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Numbers and Absolute Values

Numbers

Numbers play a very important role in mathematics, since they are among the most
basic and useful mathematical objects. Recall that a collection of objects is called a
set. A set can be described by listing its elements, as in A = {2,4, 6,8}, or by giving a
property that completely determines the elements, such as A = {z| z is an even number
between 1 and 9}. This way of writing a set is called set notation. The sets of numbers
we will be using in calculus are the following:

The set N of natural numbers is the set of counting numbers or positive whole numbers:
N={1,2,3,..}

The set Z of integers is the set of all positive and negative whole numbers together with
Zero:

Z={.,-3-2-1,01,23,..}

The set Q of rational numbers is the set of all quotients of integers with nonzero

denominators:
Q m
n

The set R of real numbers includes all of the above numbers, together with all the
irrational numbers like v/2, ¥/7, 7, and e. Every real number z can be thought of as the
(oriented) distance of a point on a line from the origin. So the set of real numbers is in
direct correspondence with a line on a plane.

m,n are integers with n # 0}

X
+——F——FF—
4 3 2 a1 0 1 2 3 4

Figure 1.1: The real number line

Because certain subsets of the real line are used quite often, we adopt a special
notation for them that is called interval notation. The set {z| 1 < z < 2} of all real
numbers between 1 and 2, including 1 and 2, is denoted by [1,2]. If we want all those
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numbers except for 2, we write [1,2) = {z| 1 < z < 2}. In general we have the following
notation for certain sets of numbers called intervals.

[a,b] = {z|a <z < b} closed interval
[a,b) = {z] a <z < b} half-open interval
(a,b] = {z]a < z < b} half-open interval
(a,b) = {z|a < z < b} open interval
+— ettt
4 3 2 -1 o0& 1 2 3by

Figure 1.2: The interval (a, b]

The hollow circle at £ = a on the number line above shows that the interval does not
contain a, while the filled-in circle at = b shows that it does contain b.
We can consider infinite intervals as well:

[a,+00) = {z|a < z}
(a,+00) ={z|a < x}
(—o00,b] ={z|z < b}
(—00,b) = {z|z < b}
(—o0, +00) =R

Note that —oo and 400 are never included in the intervals, since they are not numbers.

If A and B are sets, we denote the set of all elements of A together with all elements
of B by AU B, which we read as “A union B.”

Example 1:
(a) {1,2,3,4}uU{6,7} ={1,2,3,4,6,7}

(b) {1,2,3,4}U{1,3,5,7} = {1,2,3,4,5,7}

Note that we do not list the same element twice in set notation.



Example 2: (—2.5, —1] U (0.5, 3.4]

< | o — ! ! ! >
4 32 ] 0% 1 2 33y
Figure 1.3: (—2.5,1]U (0.5, 3.4]
Example 3: (—1.6,1.4] U (0.5,3.4] = (—1.6, 3.4]
< | | - ! - . ! ! >
_4 _3 _2-1.6 _1 O 0.5 1 1.4 2 3 3.4 4

Figure 1.4: (—1.6,3.4]

Numerical Expressions

There are certain things to keep in mind when working with numerical expressions.
When adding or multiplying two numbers the order is not important. For example,
5+ 3 =8=3+5. In general, for all real numbers,

a+b=b+a and ab=ba (commutativity)

The same is not true for subtraction or division, since 5 — 3 # 3 — 5 and 5/3 # 3/5.
Moreover, when we add or multiply numbers we do not need parentheses to specify the
order in which the operation should be performed, since

(a+b)+c=a+(b+c¢) and a(bc)=(ab)c (associativity)

But, again, this is not true for subtraction or division, since 5 — (3 —2) =5—-1=4,
while (5 —-3)—-2=2-2=0.

Thus we need parentheses when we perform subtraction or when we deal with more

than one operation, since (5-3)+2 = 15+ 2 = 17, while 5- (3 4+ 2) = 5-5 = 25.
This creates an overabundance of parentheses, so we agree to perform multiplications
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and divisions first and then additions and subtractions; moreover, we perform like op-
erations from left to right. So, 5-3+2 means 15+2 = 17, while 5—3 —2 means 2—2 = 0.

It is easy to observe that 5-(3+2) = 5-3+ 5 -2, and this a general property of
numbers, which also holds if we have subtraction instead of addition:

a(b+c¢) =ab+acand (b+c)a=ba+ca (distributivity)
a(b—c) =ab—acand (b—cla=ba—ca (distributivity)

If we take a = —1, we get —(b+c¢) = —b—c and —(b—¢) = —b + ¢, giving us a way
of getting rid of parentheses when we have a minus sign in front.

Example 4:
2—-(5-1)—3(-7+2)+4(10-3)=2—-4—-3(-5H)+4-7T=2—-4+15+28 =141

OR

2—(5-1)—3(-7T+2)+4(10-3)=2—-5+1+21 —6+40 — 12 =41

Absolute Values

Since a real number z is a point on the real line, we can consider its distance from
the origin, which we call the absolute value of x and denote by |z|.

| lyl x|

-

|
1
4y 3 -2 -1 0 1 2 X3 4

<

Figure 1.5: The absolute value is the distance from the origin

If the number z is positive, then |z| is equal to the number itself (|2| = 2). If the num-

ber is negative, say x = —2, its distance |z| from the origin is 2. Note that in this case the
absolute value |z| = 2 is the negative of x = —2, namely |z| = |- 2| =2 = —(-2) = —uz;
so if z is negative, || = —x. The last equality is a bit awkward since |z| is never neg-

ative, but we need the minus sign in front of x, since z has another negative sign “in”
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it; this way the two negative signs cancel out and we get a positive outcome. So we can
define the absolute value of a number z as:

2] = r if £>0
] —z ifz<O

Here are some properties of the absolute value that hold for all real numbers:

Rule Example
| —a| = |a | — 2| = |2|, because they both equal 2.
lab| = |a| - |b| |(=2)3] = | — 2| - |3]|, because both equal 6.
2 2 2
‘%‘ =% ‘_—3‘ = ‘|_|3|,since they both equal 3"
la+b| < |a|+ b 14+ (—=3)| < |4]+ | — 3|, since 1 < 7.
Example 5:

(a) |1 = v2| = —(1 — V/2), since 1 — /2 is negative.

o |22ve _2=vEl_ e-val _pova
V-2 Wa-2| |-(V2-2)| -2

Example 6: If ¢ > 2, find |a — 1|.

Since a > 2, we get a > 1. So a — 1 > 0, namely a — 1 is non-negative. Thus,
la —1|=a—1.

Example 7: |22 + 1| = 22 + 1, since 2° + 1 is positive for all values of z.
Example 8: If x < —3, calculate ‘5|$| + 2‘.

Since 5|z| + 2 is positive, ‘5|x| + 2‘ = 5|z| + 2. Now, since x is negative, |z| = —u;
so, b|z| + 2 =5(—x) +2 = —bx + 2.



Example 9: Find all values of z such that |z| = 3.

Recall that |z| = 3 is the distance from z to the origin, so z can be only —3 or 3,
namely x = £3.

Example 10: Find all values of = such that |2z — 5| = 7.

Recall that |2z — 5| = 7 is the distance from 2z — 5 to the origin; so 2z — 5 can be
only —7 or 7, namely 2x — 5 = £7. So, 20 — 5 = —7 or 2x — 5 = 7, namely 2x = —2 or
20 =12. Sox = —1or z =6.

Example 11: The set {x ‘ lz| < 2} contains all numbers on the real line that are less

than 2 units away from the origin.

v

+—— st
2 3 4

Figure 1.6: The set {a: ‘ lz| < 2}.

Example 12: The set {x |z| > 2} contains all numbers on the real line that are more

than 2 units away from the origin.

+—t——
4 3 2 a1 0 1 2 3 4

Figure 1.7: The set { ‘ 1l > 2}.

Exercises

1. Rewrite [—1, 3) from interval notation to set notation and draw your answer on the
real number line.

2. Write the set {x| — 3 < z < 0} in interval notation and draw your answer on the
real number line.



3. Write down the following set of numbers in both interval and set notation.

+—4r—tt— 41>
2 0 3

4. Write the interval [—2, 2] in set notation using absolute values. (See Examples 11
and 12.)

5. Find all values of z such that |3 — z| = 2.
6. Solve |7z — 14| =0 for x.
7. Solve |2z + 3| =1 for x.

8. Draw on the real number line the set of z-values for which each of the following is
true. Use your drawing to write the set in interval notation.

(a) |z| <5
(b) |z| =8
(¢) |lx—2| <6

(d) |z +1]>4



Exponents and Radicals

Exponents

If a and n are numbers, what do we mean when we write the expression a"? Let’s
answer this question by beginning with the simplest cases where our intuition serves as
a natural guide.

First, if n is a positive integer (that is, n could be 1,2,3, etc.), a™ just means that we
multiply a by itself n times.

