 with X; and analogously {0} x X; with X;. The parameter-
dependent equation (2.17) is equivalent to the extended ordinary differential equation

2(t) + L.z(t) = II°g,(2(¢), a(z(1))), z(0) = x, (2.22)

where z = (4, 2) and x = (4, x). Then let z(-, x) := z(-, X, g, p) denote the (global) solution to
(2.22) and set

Sk, = {01 A(p) X X = X}, 0(A,0) = 0, o] = p,
18l < b;,j = 1,....k = 1, 3% Vo], _ < by,
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endowed with the sup-norm. Hereby, A(p) denotes a O-neighborhood in A such that
diam A(p) — 0 for p — 0. For a given g € §; ,, let G be defined by

0
G(o)(x) := j e T1°g,(2(1, X), 6(2(1, X)) dt. (2.23)
Now, the same arguments as in [5, theorem 4.1] show that the mapping G has a uniquely
determined fixed point ¢ = gy , € §; , with

o € BCX(A(p) x X, X)),  806(0,0) = 0,

provided that p is sufficiently small. Note that the right-hand side in (2.23) is just another
writing of (2.18). Since we know that graph(o) is a locally invariant manifold for the equation

u + Lu = g,(u), u=(,u), u(0) = (4, u,), (2.24)
and since this equation is equivalent to
u+ Lu = g,4,u), u(0) = uy, (2.25),

we can conclude that 9M°(A) is locally invariant for (2.25), and, hence, for (2.9), (for sufficiently
small solutions and A € A(p)). Note that (2.9), and (2.1), have the same solutions. (We need
maximal regularity to handle the equation (2.9), .) This proves the assertions in theorem 2.1. H

Remark 2.2. Theorem 2.1 ensures the existence of a finite dimensional C*-center manifold,
IM° = graph(o), for the extended equation (2.24). Note that the second part of (2.13) implies
that the space F x X¢ is tangential to 9M° at 0. M°(A) = graph(o(4,+)) is an invariant
C*-manifold for the quasilinear equation (2.1),, but it is no longer tangential to X¢ for A 0.
Nevertheless, it is sometimes convenient to call IM°(1) a (parameter-dependent) center manifold
too.

It is known that the (parameter-dependent) quasilinear equation (2.1), generates a smooth
semiflow on the continuous interpolation space X, , where a € (1, ) is the same constant as in
(2.3). A proof, using maximal regularity results, is given in [25], see also [24, Section 7]. (It is
clear that the proofs can be adjusted to the parameter-dependent case. One can again use the
same idea as in the proof of theorem 2.1.) On the other hand, the quasilinear equation (2.1),
regularizes, which means that solutions immediately become more regular than the initial
values are. We, thus, have the following situation: if u(-, u,, A) denotes a solution to (2.1),
with u(0, ¥y, A) = u, and with an initial value u, € X,, then u(t,u,, A) € X; for each
t € (0, t*(uy, 1)), the maximal interval of existence. We, thus, have two topologies where we
can measure the solutions. One is the weaker norm of the space X, where the initial values are
taken from and where the equation governs a semiflow. The other one is the stronger norm of
X, where solutions exist for each positive time. In [5, theorem 5.8], we have used this
smoothing (or regularizing) property for solutions of parabolic quasilinear equations, and have
shown that center manifolds exist in X, and attract solutions with initial data lying in the
weaker space X, at an exponential rate. This is the best possible result we can expect. Once
having established this (rather technically involved) result, we are awarded with the ability to
leave the spaces of maximal regularity and formulate similar statements in any space lying
between X, and X, . For comments as to why we must first invoke maximal regularity, see the
remarks at the end of Section 5 in [5].
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For the sake of completeness, we state the result for parameter-dependent equations. Let
u=u(,uy, L) (2.26)

denote the solution to the parameter-dependent, quasilinear equation (2.1), and Iet
[0, £* (1, A)) be its maximal interval of existence. Then the following result holds.

THEOREM 2.3. There exists w > 0 such that

Na —w § c
”nsu(t’ an A) - U(A” ncu(ts uO) A))”XI = tl—a € t“n uO - J(A’ n uO)“Xa (2'27)
for te (0,1t (uy,A)) and (4, up) € A X U, sufficiently small, as long as z°u(-, uy, 1) is
contained in a small neighborhood of 0 in X°.

Proof. Let X, := (X,, X)), be a continuous interpolation space, y € (0, 1). Hereby, X, and
X, are the extended spaces defined in the proof of theorem 2.1. It then follows that
X, = Fx X, cf. [26, proposition 3.4]. Now, the results in [5, Section 5] together with (2.20)
provide the proof. W

3. STABILITY

We shall show that the dynamical behavior of small solutions of the parameter-dependent
equation

u(t) + Lut) = g, u(®)), >0, u0) =u, (3.1,
is determined by the behavior of small solutions of the reduced ordinary differential equation
z(t) + L.z(t) = n°g(A, z(t), (A, 2(2))), teR,  z(0) = mu,. (3.2),

Hence, the invariant manifolds (1) provide a reduction to a finite dimensional differential
equation. Loosely expressed, the invariant manifolds 9M°(A) carry the dynamics of small
solutions to (3.1), . We assume for the remainder of this section that A is a (sufficiently small)
neighborhood of 0 and fix A € A.

We briefly recall the definition of stability and asymptotic stability. Let X then be a metric
space and ¢: D C R* X X — X be a (local) semiflow. A subset M C X is called stable, if there
exists for each neighborhood U of M another neighborhood, V, of M such that ¢t *(x) = « and
y*(x) C U for each x € V. M is asymptotically stable if it is stable and there is a neighborhood
W of M such that

p'x)> M fort— o, xeW.
Finally, M is uniformly asymptotically stable if M is asymptotically stable and ¢’ - M for
t = oo uniformly in x € W.
LemMma 3.1. Let z(*) := z(*, Xo, A) := 2(-, Xy, 4, g, p) be the global solution of the reduced

differential equation

) + Lez(t) = n°g,(, 2(1), 64, 2(1)),  teR,  z(0) = x (.3,
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and let x(*) := x(-, x,, A, p) denote the solution of

X(t) + L.x(t) = n°g,(4, x(1), ¥(1)), x(0) = x4 1= 71U, 3.4,
where x(¢) = nu(t), y(t) = nu(t) and u solves the equation
u(t) + Lu(t) = g,(4, u(t)), t e (0, 1" (uy, 1)), w(0) = u,. G5,
Then there exist positive constants £, and k, such that
lz(t) — x(O =k [ly0 — 0@, xloy 1€ (0, 1" (g, 1)), (3.6)

and for u, belonging to a sufficiently small neighborhood, U, = U,(p), of 0 in U,.

Proof. Let n > 0 be fixed. Then there exists M = 1 such that
e |l gy < M e, t=0. 3.7

x(-) and z(-) are given by the variation of constants formula, and we obtain
't
) — x(t) = | e “Menc[g (4, 2(2), 6(4, (D)) — g,(4, x(z), ¥(D)] dr.

