Smooth Macro-Elements on
Powell-Sabin-12 Splits
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Abstract. Macro-elements of smoothnessC' are constructed on Powell-Sabin-
12 splits of a triangle for all r 0. These new elements complement those
recently constructed on Powell-Sabin-6 splits [5,12], and can be used to construct
convenient superspline spaces with stable local bases and Uil approximation
power that can be applied to the solution of boundary-value p roblems and for
interpolation of Hermite data.
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x1. Introduction

A bivariate macro-elementde ned on a triangle T consists of a nite dimensional
linear spaceS de ned on T, and a set of linear functionals forming a basis for
the dual of S. Usually the spaceS is chosen to be a space of polynomials or a space
of piecewise polynomials de ned on some subtriangulation ©T. The members
of , called the degrees of freedomare usually taken to be point evaluations of
derivatives, although here we will also work with sets of lirear functionals which
pick o certain spline coe cients.

A macro-element de nes a local interpolation scheme. In paticular, if f is a
su ciently smooth function, then we can de ne the corresponding interpolant as the
unique functions 2 S suchthat s = f forall 2 . We say that a macro-element
hassmoothnes<' provided that if the element is used to construct an interpolating
function locally on each triangle of a triangulation 4 , then the resulting piecewise
function is C" continuous globally. Macro-elements are useful tools for bilding
spaces of smooth splines with stable local bases and full appximation power.

Several families of C' macro-elements have been developed using polynomi-
als [17,19], and piecewise polynomials on appropriate spdi, see [4,5,11,12,13,15],
and references therein. The purpose of this paper is to desbe a family of C'
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macro-elements based on the Powell-Sabin-12 split, see Daition 3.1. These new
macro-elements complement the existing families oC" macro-elements based on
the Powell-Sabin-6 split [5,12], and for compatibility make use of splines of the same
degrees, see however Remark 7.2. A major advantage of our neements is that
certain geometric constraints required in the Powell-Salm-6 case can be removed,
see Remark 7.4.

The paper is organized as follows. In Sect. 2 we review some Mvknown
Bernstein-Bezier notation. Our C' family of macro-elements is introduced and
studied in Sect. 3, while Sect. 4 contains several supporto lemmas. We discuss
the approximation power of our new macro-elements in Sect. 5In Sect. 6 we trans-
late our degrees of freedom into nodal functionals, and distss a related Hermite
interpolation method and associated error bound. We conclde with remarks in
Sect. 7.

x2. Preliminaries

We use Bernstein{Bezier techniques as in [1{13,16,17]. Irparticular, we represent
polynomials p of degreed on a triangle T := hvy; vo; vsi in their B-form

X T pd
p= Gik Bijk
i+j+k=d

where Bi‘j‘k are the Bernstein basis polynomialsf degreed associated withT. As

usual, we associate the coe cientsc], with the domain points J = (M1tlezrivs),
We write Dyt := f i Gi+j+k=a-
Given a triangulation 4 , let Dg.4 := ,, Dg7,andlet 88(4 ) be the space of

continuous splines of degree on 4 . Then it is well known that each spline in S3(4 )
is uniquely determined by its set of B-coe cients fc g 2p ,, , Where the coe cients
of the polynomial sjr are preciselyfc g 2p ., \ 7. We recall that if T := hvy;vo;vsi,
then the ring of radiusm aroundv; is Rf,(v1) := f § . ] + k= mgand the
disk of radiusm aroundvy is Dl (v1) := f “-Tk i d mg. If vis a vertex of4 ,
we de ne the ring R, (v) of radius m around v to be the set of all domain points
on rings RT (v) where T is a triangle with vertex at v. The disk Dy, (v) of radius
m around v is de ned similarly.

In this paper we are interested in subspace$ of SJ(4 ) which satisfy additional
smoothness conditions. Following [6], to describe smootless we shall make use of
smoothness functionals de ned as follows. Lefl := hvi;Vvs;vai and B := hvg; va; voi
be two adjoining triangles which share the edgee := hv,; vsi, and let ¢ and e
be the coe cients of the B-representations ofsr and s, respectively. Then for any
n m d,let &, bethe linear functional de ned on S9(4 ) by

X
emS = €um nd m Cj +d mk+m nBik (Va); (2:1)
i+]+k=n
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where Bi?k are the Bernstein polynomials of degreen on the triangle T. In terms
of these linear functionals, the condition that s be C' smooth across the edge is
equivalent to

emS=0; n m d, 0 n r

Smoothness conditions can be used to directly compute coe ients of one piece
of a spline from another. They can also be used in situations fiere some of the
coe cients of two di erent pieces of s are known. The following well-known lemma
[4] (see also Lemma 3.3 of [7]) shows how this works for comgag coe cients on

the ring R (v2) [ RE (vy).