Example 1:
(a) 31 =3-3-3-3=281

Rules for Exponents

If this is what we mean by a™ when n is a positive integer, what rules should exponents
obey?

Let us consider what a™ - @™ should be, when both m and n are positive integers.
This is just a multiplied by itself m times, multiplied by a, n more times. Thus we have
a times itself m + n times. This is just a™™™ and we have the following rule:

Example 2: We have

52.52=(5-5-5)(5-5)=5-5-5-5-5=15 = 5%2

This also tells us how we should define the expression a°: if rule (1) is to hold for
all numbers, we should have that a® = a"*? = a" - a°, so that a® has to be 1 whenever
a # 0. So let us make this definition for all numbers a which are not 0:
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a® =1 when a # 0 (2)

What other rules should exponents obey?
Consider what happens when we raise a power to a power, where both powers are
integers:

@)"=(@-a-..ca) .- (a-a-..-a)

There are n groups of a’s and each group contains m a’s. Therefore we have mn a’s
total, and we now have the rule

(@) = 3)

Example 3: We have

(422 = (4-4)* = (4-4)(4-4)(4-4) =4 -4-4-4-4-4 = 46 = 423

Let’s suppose that we want these nice rules to be obeyed no matter what numbers
we choose as our exponents, and see how things have to work out.

If n is a positive integer and a # 0, we must have that 1 = a® = a" ™" =a" - a™", so

n

1
that when we divide both sides by a", we get that — = a™". Let us take this as our
a

definition of ¢™", so that we can define powers with negative integers as exponents:

n_ 1 4
"= ()
Example 4:
1
-3 _ - _
(a) = ¥ x-x-ox
1 1 1
(b) 1372 = =

T 132 (13)-(13) 169



Radicals

Suppose again that n is a positive integer. Since a' = a, we have that a = a! =
a™'/™ = (a*/™)" because we want rule (3) above to be true for all exponents. But this
just says a'/" is the number that must be raised to the power n to get the number a.
You may recall that we have a special name for this number: we call it the nth root of
a, and we can write it using radical notation as /a. (Since the square root occurs
so frequently, we write it more simply: a'/? = y/a.) The work we just did shows the
following formula:

al/n — {1/6

We have just said that {/a is the number that, when raised to the power n, gives the
number a. When n is an even integer, there are generally two numbers that qualify for
this definition. For example, 2 and —2, when squared, both give the number 4:

In such cases, we say that {/a is the nonnegative root. So V4 = 2, not —2, even though
2 and —2 are both square roots of 4. To represent both roots, we use the plus-or-minus
sign:

+V4 = {-2,2}

Example 5:
(a) V169 = 169'/2 = 13
(b) 2v/8=2-813=2.2=4

More Rules for Exponents

You should get used to converting radicals to exponents and vice versa, since you will
have to do this in many different kinds of problems.
Knowing how to define a!/™ tells us how to define powers where our exponent is a

positive rational number, that is, if our exponent is — for two positive integers m and
n

n. We have the formula

am/n — am-l/n — (am)l/n — (al/n)m (5)

again because rule (3) must still be obeyed.
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Example 6:

323/5 — (321/5)3 — 23 — 8
Finally, if we have a negative rational exponent —— for positive integers m and n,
n

w1 : o
we have a~» = —& as was the case with negative integers.
an

There are two more details of which we must take note. Let n be a positive integer.
If a and b are two numbers, it doesn’t matter in what order we multiply a and b, so we
have that

(ab)" = (ab) - (ab) - ...- (ab) =a-a-...-a-b-b-...-b=a" - 0"

giving us that

(ab)" =a™ - " (6a)

In fact, let us define this to be the case for all numbers n, so that this is a general
rule for exponents.

a\m 1 a 1
Finally, we consider the expression (5) . Since ;= b=, we have that 5= a- i

a-b~t. So we know that

n

(%) — (abfl)n =q"- (bfl)n =" b "= Z_n
for any number n that we may choose. This gives us the following formula:
a\" a"
2 == 6b
(G) =% ()

Example 7:
(a) (5z)® = 5% 23 = 12523
(b) (3cd)* =3*-¢*-d* =81-¢*-d* =81c*d*

© (2333)3 _ (20 _2%-2% _ 8d®

33 27 27
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Let’s summarize the rules that we’ve found for exponents. For any numbers a, x, and
y, and any positive integer n, the following formulas are true:

a’ =1 when a # 0

a®tV =qa” - ¥

(@) = o
@ = (a7)10 = (@10
(ab)* = a® - b*
G) =%
at = yaths
Lfa_ Ya

b b

Getting Rid of Radicals

Let’s suppose that we are given the expression

4+ v3x

and we want to get rid of the radical. It is in this situation that we want to make use of
the conjugate of the given expression:

4 —/3x
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When we multiply these two expressions together, we obtain the following formula:

(4+v3x)(4 — V3z) = 16 + 4V/32 — 4v/3z — (V32)* = 16 — 3

In general, the conjugate of an expression a + by/c is given by the formula a — b\/c,
and just as in the example above, multiplying the first expression by its conjugate gets
rid of the radical:

(a + bv/e)(a — by/c) = a® + aby/c — aby/c — (by/c)? = a® — b*c
Note that when we multiply an expression by its conjugate, the result is a new

expression (without a radical) whose value is different from that of the expression with
which we started.

Exercises

In problems 1-18, simplify each of the following expressions as much as possible, by
writing them with as few and as simple exponents as you can.

27/3
L. == 2. V15-151/3 3. 232272
z
165/8161/2
4.  x2/425 5. (2z)* 6. —rn—
167/8
7. 823 ]  /y3a+3b 9. 10000 + 11000
10 (ro)" 11, (71/2) 12. @ —8
R | v
627r 6T 3
13— 1, lwe) 15. 20.21.92.93. 24
6™ xy?z3
16. ((2%)%)? 17. (x¥)*(2¥)~* 18. (69)1000
2 3\ 3 _ 4
19. <4i32> 20. (2zy 22)° (v lyz 2 21.  |(z2y)’ (moy)z]
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3xy? P 4222\ 2,2/3,—1/2,-2/3 1/2,3/2,—1
22. 23 (=222?Pym1 22T (o222

2z yt
2 \—3 _o 3_4N\27]
oq, 00O 25 |L9T)
(a=2bc?) (2a—20%)

In problems 26-29, find the conjugate of the given expression, and write out the
expression which results from multiplying the given expression by its conjugate.

26. 37+ 17z 27. z—5V6
1 2

14



Polynomials and Factoring

Polynomials
A polynomial in the variable z is an algebraic expression of the form
"™ + ap_ 12"+ ..+ ayz + ag,

where a,, a,_1, . .., a1, and ag are real numbers called the coefficients of the polynomial,
a, # 0, and n is a nonnegative integer called the degree of the polynomial.

A polynomial with degree 1 is called linear or first degree. A polynomial with
degree 2 is called quadratic or second degree. A polynomial with degree 3 is called
cubic or third degree. A polynomial with only one term is called a monomial, and a
polynomial with exactly two terms is called a binomial.

Example 1:
(a) 422 + x — 1 is a quadratic polynomial.
4 . . .
b) —3z + 21 is a linear polynomial.

(
(¢) 7 is a monomial of degree 0.
(

d) z'% — 1 is a binomial of degree 101.

Multiplying Polynomials

The distributive law of multiplication over addition and subtraction says that for
any real numbers a, b, and c,

a(b+c¢) = ab+ ac, and a(b — ¢) = ab — ac.

When multiplying two polynomials, the distributive law means that every term in the
first polynomial must be multiplied by every term in the second:

(x+2)(222 — 42+ 1) = (2)(22%) — (z)(4z) + (z)(1) + (2)(22?) — (2)(42) + (2)(1).
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We can simplify this expression by multiplying and collecting like powers of z:

(x+2)(22° —4x + 1) = 22° — 42® + z + 42° — 8z + 2
= (22°) + (—42” + 42°) + (z — 8z) + (2)
=21 + (-4 +4)2* + (1 — 8)z + 2
=22 — Tx + 2.

When multiplying two binomials, students sometimes find it helpful to remember the
acronym FOIL, which stands for “First Outer Inner Last.”

Example 2:

(42* + 1)(2? + 3x) = product of First terms + product of Outer terms
+ product of Inner terms + product of Last terms

= (42%)(2®) + (42%)(3z) + (1)(2?) + (1) (32)
=4z +122° + 22 + 3z

Factoring Polynomials

Factoring a given polynomial means finding two or more polynomials of smaller
degree whose product is the given polynomial. It is like “undoing” multiplication.

For example, 422 — 4z — 3 factors as (2x + 1)(2x — 3) because

(27 + 1)(2z — 3) = 42° — 61 + 2z — 3 = 42° — 4z — 3.

HOW DO WE FACTOR A POLYNOMIAL?

1. Try finding a common factor, a term that divides evenly into each term of the
polynomial.

Example 3: Find a common factor of 223 + 422 — 14z.