JO
An analogous argument to [5, proposition 5.3(i)] and (3.7) yield
t
ey - oA, x(D)lx, dr

JO

lz(t) — x()|| < cML (p)

t

+ ML (p) S e z(r) - x| dr.
)]

Gronwall’s lemma then yields (multiply both sides of the inequality with e *" and then use
Gronwall’s lemma)
tt
lz(t) — x(0)|| < eML(p) " S e ") - a(d, x()llx, dr, 1€ (0, ¥ (uy, 1))

0

where k, := ¢ML,(p) + n. We now invoke theorem 2.3 and get

t [t
§ e "y — o, XD, d7 = Nollye — old, xo)lle | e @+ de
0 Jo

I'(c)
=< Nam H}’o - U(A,xo)“a-

Now the assertion follows for k; := cLM ()N T(cXn + w)™™. W

We can assume that the neighborhood U, is given by
qla = lEXC(()’ rc) X [_BX(S,(O’ rs)~ (3~8)
Hence, theorem 2.3 holds true for all initial values in this set. We assume that r is fixed such that

1 1
a2, ) 3.9
r< m1n<2 Tes b rs> 3.9
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PRroPOSITION 3.2. Let y C By<(0, r) be a compact subset of X and suppose that y is stable for
the reduced equation (3.3), ,. Then there exists a neighborhood W, of T := {(x, a(4, x));
x € y} in X, such that:

(a) each solution u(-, up) := u(-, uy, 4, p) to the equation (3.5), , exists globally for initial
values u, € ‘W,,;

(b) there exists T = 1 and M = 1 such that

dy,(u(t, uo), T) = M(dy<(z(t, Xo), 7) + ¢ ""* T yy = 6(, x0)ll)

for t = T and u, € W, . Here, dy (u(t, up), I') denotes the distance in X, between u(?, u,) and
the set I' and dy- stands for the distance of the indicated sets in X°.

Proof. Let T = 1 be fixed such that the relations given in (3.13) are satisfied. Then we can
choose a neighborhood O, := 0,(p) of T in X, such that each solution u(-, uy) with u, € O,
exists on the interval [0, T']. (Note that solutions u(-, u,) of the modified equation (3.5), , with
initial values in M (A) exist globally, as is shown in [5, theorem 4.1]. The same statement also
holds true for the parameter-dependent case.) We can assume that O, is given as

_ 1
0, = {(x, Y e XXX} xeBye(y, ), ly — o, 0|, = ﬁe"zrsz (3.10)
1

for some ¢ < r. Here, k, and k, are given by lemma 3.1. Since y is stable, according to our
assumption, we conclude that there exists d = d(¢) such that

2(t, xo) € Bye(y, e/2) for t = 0 and  x, € Bye(y, 9). 3.1

Now, we define
W, 1= 0, N (By(y, 6) X X3). (3.12)

Assume that T = 1 has been fixed such that

1
ﬁe‘kﬂ <2b,  max(l, lillgx, x, ) )Noe " < 1/4, (3.13)
1

where b is defined in (2.14) and N, and w have the same meaning as in theorem 2.3. Let g = 1
be sufficiently large such that

k
;‘ e T < 1/4. (3.14)

Let uy = (x5, ¥0) € O, be arbitrarily giv_en. We then infer from (3.9), (3.10), (3.13), from
(2.13)-(2.14), from the assumption y C By<(0, r), and from ¢ < r that

1
ol = Iyo = 0, X0l + N, xo)lo = =776 + blixoll <,

1

where we use

1
lxoll < dxe(xy, ) + dye(0,y) <€+ r<2r< min(rc,ﬁrs)
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Thus, we have shown that
Oa - BX‘(O’ rc) X IEX;;(Os rs)' (3.15)

Hence, theorem 2.3 holds for all initial values (x, y) € O,. Let u, = (x4, ¥,) € W, be given and
set u, := u(T, uy). We shall show that u, € O,. Note that u; = (T, x,), ¥(T, ¥,)). We then
conclude with lemma 3.1 and (3.10), (3.11) that

d(:(T, xo), ¥) = d(&T, xo), ) + (T, %g) — X(T, xo)
< d@&(T, xo), ) + k1 €97y, — 04, xp)l| < e.
On the other hand, theorem 2.3, the second part of (3.13), and T = 1 give
1T, yo) = 0(&, (T, xDllo =< llill e, x Vo€ lvo — a4, x0).
< /4]y, — a(4, X)),
Summarizing, we see that ¥, € O,. But then, u, := (T, u,) exists as well and it follows that
d(T, x,),y) < d@(T, x), y) + (T, x)) = X(T, x))|
< d@&(T,x), ) + k 7|y, — a(d, x))|.
Observe that z(7T, x;) = z(2T, xp). Thus, (3.11) gives z(T,, x,) € By<(y, £/2) and we obtain
d@(T, x,),y) + k1 €7y, — ok, x)llo < &

Now we can conclude as before that u, € O, . By repeating these steps we obtain the result that
solutions with initial values in W, indeed exist for each ¢ = 0. Using theorem 2.3, lemma 3.1,
(2.14) and the fact that ¢ = 1, a simple computation shows

1

k N,
Xm(u(t! uO)’ r) = (1 + b)[ch(z(t’ xO)’ y) + <; eth + F%e_wt>q||y0 - O'(A, xO)”a] ’ (3'16)

for each ¢ = 0. By setting a(?, up) := (1/(1 + b))dx (u(t, uy), I) — dx<(z(t, Xo), 7), (3.16) can be
restated as

k N,
a(t, ug) < [jekz' + t—l_"—ae"“"]qﬂyo - (A, xo)ll,- 3.17)
Observe that
a(t, ug) < (1/2)qlyo — oA, x) > te[T,2T], (3.18)

due to (3.13) and (3.14). Now let ¢ € [2T, 3T]. Then a(¢, uy) = a(s, u(T, uy)) with s € [T, 2T].
Since u(T, u,) belongs to O, we obtain, as in (3.16) and (3.18),

a(t, ug) < (1/72)q| AT, yo) — oA, (T, x ).,  te 2T, 3T]. (3.19)
Since
1T, yo) — o, X(T, XDl = lilINg e T llye — 04, x|l = (1/8)|lys — (4, x0)s

thanks to theorem 2.3 and (3.13), we get a(t, uy) < (1/2)*qlly, — a(4, xo)|, for ¢ € 2T, 3T].
An induction argument then shows that

a(t, u)) < (1/2)"qlly, — oA, x)lo, telnT,(n+ DT], n=1. (3.20)
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We can now infer from (3.20) that
a(t, up) < 2g¢” "7y, — 6@, x)o» 12T

This completes the proof of proposition 3.2. H

We can now state a stability result for solutions to the equation (3.1),, provided we know
that there exists a stable set for the reduced equation (3.2), . Proposition 3.2 shows that we can
measure the distance of u(-, u,) in the stronger topology of the space X, even if the initial
values are taken in the weaker space X, . (Since quasilinear parabolic equations regularize,
solutions immediately belong to X, for £ > 0.) This makes it possible to state results in any
Banach space lying between X, and X,. So let us assume that X is a Banach space with
X, = X = X,. Moreover, assume that the quasilinear equation (2.1), governs a (continuous)
semiflow on an open subset U of X, i.e. the mapping

U [0, 7 (g, 1)) X {ug) = U, (8, up) = ult, uy, A) (3.21)
uge U
is continuous, where u(-, u#,, 1) denotes the solution to the equation (3.1),, (which is equivalent
to the quasilinear equation (2.1),). Then the result reads as the following theorem.