Lemma 2.1. SupposeT := hvi;vy;vai and P := hv;va;voi are two triangles
sharing an edgee := hvy;Vvsi, and suppose the pointsvs;Vvs; Vs are not collinear.

for some ;m;q;gwith O qg;6 1 =~ q;& and d+ § = m d. Suppose
that all coe cients cjx and g of the polynomials sjr and sjg corresponding to
domain points in D, (v2) are known except for

C =Cd mm = +1;::50;
(2:2)
€ =€m d m; =+l

Then these coe cients are uniquely determined by the smootmess conditions.

If sis a spline inS(4 ) which satis es additional smoothness conditions beyond
CP continuity, then clearly we cannot independently choose dl of its coe cients
fcgo,,. We recall that a determining setfor a spline spaceS S d4)is a
subsetM of the set of domain pointsDy.4 such that if we setc =0forall 2 M,
thens 0. The setM is called aminimal determining set (MDSYor S if there is
no smaller determining set. It is known that M is a MDS for S if and only if every
spline s 2 S is uniquely determined by its set of B-coe cients fc g ov .

A MDS M s calledlocalprovided that there is an integer n such that for every
2Dga \ T and every triangle T in 4, ¢ is a linear combination of fc g »
where is a subset ofM with star"(T). Here star"(T) := star(star " 1(T))
forn 2, where ifU is a cluster of triangles, star(U) is the set of all triangles which
have a nonempty intersection with U. Moreover, M is called stable provided that

there is a constantK depending on the smallest angle i4 such that

jcj K rrzlaxjc I forall 2Dygyg4: (2:3)

A linear functional  de ned on S{(4 ) is called anodal functionalprovided that
s is a combination of values and/or derivatives ofs at some point . A collection
f g on is called anodal determining sefor a spline spaceS S 9(4)if s =0 for
all 2N impliess 0. N is called anodal minimal determining set (NMDSjor S
if there is no smaller nodal determining set.
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Fig. 1. The Powell-Sabin-6 and Powell-Sabin-12 splits.

x3. A Family of C" Powell-Sabin-12 Macro-elements

We now de ne the Powell-Sabin split of interest in this paper.

De nition 3.1. Given a triangle T = fvq;Vvo;vag, for eachl i 3, let w; be
the midpoint of the edge € := hvj:1;Vij+2 1 Opposite to v;, where we setv, := vj.
Draw in the line segmentshv;;w;i, i = 1;2;3. Then it is easy to see that these

three line segments intersect at the barycenterv, = (vy + vo + v3)=3 of T. The
resulting partition T,,, of T into six triangles is called the Powell-Sabin-6 spliof T,
see Fig. 1 (left). If we now draw in the line segmentdw; ;w1 i, i =1;2;3, where
Wy := wi, then the resulting partition T..,, of T into twelve triangles is called the
Powell-Sabin-12 splibf T, see Fig. 1 (right).

We need some additional notation and terminology connectedwith Powell-
Sabin-12 splits. For eachi = 1;2; 3, we write u; for the intersection of hwj.q ;Wjso i
with hv;; v, i. Note that the u; are midpoints of the edgeshwi.; ;wis2i, and are
singular vertices of T, , i.e., vertices which are formed by two crossing lines. We
refer to the edges of the formhv;; u;i astype-1 edgesto edges of the formhw;; v, i
astype-2 edgesand to edges of the formhu;; v, i astype-3 edges

Given a triangulation 4 of a domain , we write V and E for the sets of
vertices and edges o#f . To de ne our macro-element spaces, we shall work with
the re nement 4 ., of 4 which is obtained by applying the Powell-Sabin-12 split
to each triangle of 4 . We write W for the set of midpoints of edges of4 . For
i =1;2;3, we write § for the set of edges o4 .., of type i. Let E, be a subset
of E, obtained by selecting exactly one edge dE, for each macro-triangle in4 . As
usual in spline theory, m. is de ned to be m if m > 0, and is zero otherwise.

