THE ALGEBRAIC RATIONAL BLOW-DOWN

RARES RASDEACONU AND IOANA SUVAINA

ABSTRACT. The normal connected sum construction of Gompf and the rational blowing-
down technique of Fintushel - Stern are important tools in constructing symplectic 4-
manifolds. In some cases, the 4-manifolds created this way are of Kahler type. In this
article we investigate the occurrence of this phenomenon and give relevant examples.
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INTRODUCTION

A symplectic manifold is a smooth compact manifold endowed with a non-degenerate
closed 2-form. For a long time, the only known rich source of examples was given by
the class of Kahler manifolds. In fact, there were known only a few scattered examples
of non-Kéhler symplectic manifolds. The major breakthrough in constructing non-Kéhler
symplectic manifolds was realized by Gompf [Go95], who introduced the normal con-
nected sum, the gluing of two symplectic manifolds along diffeomorphic submanifolds
satisfying a suitable compatibility condition. Another source of symplectic manifolds was
later introduced by Fintushel and Stern [ES97]. It is a surgery procedure, called the ra-
tional blow-down. It is specific to the 4-dimensional realm and amounts to removing a
neighborhood of a linear chain of embedded spheres and replacing it with a rational ball.
The fact that it can be performed within the class of symplectic manifolds is a result of M.
Symington [Sy98], [Sy01].

It is a difficult problem to decide the existence or the non-existence of complex struc-
tures on symplectic 4-manifolds constructed via these two techniques. The question we
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would like to address here is the following: if the initial manifold admits an integrable
complex structure, when does the resulting manifold admit a integrable complex structure?
We provide a sufficient condition:

Theorem A. Let G be a finite group acting with only isolated fixed points on a smooth,
compact, complex surface S with H2(S, ©g) = 0. If the singularities of S/G are of class
T, then the full rational blowing down S of the minimal resolution of S /G admits complex
structures. Moreover, as a smooth 4—manifold, S is oriented diffeomorphic to the generic
fiber of a 1-parameter Q—Gorenstein smoothing of S/G.

To explain our result, we should recall that the singularities of type 7" are either rational
double points or quotient singularities of a particular type. The exceptional divisor of the
minimal resolution of this last type of quotient singularities is a linear chain of rational
curves on which the rational blowing down can be performed. What we mean by the full
rational blowing down is rationally blowing down all of the exceptional divisors which
appear resolving the singularities which are not ordinary double points.

As an application we study a series of examples obtained by letting Z,, the multiplica-
tive group of roots of order 4 of unity, act on a product of two appropriated Riemann
surfaces. As a particular case, we find a complex structure on an example constructed by
Gompf, on which the existence of complex structures was still an open problem.

To briefly recall Gompf’s example, we start with a simply connected, relatively mini-
mal, elliptic surface, with no multiple fibers, and with Euler characteristic c; = 48. Up
to diffeomorphisms [EM94], there is only one such elliptic surface, which we call E(4).
It is known that F/(4) admits at most nine rational (—4)—curves as disjoint sections. We
can form the normal connected sum of it with n copies of CP,, the complex projective
plane, identifying a conic in each CP, with one (—4)—curve of E(4). This operation is
the same as rationally blowing-down n (—4)—curves, and we obtain Gompf’s examples
[G095, page 564] denoted by W, ,,, where n = 1,...,9. The manifold Wy ; is does not
admit any complex structure, as it violates the Noether Inequality, but the existence of
complex structures is topologically unobstructed in the other cases. In Gompf’s paper, he
shows that the 4—manifolds W, ,,, for n = 2, 3,4, and 9 are diffeomorphic to complex
surfaces. We find a complex structure on Wy s.

In this article we discuss the above examples from the point of view of deformation
theory. We prove:

Theorem B. The 4—manifolds Wy ,,, n = 2, 3,4, 8,9 admit a complex structure.

The emphasis is on the methods we employ. One technique comes from Manetti’s inter-
pretation of the rational blowing down in algebraic setting as the 1-parameter Q—Goren-
stein smoothing of a certain class of normal surface singularities. The second method is a
natural approach towards the normal connected sum construction and it consists in viewing
it as the smoothing of a simple normal crossing algebraic variety.