THEOREM 3.3. Let y be a compact subset of X with y C By<(0, r) for a sufficiently small r > 0.
(a) Assume that y is stable [asymptotically stable resp. uniformly asymptotically stable] for
(the flow of) the reduced ordinary differential equation (3.2),. Then the set

[ :={x, a(4,x); x € y} C M) (3.22)

is stable [asymptotically resp. uniformly asymptotically stable] in X for (the flow of) the
equation (2.1),.
(b) If y is unstable, I is unstable in X as well.

Proof. (a) Assume that r satisfies (3.9) and r < p for a fixed p. We first claim that the
solutions of (3.2), and (3.3), , (resp. (3.1),, and (3.5), ,) coincide for small initial values.
Owing to the definition of the modified function g,, it suffices to show that all solutions of
(3.3),,, (resp. (3.4),,,) are contained in Byc(0, p). The first part of the claim immediately
follows from (3.11), since we assumed that & < r < p. The second part can be derived from
(3.11), lemma 3.1, and proposition 3.2b. (We can decrease ¢, if necessary.) Thanks to
proposition 3.2, each solution u(-, u,) of (3.1), with u, € W, exists globally and

dy (u(t, ug), T) < M'(dx<(z(t, 0), ) + €|y — a(A, xo)llx) (3.23)

for t = T. (We have assumed that the norm of X is weaker than the norm of X,, but stronger
than the one of X, .) This gives us information on the behavior of u(¢, u,) for t = T. If ¢ belongs
to the compact interval [z, 7], where 7 will be defined below, we use (3.16) and note that

k N,
dx (u(t, uy), I') < CI:ch(z(t, Xo), ¥) + (T;‘ e’ 4+ tl_aa e“”>qllyo - a(4, xo)”x] , (3.24)

for an appropriate constant c. We are now ready to prove the stability of I'. Let Uy then be an
arbitrary neighborhood of I in X. It follows from (3.21) and the compactness of I that there
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exists 7 > 0 and a neighborhood V of I such that
u(t, x,A) € Uy for (¢, x) e [0, 7] X (VN W,). (3.25)

Observe that we can infer from (3.23)-(3.25) (by decreasing ¢ if necessary, see the definition of
W, and O, in (3.12), respectively (3.10)) that

u(t, uy, Ay € Uy forte R, uye vV x W,

showing the stability of I'. The remaining assertions of (a) are immediate consequences of the
definitions and (3.23). Note that (b) is obviously true. M

Remarks 3.4. Note that proposition 3.2 contains a stronger result than we actually quoted in
theorem 3.3. Indeed, proposition 3.2 shows that the set I attracts solutions in the topology of
X, even if the initial values belong to the weaker space X, . Note that this result again takes
the regularizing property of quasilinear parabolic equations into consideration. Thus, we could
sharpen theorem 3.3 by stating that I' is stable [asymptotically resp. uniformly asymptotically
stable] in the stronger norm of X,. (We then slightly modify the definition of stability in an
obvious way.)

Our proof follows {7, theorem 6.1.4], where a related result for semilinear equations is given.
The same proof has also been used by [10, theorem 3.4] in the context of fully nonlinear
equations. Our contribution for quasilinear equations differs in some points from theirs. First,
we get the stronger result mentioned above. This enables us to state results for any Banach space
lying in between X, and X, . Hence, we can leave the spaces of maximal regularity. Second, we can
weaken the assumptions in [7, 10] to a certain extent, allowing y to be stable and then still
getting the stability of I". (Where [7, 10] require y to be uniformly asymptotically stable.)

4. HOPF BIFURCATION

Many interesting problems in physics, chemistry and biology are governed by quasilinear
parabolic equations depending on a parameter, i.e. by an equation of the type

u(t) + A4, u()Hu(t) = F(A, u(1)), t>0. 4.1),
We assume that
A = (24, 4p) for some 4, > 0. 4.2)

As discussed in the Introduction, the behavior of solutions may change abruptly if some
eigenvalues of the linearized equation (say the linearization at 0) crosses the imaginary axis.
Using our results of Sections 2 and 3 we obtain the existence of finite dimensional manifolds
ME(A), locally invariant under the flow of (4.1), and containing all the local recurrence. This
provides a reduction to an ordinary differential equation on a finite dimensional space. Then
we may use bifurcation theorems for ordinary equations and finally return to the original
equation. We focus our attention on Hopf bifurcation. Assuming that a pair of simple
eigenvalues of the linearized equation crosses the imaginary axis with nonzero speed (and there
are no other eigenvalues on the imaginary axis), we show that a family of periodic solutions
emerge from the equilibrium. We will be particularly interested in the case in which bifurcation
to stable periodic orbits occurs. Thus, we will assume that the remaining part of the spectrum
remains in the left half-plane.
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We assume that all the appearing spaces are real. (We mean vector spaces over R, the field
of reals.) We will then use complexification wherever needed, e.g. in connection with spectral
theory. We impose the same assumptions as in Section 2. In particular

(A, F) e CH(A x U, £(X,, Xp) X Xy), k=2, 4.3)

F@,00=0, LeA, ) 4.4)

such that 0 is an equilibrium for (4.1),, independent of A € A. Suppose, as in Section 2, that

the spectrum of —(A(0, 0) — 3, F(0, 0)) admits a decomposition with a part g, C [Re z < 0] and
a. C iR, where

o, = {xiwy}, wy > 0, 4.5)
iw, is a simple eigenvalue of —(A(0, 0) — 3,F(0, 0)). 4.6)

Let
u(-) € C¥'((~¢, ), C) “.7)

be the unique (local) continuation of the eigenvalue iw, of —(A4(0,0) — 3,F(0, 0)) along
A x {0}, i.e. u(A) is (the unique) eigenvalue of

—(A(4,0) — 0,F(2,0)) := —L(4) € £(X |, Xy)- (4.8)
(For the existence, cf. [20, lemma 2.1; 27].) Suppose that

d
a(Reﬂumx:o # 0, (4.9)

i.e. u(d) crosses the imaginary axis with nonzero speed at A = 0. Then we have the following
theorem.

THEOREM 4.1. The quasilinear equation (4.1), has in a neighborhood of (0,0) e A X X, a
unique one-parameter family {I'(s); 0 < s < ¢} of nontrivial periodic orbits which tend towards
the equilibrium 0 as s = 0. More precisely, there exists ¢ > 0 and a mapping
(A(), TC), u(*)) € C*7 (¢, ), RX R x X))
satisfying
(4(0), T(0), u(0)) = (0, 2n/wy, 0),
such that
I'(s) := T'(u(s))
is a nontrivial orbit of (4.1),(, of period T(s) passing through u(s) € X, for each 0 < s < &. If
0 < s, <5, < g, then I'(sy) # I['(sy).

The family {I'(s); 0 < s < &} contains every nontrivial periodic orbit of (4.1), lying in a
suitable neighborhood of (0, 7(0),0) € A X R X X;.