We now introduce the spline spaces of interest in this paper.The de nition
depends on the value off mod 4. Givenr > 0, we de ne the C" Powell-Sabin-12
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macro-element spact® be

Sr(4ps1,) = f5285(4P512)282C(V)a”VZV,
s2C (wyall w2Ww, (3:1)
s=0forall 2Ti[T.0g;

where for all~ 0,
r d
£+1| 6+1] 6+1] 9 +2
4£+2| 6+3| 6+3| 9+5
£+3| 6+4| 6+5| 9+7
4+4| 6+6| 6+7| 9 +10
S 1 rei 20 20 jH) o o
% f e; +jgi:1 j=1 ; if r is odd,
i e2E 1
=g rri 241 20 j+1) 4 d _
§ f e; +jdi=1;j=1 ;  otherwise,
" e2E,
8 [ R
f er;+|+jgi21=1u?'=2; r=4"+1,
e2E,
f é?+i+jgi2i1 ?J'l;=1 [ f é;+1+‘+1g[ f é;ﬁjgj\:li r=4"+2,
— 82k e2B e2E3
T2 o [ f r+i 2j;" . —4 43
e; +jgi:1;j:1, r = ,
e2E,
. N [ \ ‘
; f ‘;?Hﬂ'giZJ:I%J":l [ f é;+1+‘+1g[ f é;ﬁjgjﬁ; r=4 +4,
e2E, eZBZ e2E 3

Let n, andn_ be the numbers of vertices and edges df , respectively. For each
v 2V, let T, be some triangle in4 .., with vertex at v. For eache = hvi;vai
of 4, let v, be the barycenter of a triangle Te in 4 that contains e, and let
T = hug;vi;wei and T2 := huy; we; Voi be the two subtriangles of T sharing the
edgee, where w is the midpoint of e. In addition, let TS := hv;_;We; U2i be one of
the triangles in 4 . , containing the edgehwe;V;_i, see Fig. 1 (right).

Theorem 3.2. Forallr 1,

h 2 [
;2 n, + ( +41) + (C+1) n.: (3:2)

dlm Sr (4 PS 12) =



Moreover, the set

M= M,y] MM Z[M g (3:3)

is a stable local minimal determining set forS; (4 .. ,,), where

1) M, =D (v)\ Ty,
[\ Tl .
2) M é = f i d+i+1:d j;d i+] lgj!:l’
i=1
2 .— [ Te i
3 Mg = f s grivid i+j 1d  jY=1>
i=1
( [1):2
o T2 2j
H M= fifia i 2 Gi=g”

j=0

Proof: To show that M is a stable local minimal determining set, we show that
we can set the coe cients fc g o» of a spline inS; (4 ..,,) to arbitrary values,
and that all other coe cients of s are then uniquely, locally, and stably determined.
First, for each v 2 V, we set the coe cients corresponding toM . Then using the
C smoothness atv, we can uniquely compute the coe cients of s corresponding
to all other domain points in D (v). This is a stable local process.

At this point it is not obvious that the coe cients which we ha ve determined
so far are compatible with each other since they may be connéed by smoothness
conditions. Indeed, for any two verticesu and v which are connected by an edge of
4 | there exist chains of smoothness conditions which involveoe cients in both of
the disks D (u) and D (v) along with other yet undetermined coe cients. As we
progress we have to be sure that as we compute these undetemeid coe cients,
all of these smoothness conditions are veri ed.

For eache := hu;vi 2 E, we now apply Lemma 4.1 to determine the coe cients
of s corresponding to domain points in the diskD (we), where we is the midpoint
of e. Due to the C smoothness atwe, we can regard the coe cients of s in this disk
as coe cients of a polynomial g of degree . The lemma insures that we can set
the coe cients of s corresponding to the domain points inM 3 to arbitrary values,
and that all coe cients corresponding to the remaining domain points in D (W)
are uniquely and stably determined. Since the lemma allows rbitrary values for
the coe cients corresponding to domain points in the setsD (u)\ D (we) and
D (v)\ D (we), it follows that all smoothness conditions connecting coeients
associated with domain pointsin D (u)[ D (v)]\ D (we) are satis ed, i.e., there
are no incompatibilities due to these smoothness conditios. We still have to watch
for possible incompatibilities due to other smoothness caoditions involving domain
points outside of the disksfD (v)gyoy and fD (W)gwaw -
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Our next step is to set the coe cients corresponding to the sés M 1 and M 2
for each edges of 4 . If e:= hvy;vs,i is an interior edge of4 with midpoint we, then
using the C" smoothness conditions across the edge we can uniquely determine
the coe cients corresponding to the domain points in the sets

1._ [ € i

W e = f 7 ariad jd i+ 19%=1>
i=1

2 ._ [ € i

WM2="1"% d+i+1:d  i+j 1d  jY=1

where B! := hy;vi;Wei and B2 := hep;We; Voi are the triangles in 4 . ,, which
share edges withT} and T2, respectively. At this point we have made sure that all
smoothness conditions up to order acrosse are satis ed.