Since 2z divides every term evenly, we can factor out 2z to get

22% + 42? — 142 = 2x(2* 4 22 — 7).
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2. Try using one of the following factoring formulas:

(1) a®>—b*=(a—"b)(a+Db)
(2) a®+2ab+b* = (a+b)?
(3) a*—2ab+b* = (a—b)?
(4) a®—b = (a—0b)(a*®+ ab+ b?)
(5) a®*+b*=(a+0b)(a®— ab+b?)
Example 4:
4z* — 9% = 2% (42% — 9) Common Factor
= 2*((22)* — 3%)
= 2%(2x — 3)(2z + 3) Formula (1)
Example 5:

922 + 482 + 64 = (32)% + 2(3x)(8) + 82
= (37 + 8)* Formula (2)

3. If the polynomial in question is quadratic, then the following formula may be useful:
2*+ (a+b)x + ab = (v + a)(z + b).

Given a polynomial of the form 22 + cx + d, to use this formula, try to find two numbers
a and b whose sum is ¢ and whose product is d.

Example 6: Factor 22 + 13z + 22.
Since 11+ 2 =13 and 11 - 2 = 22, we can find the factors:

22+ 1324+ 22 = (z + 11)(z + 2).
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(4) If the polynomial has four terms, it may be possible to factor by grouping.

Example 7: Factor 22® — 822 + 3z — 12.

Note that the first two terms have a common factor, as do the last two terms. Group
terms with common factors and pull out those factors:

27 — 827 + 3z — 12 = (22° — 82%) + (3x — 12)
=21%*(z — 4) + 3(z — 4)

Now we have two terms, each of which has a factor of (z — 4). Pull out that common
factor:

22 — 82% + 3z + 12 = 22°(z — 4) + 3(z — 4)
= (z —4)(22% + 3)

Roots of Polynomials

The roots of a polynomial a,z" + a,_12" ! + ...+ a1z + ag are those numbers r for
which
AnT™ + 1T+ 4 ayr +ag = 0.

Example 8: z = 2 is a root of the polynomial 22 + z — 6 because 22 + 2 — 6 = 0.

A polynomial can have only as many distinct roots as its degree. (It may have fewer,
but it cannot have more.) If x = r is a root of a given polynomial, then x — r is a factor
of that polynomial.

HOW DO WE FIND THE ROOTS OF A POLYNOMIAL?

(1) Try factoring the polynomial. Since a product equals zero if and only if any of its
factors equals zero, the roots of a polynomial are the roots of its factors.
Example 9: What are the roots of 22 — 62 — 40?
In other words, what z-values make 22 — 6z — 40 = 0?
22 —6x—40=0
(x—10)(z+4)=0
r—10=0 or z+4=0

r=10 or z=-4

18



Thus 22 — 62 — 40 has roots x = —4, 10.

Example 10: What are the roots of 4z* — 9227

dz* — 922 =0
r*(22 —3)(2z +3) =0
22=0 or 20—3=0 or 2x+3=0
3

or r—=——

:0 = —
Xz or I B 9

Thus 4z* — 927 has roots z = 0, 3, —3.

(2) If the polynomial is quadratic and of the form

az’® + bxr +c

then its roots are given by the quadratic formula:

o —b+Vb? — 4dac
B 2a

The quadratic formula will always find the roots of a quadratic polynomial. However,
factoring is sometimes faster.

Example 11: What are the roots of 222 — 4z 4+ 17

Here a =2, b = —4, and ¢ = 1, so the quadratic formula gives roots
—(=4) £ V(=42 -42)1) _2£V2
x = = :
2(2) 2

Thus 222 — 42 + 1 has roots z = % and ¢z = %

Example 12: What are the roots of 22 — 4z + 9?

In this case, the quadratic formula gives

(4 TS ANE) 4+
v 2(1) - 2

19



Whenever a root involves the square root of a negative number, we call this root imag-
inary. Imaginary roots are not real numbers and do not count as real roots. It is
assumed throughout most calculus courses that roots must be real numbers. When this
assumption is made, imaginary roots do not count as roots. Thus to answer the question,
“What are the roots of 22 — 4z + 9?”, we would say that 22 — 4z + 9 has no real roots
since its only roots are imaginary.

Since this polynomial is quadratic and has no real roots, we call it an irreducible
quadratic.

Advanced Root-Finding Techniques

The three techniques described above will be enough to find the find the roots of many
of the polynomials you will encounter. However, to find the roots of some polynomials,
especially polynomials of degree 3 or higher, you will need more advanced techniques,
such as the following:

1. The Rational Root Theorem says that if the coefficients of a polynomial a,z" +
an_1T" ' + ... 4+ a1 + ag are integers, then any rational root (that is, any root that
can be expressed as a fraction of integers) has the form :I:%’ where p and ¢ are positive
integers, p is a divisor of ag, and ¢ is a divisor of a,,.

Example 13: Find all rational roots of 3z + 22 — 12z — 4.

Here n = 3, a, = 3, and ay = —4. Since p is a divisor of ag = —4, p could be 1, 2,
or 4. Since q is a divisor of a,, = 3, ¢ could be 1 or 3. Hence any rational root of the
polynomial must be one of the following:

1 2 4
+1,42, 44, += £ 4+
337373

To determine which of these actually are roots, substitute each one into the polynomial:

20



z|323+122—-122 -4
1 —12
-1 6
2 0
-2 0
4 156
—4 —132
3 -7
_% 0

Since the polynomial is cubic, it has at most three roots. We have found three roots
(x =2, =2, and —%), so we have found all the roots of the polynomial.

2. If you can find one root of a polynomial (perhaps by applying the Rational Root
Theorem as we did in the last example), there are two methods of attempting to find
the remaining roots. One of these methods is called polynomial long division.
Example 14: Find all roots of 2* — 23 — 72? — 14z — 24.

The Rational Root Theorem tells us that all rational roots must be of the form ig,
where p and ¢ are positive integers, p is a divisor of ay = —24, and ¢ is a divisor of
a, = 1. Hence the candidates for rational roots are

41,42, 43,44, 46, +8, +12, +24.

Since (4)* — (4)3 — 7(4)? — 14(4) — 24 =0, x = 4 is a root and so x — 4 is a factor. Use
polynomial long division to divide the polynomial by x — 4:

21



x3 +322 +5z +6

r—4| 2t —? —7x? —14z —24
—(z* —423)
323 -7 —l4x 24
—(3z3 —122?)

52 —14x —24

—(5z* —20z)
6z —24
—(6z —24)
0

(Since we knew x — 4 was a factor of our polynomial, we expected to get 0 as our final
remainder.)

Thus z* — 23 — 722 — 142 — 24 = (2 —4)(2® + 322+ 52 +6). To factor 23+ 3z? + 52 +6,
we apply the Rational Root Theorem and get candidate rational roots +1, +2, +3, 4-6.
Since (—2)% +3(=2)> +5(-2)+6 =0,z = —2isaroot and so z — (—2) =z + 2 is a
factor. Use polynomial long division again:

x? +z +3

x+2| 28 +32%2 45 46
—(z® +22?)
x? +5z 46

—(z?  +21)
3T +6
—(3z) +6)

0

(As before, we expected to get 0 as our final remainder since we knew that z + 2 was a
factor of 2 + 322 + 5z +6.)
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Hence z* — 2% — 722 — 14z — 24 = (v — 4)(z + 2)(2* + = + 3). To find the roots of
2% 4+ x + 3, use the quadratic formula:

—1+4/12-4(1)(3)  -1+/-11
2(1) B 2

Tr =

These are imaginary roots, and so the real roots of the original polynomial are x = 4
and x = —2.

3. Given one root of a polynomial, the other method for finding the remaining roots is a
process called synthetic division. While polynomial long division lets you divide any
polynomial into any other polynomial, synthetic division is only possible if the divisor is a
polynomial of the form x —r. (Keep in mind that r could be negative, so +2 = z—(—2)
is such a polynomial.)

To use synthetic division to divide x — r into a,z"™ + ap_12™ * +...+ a1 + ag, begin
with the following diagram:
ﬂ ap Gp-1 -+ Q1 | Qg

If a power of z is missing from the polynomial, make sure to place a 0 in top row of the
corresponding column in the diagram. For example, to divide x + 2 into z* — 22 + 1,
begin with

-2]1 0 -1 0]1

Next, write a, in the bottom row of the column with a, in the top row. Then, for each
column from left to right,

(a) multiply the value in the bottom row of the previous column by r,

(b) write this value in the middle row,
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(c) add this value to the value in the top row, and

(d) write the result of this addition in the bottom row.

Eventually you will get a number in the lower righthand corner of the diagram. If
this number is not 0, then x — r is not a factor of the polynomial and so 7 is not a root.
If this number is 0, then  — r is a factor of the polynomial, r is a root of the polynomial,
and the numbers in the bottom row to the left of the vertical line tell you the coefficients
"+ ... Fa

r—r

a
of the other factor, the polynomial —

Example 15: Find all roots of 23 — 42?2 — 2z + 3.