Proof. Owing to theorem 2.1, small periodic solutions of (4.1), are contained in M°(4).
Hence, it suffices to look for periodic solutions of the reduced differential equation

2(t) = =L z(t) + n°gy(4, z(2), o(4, 2(1))) =: h,(4, z(1)), teR, 4.10),
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where L := L(0). Henceforth, we will suppress p and write A#(4, z) instead. Note that
he CHA x X, X°), h(A,0=0, ALeA, 4.11)

thanks to (2.11)-(2.13) and the fact that g, € CH(A x X¢ x U, X,). Thus, we may differen-
tiate A(A, -) with respect to the second variable and we obtain, by invoking (4.8) and the
definition of A,

A h(A, 0) = —n°LA)[idye + 3,0(4, 0)]. 4.12)
In particular,
9,h(0,0) = —nL = —-L,. (4.13)

It follows from (4.5), (4.6) that the (two dimensional space) X° is spanned by
(X = ker((—Lc)c — iwg) @ ker((—L.)¢ + iwy). 4.14)

Here, (X°)¢ stands for the complexification of X and (L.)c denotes the complexification of
the linear operator L. € £(X°). Let

Z9:= ¢ + in e ker((—L)c — iwg), & neR, (4.15)
be a fixed eigenvector to the eigenvalue iw, of (—L_)c. Moreover, let
k(*) € C* (¢, 8),0) (4.16)

be the unique (local) continuation of the eigenvalue iwg of 3,4(0, 0) along A X {0}. Next we
shall show that (4.9) implies Re k(0) # 0. Hence, the transversality condition for equation
(4.1), will be recovered for the reduced equation (4.10),. To prove this claim we consider the
following two eigenvalue problems

[0, (4, 0)]c2(A) = K(A)z(A), 4.17)
[-L(D]cv(d) = u(D)v(d), (4.18)

where A € (—¢, ¢) for ¢ sufficiently small. Note that the corresponding eigenvectors, z(:) and
v(+), depend (k — 1)-““‘continuously differentiable’’ on A. Moreover,

v(0) = 2(0) = 25 € (X ). (4.19)

Let ker([(—L.)c]’ — iw,y) be the kernel of the dual of ([(—L.)¢] — iwy) and let w:=u + iv e
ker([(—L.)cl’ — iw,) be a linear form such that

Wu, &y = v, =1, (u,ny = (v, & = 0. (4.20)

Note that [12, lemma 26.23], for example, ensures its existence. We now differentiate (4.17)
with respect to A and evaluate at A = 0. We infer from (4.12), (4.13) and (2.13) that

k(0)2(0) = —[n°L(0) idye + 7°L8,8,6(0, 0)}cz(0) + ([-Lclc — x(0))2(0). (4.21)
Noting that 8, d,a(0, 0) € £(X°, X7) and that L leaves the space X7 invariant, we get
K(0)2o = [-n°LO)]c2zo + ([L lc — iwe)z(0), 4.22)
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where z(0) = z, according to (4.19). Differentiating (4.18) with respect to 4 and using (4.19)
yields

[0)zo = [-L(O)]czo + ([~Llc — iw)i(0). 4.23)
We now apply the linear form w to both sides of (4.22) and get
2K(0) = (w, [-°L(0)]cZo)- 4.24)

Note that this follows from (4.20) and ([(—L.)¢c]’ — iwg)w = 0. On the other hand, we may
apply [(n€)c]' w to (4.23). It follows that

241(0) = (W, [-7°L(0)]c2o)- (4.25)
For this, observe that
{@)el'w, ([-Lle — iwg)(0)) = {w, (1)c([—L]c — iwe)v(0)).
Since there exists a (unique) decomposition of #(0) = 9.(0) + v,(0) € X“ @ X7, the right-hand
side reduces to
w, ()e([—Llc — iwe)0:(0)) = (w, ([-L.]lc — iwe)v(0)) = 0,

where we use that ([—L]¢c — iw,) is reduced by the decomposition X; = X @ Xj and finally,
that w belongs to the kernel of the dual operator. Therefore, we have

k(0) = u(0), (4.26)
which is now a transversality condition for the ordinary differential equation
z(t) = h(4, z(2)) (4.27)

in the two dimensional space X°. Hence, [12, theorem 26.25] ensures the existence of a
one-parameter family {y(s); 0 < s < &} of nontrivial periodic orbits in a neighborhood of
(0, 0) e A X X°. More precisely, there exists ¢ > 0 and

), TC), x() € CKY((~¢,8), R x R x X°)
satisfying the properties of [12, theorem 27.11]. Set u(-) := o(A(*), x(*)). Then
(A, TC¢), u(+)) € C*"'((—¢,8), R X R X X).
Finally, if
I'(s) := (a(4(s), y()), (4.28)

the first part of theorem 4.1 immediately follows. We are left to prove that each nontrivial
periodic orbit in a neighborhood of (0, 27/w,, 0) belongs to {I'(s); 0 < s < €}. Indeed, if T
denotes a periodic orbit of (4.1),, lying in a small neighborhood of 0 in X, I has to be
contained in 9M°(1). Obviously, the projection of ' on X° is a periodic orbit to the reduced
equation (4.27), and, hence, belongs to the family {y(s); 0 < s < &}. According to the definition
in (4.28), I is, thus, part of IT'(s);0<s<¢}. A

Remarks 4.2. (a) Assumption (4.5) can be relaxed in several directions. First, we could allow the
spectrum to have some eigenvalues in [Re z > 0]. Then there exist invariant manifolds M*(4)
““belonging’’ to 6, := . U (a(—[A(0, 0) — 3, F(0, 0)]) N [Re z > O]), cf. [5, remark 4.2b]. For
additional generalizations of conditions (4.5) and (4.9) we refer to [17, 18, 28].
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(b) Our formulation of theorem 4.1 is taken from [12, 19]. In the latter paper, the existence
of bifurcating periodic solutions for a quasilinear equation is proven by using the
Ljapunov-Schmidt reduction.

(c) We were not able to locate statement (4.26) in the literature, although it is certainly
known.

5. STABILITY CONDITIONS. AN ALGORITHM

In this section we formulate conditions which guarantee that the bifurcating periodic
solutions of theorem 4.1 are stable. These conditions will lead to an algorithm which involves
(in principle) known information and is (in principle) numerically computable. The algorithm
works for ordinary differential equations, for semilinear evolution equations and quasilinear
parabolic evolution equations. Although stability conditions have been proven before for the
first two classes of equations, it is hoped that our presentation will give some new insights even
in this context. In any case, we do not know of similar results which were able to cover the
equations presented in the Introduction. It is hoped that this section reveals some new insights
even for ordinary differential equations in finite dimensional spaces. However, we are foremost
interested in quasilinear reaction-diffusion systems. For the reader’s convenience, we include
the following results for two dimensional differential equations, which stand at the beginning
of our analysis.

ProrosiTioN 5.1. Let x(-) be the unique local continuation of the eigenvalue iw, of 3, A(0, 0)
along A x {0}. Suppose that

Re x(0) > 0,
where # € C¥(A x X, X°) denotes the map in (4.27). Let
AC)TCE), x(4) € CHY((—e, 8), R X R X X°©)
be the functions defined in the proof of theorem 4.1. Assume that
SA(S) >0 for s > 0 (‘‘supercritical bifurcation”’).

Then each orbit y(s) is asymptotically stable.
If

sA(s) < 0 for s > 0 (“‘subcritical bifurcation’’),

then each of the orbits y(s), 0 < s < &, is unstable.