1. TWO CONSTRUCTIONS OF SYMPLECTIC 4-MANIFOLDS

In this section we briefly recall two important construction procedures of symplectic
4—manifolds. One is the normal connected sum procedure of Gompf [Go95|] and the
other is Fintushel and Stern’s [ES97] rational blow-down. In the end we describe the
4—manifolds Wy ,.
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1.1. The normal connected sum. Let (M;,w;), i = 1,2 be two symplectic 4—manifolds.
Suppose there exist X; € M;, ¢ = 1,2 two closed, smooth 2—dimensional symplectic
submanifolds of the same genus, and satisfying the compatibility condition:

_ Vv
NEl\Ml = N22|Mz-

Let N1(%;), N2(3;) be two tubular neighborhoods of X;, such that Ny (X;) € Na(%;).
We denote by W; the tubular shell neighborhoods No(3;) — N1(3;) of X; in M;. Sup-
pose we have an orientation preserving diffeomorphism & : W, — W, taking the inside
boundary of W to the outside boundary of W,. We define the normal connected sum of
M, and M- along ¢ and X5 via ® to be the smooth oriented manifold obtained by gluing
My — N1(X1) and M — N1 (X2) along the tubular shell neighborhoods W, and W5, using

®. Let M = M,#¢ M, be the resulting 4—manifold.

Theorem 1.1 (Gompf). Possibly after rescaling w; or ws, there exists a symplectomor-
phism & of the tubular shell neighborhoods of 3; and X, such that the 4—manifold
M = M;i#¢ M, admits a symplectic form which agrees with the rescaled symplectic
forms on M; — N1(%;).

1.2. The rational blow-down. Let C, , be a open smooth 4-manifold obtained by plumb-
ing disk bundles over the configuration of 2-sphere prescribed by the linear graph:

L SR b
Here p > ¢ > 0 are two relatively prime integers and p5i1 = [bk,bk—1,...,b1] is the

unique continued fraction with all b; > 2. Each vertex represents a disk bundle over
the 2-sphere of self-intersection —b;. Then C,, , is a negative definite simply connected
4—manifold whose boundary is a lens space L(p?,1 — pq). The lens space L(p?,1 — pq)
bounds a rational ball B,, ; with 71 (B, 4) = Zy,.

Suppose X is a smooth 4-manifold containing a configuration C,, ;. Then we may con-
struct a new smooth 4-manifold X, ,, called the (generalized) rational blow-down of X.
by replacing C,, , with the rational ball B, ;. X, , is uniquely determined (up to diffeo-
morphism) from X, as each diffeomorphism of 0B, , extends over the rational ball B, ,.
Itis proved in [Sy01] that if C,, , is symplectically embedded in X, then the rational blow-
down carries a symplectic structure.

2. AN ALGEBRAIC DESCRIPTION OF THE RATIONAL BLOW-DOWN

The point of view we adopt in this paper is that the generalized rational blowing down
procedure and the smoothing of isolated complex surface singularities are essentially the
same in the algebraic setting. While in this article we merely give some immediate ap-
plications of this idea, we will explore it in more depth in a forthcoming article. Here
we consider only the case of some quotient singularities, a case well documented in the
literature.

Following Manneti’s presentation [Ma01] of the results of [KS-B88], we begin by re-
calling the terminology and some general results.

Definition 2.1. A normal variety X is Q—Gorenstein if it is Cohen-Macaulay and a mul-
tiple of the canonical divisor is Cartier.
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Definition 2.2. Aflatmap = : X — C is called a one-parameter Q—Gorenstein smoothing
of a normal singularity (X, z) if #—!(0) = X and there exists U C C an open neighbor-
hood of 0 such that the following conditions are satisfied.
i) X is Q—Gorenstein
ii) The induced map X — U is surjective
iii) X; =7"1(¢) is smooth for every t € U — {0}.

Definition 2.3. A normal surface singularity is of class 7" if it is a quotient singularity and
admits a Q—Gorenstein one-parameter smoothing.

The following result of Kollar and Shepherd-Barron [KS-B88] gives a complete de-
scription of the singularities of class 7.

Proposition 2.4 (Kollar, Shepherd-Barron). The singularities of class 7" are the following:
1) Rational double points;
. . 1
2) Cyclic singularities of type W(l’dna —1),ford >0, n >2and (a,n) = 1.