For each type-1 edgee := hv;ui, we now show how to use Lemma 2.1 to
compute coe cients on the rings R +j(v) forj =1;:::;d . Fix1 j d .
Then it is easy to see that there are exactlyn :=2(d ) 1 2(C j+1): unset
coe cientson R +;(v). Now combining the C" smoothness conditions across with
the special conditions in T, associated with this edge, gives us a set of exactlyg
(univariate) smoothness conditions which uniquely deternine these coe cients, see
Lemma 2.1. By the geometry, the matrix of this nonsingularn n linear system is
the same for all edges 2 E;, and thus the computation is stable in the sense that
(2.3) holds.

We now show that the coe cients corresponding to the remaining domain
points are also uniquely determined while maintaining all snoothness conditions.
These remaining domain points lie inside triangles of the fom T = hwy; wy; wal,
where thew; 2 W . Let T, be the Powell-Sabin-6 split of T, see Fig. 4. We have
already determined all coe cients corresponding to domain points in the disks
D (w;) for i = 1;2;3. In addition, by the C" smoothness across the edges :=
hwi;wi i for i = 1;2;3, the coe cients corresponding to domain points on the

that the midpoint u; 1 of g is a singular vertex insures that all C"' smoothness
conditions across the edgdu; i;v, i are automatically satis ed, and there are no
incompatibilities. Now we can apply Lemma 4.2 to uniquely ard stably determine
all coe cients of s corresponding to the remaining domain points inT. We have
shown that M is a stable local minimal determining set forS; (4 .. ,,)-

To complete the proof, we note that the dimension ofS; (4 .. ,,) is equal to
the cardinality of M , which is easily seen to be the number in (3.2). O

For the Powell-Sabin-12 split T,,, of a single triangle, Tab. 1 shows the values
ofr; ;;d and dmS, (T.,, ) for 1 r 12. Fig. 2 shows the corresponding
minimal determining sets forr = 1;2; 3; 4, where the points inM are marked with
black dots.



Fig. 2. Minimal determining sets for Sr(Tpg,,) for r =1;2;3;4 .

r d | dim
1) 1] 1| 2 12
2| 3| 3| 5| 42
3| 4| 5| 7| 72
4| 6| 7/10]| 132
5 7| 7111 162
6| 9| 9|14 | 246
7(10|11| 16| 312
8|12 | 13|19 | 426
9113|13| 20| 480

10| 15| 15| 23| 618
11 16| 17| 25| 720
12| 18| 19| 28 | 888

Tab. 1. The dimension of Sy (Tpg;, )-



Fig. 3. The triangulation of Lemma 4.1.

x4. Two lemmas

In this section we establish two lemmas which are needed forhe proof of Theo-
rem 3.2. Our rst lemma concerns a special MDS for the space gbolynomials P
in the case where is odd.

Lemma4.1. Let4 be the triangulation shown in Fig. 3 with six vertices v1;:::; Vg,
where we suppose thatv, is the midpoint of the edge e := hvz;vsi. Let T =
hv1;Va; Vei. Suppose is odd, and letm := —%. Let M := Dy (vs) [ Dm(vs) [
Me D 4., where
[m T
Me:= T iy i 2 %=
j=0

2j .

Then M is a stable mimimal determining set forP .

Proof: Itis easytocheckthat#M = ;2 =dim P , and thus it su ces to prove

that if we set the coe cients of s 2 P corresponding to 2 M , then all other
coe cients are stably determined. To this end, we consider the B-representation of
s srelative to the triangulation # consisting of the two triangles®; := hvy;vs; vai
and B = hvi;vs;vsi. We denote the corresponding coe cients of s~by e for
2D £ The values ofc for 2 Dn(v3)\D ., stably determine all derivatives
of s ub to order m at vz, which in turn stably determine the coe cients ~¢ for all
2 Dm(v3)\D . g. A similar argument shows that e are stably determined for

all 2Dn(vs)\D . g.
We now claim that all coe cients of ~s corresponding to domain points in

Mg 2 . |
the set o :=  f i+; i 25 Y= are stably determined from the coe cients
j=0
fc gauw .. To see this, note that sincevs lies on the edgelvy; vsi, the barycentric
coordinates ofvs relative to T have the form (by;0; ) with b, + b, = 1. Then
using the de Casteljau algorithm to convert the B-coe cient s of s relative to T into
B-coe cients of s relative to %, we nd thatforeach 1 i 2land0 | m,

the coe cient of s corresponding to Ej; i 2jj IS a stable linear combination of
the coe cients fc g au ..



Fig. 4. The labelling of the Powell-Sabin-6 split for Lemma 4.2.