Proof. The assertions follow from [12, theorem 27.11] and a(3, (0, O)\{xiw,} = ¢, since
dim X¢ = 2 in our context. W

Thanks to the results of Section 3, the recurrence of all solutions is contained in the locally
invariant manifolds 9°(1). Hence, it suffices to state stability results for bifurcating solutions
of the reduced equation (4.10), . The next result, which is taken from [12, theorem 27.14], now
describes conditions, whether supercritical or subcritical bifurcation occurs. We include it for
the reader’s convenience. Assume that

heCYA x X°,X°)  with k = 3.
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We recall that
(X)¢ = ker([0,4(0, 0)]l¢c — iwo) @ ker([3,h(0, 0)]¢c + icwy). 5.1

ProPOsSITION 5.2. Suppose that we have chosen a basis {n,, #,} on the two dimensional space X
such that the linear mapping 9, #(0,0) can be represented by

[ 0 wo]
—wy, O
with respect to this basis. Moreover, let
o(x, ) 1= (9" (%, ¥), 9°(x, »)) = (0, (x, y)),
where (x, ), respectively (¢', ¢?), are the coordinates with respect to the basis {n,, n,}. Let
d:= woldip' + 8,830 + 810,0° + 339%] — 810'0,0,0" + 810310’
— 3,0,0'930" — 830'9;0” + 8790°3,0,0% + 8,3,0°930.
Then if § < 0, the occurring bifurcation is supercritical and the periodic orbits which emerge

from the trivial solution are asymptotically stgb]e. If § > 0, we have subcritical bifurcation.
Here, we use the notation d,8;¢’ for d,9;¢'(0, 0) etc.

Let us now introduce some simplifying notation. We set
o (1) := —AQ, wu + F(4, u), forle A ueX,. (5.2)

We can assume that A has been decreased such that all occurring formulas are defined for
A € A. Moreover, we suppress A in our notation whenever A = 0. Note that X, and X, admit
a decomposition, X; = X° @ X; and X, = X° @ Xj, into a stable subspace and the space X*
(belonging to the eigenvalues {+iw,}). We can identify an element z € X with its coordinates,
(x, »), in the fixed basis {n,, n,}. Moreover, we identify the direct sum with the product of its
factors. Hence, we write

o(x, ¥, V) = (¢'(x, ¥, V), $2(x, ¥, V), $°(x, ¥, V) := do(X, ¥, V),

where ((x, y), v) € X¢ x X{. Moreover, (¢', $?) denotes the coordinates of the part of ¢ in X¢,
expressed in the basis {n,, n,}, and ¢> € X is the part of ¢ in X;. We set

h(l,S) - n,cqs)\(z + 0'(/1, z))a
Pi(x,y) = ¢'(x,y,0(x,»), i€ll,2], (5.3)
where we now write
a(x, y) := a(0, (x, »)), (5.9)

slightly abusing notation. Remark that ¢ ‘‘stands for the full equation”, while ¢ denotes the
equation reduced through the locally invariant manifolds, see (5.3). We show that derivatives
of ¢ can be expressed by the derivatives of ¢ and ¢. Note that we only have to deal with A = 0.
We thus omit any reference to the parameter.
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LemMmMa 5.3. Let ¢ be given by (5.3). Then
3x9,0'0,0) = 3,3;0'0,0,0),  i,j,kell, 2}
8,8,9,0'(0, 0) = 3,3,0,6(0,0,0) + 3;3,4'(0, 0, 0)3,3,, 5(0, 0) + 3,8;4'(0, 0, 0)3,8;5(0, 0)
+ 30390, 0,003,9,600,0), i, j, k, 1 efl,2}

Proof. Pick any i, j, k, I € {1, 2}. It follows from the chain rule that the derivative of (5.3)
with respect to the jth coordinate is given by

Yo', y) = 9;¢'(x, », a(x, ) + 3;6(x, ¥, 6(x, Y))3;0(x, »).
Taking the derivative along the kth coordinate we now obtain
3,0;0'(x, y) = 0,9;0'(x, », o(x, y)) + 0;0,0'(x, ¥, 6(x, )3, 0(x, )
+ 8,0;0'(x, ¥, 6(x, Y))B;0(x, ¥) + 830/(x, ¥, a(x, )i 0(x, y)3;0(x, y)
+ 939'(x, ¥, 6(x, 1), 8;0(x, ¥). (5.5)

By evaluating (5.5) at (x,y) = (0,0) we infer from the second part of (2.13) that the first
assertion in lemma 5.3 holds true. We proceed by taking the derivative of (5.5) with respect to
the /th coordinate and then evaluate at the point (x, y) = (0, 0). We now note that those terms
containing first derivatives of ¢ vanish, thanks to (2.13). Hence, we only have to take into con-
sideration those terms which include derivatives of ¢ of second and third orders. Moreover, we
have to pay attention to 9,9, 0 j¢i(0, 0, 0), which is found by taking the derivative 9, of the very
first term in (5.5). Observe that third order derivatives of ¢ can only occur from the last term
of (5.5), namely as

9;9'(0, 0, 0)3,3,9,6(0, 0). (5.6)

Note that 3,4'3,3,3;06(0, 0) = 1'3¢9,0,8,5(0, 0) = ' [—L3,8,9;5(0, 0)], where ' denotes the
projection to the one dimensional space span {n;}. Since 9,3, 9,;0(0, 0) € X7, due to (2.12), and
—L is decomposed by X7, we see that —L3,3, 9;5(0, 0) € X and, hence, lies in a complemented
space of span {n;}. Therefore, (5.6) does not provide a contribution. Finally, derivatives of
second order of ¢ (without additional first order derivatives) can only stem from the terms at
the second, third and fifth place of the right-hand side of (5.5). Summarizing, we have proven
lemma 5.3. W

PRrROPOSITION 5.4.

0
3,0,0(0,0) = X e m°838(0, 0)[e e, e "ren;] d.
More precisely, we have for ¢(1) := cos(w, 1) and s(7) := sin(w, 1)
Q
316(0,0) = E e [37 ¢ °c(1)” ~ 28,8,6 c(Ds(7) + 93¢°s(1)] dr,
1]
3,3,06(0,0) = S es[31¢3c(Ds(r) + 8,0,0°(c()* — s(1?) — 33¢ c(Ds(D)] dr,
0
325(0,0) = S e™s[319°s(1)* + 20,0,9’°c(1)s(1) + 3;6°c()’]dr,

—o

where 9,90’ := 8,0,6'(0,0,0) and g = g(4, u) for (A, u) € A x X,.
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Proof. We will again suppress 4 = 0 in our notation and simply write a(x, y) = ¢(0, (x, ))
and

g((x, ), v) := £(0, ((x, ), v)), (5.7

where ((x, y), v) € X° x X;. Note that the functions g and g, coincide for small values of
(x, y). Taking derivatives at 0 only requires information within an arbitrary small neighborhood
of 0. Hence, we can always use the ‘‘original’’ function g instead of the modified g, which
was actually needed for the fixed point argument of Section 2. Note that g(-,-) e
CH(X¢ x X, X§), where we again identify X x X{ with X ® X?. Theorem 2.1 shows that
satisfies the (fixed point) equation

0

olx,y) = S e g2z, (x, ), 0(z(z, (x, y)))) dt. (5.8)

—o0

Let h, k € X be given and let x := (x, y) € X°. Then we may differentiate (5.8) and we first get

0
do(x)h = j e™Tsm°dg(z(t, X), o(z(t, X))[3,2(1, X)h + da(z(z, X)), z(t, x)h] d,

—0

and also

0
*a(x)[h, k] = S e 7*{3%g(z(1, x), a(z(z, X))

X [0,2(1, X)h + 30(z(7, X))9,2(7, X)h, 3,2(7, X)k + do(z(t, X))3, 2(t, X)k]
+ 0g(z(z, x), 6(z(1, x)))[derivatives of a(z(z, +)) and z(z, )]} dr.
Recall that z(-, x) is the solution of the (ordinary) differential equation
zZ(t) = —L.z(t) + g(z(t), a(z(2))), teR, z2(0) = x (5.9

on X°. Owing to (2.11) (which actually is a restatement of the very same property of g) and
(2.13), it follows that z(¢, 0) = 0 is the solution of (5.9) with initial value x = (0, 0). (2.13) then
tells us that a(z(z, 0)) = 0. We can then infer from (2.11) that

ag(Z(T, O)a G(Z(T, 0))) = 0, TeR.