Leta,d,n > 0 be integers with (a,n) = 1, and ) C C3 x C< be the hypersurface of
equation

d—1
wy — ydn — E tkykn’
k=0

where t, . .., tq_1 are linear coordinates on C?. Z,, acts on ), the action being generated
by:

(u, 0,9, to, ..., ta_1) — (Cu, v, %, to, ..., ta_1)
Let X =) /Z, and ¢ : X — C? the quotient of the projection ) — C¢.

Proposition 2.5. ¢ : X — C9 is a Q—Gorenstein deformation of the cyclic singularity
(X, z) of type %(1,dna — ).
n
Moreover, every Q—Gorenstein deformation X — C of a singularity (X, z) of type

ﬁ(l, dna — 1) is isomorphic to the pullback of ¢ for some germ of holomorphic map
n
(C,0) — (C%,0).

The following proposition due to Manetti [Ma01] gives an algebraic interpretation of
the algebraic rational blow-down.

Proposition 2.6. Let X be a compact complex surface with singularities of class T, X
be its minimal resolution and 7 : X — U a Q—Gorenstein smoothing of X. Then the full
rational blow-down of X is oriented diffeomorphic to X; = 7—1(¢), for any ¢ # 0.

Manetti’s algebraic description of the rational-blowing-down procedure gets more sub-
stance by providing a global criterion for smoothings of singularities.

Let X be a compact, reduced analytic space with Sing(X) = {z1,...,z,}. By restric-
tion, foreach i = 1, ..., n, any deformation of X defines a deformation of the singularity
(X, z;) with the same base space. Thus, if Def X and Def(X, z;) denote the base space
of the versal deformation of X and (X, x;), respectively, there exists a natural morphism:

® : Def X — HDef(X, ;)

i=1
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If all of the singularities (X, x;) are of class T, for each 7 we can choose in Def (X, z;)
the (smooth) component corresponding the Q—Gorenstein deformations. What we are
interested in here is when these deformations of singularities lift to a deformation of the
total space. The answer is given by a general criterion of Wahl:

Proposition 2.7. Let © x be the tangent sheaf of X. If H2(X, © x) = 0, then the morphism
® is smooth. In particular, every deformation of the singularities (X, x;), ¢ = 4, ...,n may
be globalized.

For the proof of this proposition we refer the interested reader to either [Wa81, page
242] or to [Ma91l, page 93].

This criterion becomes especially useful in the following situation.

Suppose we start with a smooth compact complex surface X. Let G be a finite group
acting on X with isolated fixed points. Let Y = X/G be the quotient, {y1,...,yn} =
Sing(Y") the singular locus of Y, and f : X — Y the quotient map. We denote by O x the
holomorphic tangent bundle of X, and by ©y = (Q%,)v, the tangent sheaf of Y.

Lemma 2.8. In the above notations, H?(X,0x) = 0= H?*(Y,Oy) = 0.

Proof. To prove the vanishing of H2(Y,©y) = 0, we need to have a convenient descrip-
tion of the tangent sheaf ©y of Y. In our case, this is provided by Schlessinger [Sc71]:

Oy = (f.6x)°.

Now, by averaging, we get a map f.Ox — Oy = (f.Ox)C. But this means Oy is a
direct summand of f,.Ox. To finish the proof, since f is a finite map, the Leray spectral
sequence provides an isomorphism:

H2(Xa @X) =~ H2(K f*@X)7
and the conclusion of the lemma follows. O

Proof of Theorem[A] Assume now G acts on a smooth complex surface S with fixed points
only. If the singularities of S/G are of class T" only, we can look at the components of
each versal deformation space of any such singular point, and pick the one corresponding
to Q—Gorenstein deformations. Theorem [A] follows immediately from the algebraic de-
scription of the rational blowing down, the globalization criterion[2.7jand Lemma[2.8] O

Remark 2.9. We should point out that the smoothings of rational double points are diffeo-
morphic to their minimal resolution. Thus, for the singularities of class 7" the full rational
blowing down, essentially performed only on the minimal resolution of the quotient singu-
larities which are not rational double points, coincides with the simultaneous smoothing
of all the singular points.