The Rational Root Theorem gives us candidate rational roots 1 and +3. Use
synthetic division to see if 1 is a root:

Since —2 # 0, x = 1 is not a root. Try z = —1:

-111 -4 -2| 3

-1 5 | -3
1 -5 3|0
Since 0 appears in the lower righthand corner, x = —1 is a root and

2® —42® — 20+ 3 = (v + 1)(2® — 5z + 3).
Note how the numbers in the bottom row of the diagram (1, —5, and 3) give us the
coefficients of the other factor.
To find the roots of 22 — 52 + 3, use the quadratic formula:

_ (=5 £ V(=52 -4(1)(3) _ 5+ V13
o 2(1) T2
. 5413 X 5—\/3

nd
2 2

Hence the roots of the original polynomial are r = —
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Exercises

Determine the degree of the following polynomials.

1. 722-1 2. 1—=z
3. 14 4. ax®+bx?+cx+d

Simplify the following expressions by multiplying and collecting like powers of .

5. 2z(z®—1) 6. (4z* + 222 — 7)z?

7. (5z —1)(z + 6) 8. (2—-1)(2*+1)

9. (z+2)? 10. (z —1)?

11. (222 -1)(1 — = — 32?) 12, (—2%+ 2z — 3)(1423 + 1)
13. (ax +b)(cz +d) 14. (ax +b)3

15. z(z+1)(z +2) 16. (x —2)(z + 3)?

Factor completely the following polynomials.

17. 22 +=z 18. 3z* + 923

19. 22° + 422 + 22 20. —x®>+6x—9

21. 1622 — 25 22. 49x? — 81z*

23. 8—u8 24. 2723 +1

25. x®+ 12z +27 26. 21%+8z+6

27. x> —2x —8 28. 2244z —21

2. 3422 —z2-1 30. 16z* — 1623 + 2z —2
3. zt+223 —x—2 32. z*—8z2+16
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Find all real roots of the following polynomials.

33.
35.
37.
39.
41.

22 + 10z — 11
72 -9

2?2 —x—1
—2? +4z+1
T+ 4z +9

34.
36.
38.
40.
42.

2?2 —4x +4
22 + 25z + 100
x® + 22 + 2z
202 — Tz + 2
3r2 +x+2

Use the advanced root-finding techniques discussed in this section to find all real roots
of the following polynomials.

43.
45.
47.
49.
o1.

22— 622+ -6

22 — 923 — 222 4+ 392 — 18
2z* + 152% + 2522 — 8z + 16
xt — 72?4+ 12

xt — 1322 — 122

44, z® + 2? — 24z + 36

46. x* — 423+ 62° —dx + 1

48. 4z° —162* + 1723 — 1922 + 13z — 3
50. zt—a3 21 -4

52. 3zt — 32 — 62 — 12
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Algebraic Fractions

The simplest form of an algebraic fraction is a rational expression, which is a quotient
of two polynomials. Examples of rational expressions are

2 3xy+4y? T+5

— d .
5ab’ Tz o an 8

Lowest Terms

A fraction is said to be in lowest terms if all common factors of the numerator and
denominator have been canceled.

Example 1: Reduce the following fractions to lowest terms:

ot =22 2P(x-2)

(a) = =z

22—-2x  xz(r—2)

( )2x2+x—3_ (z-1)2z+4+3) (¢—-1)Q2z+3) 2z+3 2z+3
4—5z+12 (1-z)d—-2) —(r—-1)4-2) —-(4-z) z-4

A WARNING ABOUT CANCELING:
3z + Ty

#F3+ 7y

We cannot cancel the z’s because z is not a factor of every term in the numerator and

3r+Ty . .
every term in the denominator. The fraction Yis already in lowest terms.

Multiplying and Dividing

When multiplying fractions we use the following rule:
P R PR
Q S QS
that is, we multiply numerators together and denominators together.
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Example 2: Multiply and reduce to lowest terms:
r+2 oz z(x +2)
(a) : = 2
z+1 z+1 (z+1)

xy w?z  xywilz  w

(b)

wz x?y?  wzxly? xy

()2$—8'x2+4x+4_2(ac—4). (z+2)? 2@—4)(z+2)?
Y or2 T 2—16  z+2 @+d@-4 @+2)@+d)(@—4)
2z +2)
- x+4

In order to divide fractions, we use the following rule:

(a)

(s)

that is, we multiply the numerator by the reciprocal of the expression in the denominator.

_rs
- 57

Example 3: Divide and reduce to lowest terms:

Ty
(a) £V _ T (@+y)?® _ ayz+y)?® _ (z+y)°
22y r+y 2%y 22y(z +y) x
(z +y)?

TY — 2T  TY — 2T

b v w _wymz ow _aly-z) w_owly-z) y-c
E.y *y w Ty w Ty TWY Y
w w
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Adding and Subtracting
When adding or subtracting fractions, there are two cases to consider.
Case 1: Denominators are the same

When adding or subtracting fractions with the same denominators, we use the fol-

lowing rules:
P R P+R o
= r

RN Q@ Q0 Q

that is, we add or subtract the numerators and keep the common denominator.

P R _P-R

Example 4: Add or subtract and reduce to lowest terms:
(a) a a+b a-(a+b) a—-a-b  —b
b+2 b+2  b+2  b+2  b+2

Az —bzy | 2zy—y® 42’ —3zy—y® (dz+y)lz—y) 4dz+y

(b) . - -

g2 —y? 2t —y? z? —y? @+y)z—y) z+y

Case 2: Denominators are different

When adding or subtracting fractions with different denominators, we first find a
common denominator. There are many common denominators we can use, but the
“best” one is usually the Least Common Denominator (LCD). To find the LCD of the
given fractions, first factor the denominators. Then use each factor the greatest number
of times it occurs in any one of the denominators.

, We use as a common denominator

Example 5: In order to calculate a4 + a
(a—0)2 a—0>
(a — b)? since (a — b) is the only factor occurring in the denominators, and the greatest

number of times it occurs in any one of the denominators is two.

We compute: L — +a(a—b): ¢ +a2—ab

“(a=0)? a-b (a—=0)?% (a—0b)2 (a—b)? (a—0b)?
_a+a®*—ab
~ (a-0)p

Notice what happens with the above example if we had used as our common denom-
inator the product of the individual denominators instead of the LCD:
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¢, o _ a(a—b)_'_(z(a—b)2 _ala—b)+ala—b)? (a—0b)(a+ala—Db)]

(=02 a—-b (a—0b)3  (a—0b)3 (a —b)3 B (a —b)3

a+ala—b) a+a®—ab
(@=032  (a—0b)?

We get the same answer, but it takes more work!

Example 6: Add or subtract and reduce to lowest terms:
x 2 x 2 z(x +2) 2

) S i i o261 -9e+d D)@+

z(r+2) —2 2 + 2z — 2

(=2 (z+2) (z—-2)(z+2)

T x x Tz Ty rYz X2+ xY —2Y2

b) G-+ -5 ——= +
( ) y22 yzz Yz y222 y222

y2z2 y2Z2

a+1+b—2 _ bb(a+1) 3a(b—2) 5b(a+1)+3a(b—2) 5Sab+5b+ 3ab— 6a
3a 50 1bHab 15ab 15ab - 15ab

()

_ —b6a + 8ab + 5b
B 15ab

A WARNING ABOUT FRACTIONS:

x e s
_+_
y+27éy 2

Ty + 27 n T
2y y+2

If we add the fractions on the right hand side, we see that we get

Other Algebraic Fractions

The techniques used to simplify rational expressions may also be used to simplify alge-
braic fractions in which the numerator and /or denominator themselves contain fractional
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expressions. These types of fractions are called complex fractions. Two examples of
complex fractions are

1
4
° and \/64-4‘
x —x2 2 b

0
We use the following guidelines to simplify complex fractions.

Simplification Guidelines for Complex Fractions

Method 1:

1. Simplify the numerator and the denominator separately to obtain a single frac-
tional expression in each.

2. Treat the result as a division problem.
3. Simplify as usual.

Method 2:

1. Find the LCD of all denominators appearing in the entire fraction.
2. Multiply the entire fraction by 1, using r where n is the LCD found in step 1.
n

3. Simplify as usual.

Example 7: Perform the given operations and simplify:

1

1+ =
(a) —2
1_?