Hence,
0

3%0(0, 0)[h, k] = X e 1°8%g(0, 0)[d,2(z, 0)A, 8,2(t, 0)k] dr. (5.10)

—0

We will now give a representation for the derivative d,z(z, 0) of the solution to (5.9). Using a
well-known result in the theory of ordinary differential equations, cf. [12, theorem 9.2], and the
fact that dg(0, 0) = 0, we obtain that d,z(-, 0) solves the linearized problem

u(t) = —L.v(t), teRR, v(0) = idye,
in £(X°). It then follows that
3,z2(t,h = e Tcp forteR (5.1D
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and we can write

0
8%a(0, 0)[h, k] = j e™sm°9%g(0, 0)[e™™<h, e "Lek] dt. (5.12)
The first assertion of proposition 5.4 is now an immediate consequence of the well-known
relation

9,9,0(0, 0) = 3%a(0, 0)[n,, n;1,

where d; and d,, denote the partial derivatives with respect to the jth and kth coordinates in the
basis {n;, n,}. (Note again that a(x, y) := ¢(0, (x, y)) in slight abuse of the notation of Section
2.) Using the representation of d,4(0, 0) = —L_ with respect to the basis {n,, n,}, cf. propo-
sition 5.2, we obtain

1L, _ Cos(wo7)  sin(wg )
¢ B [—sin(co0 7) cos(wor)] ’ reR (5.13)
If c(1) := cos(w, 1) and s(1) := sin(w, 1), we then get

e Teny = (1), —s(¥)), e eny = (s(2),c(x)), TER. (5.14)

Let
g((x, ¥), v) = (g'((x, 1), v), £2x, ¥), V), g%, ¥), V), ((x, ), v) € X X X

denote the components of g := g(0, -) in X° X X;. (Note that we drop A = 0 from our notation
and collect (x, y) € X). It is obvious that

n°3%g(0, 0) = 3*n°g(0, 0) = 3%g°(0, 0), (5.15)
where 3” stands for the second order Fréchet derivative of g € C¥(X° x X7, X§). Note that

g((x, ), v) = ¢((x, »), v) + diag(L, L) (X, ¥), ),  ((x,)),v) € X X X],

due to the definition of g and ¢, cf. (2.8) and (5.2), thus, showing that the second derivatives
of g and ¢ coincide. With (5.15) we can restate (5.12) as
0

8%a(0, 0)[h, k] = g e™532¢((0, 0), 0)[e "Lk, e~ k] dr. (5.16)
We are left to give a representation of 32630, 0, 0)[e ™<n,, e ™<n,]. Observe that 3°¢>(0, 0, 0)
denotes the “‘total’” (Fréchet) derivative of ¢ e C¥(X° x X3, X3). (We do not hesitate to
change notation and write ¢3(0, 0, 0) for ¢3((0, 0), 0).) Note first that the group e~ leaves the
space X°¢ invariant. Thus, there will be no contribution from the ‘‘partial’’ derivative with
respect to the “‘third”’ variable v € X;. We only have to take

a§’0¢3(0, O, 0)[eATLCn] ) eATLCnZ]

into consideration, and, thus, end up with derivatives with respect to x and y. An easy
computation, using (5.14), shows

93<9°(0, 0, 0)[c(t)n; — s(V)n,, s(In, + c(V)n,]
= 37¢°c(Ds(r) + 3,0,8°(c()* — s(1)?) — B3¢ c(Ds(7),

where we simplify notation by 9,8,¢> := 9,8,¢°¢°(0, 0, 0). The remaining two formulas of
proposition 5.4 follow by adjusting the last step to this situation. W
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Remarks 5.5. (a) Let
(1) 1= 370°c(t)s(t) + 8,0,0%(c(1)* — s(¢)°) — 350°c(t)s(¢t) (5.17)

and let v(+) € BC(R, X{) N BC'(R, X§) be the (unique) bounded solution of the Cauchy
problem

u(t) + Lu(r) = f(¢), telR.
Then we obtain
9,0,0(0, 0) = v(0),

due to the representation of 4, 3, (0, 0) in proposition 5.4 and [5, theorem 2.4]. This shows that
d,0,0(0, 0) is the value of the (uniquely determined) bounded solution »(-), evaluated at zero.
Analogous statements hold true for the remaining terms of proposition 5.4. Note that the
“formulas’” of proposition 5.4 involve derivatives ajak¢3 and the knowledge, how the
semigroup e~ acts on the stable subspace X3. These are (in principle) known *‘quantities’’.
Moreover, the integrals appearing in proposition 5.4 are (in principle) numerically computable.
We have, thus, derived an algorithm which is able to provide computable conditions for
stability. The algorithm comes out of our proofs and statements. We just have to follow the
procedure stated in proposition 5.2 and then use the expressions in lemma 5.3 and proposition
5.4. An application to a ‘“‘concrete’’ quasilinear reaction-diffusion system will be given
elsewhere.
(b) The situation simplifies if

akaj¢3(0’ 0,0) =0, J kefl,2].
Proposition 5.4 then shows that 9, d;6(0, 0) = 0 and we can infer from lemma 5.3 that
0 = woldje' + 8,070 + 0]0,0” + 836°] — 016'0,0,0" + 8i¢'d]¢’
- 3,0,0'03¢" — 030'07¢° + 379%0,0,0> + 3,0,6°036>. (5.18)
If akaqu"(o, 0,0) = 0 for each combination of i € {1, 2, 3}, j, k € {1, 2}, § has the simple form
0= weldip! + 8,020 + 328,02 + 3397, (5.19)

where 3,3, 9;0' = 9,0,9,6°(0, 0, 0).

(¢) The stability condition of proposition 5.2, which always holds for a two dimensional
ordinary differential equation, is taken from [12, theorem 27.14]. It corresponds to [6, p. 126],
except for a different scaling factor. The derivation in [12] simplifies the calculations in
[6, pp. 111-126] a great deal, see the remark on p. 125 of [6]. Our conditions in proposition 5.4,
though, are different from the formula (4A.6) of [6, p. 134], which seems to work best only in
three dimensional spaces. We would also like to draw attention to the references quoted in [28].