3. A FAMILY OF EXAMPLES

In this section, by adopting the above viewpoint, we will exhibit a complex structure on
Gompf’s example Wy g.
Let C c CP; x CPP; be the smooth curve of genus 3 given by the equation
F(z,w) = z5(wg +wi) + 2 (wg — wi) =0,

where (z,w) = ([20 : 21],[wo : w1]) are the standard bi-homogeneous coordinates on
(Cpl X (CPl
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An easy calculation shows that the action of the cyclic group Z, on CPP; x CP; generated
by
([z0 = 2], [wo = w1]) = ([120 : 21], [wo = wi])

has four fixed points of C' : two points P; = ([0 : 1],[1 : 1]) and P, = ([0 : 1], [1 : —1]),
where in local coordinates Z, acts by multiplication with ¢, and two @, = ([1 : 0], [1 : ])
and Q2 = ([1: 0],[1 : —i]), where in local coordinates our group acts by multiplication
with —i.

We will be interested in the manifold obtained by taking the quotient under the diagonal
action of Z4. Let X = (C x C)/Z4. This action has 16 fixed points. At eight of them,
(P;, Pj),and (Q;,Q;), i = 1,2 the group Z, acts (in local coordinates) as

(21722) = (7:21,7;22)7
while at the other eight (P;, @) and (Q;, P;), ¢ = 1,2 itacts as
(21, 22) — (iz1, —i23).

Thus, the singular complex 2-dimensional variety X will have 8 singular points of type
As and 8 quotient singularities of type (1, 1). The minimal resolution of the last type of
singularities consists in replacing each such singular point by a smooth rational curve of
self-intersection (—4). Let X be the minimal resolution of X.

Proposition 3.1. Xisa simply connected, minimal, elliptic complex surface with no mul-
tiple fibers and with the Euler characteristic c; = 48.

Proof. The quotient C'//Z, is a rational curve, and we will denote by P;, P}, Q) and Q5
the image of Py, P», Q1 and Q-, respectively, under the projection map. Let:

W1:X—>C/Z4%(C]P’1

the factorization of the projection on the first factor. This fibration has four singular fibers
above P! and @}, ¢ = 1,2. The generic fiber is a Riemann surface of genus 3, while each
of the singular fibers consist of a chain of nine spheres, one of which is the quotient C'/Z,
and the other eight are exceptional spheres introduced by the resolution of singularities. It
follows that our manifold is simply connected.

To see the elliptic fibration, we consider first the covering:

T X 79 & )/(: — (C X C)/(Z4@Z4) = C/Z4 X C/Z4 = (Cpl X (C]Pl

As the construction is symmetric in the two factors, we will use freely the identification of
C/Z4 with CIP; with four marked points P/, Q;, i = 1,2. Let B, D C CP; x CP; be the
following divisors:

B=m (P U (Py) Umy Q) Umy H(Qh)
D =na'(Q)Um H(Qy) Umy (P Umy H(Py).

X can be seen as a bi-double cover of CPy x CIPy, first branched over the union of B and
D, then branched over the union of the total transforms of B and D.

Remark that Ocp, xcp, (B) = Ocp, xcp, (D) = Ocp, xcp, (2,2) and the generic ele-
ment of the associated linear system is a smooth elliptic curve. Let L be the pencil gener-
ated by B and D. The base locus of this pencil, BN D = {(F/, P}), (@i, Q}), i,j = 1,2},
is a subset of the set of singular points of the branch locus of the first double cover. The
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linear system (my x m2)*(L) will be base point free, with smooth elliptic curve as gen-
eral members. This gives us the elliptic fibration, containing no rational curves of self-
intersection (—1). The exceptional divisors introduced above B N D are the eight sections
of the elliptic fibration, all of self-intersection —4.

Next, we need to know two topological invariants, the Euler characteristic X()?) and
signature a()?), for example. Both computations are immediate if we look at the quotient
map C x C' — X. We obtain y(X) = 48 and o(X) = —32, which imply ¢2(X) = 0.
This also yields the minimality of X .

O

In particular, by [EM94], X is diffeomorphic to E(4). Applying Theorem @ we can
conclude now the existence of complex structures on Wy s.