1 1 z 1 z+1
1L 2 1 -1 z 22-1 z(z+1)(z-1) =z-1
a2 g2 g2 22



Using Method 2:

1
14—
The expression ﬂf has denominators z and z?; the LCD is z2.
a2
1 1 1 2
Z - 1+ —
%o 1+x_1+x_x_2_<+x>x P4z z(z+l)
1_i_1_i = (1_i>x2_$2—1 (w4 —-1) =z-1
$2 1'2 xQ
(b) (22 +1)2 — 222(a2 +1)"2
1—2a2
Using Method 1:
1 222 22 +1 222
2 1 2.2 o @) - 2 1 2 (a2 3
(z"+1)2 — 227" +1)"> (@2+1)2 _ (¢2+1)2 (22+1)2
1—22 N 1—22 N 1—22
22 4+ 1 — 222 1 — 22
(@247 (@241)7  1—a? 11
N 1— a2 1 — g2 _(x2+1)% 1—x2_(x2+1)%
Using Method 2:
212
2yt 2
First write (22 +1)> — 22%(a® +1) > _ ( ) (22 + 1)z
1 — 22 N 1— 22 '
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This expression has the denominator (z2 + 1)2; the LCD is (22 + 1)2.

222
22+ 1)2 —
- (22 +1)2 — 22222 +1)"2 _ ( ) (@2 +1)7 (2*+1):
1— g2 B 1 —x2 (22 4+ 1)2
222 22%(22 + 1)2
@i —22 @1t @) o 2@
_ (22 +1)3 _ (22 + 1)7
(1—22)(z%+1)2 (1—22)(z2+1)2
2 +1— 222 1 — 2 1

(L-2?)@2+1)2  (1-2?)(@®+1)> (a2 +1)2

It is a matter of personal taste as to which of the methods in the above examples one
uses.

Rationalizing Fractions

When fractions have numerators or denominators containing sums or differences in-
volving radicals, we may sometimes want to rationalize the numerator or denominator.
Rationalizing the numerator means getting rid of any radicals in the numerator. Like-
wise, rationalizing the denominator means getting rid of any radicals in the denominator.

and reduce to lowest terms.

x
Example 8: Rationalize the numerator of

P 1+ x
In order to get rid of the radical y/ in the numerator, we multiply the given fraction

byﬁ

~— and compute:

VT

L ) S U2
1+vz 1+vz Vo (1+vVa)ve Vo+(Vr)? Voa+az

Note that we must multiply numerator and denominator by /z so that we don’t
change the value of the original fraction — we’re only multiplying by the number 1!
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When rationalizing the numerator or denominator of a fraction, we sometimes need
to use the conjugate of a given expression. Recall that to obtain the conjugate of
an two-term expression involving radicals, we change the sign between the terms. For

example, the conjugate of v/3 + \/z is /3 — \/z, and the conjugate of v/z +2 — 1 is
vr+241.

NE
1+x

We make use of the conjugate of 1 + /z, which is 1 — \/z. In order to get rid of the

and reduce to lowest terms.

Example 9: Rationalize the denominator of

radical /7 in the denominator, we multiply the given fraction by and compute:

T~
VB _ VB 1-VE_ VEl-VE) V- () _ Vi
N R RN A (RN (R R LR OV i

Again, we must multiply numerator and denominator by 1 — /z, so that we don’t
change the value of the original fraction.

Example 10: Rationalize the numerator of and reduce to lowest terms.

Ve +h—x
h

We make use of the conjugate of vz + h — y/z, which is vz + h + /2. In order to
get rid of the radicals vz + h and /x in the numerator, we multiply the given fraction

\/FJFI
Y Vet h+E

m VI _VITh—vE Vithtyi_ (Vith- /B (VT h+a)
h Vet+h+yz h(Vz +h+ /)

_(\/m)Q—(\/:EP_ s+h-z h B 1

 h(Vz+h+vT)  AMVr+h+vzZ) Az +h+VT) Vi+th+z

and compute:

Note that in Examples 8, 9, and 10, rationalizing the numerator or denominator did
not change the value of the original fraction since we were merely multiplying by the
number 1. Rationalizing the numerator of a fraction just “exchanges” a radical in the
top for a radical in the bottom. Likewise, rationalizing the denominator “exchanges” a
radical in the bottom for a radical in the top.
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Exercises

Reduce to lowest terms:

224+ —2

1.
2 —4

2a% — 3ab — 9b?
2ab? + 3b3

23+ 222 — 3z
2, —

—222 —x+3
A xt — 4x?

3 4 212

Perform the indicated operation(s) and reduce to lowest terms:

5 2a% — 2b? 4aq + 4b 6
’ b—a  a?+2ab+ b2 )
. x2—6x+9 3z +6 g
’ 2_x—6 2 —-Tr+3 ’
(y —2y—15)
29
9. 10.
12-4y
Y2 —6y+9
( 25xy° )
11. 145”+2y 12.
13, WH3_y=2 14.
y—2 y—2
15. 3_x_4_y 16.
449 3z
T+5 z—1
17. — 18.
224+ 72+10 22+5x+6

35

zy? 2w
wz? 1%z
1622 — 9y?
5x3y s
822 + 6zy
r2st

r =+ 8r

9r3t

32 4+2x—1
2r+6

x?—1
2 4+ 22— 3

3 8
r -
20— 1 x+ 2
4 3r — 12
1 n 1 x
r—2 x—2 x2—-4



19. 222, - 20. T
x? acy2+xyz 1_1
Z
z* —y? 1 1
21 1Y 29 PR
T —y Coa?— 1P
Y ab
x +1+x
-3
23. %‘x z 9q, T 7
— X e x—2_1
+
x 1+2x
o 2x(x+1)"2 — (z+1)2 26 2z 4+1)2 — (z+2)(2x+1)2
' 2 ' 2r + 1

Rationalize the numerator of each expression:

1++vVx+2
27. ———— 28. V9r2+2x — 3z
VI—+2
99, VY 30, 3=V
\/g—l 5%

Rationalize the denominator of each expression:

1+vV7+2 NG
31, —— 32.
V42 Vy—1
1 10
33. — 34, ——
VI + /Y 3z
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Inequalities

Statements containing <, >, < or > are called inequalities. A solution of an inequality
is a number that makes the statement true when the variable is replaced by that number.

Example 1: The solution set for the inequality x > —1 is every real number greater
than or equal to negative one. Below is a graph of this inequality. The interval notation
for this solution set is [—1, c0).

“«ttt ——t—)

-4 -3 20 -1 0 1 2 3 4

Note that we show —1 is a solution to the inequality by using a closed circle at —1. If
—1 was not a solution (i.e. if the inequality was z > —1), we would use an open circle
and the interval notation for the solution set would be (—1, 00).

Given any two real numbers, a and b, exactly one of the following is true:
a<b,a=>b,ora>bh.
To solve inequalities like
—T7x—8<6 and 9432z —4) >2x+13

we use methods similar to those used to find solutions of equations. These methods are
based on the four rules below.

Rules of Inequalities:
Let a, b, and ¢ be any real numbers.
(1) If a < band b < ¢, then a < c.
(2) Ifa < b, then a4+ c < b+ c.
(3) If a < b and ¢ is positive, then ac < be.

(4) If @ < b and c is negative, then ac > be.
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Example 2
(a)2<3and3<4s02<4
(b)b<7s05+2<T7+2=7<9
(c) 3<8s0(3)(4) < (8)(4)=12< 32
(d) 7<9s0 (7)(-2) > (9)(—2) = —14 > —18

Example 3: Solve (a) —7x —8 <6 and (b) 9+ 3(2x —4) > 22+ 13 for z and
write your solution set in interval notation.

(a) —Tr—8<6 (b) 9+3(2zx—4)>2x+13
—Tx—8+8<6+8 6r—3>2x+13
—Tr < 14 6r—2xr—3+3>2xr—2x+13+3
—Tx 14
—_ > — 4x > 16
7 7 7 ve
> 9 4a:>16
x — R— [—
4 — 4
(—2,00) x >4
[4, 00)

A polynomial inequality is an inequality that can be written with a polynomial
on one side and 0 on the other. After we have written the polynomial inequality with 0
on one side, we can begin to solve it by factoring the polynomial into linear factors. One
way to find the solution set for a polynomial inequality is to develop a chart containing
the signs of these factors.

Example 4: Find the solution set for 2 — 3 > 2z and write it in interval notation.

?-3>2 = 2°-22-3>0 = (z-3)(z+1)>0

Sign of
x+) - - - - - - - - - O+ +++++ + + + + +
(X-3) - - - - - - - - e - e e - e e - 0+ + +
x+D)x-3) + + + + + + + + 0 - - - - - - - - - 0+ + +
+—"—tttt1>>
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Since we are interested in values that make the product (z — 3)(z + 1) positive, the
solution set is (—oo, —1) U (3,00).

Example 5: Find the solution set for 20z — 2% — 2% < 0 and write it in interval notation.

20r—2*—2°<0 = 220—-r-2)<0 = z@d-2)(z+5)<0

Sign of
b S T O+ + + + + + + + + + +
@4x) + +++++++++++++++++++++ 0-- -
x+5) - --- 0+ 4+ ++++++++++++++++++ +
X4-x)E+5)+ + + 0- - - - - - - - - - - 0O+ ++ + + + + 0- - -
| | | | | | | |
< I ! I 1 1 1 I I T I T >

|
T
-5 0 4

Since we are interested in values that make the product z(4 — z)(xz +5) zero or negative,
the solution set is [—5, 0] U [4, 00).