We can now combine the results of the last sections and state our main result on Hopf
bifurcation for (abstract) quasilinear evolution equations. Assume that the mapping in (3.21)
generates a semiflow on an open subset U of X, where X can be any space lying between X,
and X, (including both of them). Then we have the following theorem.
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THEOREM 5.6 (Hopf bifurcation for quasilinear equations). Let
u(d) € a(—[A4, 0) — 3,F(4,0)])

be the (unique) local continuation of the eigenvalue iw, of —[A(0, 0) — 3,F(0,0)] along
A x {0}. Assume that

d
3 Re HA) =0 > 0, (5.20)

a(—[A(4,0) — 3, (4, 0)D\{tiw,} C [Rez < 0] (5.21)

for sufficiently small values of A.

Then the quasilinear equation (4.1), has in a neighborhood of (0,0) € A X X a unique
one-parameter family {I'(s); 0 < s < &} of nontrivial periodic orbits which tend towards 0 as
s — 0. More precisely, there exists € > 0 and a mapping

AC), TC), u(-)) € C¥'((~&,8), R x R X X)
satisfying
(A(0), T(0), u(0)) = (0, 21/ w,, 0),
such that
I'(s) := T (u(s))

is a nontrivial orbit of (4.1),, of period T(s) passing through u(s) € X for each 0 <s < &.
If 0 <s, <s, <eg, then I'(sy) # T'(sy).

The family {I'(s); 0 < s < ¢} contains every nontrivial periodic orbit of (4.1), lying in a suit-
able neighborhood of (0, 7(0),0) e A X R x X.

If

sA(s) > 0 for s > 0 (supercritical bifurcation),

then each orbit p(s) is asymptotically stable in X.
If

sA(s) < 0 for s > 0 (subcritical bifurcation),

then every orbit y(s), 0 < s < &, is unstable in X.
Finally, the stability algorithm derived in proposition 5.2, lemma 5.3 and proposition 5.4
applies.

Proof. Note that (5.20) and (4.26) imply [Re k(0)] > 0, where «(-) denotes the continuation
of the eigenvalue iw, of d,A(0, 0). The results then follow from theorem 4.1, proposition 5.1
and theorem 3.3 (cf. also the last part of the proof of theorem 4.1). Moreover, proposition 5.2,
lemma 5.3 and proposition 5.4 apply, giving the quoted stability algorithm. M

6. PROOF OF THEOREMS 1.1 AND 1.2

We will briefly explain how the quasilinear reaction-diffusion system (1.1), fits into the
abstract framework of Sections 2-5. This part relies on the work carried out in [5, Sections
7-8]. We shall show that there exist Banach spaces X, and X,, satisfying all the assumptions
of Sections 2-3. Our approach to handling the nonlinear boundary conditions uses, implicitly,
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the extrapolation setting, cf. [1, 2, 29]. It is shown in [5] that we can find suitable defined
extrapolation spaces such that the device of maximal regularity can be used.

Let (R(A, u), B(4, u)) be a (formal) boundary value system, where Q(4, u) is defined in (1.3)
and ®(A, u) stands for the boundary operator introduced in (1.5). Note that we may identify

@A, w), B@A, w) < (@i, -, W), (@;(4, -, W), a4, -, 1), bo(4, -, w)), 6.1)

where 4 € A and u belongs to an appropriate function space, say u € C(Q, G) to fix ideas.
Assume for the moment that A and u are fixed. Then let X := £(R") and set

E5(Q) := CQ, X)” X CP(Q, X)" X L(Q, X) X L,(3Q, X) (6.2)
with a generic element e := ((a;), (@;), a9, by), Where p € (0, 1). In general, we write
e(A) u) = ((ajk('ls s u))’ (aj(la s u))’ aO(A" Ty ll), bO(lr s u))’ (6'3)

where (1, ¥) € A X C(Q, G). Note that (6.2) defines a topology on the set of linear (formal)
boundary value systems. Let &5(Q) denote the (open) subset of Ef(Q), given by

((ajk()" “s ”)), (S(ij(l, s ”)vj) + (1 - 5))’
(@A, X0, M), (@A, Xo, MV!) + (1 = B)),

define normally elliptic boundary value systems for (each) (4, 7) € A X G and each x, € Q. For
details, see [1-3], especially for the proof that &5(Q) is open in E5(Q).

In the following, all of the indicated function spaces are assumed to consist of R -valued
functions. For s € (0, 2) and p € (1, ), let b;, () be the little Nikol’skii spaces, defined by

By, o(Q) 1= (Lp(Q), Hy(Q)))2,0» (6.5)

where (-, -)‘;,w denotes the continuous interpolation method, see [3, 29] and [5, 24]. Moreover,
let us define the Besov spaces

B, (Q) = (L (Q), Hy(W)s /2,15 (6.6)

where (-, -), ; stands for the real interpolation method, cf. [30, 31]. It should be noted that
(6.5) and (6.6) differ slightly from the definitions given in [5, Section 6]. However, using
reiteration properties of the real and the continuous interpolation method, it follows that the
spaces coincide (except for equivalent norms). Finally, we set

by w,a(Q) := {u € b, (); (1 — dyu = 0}, se(l/p,1 + 1/p). 6.7

(6.4)

(The restriction s < 1 + 1/p avoids conflicts with the notation in some of the quoted papers.)
Note that the function J, the boundary characterization map, appears in (1.5). The space
B, 1 &(€) is defined analogously, where we also take s € (1/p, 1 + 1/p). We can now set

bj,ji,m(g) 1= cl(L,(€2)) in (Bf,T,’,,(B(Q))’, I/p<s<1+ 1/p, 6.8)

where the duality pairing is induced by the standard L, x L, pairing. Note that the Besov
space Bf,,‘j,@(()) is densely embedded in L,.(Q). Therefore,

L) = By 5. alQ),

(by identifying, as usual, the dual of L,(Q) with L,(Q)). Hence, (6.8) is well defined. Note
that the space B2 %(Q) (and, thus, B35 4(Q)) is not reflexive. An obvious density argument
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connects the definition (6.8) with [5, lemma 7.6]. In general, i.e. if J is not the zero matrix,
bf,ff,,@(Q) is no longer a space of distributions. Assume from now on that

p € (n,©), I/p<s<1+ 1/p, p=ps)>|s — 1. 6.9)
It has been proved in [5, theorem 7.11] that there exists for each e € &/(Q) an operator
A(e) € Mo (bp,0,a(Q), by 2, a(V), (6.10)
(with 0 < o = 1 arbitrary), such that the mapping
E(Q) > L(bp, .« a(Q), by 2 a(Q),  [e— A, (6.11)
is analytic. Moreover,
(w, A(e)u) = ale)(w, u), e € &5(Q), (w,u) e (b;,fi,&(Q))’ X by o &(€2), (6.12)

where
a(e)e, u) := | o;w, apdu) +{w,q;0;u + ayud}dx + {yw, boyu) do
JQ Jaa
denotes the Dirichlet form associated with e € Ef(Q), and (&, 7),¢&,n € RN, stands for the
duality pairing in R". Note that (b}, 2 &(Q)) = B> «(Q) and that the Dirichlet form a(e)
is (i.e can be extended to be) continuous and bilinear on each of the spaces Bf,,'ls,@(Q) X
by« &(Q), cf. [5, corollary 7.3]. Hence, (6.12) is meaningful. Observe that (6.10) is a state-

ment on maximal regularity. We now fix

np<r<l<sy, <1+ 1/p, So—l<p<(r—n/pynl/p (6.13)
and
a=1-(5-1/2, Bed —(s—7/2 0. (6.14)
Then let
Xy = b2, 4(Q) and X, := b0 (Q). (6.15)