Our example can be easily generalized in the following way. Consider the smooth
curves Cy, C; C CIP; x CIP; given by the equations

20 fr(wo, w1) + 21 gk (wo, w1) = 0
and
20 f1(wo, w1) + 21 gi(wo, w1) = 0,
respectively. Here (fx, gx) and (f;, g;) are generic pairs of homogeneous polynomials of

degree k, and [, respectively. The above discussion can be now easily repeated for Cy, x C;
and the induced Z, action.

4. THE ALGEBRAIC NORMAL CONNECTED SUM

In this section we approach the normal connected sum procedure from the algebraic
point of view. We will test our point of view on Gompf’s examples W, ,,, for n = 2,3, 4
and 9.

Mimicking the symplectic normal sum, we start with two pairs of complex varieties
(X1,Y1), (X2,Y3), where X;, ¢« = 1,2 are smooth and Y; C X;, ¢ = 1,2 are smooth
subvarieties satisfying the following conditions:

o Y1 ~ YQ,

— \
[ ] ]Vyl‘)(1 = NY2‘X2.

Using, the condition on the normal bundles, we can glue X; and X to form a normal cross-
ing complex variety X. Then the symplectic normal sum can be interpreted as a smoothing
of X, in the sense of Friedman [[Fr83], as long as the smoothing is of K&hler type. Before
we proceed, we recall some basic facts on the deformation theory of singular spaces.

4.1. Deformation theory of normal crossing varieties. Let X be a smooth complex
manifold, and Y C X a smooth submanifold. By © x we denote the sheaf of holomor-
phic vector fields of X, and © x - will denote the sheaf of holomorphic vector fields on X
which are tangent to Y.

If Z is a compact, singular, reduced complex space, the deformation theory of normal
crossing varieties [Fr83] is given in terms of the global Ext groups T% := Exti(QZ, Oyz).
T} will describe the infinitesimal deformations of the complex structure of Z, and the
obstructions lie in T%. These groups are usually computed from their "local” versions,
the sheaves £xt'(Qz,0z) =: 74, using the "local to global” spectral sequence E5? =
HP (1) = T+,
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Suppose Z is a simple normal crossing variety, i.e. Z locally looks like a union of
hyperplanes and whose irreducible components are smooth. In this case, the local to global
spectral sequence gives:

0— H'(ry) = Ty — H(rz) — H*(13) — T3 — 0. (4.1)
The space H'(r3) classifies all "locally trivial” deformations of X, i.e. for which the
singularities remain locally a product. Their obstructions lie in H%(72).

In the cases treated below, Z is chosen to be d—semistable, that is 7 = Op, where
D = Sing(X) is the singular locus of X.

Definition 4.1. We say that a proper flat map 7 : X — A from a smooth (n + 1)—fold X
to A = {|z| < 1} c Cis a smoothing of a reduced, not necessarily irreducible complex
analytic variety X, if 7=1(0) = X and =—1(¢) is smooth for ¢ € A sufficiently small.

Remark 4.2. Before we proceed with our examples, we should point out that if H2(73) =
H'(Op) = 0, then T2 = 0, and so the deformation problem is unobstructed. If X is d—
semistable, it will admit [Er83] a versal (one-parameter) deformation with smooth total
space, and smooth generic fiber. In this case, we say we have a one-parameter smoothing
of X.

4.2. Gompf’s examples. In what follows we are going to treat a very particular situation,
and give a simple cohomolgical criterion suitable to the study of Gompf’s examples.

Let S be a complex surface, containing n smooth, disjoint, rational curves of self-
intersection —4, which we are going to denote by D+, ..., D,,. As discussed, for each of
these curves, we can glue in a copy of CIP, to form a simple normal crossing complex vari-
ety denoted by Z with n+1 irreducible components, and Sing(Z) = D; +- - -+ D,,. Since
each copy of CIP, is glued along a conic, it follows that Z satisfies the d—semistability con-
dition. An easy, but useful criterion is:

Proposition 4.3. Z admits a one-parameter smoothing if
H?*(S,05 ® Og(—Dy —---— D)) = 0.

Proof. From Remark([4.2] it suffices to check whether H%(r%) = H*(D,Op) = 0, where
D=Dy+:- -+ D,.