It is easy to check that D%(vl) \D o N .. Then using the smoothness

across the edgehvy;vsi of £, we can stably compute the coe cients of s corre-
sponding to the remaining domain points inD, (v1) \D . e e have now deter-
mined all coe cients of s except for those correspondin’g to j domain points
onR j(vi)\D . g for eachj =0;:::;m. Since the coe cients associated with

R j(v1)are subjected to precisely | (univariate) smoothness conditions across
the edgehv,; v1i, we can use Lemma 2.1 to stably compute them. Finally, to com-
plete the proof, we note that the coe cients ¢ of s can now be stably computed
from those of s-by subdivision. O

Our second lemma deals with splines on the Powell-Sabin-6 8p T, of a single
triangle. Since we want to apply this lemma to the triangle T := hwy; w»; wsi which
is inside the Powell-Sabin-12 split shown in Fig. 1 (right), we label its vertices as in
Fig. 4, where we assumay; is the midpoint of the edge oppositew; for i =1;2;3,
and v, = (wg + wy + w3)=3 is the barycenter of T. As in Sect. 3, we write E, for
the set of edges ofT,,, of the form hw;;v, i, and E; for the set of edges ofT,,
of the form huj;v,.i. Givenr, , and d as in (3.1), let T, be the corresponding
set of special smoothness conditions de ned there. Then weoasider the following

superspline space

Si(Toes ) i= f82Si(Toe, ):S2C (wy)alli=1;23,

(4:1)
s =0forall 2T,g
Foreachn =1;2;3, let Ty := hv, ;Wp; Ups2 1.
Lemma 4.2. Forallr 1,
. +2
dimS, (T, ) =3 5 +32d 2 r 1)(r+1): (4:2)
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Moreover, the set

M = Mw, [M 4, ; (4:3)

n=1

is a stable minimal determining set, whereM ,, := D (wy)\ T, and

8
i;d i i+jY%=0, I 115000,
_ = |
M, = E 2+ (4:4)
2t . .9 otherwise.

Proof: We show below thatM is a determining set, and thus dimS; (T.,,) #M .
It is easily seen that

278‘2+57‘+9; r=4"+1,
782+111°+39; r=4"+2,

#M = } . . (4:5)
3 782+141°+63; r=4"+3,
7824195 +123; r=4"+4,

which is equal to the expression in (4.2). We now derive a lowebound for
dim S, (T, ). By Theorem 2.2 of [16],

| +2 +1
dim S(T... ) = r2 v6 ¢ ; T

where
(r2 1)=4; ifr is odd,

r2=4; if r is even.

Enforcing the C continuity at the vertices wy; wp;wz of T requires 3 5’“1 con-

ditions. Since

23‘2 3; r=4"+1,
32+3°+1; r=4"+2,

#To = . . .
332+37; r=4"+3,

32+9°+4; r=4"+4,

the dimension of S; (T, ) in each of the four cases is bounded below by the same
quantities appearing in (4.5), which implies that dim S, (T, ) is given by the for-
mula in (4.2).

To complete the proof, we need to show thatM is a determining set and that
it is stable. Suppose we sefc g oy . We now show how to use the smoothness
conditions to stably compute all other coe cients. For each i =1;2; 3, we use the
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C smoothness atw; to stably compute the coe cients corresponding to all other
domain points in D (w;). Next, consider the sets of domain points

L} = Rg j(V;)\h Vv, ;Wi ;Wi j =0;:::;d;

fori =1;2;3. Foreach0 | r, L} contains exactly r domain points for which
the corresponding coe cients have not yet been determined. The C" smoothness
across the edgehu;; v, i givesr univariate smoothness conditions involving these
coe cients, and they can thus be determined from Lemma 2.1. A this point the
proof divides into four cases.

Case l.r =4 +1. Foreachj =1;:::; andi =1;2;3, there arer +2j 2 domain
points on R . (w;) whose corresponding coe cients have not yet been determied.
These coe cients are subjecttor +2j 2 smoothness conditions which correspond
to the C" smoothness conditions combined with the P 2 functionals in T,. We
can again get these coe cients from Lemma 2.1. Now foreachr +1 | r+°
andi =1;2; 3, the setLJi containsr domain points whose corresponding coe cients
have not yet been computed. But then using theC"' smoothness across the edge
hui; v, i, Lemma 2.1 gives the values of these coe cients. To completéhe proof in
this case, we use Lemma 2.1 to perform the following cycle ofomputations: for
eachj =1;:::;d

a) compute the r unset coe cients on the ring R +-+j(w;) for i =1;2;3,
b) compute ther  2j unset coe cients on L!, . 4 fori=1;2;3.
This cycle of computations gives all the remaining coe cierts.