A rational inequality is an inequality that can be written with a rational function
(a polynomial over a polynomial) on one side and 0 on the other. We can solve rational
inequalities using a method similar to the one used for polynomial inequalities.

x2 + 14x + 49

Example 6: Find the solution set for — 95 > 0 and write it in interval notation.
x_
2 2
x° + 14x + 49 z+7
T —2 T —2
Sign of
+7) - -0+ + ++ 4+ ++++4+++++4+++++ 4+ + + +
7)) - - 0+ ++++++++4+++++4+++++ 4+ 4+ + +
(0 S I T 0+ + + + +
KHDHU(x2) - - 0= = = = = = o o oo oo oo U+ + + + +
+t——tt >
-7 2

The solution set is {—7}U (2, 00). Note the “U” in the sign chart. This signifies that our
expression is undefined at 2. BEWARE! In general, a rational expression is not defined
for values which make the denominator zero.

39



To solve inequalities involving absolute value, we need the following properties:

Properties of Inequalities with Absolute Values:

Let a be any real number and let f(x) be an
expression involving z.

(1) If |f(z)] < a, then —a < f(z) < a.
(2) If |f(z)| > a, then f(z) < —a or f(x)>a.

Note that if | f(z)| < a, then f(z) satisfies both inequalities f(z) > —a and f(z) < a
for all values of x, and thus we may write this as one statement: —a < f(z) < a.
However, if |f(z)| > a, then, given a specific z value, f(z) satisfies either f(z) < —a or
f(z) > a but not both. Thus we cannot write this as a single statement without absolute
value signs.

Example 7: Solve |4 4+ x| — 6 > 5 and express the solution set in interval notation.
44+z[—6>5
d4+2x[—64+6>5+6
4+ z|>11
4+z<—-11 or 4+4+z>11

r<-=15 or x>7
The solution set is (—oo, —15) U (7, 00).

Example 8: Solve |7 — 2z| < 9 and express the solution set in interval notation.
|7—2z/ <9
-9<7-2x<9
—16 < 22 <2

8>z > -1

The solution set is [—1, 8].
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Exercises

Find the values of x that satisfy the following inequalities and write the solution sets in
interval notation.

1
1. §x+3>2 2. 3x+24>0 3. 22—-7<bx—-9
5 3 1 3 13z + 7
4. —_——r < —= . 3r——=—>—-+2 6. <bx—9
Gx_ 1 x 8>8+ x 1 < oz
7. 2244 >0 8. zt—25>0 9. 322+2x—-8<0
10. 922 < 81 11. 12—5x—2x2§0 12. 23 +4x > bx?
_ 2 _
13 24 1. 3=% < 15, LTS
T T+ 2 r+1
1 1 2—4 2x-—3 1 T 1
16. — — 17. — — 18. < —
6 <% [ 112 S TSI
19. |22 —3|>7 20. |4—z|>8 21. |50+ 13 < 12
5 1 1
2. ‘§+§x‘<6 93. 202z — 7|+ 11> 25 24, 4|5 3z| < 32
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Functions and Lines

Functions and Function Notation

One of the most important concepts in mathematics is that of a function, which can
be defined as a rule that assigns to each element z of a set A a unique value y in a set B.
We will write y = f(x) as function notation. A function can be thought of as a device
that takes an input x and produces an output y in such a way that every time a given
value of z is put into the device, the same value of y = f(z) is always produced.

Example 1: f(z) = z° + 4 is a function.

Note, however, that £ = 2 and x = —2 produce the same output y = 8. So a function
may give the same output for two different inputs, but it may not give two different
outputs for the same input.

In general, any polynomial expression can be used to define a function:
(@) = anz" + an12™ "+ ..+ a1z + ao.

Example 2: Let f take people in your class as input and produce as output the given
person’s biological mother. So if Bob is in your class, f(Bob) would be Bob’s mother.
Then (provided cloning is not a possibility!) f is a function.

Example 3: Suppose g is a rule that takes as input the people in your class and produces
as output a parent of a given person. Then, since g(Bob) might be Bob’s mother one
time and his father the next time, ¢ is not a function.

Example 4: Suppose h is a rule that takes as input the natural numbers (positive
integers) and produces as output for a given z a real number whose square is z. Then
h(9) could be 3 or —3, and h can’t be a function.

Domain and Range

The domain of a function y = f(z) is the set of values which can be used as inputs
for the function, i.e., the z’s. The range of a function is the set of possible outputs for
the function, i.e., the y’s. In first-year calculus, we are interested in real functions of a
real variable, so the domain and range will be sets of real numbers. If the domain is not
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specified for a function, it is assumed to be the largest set of real numbers for which the
function is defined.

Example 5: A polynomial function
f(z) = apz" +an 12" '+ ...+ a1z +ag
is defined for all real values of z, so the domain is the set of all real numbers.

Example 6: The range of a polynomial function may not be quite so easy to determine.
The range of g(x) = z® — 1, for example, is all real numbers (WHY?), but the range for
h(z) = 2% + 3 is the interval [3,00).

Example 7: A function of the form f(z where p(z) and ¢(x) are polynomials,
is called a rational function. The domaln is t}]e largest set of real numbers for which
the fraction is defined. This is the set of values for which the denominator ¢(x) is not 0.

For example, the domain of the rational function f(z) = % must be

{z|x #5} = (—o0,5) U (5, 00).

Example 8: We saw in Example 7 that division by 0 is not allowed. Similarly, we
cannot take even roots of negative numbers and produce a real number. So the domain

of the function g(x) = vz — 6 is [6,00).

Example 9: To find the domain of the function h(z) = %=L, we need both

Nz +7>0 and (2)x* — 16 # 0.

So z > —7 and x # £4, and the domain is [-7, —4) U (—4,4) U (4, 00).

Equality of Functions

Two functions f(z) and g(z) are equal if both of the following are true:
1) f and g have the same domain
2) f(z) = g(z) for all z in the domain of f and g.

As the following example shows, we must check both rules before declaring that two
functions are equal.
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Example 10: Are f(z) = % and g(z) =z + 1 equal?
If x # 2, then f(z) = (”i)% =z+1=g(z).

But if z = 2, then ¢(2) = 3 and f(2) = %2, which does not exist.

So f and g are not equal, since they do not have the same domain.

Piecewise Functions

A piecewise function is just what it sounds like: a function that is defined differ-
ently on different parts of its domain. A familiar example of a piecewise function is the
absolute value function, which is defined by

z if >0
f(x)—|$|—{_$ if £<0
So |2| = 2, since 2> 0, but | — 1000| = —(—1000) = 1000, because —1000 < 0.
Example 11: If f is the piecewise function defined by
202 +1 if z>1
flz) = 0 if z=1
Sr—4 if rx<1

then f(4) = 2(4)2+1 = 32+ 1 = 33, since 4 > 1. Likewise, f(1) = 0, and f(0) =
5(0) — 4 = —4.

Example 12: Let g(z) be a function that takes as input people in your class, and uses
the following rule for output:

(z) = 2’s first name if z is male
g ~ | 2’s last name if z is female

Then g(Bob Smith) = Bob and g(Sally Jones) = Jones.

The Cartesian Plane and Graphing Functions

In most of the examples above, we have described a function by using words or
equations. Another very useful way to define a function is to display it as a graph. The

44



graph of a function y = f(z) is the set of all points (z,y) in the Cartesian plane where
x is in the domain of f and y = f(x).

The definition of a function requires that for every z in the domain, there is one and
only one value y with y = f(z). Now a vertical line in the plane goes through all the
points that have a specific z-value. This means that if a curve in the plane represents
a function, a vertical line can intersect the curve in at most one point because a given
z-value can have only one y-value associated with it. This is so useful in identifying
graphs of functions that we state it as a rule:

Vertical Line Test: A curve in the Cartesian plane represents a function if and only if
any vertical line passes through the curve at most one time.

Example 13: The graph on the left represents a function, while the graph on the right

fails the Vertical Line Test and cannot be a function.

PN WA

Warning about Functions

It is tempting to try to simplify expressions involving functions by using some of the
familiar properties of arithmetic. This can lead to lots of mistakes and wrong answers.
Here is a list of things to remember for functions in general:

fla+b)# f(a) + f(b)
fla—1b) # f(a) — f(b)
f(ab) # f(a) f(b)

)

a f(a
1(3)# )
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Example 14: If f(z) = \/x, then
f(25-16) = f(9) =V9 =3,

but

£(25) — f(16) =v25 — V16 =5—4 = 1.

Remember that to simplify a function, you must first use the definition of the function,
and then use the properties that are familiar from arithmetic, algebra, or trigonometry.