Since the D;’s are smooth, disjoint, rational curves, it follows that H*(D,Op) = 0.
The sheaf 72, naturally sits in the exact sequence:

0— 05® Os(—D) & P Ocp, ® Ocp2(—Ci) = 75 — Op -0,  (4.2)

i=1
where by C; we denoted the smooth conic in CP5 corresponding to D;. But, for any smooth
conic C' C CP, we have H?(CPy, Ocp, ® Ocp, (—C)) = 0. A simple inspection of the
cohomology sequence associated to (4.2) concludes the proof. |

We take now a look from our perspective at Gompf’s examples Wy ,,, for n = 2, 3,4
or 9. In these cases, he found complex structures as appropriate multiple covers of CPs.
Guided by his complex structures, what we do here is merely to reprove this in an algebraic,
more conceptual way, using the method described above. We will discuss only the W, o
case, the rest of the cases follow analogously, and are left to the reader.

We start with the Hirzebruch surface 4. Let f : X — 3, be the double cover of 34,
branched along a smooth member of the linear system D € |4(Cy + 4f)|. Such a smooth
member exists, as a consequence of the standard results on linear systems on Hirzebruch
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surfaces [Ha77]. Here Cj is the negative section and f is the class of a fiber. X is a smooth,
simply connected elliptic surface, diffeomorphic to E(4). Moreover, since D and C are
disjoint, X contains exactly two smooth rational curves of self-intersection —4, the two
irreducible components of the preimage of C,. We denoted these two curves by D, and
Ds.

We perform now the algebraic normal connected sum along these two curves gluing
in two copies of CP5, each along a smooth conic, and denote the newly formed singular
variety by Z. From Propositionwe know that if H2(X,0x ® Ox(—D; — D)) = 0,
there is no obstruction to the smoothing of Z . But, using the structure of X as a double
covering of X4, and the Leray spectral sequence, we get:

H*(X,0x ® Ox(—D; — Dy))
= H*(X,0x ® f*Ox,(—Cy))
= H*(S4, f.0x ® Ox,(—Cp))
= H*(X4,0x, ® Os,(—Cy)) ® H*(X4,05, ® O, (—3Cy — 8f)).
To prove the vanishing of the last two cohomology groups, we use the Serre duality:
H?*(¥4,05, ® O, (—Cp))
= H(4,05, ® Ox,(Co) @ Ox, (Ks,))
= H"(24,9%, ® Os,(—Co — 6f)).
Here Ky, = —2C, — 6 f denotes the canonical divisor of X,. Since the divisor Cy + 6 f is
effective and is linearly equivalent to a smooth curve [Ha77], we have the exact sequence
of sheaves:
0— 9124 ® Os,(—Ch —6f)) — 9124 — Ocyt6f — 0.
Passing to the cohomology sequence and since H° (3,4, 9124) = 0, we get the vanishing of
H?(X4,0x, ® Ox,(—Cp)).
For the vanishing of the second term we proceed in the same fashion:
H*(%4,05, ® Os,(—3Cy — 8f))
= H°(4,Q%, ® 05, (3Co + 8f) ® Oy, (Kx,))
= H(%y, 9124 ® Ox, (Co +2f)).
Arguing by contradiction, if there exists a global non-zero section of 9124 ®O0s, (Co+2f),

then it must exist global non-zero section of
2

N, @ 05,(Co +2f)) = O5,(Ky,) ® O5,(2Co + 4f) = Ox,(=2f).
But this is impossible.

Remark 4.4. We believe that working a little bit harder, we should be able to prove that
the complex we found is actually the same as the one Gompf described for W, o, namely
as the double covering of CP5 along a smooth octic, a Horikawa surface. To give some
strong indications, we can prove that the normal connected sum from our point of view of
CP, with X4 glued along a conic and the negative section, respectively is isomorphic to
CIP,. We have a natural a holomorphic map F' : Z — CPy# X4, extending the double
covering of 4. What we found above are the smoothings of Z and CPy#¢X4. Using an
appropriate deformation theory, we should be able to show that the map F' deforms too, to
yield the expected double covering W, » — CP2, branched along a smooth octic.
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The computations for the other examples go along the same lines, with minor mod-
ifications. For Wy 3 we end up with the complex structure of the 3 : 1 covering of CP»
branched along a smooth sextic curve, W, 4 is the simple bi-double cover of CPP; branched
along a transverse pair of conics, and Wy g is a Zs @ Zg cover of CP, branched along 3
transverse conics. With the results obtained in the previous section, the proof of Theorem
is now complete.
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