Case 2.r =4 +2. Foreachj =1;:::; andi =1;2;3there arer +2j 1 domain
points on R . (w;) whose corresponding coe cients have not yet been determied.
These coe cients are subject tor + 2] 1 smoothness conditions obtained by
combining the C" smoothness with the 2 1 functionals in T, corresponding to
the set E;. We can thus compute these coe cients from Lemma 2.1. Now foreach
r+1 j r+ andi=1;23, the set L} contains r + 1 domain points whose
corresponding coe cients have not yet been computed. But then using the C'
smoothness across the edge := hu;; v, i together with the smoothness condition
corresponding to ;;ij in T, with e2 E3, Lemma 2.1 gives these coe cients. Now

for eachi = 1;2; 3, we examine the ringR . -+1 (w1), where we assume the edge :=
hwi; v, i is the edge chosen foE,. There arer +1 domain points on this ring whose
corresponding coe cients are not yet determined. Using the smoothess condition
described by the functional [*..,, in T,, we can use Lemma 2.1 to compute
all of these coe cients. The lemma then gives the coe cients corresponding to
domain points on the layersL!,.,, for i = 2;3. We can now do the two rings
R ;41 (W) and R .41 (w3), followed by the layer LY, .., . To complete the proof
in this case, we use Lemma 2.1 to perform the following cyclef@omputations: for
eachj =2;:::;d

a) compute ther 2j + 3 unset coe cients on the layer L' P fori=1;2;3,
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b) compute ther 1 unset coe cients on the ring R +-+j(w;) for i =1;2;3.

This cycle of computations shows that all the remaining coe cients are determined.
The casesr =4" +3 and r =4 +4 can be handled in a similar way, and the
proof is complete. O

x5. Approximation Power

Let 4 be a triangulation of a polygonal domain , and let S; (4 . ,,) be the macro-
element space de ned in (4.1). Letj4j be the mesh sizeof 4 , i.e., the diameter of
the largest triangle in 4 . In this section we use the fact thatS, (4 .. ,,) has a stable
local minimal determining set M to show that the space has full approximation
power. More precisely, we give bounds on how well function§ in Sobolev spaces
w¢' *1 () can be approximated in terms of j4j and the smoothness of as measured
by the usual Sobolev semi-normf jm+1.4; . Let

(P 1=
r2a KoK T 1 g<1,

maxtzs4 Kok ;t; gq=1.

kgkg, =

Unless otherwise stated, all constants appearing in this sgion depend only
on the smallest angle in the triangulation 4 _, ,, or equivalently on the smallest
angle in4 , see Remark 7.8. It is easy to see tha@d ..,,] 4] =2.

Theorem 5.1. Forall f 2 Wé"*l() with 1 gq 1 andm d, there exists a
splines; 2S,(4 ., ,,) such that

kD, Dy (f sk,  C 4] m+1 ifjm+1q: (5:1)

for all O + m. Here the constantC depends only on the smallest angle in
4 ,andif g < 1 also on the Lipschitz constant associated with the boundaryof

Proof: We give the proofonly forl q< 1. The caseq= 1 is similar and sim-
pler. We begin by constructing a quasi-interpolantQ mapping L 1 () into the spline
spaceS; (4 ..,,). Fix f 2 Li(). Then for each triangle T 2 4 _.,,, we choose
the largest disk contained inT, and let Fy be the corresponding averaged Taylor
polynomial of degreed approximating f, see e.g. [10]. Then for each 2 M\ T,
letc := (F¢f), where is the linear functional which picks o the B-coe cient
associated with domain point . We now de ne Qf be the spline inS;(4 .. ,,)
whose other coe cients are determined fromfc g o» by using smoothness condi-
tions as in the proof of Theorem 3.2.Q is a linear projector mapping L 1() onto
SI’ (4 PS 12 )

Using the L stability of the B-form and properties of Fr, see [10], we have

L . K Ki1K
jci=i (Frf)i —kFrikegr —okfkgrs  2M\ T,
Aq Al
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where At is the area of T. By the locality and stability of M , it follows that if

is a domain point lying in T, then

K1K2K3
AL

min

jc | kf kq; +
where Anmin is the area of the smallest triangle in 1 := star3(T). It is shown in
[10] that the area of the largest triangle in 1 is bounded by a constant (depending
only on ) times the area of the smallest triangle. Using the fact thatthe Bernstein
basis polynomials form a partition of unity, we get kQf kg.+  Kskf kg, ..