Example 15: If f(z) = 2® + 5, find f(a +b).
fla+b)=(a+b)3+5=0a®+3a%b+3ab?> +b*>+5

Equations of Lines

The simplest types of lines are horizontal or vertical. A horizontal line is the set
of of all points with the same y-value: y = c. Similarly, a vertical line is the set of all
points with the same z-values: x = k. In general, we know from algebra that any line
that is not vertical can be represented by an equation of the form y = ma + b, where
m and b are real numbers. Since mx + b is a polynomial, a non-vertical line is just a
particular type of function.

Geometrically, we think of lines in terms of points and slope. If Pi(z1,y;) and
Py(z4,y9) are points in the Cartesian plane with z; # x5, the slope of the line join-
ing P, and P, is the number m = ﬁ A line may be thought of as a curve with the
property that the slope between any two points on the curve is a fixed constant. We
can use this property to write equations for lines in the plane that are determined by
different types of information.

1. If we are given a slope m and a point P;(x,%;) on the line, the equation of the line
through P; with slope m is determined by the fact that if P(x,y) is another point on
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the line, the slope between any two points must be m. So the equation of the line is
m = 2 which simplifies to

r—x1"’
y—y1 =m(z —z1).

We call this the point-slope form of an equation of a line.

2. The y-intercept of a line is the number b such that the line crosses the y-axis at
y = b. This means that the point (0,b) is on the line, and the equation for a line with
y-intercept b and slope m would be y — b = m(z — 0), or

y=mz + b.
We call this the slope-intercept form of an equation of a line.

3. A line can also be determined by two points. If P(z1,y;) and Py(x2,ys) are points

on a line, the slope of the line must be m = ﬁ So the equation of the line is
y—yi=220(z— 1), or

Y= _ Y=
T—1T1 To—T1

We call this the two-point form of an equation of a line.

Example 16: The line through the point (3,2) that has slope 4 has equation y — 2 =
4(x — 3), which simplifies to y = 4z — 10.

Example 17: The line through the two points (1,4) and (3,5) has equation z;j = g%‘ll,
which gives y —4 = (z — 1), or y = sz + .

Example 18: The line y = 4x — 7 has slope m = 4 and y-intercept b = —7.

Example 19: What is the z-intercept of the line y = 3z — 77

The z-intercept of a line is the point where the line crosses the z-axis, and on the
z-axis, we must have y = 0. If y = 0 in the equation of the line, then 0 = 3z — 7, and

r = % is the z-intercept for the line.
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Graphs of Lines

The simplest approach to drawing the graph of a line is to find two points on the
line and draw a straight line through them. A point on the line can be determined by
choosing a value for x and using the equation of the line to find the corresponding value
for y.

Example 20: Sketch the graph of the line y = %x — 6.

If x =0, then y = —6. If x = 4, then y = —3. So the points (0, —6) and (4, —3) are
on the line, and the graph is shown below:

Parallel and Perpendicular Lines

Two lines are parallel if they never cross. Parallel lines must have the same slope.
So the lines y = mix + by and y = mox + by are parallel if m; = mo.

Two lines are perpendicular if they cross at right angles. The slopes of perpendicular
lines must be negative reciprocals. In other words, the lines y = mix+b; and y = mox+by
are perpendicular if m, = _m%'
Example 21: What is the line that is parallel to the line y = 3z + 5 and passes through
the point (2,4)7

The slope of the line y = 3x + 5 is m = 3, so a line parallel to it has the same slope.
The line through (2,4) with slope m = 3 is y — 4 = 3(z — 2), giving us an answer of
y =3z — 2.
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Example 22: Find an equation for the line with y-intercept 4 that is perpendicular to
the line y = 2z + 3.

The slope of the given line is m; = 2, so the slope of the desired line will be my =

_m% = —1. The equation of the line with slope —3 and y-intercept 4 is y = —3z + 4.

Exercises

Which of the following are functions? Explain why or why not in each case. If the given
rule defines a function, give the domain of the function.

f(z) = y such that y* =z

f(x) = ba* — 723

f(z) = y such that y® =z

w o=

4. 'The rule that takes each year as input and gives back the age in years you were
during that calendar year.

5. The rule that takes an age in years as input and gives back the calendar year in
which you were that age.

6. The rule that takes people in your class as input and gives back each person’s age
in years at noon on September 4, 2001.

7. f(z) is the largest prime number less than z

Find the domain of each of the following functions.

8. f(z)=+vx+12

9. f(z)= %%
10. f(z) = Yt

_ x+4
S @) = 7= serg
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Which of the following graphs represent functions?

12. 13.

14. 15.

_ e
/ 1 -57_/ 2 -10 5\-2 5 10
10 _4\

For each of the following piecewise functions, give the value of f(z) for each of the z’s
listed.

16. z=-3, 1,2
S ifa£1,-1
ifr=1,-1

17. x=-1,0,3
2c+1 ifzx < -1

flz) =14 3z if—1<z<l
20 —1 ifx>1

18. x = and, blue, ingot

f(@) the first letter if the word z starts with a vowel
X =

the last letter if the word z starts with a consonant
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19. 2=-2,0,1,3
22 +3 ifz>1
flz)y=¢ L if 2<zr<l1

z if z < -2

Find an equation for each of the following lines. In each case, solve the equation for y.

20. The line with slope 2 and y-intercept 3.

21. The line with slope —2 and y-intercept 3.

22. The line that goes through the points (2,1) and (3,2).

23. The line that goes through the points (4,2) and (6,1).

24. The line through the point (1,0) that is parallel to the line y = § + 2.

25. The line that is parallel to y = —z — 1 and goes through the point (0,4).

26. The line that is perpendicular to y = 22 and has y-intercept 5.

27. The line that is perpendicular to y = —3z + 2 and goes through the point (2,2).

28. 'The line that is perpendicular to y = = + 2 and intersects that line at the same
point that it intersects with y = 2x + 1.
Graph each of the following lines.

29. y=—3z+2
30. y=—32+1
3. y=+v22—-3
32. y—4=Ly
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Completing the Square

A quadratic expression in z is a second-degree polynomial which has the general form
az® + bz + c.

In certain calculus applications, we need to be able to write quadratic expressions as the
sum or difference of two squares. The process for doing this, called completing the
square, involves reversing the procedure for squaring out a binomial:

(x4 d)* = 2* + 2dz + d°.
Here is an example that shows the steps to follow when a = 1.

Example 1: Complete the square on the quadratic 2% + 6z — 5.

1. Group the terms containing z and z?.
22 +6x—5= (22 +6x) -5

2. Take the coefficient of z, divide it by 2 and square the result.

6\ 2
—] =32=9
2)
3. Add the number from step 2 inside the parentheses and subtract it outside.

2 +6x—5=(2"+6x+9)—5-9

4. Write the expression inside the parentheses as a square and simplify the numerical
term outside.
2’ +6x—5=(z+3)%*-14
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Example 2: Complete the square in the expression 3% — 7y + 21.

v —Ty+21=(y? = Ty) +21

2
:<y2—7y+%>+21—% since<_27) :44—9
_(y_z)2+84—49
2 4
B 7\* 35
(-3

Example 3: Complete the square on z and y in the equation z? + 12z + y? — y = 14.

MU=2>+120+y*>—y
= (2" +122) + (y* — v)

1 1
= (z* + 122 + 36) — 36 + (yQ—y—f-—) 2

4
:(:c+6)2+<y—%>2— (36-{—%)

1\? 145
_ 2 _ = _
= (z +6) +<y 2) 1

So we have

1\? 145
(x+6)2+<y—§> ———=14

which simplifies to the equation

1\2 145
(z+6)*+ (y—§> =14+
or

1\?> 564145 201
2 —_ = = =
(x4+6)"+ (y 2) 1 =
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A quadratic expression where a # 1 requires an additional step in completing the

square.

Example 4: Complete the square in the expression 42 — 48z + 5.

1. Group the terms containing 22 and z.

42° — 482 + 5 = (42® — 482) + 5

2. Factor out the coefficient @ of 22 from the terms in the parentheses.

42° — 482 + 5 =4(2*> — 122) + 5

3. Take the coefficient of z, divide it by 2, and square the result.

12 2_36
: —

4. Add the number from Step 3 inside the parentheses and subtract a
outside the parentheses.

42% — 48z + 5 = 4(z* — 122 + 36) + 5 — 4(36)

times the number

5. Write the expression inside the parentheses as a square and simplify the numerical

expression outside the parentheses.
42° — 487 + 5 = 4(x — 6)* — 139

Example 5: Complete the square for 1 + 15m — 10m?2.

1+ 15m —10m? = —10m? + 16m + 1
= (=10m? + 15m) + 1

3
=-10 <m2 - §m> +1

3 9
=-10 <m2—§m+ﬁ> +1—(—10)<

3\? 53
=10 = bt
(m 4) T3

04
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Example 6: Complete the square for the expression 14z — z2.