It can be shown that
Xo = bpeal@,  Xg=bpl§ (),
see [5, proposition 7.13]. Moreover,
X5 = H}) g(Q) = CT"P(Q), (6.16)
thanks to (6.13), (6.14), Sobolev’s embedding theorem and [5, (7.22)]. Thus,
Us := {u € Xg; u(Q) C G} 6.17)
is an open subset of X;. Finally, we define
A(4, u) := A(e(4, u)), FA,u) := f(A,-,w) + y'g(,-,u)), AL, u)e Ax U; (6.18)
where y' denotes the dual of the trace operator

y € LHS o(Q), By P (0Q), 1-1/p<a6<2-s.
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Note that the mapping
A x Ug = &(Q),
(A', u) g e(la u) = ((ajk(A" "y ll)), (aj(j-y *y u))s aO(As " ll), bo(/l, ) u))

is C*, as can be seen from an analogous argument in [5, proposition 8.1]. An inspection of
[5, lemma 8.4] shows that

(6.19)

[(4, u) = F(A, w)] € C™(A x Ug, X). (6.20)

We can now infer from (6.10), (6.11) and (6.19), (6.20) that the assumptions (2.2) and (2.3) of
Section 2 are satisfied. Moreover, (1.15) and (6.18) imply that (2.4) holds as well. It should be
noted that solutions of the quasilinear problem

u(t) + A4, u@))u(t) = F(A, u(t)), t>0,LeA (6.21),

are, in particular, weak solutions of the quasilinear reaction-diffusion system (1.1), . Using the
smoothing property of the ‘‘parabolic semiflow”’, we obtain the result that solutions of (6.21),
are in fact classical solutions of (1.1),, cf. [3, 19, 29]. Finally, it is not difficult to see that the
spectrum of —L := —(A(0, 0) — 3,F(0, 0)) corresponds to the eigenvalues of the eigenvalue
problem (1.16),. Thus, condition (1.18) can indeed be recovered in (2.6). Moreover, the space
X¢, according to the spectral projection 7€, can be described by (1.19). Hence, theorem 1.1
follows from theorem 2.1 and theorem 2.3 (see also remark 2.2).

It is now clear that the assumptions of theorem 1.2 are recovered in (4.2)-(4.6). Moreover,
X := H;,(B(Q) satisfies the assumption in (3.21), due to (1.14) and X, = x = X, see [5,
Sections 6 and 8]. Theorem 1.2 now follows from theorem 5.6. W

REFERENCES

1. AMANN H., Dynamic theory of quasilinear parabolic equations II. Reaction diffusion systems, Diff. Integral Eqns
3, 13-75 (1990).

2. Amann H., Nonhomogeneous linear and quasilinear elliptic and parabolic boundary value problems, in Function
Spaces, Differential Operators and Nonlinear Analysis (Edited by H. TrieseL and H. J. ScaMEIssER). Teubner,
Leipzig (1993).

3. AMANN H., Linear and Quasilinear Parabolic Problems (book in preparation).

4. DranGED A.-K., The principle of linearized stability for quasilinear parabolic evolution equations, Nonlinear
Analysis 13, 1091-1113 (1989).

5. SiMONETT G., Center manifolds for quasilinear reaction-diffusion systems, Diff. Integral Eqns (to appear).

6. MARSDEN J. E. & MCCRACKEN M., The Hopf Bifurcation and Its Applications, Applied Mathematical Sciences,
Vol. 19. Springer, New York (1976).

7. HENRY D., Geometric Theory of Semilinear Parabolic Equations. Springer, Berlin (1981).

8. Carr J., Applications of Centre Manifold Theory, Applied Mathematical Sciences, Vol. 35. Springer, New York
(1981).

9. DA Prato G. & Grisvarp P., Equations d’évolution abstraites nonlinéaires de type parabolique, Annali Mat. pura
appl. 120(4), 329-396 (1979).

10. Prato DA G. & LUNARDI A., Stability, instability and center manifold theorem for fully nonlinear autonomous
parabolic equations in Banach space, Archs ration. Mech. Analysis 101, 115-144 (1988).

11. RueLLE D., Elements of Differentiable Dynamics and Bifurcation Theory. Academic Press, Boston (1989).

12. AMANN H., Ordinary Differential Equations. An Introduction to Nonlinear Analysis. De Gruyter, Berlin (1990).

13. Cuow S. N. & Haik J. K., Methods of Bifurcation Theory. Springer, Berlin (1982).

14. Tooss G., Bifurcation of Maps and Applications. North Holland, Amsterdam (1979).

15. CranpalL M. G. & RarmNowrrz P., The Hopf bifurcation theorem in infinite dimensions, Archs ration. Mech.
Analysis 67, 53-72 (1977/78).

16. Iz J., Periodic solutions of nonlinear parabolic equations, Communs partial diff. Eqns 4, 1299-1387 (1979).

17. KieLudrer H., Hopf bifurcation at multiple eigenvalues, Archs ration. Mech. Analysis 69, 53-83 (1979).



544

18.

20.

21.

22.
23.

24.

25.

26.

27.

29.

30.
31.

G. SIMONETT

KieLu6rER H., Generalized Hopf bifurcation in Hilbert space, Math. Meth. Appl. Sci. 1, 498-513 (1979).

. AMANN H., Hopf bifurcation in quasilinear reaction diffusion systems, in Delay Differential Equations and

Dynamical Systems, Proceedings, Claremont 1990. Springer, Berlin (1991).

Da Prato G. & LuNarDI A., Hopf bifurcation for fully nonlinear equations in Banach spaces, Ann. Inst. H.
Poincaré 3, 315-329 (1986).

AMANN H., Dynamic theory of quasilinear parabolic equations—I. Abstract evolution equations, Nonlinear
Analysis 12, 895-919 (1988).

ANGENENT S. B., Nonlinear analytic semiflows, Proc. R. Soc. Edinb. 115A, 91-107 (1990).

LuNARDI A., Interpolation spaces between domains of elliptic operators and spaces of continuous functions with
applications to nonlinear parabolic equations, Math. Nachr. 121, 295-318 (1985).

SIMONETT G., Zentrumsmannigfaltigkeiten fiir quasilinear parabolische Gleichungen, Institut fiir Angewandte
Analysis und Stochastik, Report No. 2, Berlin (1992).

SIMONETT G., Quasilinear parabolic equations and semiflows, in Proc. Semigroup Theory and Evolution
Equations, Lecture Notes in Pure Applied Mathematics, Vol. 155, pp. 523-536. Dekker, New York (1994).
Daners D. & KocH MEepINA P., Abstract Evolution Equations, Periodic Problems and Applications, Pitman
Research Notes in Mathematics Series, Vol. 279. Longman, New York (1994).

Karto T., Perturbation Theory for Linear Operators. Springer, New York (1966).

. ScunemER K. R., Persistence of center submanifolds of a class of autonomous differential systems (preprint).

AMANN H., Parabolic evolution equations in interpolation and extrapolation spaces, J. funct. Analysis 78, 233-270
(1988).

BERGH J. & LOFsTROM J., Interpolation Spaces. An Introduction. Springer, Berlin (1976).

TRIEBEL H., Interpolation Theory, Function Spaces and Differential Operators. North Holland, Amsterdam
(1978).