Now supposef 2 Wé“*l ()with m d. Fix0 + mandT 24 .
Then using the Markov inequality [18], it follows that for any p 2 Py,

kDD, (f Qf)kgr k DyD,(f Pkgr + kD Dy Q(f  P)kg;r

Ks

k D.D.(f Koyt + kO(f Kq-
K 4K

k DD, (f Pkgt + —2kf  pkg; 1
T

where 1 is the diameter of the largest disk contained inT. It is shown in [10]
that ] rJj Kg 1. Now (cf. Lemma 4.6 of [10]), there exists a polynomiap 2 P,
depending onf with

KDIDL(F Pk, K ti™* i jmaig 1 (5:3)

forall 0 i+ ] m, where K7 is a constant depending on and the Lipschitz
constant of the boundary of . Inserting this in (5.2) leads t o

kDX Dy (f Qf )kq;T K8 J4J mt Jf jm+1 g T all 0 + m.
(5:4)
Summing over all triangles T 2 4 _.,, and using the fact that the number of
triangles in 1 is bounded by a constant depending only on, we get (5.1). O

x6. A nodal determining set for S (4.s.,)

In this section we describe a nodal minimal determining setdr S;(4 .. ,,) and a
corresponding Hermite interpolation projector. For each tiangle T in 4, let v
be its barycenter. For each edgee := hu;vi of 4, let we be its midpoint, and let
wl= uHd IWe gng w2 = YA IWe et D, be the directional derivative
associated with a unit vector perpendicular toe. For eachi> 0, let

(i j+1)u+jwg,

el - i +1 '
(i jwe
e2;j -~ i+ 1 )
o (L jrDwe+ jwe
&3 T i +1 '
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for j = 1::::;i. Finally, for any point t 2 R?, let "; be the point evaluation
functional at t.

Theorem 6.1. The set

No= LN L NEIN 2N 6:1)

v2Vv e2E

is a nodal determining set forS; (4

1) Ny =f",DyDygo + ,
r

), where

PS 12

ane= ey b g,
i=1 o
2 . [ n + d+1+ i Ao
3) N& = f . D, 9=1,
i=1
+1
HN:= ", Digd, [ " D, *d.,

e; 3
i=1 i=1

with m = ( 1)=2.

Proof: It is easy to check that the cardinality of N is equal to the dimension of
S (4 .5,,)asgivenin (3.2). Thus, it su ces to show that N is a nodal determining
set, i.e., settingf s g ,ny determines all coe cients of s. For every vertex v of 4 ,
we can compute all coe cients corresponding to domain poins in the disk D (v)
directly from the data f s g 2N, -

Given an edgee of 4, let we be its midpoint. We now compute all coe -
cients of s corresponding to domain points inD (wg). By the C smoothness at
We, these coe cients can be regarded as the coe cients of a polyomial g of de-
gree . Suppose we represent this polynomial in B-form relative tothe triangle
P = hve;wg; Wai, whereve := (v, +(d )we)=dandv,_is the center of some
triangle T, containing the edgee. As in Lemma 4.1, we can immediately compute
the coe cients of g in the disks Dy (wW3)\D . g @and Dy (Wg) \D . . For each
i=1;:::; , we now compute the coe cients of g corresponding to the remaining
domain points onR  j(ve)\D e from the derivative information given in 4). We
can now get the coe cients of s corresponding to domain points inD (wg) \ Te
by applying subdivision to P. If e is an interior edge, the coe cients of s corre-
sponding to the remaining domain points inD (we) can be computed from theC
smoothness atwe.

Next for each edgee, we use the valued s g »y ; to compute all coe cients of
s corresponding to domain points inM .. First, we consideri = 1 in the de nition

1

of M , i.e., the domain point ¢ g+2.d 14  1- This coe cientis determined

by De;+1 42 o 21.1), since all other coe cients involved in this derivative ha ve
already been computed. Then assuming we have dealt with the gints in M % up

;3
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d+1+ i

toi 1, we can use the valuesD. S( &14)9 -, to nd the coe cients

corresponding tof Til drield i+ 19} _1 . This involves solving ani i
linear system. A similar argument leads to the coe cients of s corresponding to
domain points in M 2.

At this point we have determined all coe cients corresponding to domain
points in the minimal determining set M of Theorem 3.2, and it follows from
that theorem that all other coe cients are also determined. O

Theorem 6.1 shows that for any functionf 2 C (), there is a unique spline
s2S,(4 .. ,,) solving the Hermite interpolation problem s = f forall 2N.
The mapping which takes functionsf 2 C () to this Hermite interpolating spline
de nes a linear projector | mappingC ()onto S;(4 ..,,). We now give an error
bound for how well | f approximates smooth functionsf in the maximum norm.
We write j4j for the mesh size of the initial trianglulation 4 before applying the
Powell-Sabin-12 splits.