Exercises
Complete the square in each of the following expressions:

. 224102 =20
6y2 — 24y

9 — 5k? + 22k

1
2
3
4. 4x% +2x — 12
5
6. —6n?—18n —13

Complete the square in x and y for each of the following equations:

7. 92 — 18z + 4y® + 4y = 27

8. 2y’ —6x+4y+7—22=0

9. 1622 — 9y? = 305 + 90y — 64«
10. 122 —2y% — 322 —4y+8=0
11. y—2=1— 222 — 292
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Trigonometry

The Unit Circle

The first key to understanding trigonometry is to know the unit circle. The unit
circle is the circle centered at (0,0) with radius 1.

©, 1

B /"\(1’0)

©,-1)

Consider an angle # in the unit circle. The angle is positive if it is measured coun-
terclockwise from the positive x-axis and negative if it is measured clockwise.

SN
NI

The above angles are measured using degrees. An angle § may also be measured
using radians. The radian measurement corresponds to a distance around the circum-
ference, C', of the unit circle (C' = 2m).

Let us measure an arc on the unit circle starting at (1,0) of length § and ending at
a point P. If we draw a ray from the origin through point P, we have formed an angle

0, where § = 7 radians.
Tt
— radians
6 4
\J(LO)

26




The following two angles are the same.

e A
NIV

To convert radians to degrees and vice versa, use the following equation.

7 radians = 180°

Example 1: Convert 30° to radians.

7 radians = 180°

™ .
—— radians = 1°

180

30 - —— radians = 30 - 1°
- — radians = 30 -
]_80 adlans

% radians = 30°

Example 2: Convert %’r radians to degrees.

7 radians = 180°

R - 7 radians = § -180°

8% radians = 288°

57



Trigonometric Functions

Consider the point P = (x,y) where the angle of measure 6 intersects the unit circle.
We use the coordinates x and y of this point to define six trigonometric functions of

6.

o, 1)
P
(x,y)

(-1,0) 0 (1,0)

0,-1

We define the cosine of 6 to be the z-coordinate of this point and the sine of 6 to
be the y-coordinate of this point. We use the abbreviations “cos” for cosine and “sin”
for sine. Thus,

cosf =x and sinf = y.

Notice that the z and y coordinates of all points on the unit circle lie somewhere
between —1 and 1. Thus

—1<cosf <1 and —1<sinf<1

no matter what 6 is.

% and cos 7. Since 7 radians equals 45°,

We can use geometry to determine sin % i
consider a 45°-45°-90° triangle with a hypotenuse of length 1. Such a triangle must have

1
legs each of length 7

45°
' 1
/2
\4° ]
1
/2



By moving this triangle into the unit circle and remembering that 45° equals

radians, we find that the corresponding point on the unit circle has (z,y)-coordinate
11

)

INE

Thus

d T 1
an COS— =T = —=
4 V2

4 V2
We can find sin %, cos T, sin X

S .. . . . .
3 T %> and cos % in a similar fashion by noting that 7 radians

equals 60° and % radians equals 30°. A 30°-60°-90° triangle with a hypotenuse of length
1 gives us the information we need.
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Thus
. ™ \/3
sin — = — and CcoS — = —
6 6 2

and
s'7T v3 and cosﬂ 1
m_— = — il _ = —,
3 2 3 2

In calculus, we measure angles in radians, and we often use the trig values we just
found, so it will be helpful to memorize the “enhanced” unit circle on the next page.
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(-1,

Four other trigonometric functions are defined using sine and cosine. They are the se-
cant (“sec”), cosecant (“csc”), tangent (“tan”), and cotangent (“cot”) trigonometric
functions, defined as follows.

1 1
0 - 0 =
Sec cos @ e8¢ sin 0
sin 6 1 cosf
tanf = th = =
an cos @ €0 tanf  sinf

Since cosf and sin @ are 0 for some values of 6, the trig functions sec ), csc @, tan,
and cot f are undefined for some values of #. For more information, see the graphs of
the trig functions at the end of this section.
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Example 3: Find cot £.

RV
T cosk X2
cot—=-—3 =2 =4/3
6 sin 3
The unit circle has four quadrants.
y
x<0 x>0
y>0 y>0
[ I
(0,0) .
[l v
x<0 x>0
y<0 y<0

Note that a point in Quad II will have a negative x-value and a positive y-value. Thus,
cosine is negative and sine is positive in Quad II. To remember which trig functions are

positive in which quadrants, use the saying, “All Students Take Calculus.”

Sine | All
csch

positive | positive
Tane | Cose
cote sec 6

positive

Example 4: Find cos 4.

positive

We will first find in which quadrant 4?” lies.
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n 0,21

(45

Due to symmetry, % and %” have the same coordinates except for the negative signs.

Thus
47 1
Cos — = ——.
3 2
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Trigonometric Identities

The following trigonometric identities will be useful in calculus.

cos?f +sin?6 =1
tan?f + 1 = sec? 6
cot?6 +1 = csc? 0

sin(a + b) = sinacosb + cosasinb
sin(a — b) = sinacosb — cosasinb
cos(a+b) = cosacosb —sinasinb

cos(a — b) = cosacosb + sin asin b

sin 20 = 2sin 0 cos 0

cos 20 = cos? f — sin? 6

=2cos’fh —1
=1 —2sin%6
1 20
cos2gzﬂi
2
1-— 20
sinQo:%

cos(—0) = cosf

sin(—f) = —sin @

It is mot necessary to memorize all of the above identities!
identity is derived, one can reduce the amount of memorization necessary.
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The equation of the unit circle is #2 + y? = 1. The Pythagorean theorem also gives
us the equation z2 + y? = 1. This equation gives us

cos?f +sin’H = 1.
Dividing this equation by cos? 6, we obtain

cos?f  sin’#@ 1

= or 1 + tan?# = sec?#.
cos20  cos?f  cos?0

Dividing cos? # + sin? @ = 1 by sin? # we obtain

cos?f sin?6 1

= or cot? 0 + 1 = csc? 4.
sin’f  sin’@  sin%6

Using
sin(a + b) = sina cos b + cosasinb

and
cos(a + b) = cosacosb —sinasinb

with a = b = 0, we obtain the formulas

sin 260 = 2sin @ cos 0 and cos 20 = cos? f — sin? 6.

Also
cos 20 = cos? f — sin? 6
=cos’ 6 — (1 — cos? 0)
=2cos’f—1
and

cos 20 = cos? f — sin? 6
= (1 —sin® @) —sin®f

=1—2sin%6

using the identity cos? § +sin?6 = 1. We can then solve for cos? 6 in cos 26 = 2 cos?f — 1

to get
1+ cos 26

2

cos?f =
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Solving for sin?# in cos 20 = 1 — 2sin?# gives us

1— cos 20
sin29=%.

Finding the Values of Trigonometric Functions

Given the values for one trig function, we can find the values for the other five trig
functions. There are two ways to do this.

Method 1: Use identities.

Example 5: (Using Method 1) Given 6 is in Quad III and cot § = 2, find the values
of the remaining trig functions.

First, cotangent and tangent are reciprocals, so

1
tanf = — = —.
an cotfd 2

Next use the identity cot?§ + 1 = csc?  to get csc6:

cot?f +1 = csc? 6

22 + 1 =csc?6
csch = 5
csch = —/5

since € is in Quad IIL.

Cosecant and sine are reciprocals, so

1
R
S csc

Using sin? + cos? 0 = 1, we get

2
1
cos® 0 + (—%> =1
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4
cos?f = —
5
2
cosf) = +—
V5
2
cosf = ———
V5

since 6 is in Quad III.

Cosine and secant are reciprocals, so

secl =

L _ V5
>

cosf

This gives us all six trig function values.

Method 2: Use a right triangle with 0 radians < 6 < 7 radians.

hypotenuse
opposite
) © [
adjacent
This gives

) opposite adjacent opposite

sinl = — cosf) = —— tanf = ——
hypotenuse hypotenuse adjacent

One can remember these equations using the acronym “SOH CAH TOA” where S =
sine, O = opposite, H = hypotenuse, C = cosine, A = adjacent, and T = tangent.

(In the previous triangle, we assumed 6 was in Quad 1. However, by using symmetry,
we can assume # is in any quadrant. But be careful of the SIGNS of the trig functions
when 6 is in Quad II, III, or IV!)

We will now work Example 5 again using Method 2.

67



Example 5: (Using Method 2) Given 6 is in Quad III and cot § = 2, find the values
of the remaining trig functions.

_adj 2
“opp 1
12+ 22_ 2
h =5
Next note that € is in Quad III. Thus
cosf = adj _ 2 secl = L _ V5
~ hyp 5 "~ cosf 2
. opp 1 1
sin hyp 7 csc e V5
1
tanf = opp = -
adj 2

This gives us the values of all six trig functions.

Solving Equations Involving Trig Functions

We will begin by considering equations with one term involving a trigonometric func-
tion.

Example 6: Solve 2sinx = 1.

We want to find which values of z make this equation true. We will not