Given a triangle T 24 and a domain point 2 T of S;(4 .. ,,), itis easy to
see that if the coe cient ¢ of | f is computed from derivatives as in the proof of
Theorem 6.1, then

X
jej Ka jTjjfjr; (6:2)
=0
where K1 is a constant depending only on the smallest angle i4 . Since the
computation of all other coe cients from smoothness conditions (cf. the proofs of
Theorems 3.2 and 6.1) is a stable process, it follows that () holds for all domain
points lyingin T. Since the Bernstein basis polynomials form a partition of unity,
(6.2) implies
X
kKIfkr Ki  jTjjfj.r: (6:3)
=0
Theorem 6.2. There exists a constantK depending only on the smallest angle in
4 such that for every f 2 C™*1 () with 1 m d,

KD,D,(f 1 f)k  Kj4f ™ jfjma; ; (6:4)

for all O + m.

Proof: Fix f 2 C™*1 () and atriangle T 24 . Then Lemma 4.6 in [10] implies
that there exists a polynomial p 2 P, such that

kDYDL(f Pk, Ko Ti™™ ' Fjf jomaa 75 (6:5)

forallO i+j m. Now x0 + m. Then sincel reproduces polynomials,
we have

kD,D,(f | f)kr k DyD,(f pkr+ kDD I (f pkr;
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be the subtriangles in the Powell-Sabin-12 split of T. Then using the Markov
inequality, cf. [10,18], it follows that

K KiKs X .
KDLDyI(f  pkr, —KI(f pky, —= jTiif pir; (66
T; T; =0
forall j =1;:::;12, where T, is the diameter of the largest disk contained in
T;. By the geometry of the Powell-Sabin-12 split,jTj Ky T and taking the

maximum over all T 2 4 , we immediately get (6.4). O

X7. Remarks

Remark 7.1. We were rst motivated to construct a family of smooth macro-
elements on the Powell-Sabin-12 split after hearing a lectte by Rong-Qing Jia in
which he used a mixture of C! Powell-Sabin-6 and Powell-Sabin-12 elements in
order to construct continuously di erentiable wavelets on triangulations, see [8].

Remark 7.2. It was shown in [5,12] that it is not possible to construct C" macro-
elements on the Powell-Sabin-6 split using splines of loweategree than those consid-
ered here. Here we have constructed our macro-elements on Well-Sabin-12 splits
with the same degrees for the purposes of compatibility, cfRemark 7.1. However,
due to the special geometry of the Powell-Sabin-6 split of tle triangle hwy; w,; wai
inside the Powell-Sabin-12 split (see De nition 3.1 and Fig 4), we have found that
it is possible to construct macro-elements in the Powell-Shin-12 case with lower
degrees. We plan to report on this elsewhere.

Remark 7.3. The Powell-Sabin-12 split was introduced in [14], where it vas used
to de ne a C! macro-element based on quadratic splines. This corresposdo our
element forr = 1. In this case the macro-element space has dimension 12, drthe
nodal degrees of freedom consist of the values and gradientg the three vertices
of T along with one cross-boundary derivative at the midpoint of each edge, see
Fig. 2.

Remark 7.4. The C" macro-elements constructed in [5,12] provide globalC’

smoothness for a triangulation4 which has been re ned with Powell-Sabin-6 splits
only if for each interior edgee of 4 , the split point we on the edgee lies on the line
joining the interior points v, and v of the two triangles T and * which sharee,

and thus in general,we will not be at the midpoint of e. This geometric constraint
is not required for our Powell-Sabin-12 macro-elements.

Remark 7.5. In developing the macro-element spaces of this paper, we hav
made extensive use of the java code of Alfeld for examining dermining sets for

superspline spaces. The code is described in [1], and can bsed or downloaded
from http://www.math.utah.edu/ alfeld . The code not only checks whether a
given set of domain points is a MDS, but also produces the equi@ns needed to

compute all unset coe cients from those that have been set.
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Remark 7.6. The construction described here is not unique in the sense Ht
there are other choices of the extra smoothness conditionshich also lead to macro-
elements based on the degrees of freedom used here.

Remark 7.7. Frequently in practice one has to interpolate given values ascattered
data points where no derivative information is provided. In this case, macro-element
methods can still be applied, but the needed derivatives (orthe equivalent set of
B-coe cients) have to be estimated from the data.

Remark 7.8. Simple trigonometry shows that if T.,, is the Powell-Sabin split of
atriangle T, then sin( ps) sin( )=3, where ps is the smallest angle inT,.,, and
is the smallest angle inT.

Remark 7.9. In [3] it was noted that the classical C* Clough-Tocher and Powell-
Sabin macro-elements have natural analogs in terms of sphieal splines. Since
the algebra of spherical splines is essentially the same asrfbivariate splines [2],
it is clear that the entire family of macro-elements constructed here can also be
immediately carried over to the sphere.
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