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Chapter 1

Spectral theory

If A is a complex unital algebra then we denote by G(A) the set of elements
which have a two sided inverse. If x ∈ A, the spectrum of x is

σA(x) = {λ ∈ C | x− λ 6∈ G(A)}.

The complement of the spectrum is called the resolvent and denoted ρA(x).

Proposition 1.0.1. Let A be a unital algebra over C, and consider x, y ∈ A.
Then σA(xy) ∪ {0} = σA(yx) ∪ {0}.

Proof. If 1− xy ∈ G(A) then we have

(1− yx)(1 + y(1− xy)−1x) = 1− yx+ y(1− xy)−1x− yxy(1− xy)−1x

= 1− yx+ y(1− xy)(1− xy)−1x = 1.

Similarly, we have
(1 + y(1− xy)−1x)(1− yx) = 1,

and hence 1− yx ∈ G(A). �

Knowing the formula for the inverse beforehand of course made the proof of
the previous proposition quite a bit easier. But this formula is quite natural to
consider. Indeed, if we just consider formal power series then we have

(1− yx)−1 =

∞∑
k=0

(yx)k = 1 + y(

∞∑
k=0

(xy)k)x = 1 + y(1− xy)−1x.

1.1 Banach and C∗-algebras

A Banach algebra is a Banach space A, which is also an algebra such that

‖xy‖ ≤ ‖x‖‖y‖.
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A Banach algebra A is involutive if it possesses an anti-linear involution ∗,
such that ‖x∗‖ = ‖x‖, for all x ∈ A.

If an involutive Banach algebra A additionally satisfies

‖x∗x‖ = ‖x‖2,

for all x ∈ A, then we say that A is a C∗-algebra. If a Banach or C∗-algebra
is unital, then we further require ‖1‖ = 1.

Note that if A is a unital involutive Banach algebra, and x ∈ G(A) then
(x−1)∗ = (x∗)−1, and hence σA(x∗) = σA(x).

Example 1.1.1. Let K be a locally compact Hausdorff space. Then the space
C0(K) of complex valued continuous functions which vanish at infinity is a C∗-
algebra when given the supremum norm ‖f‖∞ = supx∈K |f(x)|. This is unital
if and only if K is compact.

Example 1.1.2. Let H be a complex Hilbert space. Then the space of all
bounded operators B(H) is a C∗-algebra when endowed with the operator norm
‖x‖ = supξ∈H,‖ξ‖≤1 ‖xξ‖.

Lemma 1.1.3. Let A be a unital Banach algebra and suppose x ∈ A such that
‖1− x‖ < 1, then x ∈ G(A).

Proof. Since ‖1− x‖ < 1, the element y =
∑∞
k=0(1− x)k is well defined, and it

is easy to see that xy = yx = 1. �

Proposition 1.1.4. Let A be a unital Banach algebra, then G(A) is open, and
the map x 7→ x−1 is a continuous map on G(A).

Proof. If y ∈ G(A) and ‖x− y‖ < ‖y−1‖ then ‖1− xy−1‖ < 1 and hence by the
previous lemma xy−1 ∈ G(A) (hence also x = xy−1y ∈ G(A)) and

‖xy−1‖ ≤
∞∑
n=0

‖(1− xy−1)‖n

≤
∞∑
n=0

‖y−1‖n‖y − x‖n =
1

1− ‖y‖−1‖y − x‖
.

Hence,

‖x−1 − y−1‖ = ‖x−1(y − x)y−1‖

≤ ‖y−1(xy−1)−1‖‖y−1‖‖y − x‖ ≤ ‖y−1‖2

1− ‖y−1‖‖y − x‖
‖y − x‖.

Thus continuity follows from continuity of the map t 7→ ‖y−1‖2
1−‖y−1‖t t, at t = 0. �

Proposition 1.1.5. Let A be a unital Banach algebra, and suppose x ∈ A, then
σA(x) is a non-empty compact set.
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Proof. If ‖x‖ < |λ| then x
λ − 1 ∈ G(A) by Lemma 1.1.3, also σA(x) is closed by

Proposition 1.1.4, thus σA(x) is compact.
To see that σA(x) is non-empty note that for any linear functional ϕ ∈ A∗,

we have that f(z) = ϕ((x− z)−1) is analytic on ρA(x). Indeed, if z, z0 ∈ ρA(x)
then we have

(x− z)−1 − (x− z0)−1 = (x− z)−1(z − z0)(x− z0)−1.

Since inversion is continuous it then follows that

lim
z→z0

f(z)− f(z0)

z − z0
= ϕ((x− z0)−2).

We also have limz→∞ f(z) = 0, and hence if σA(x) were empty then f would be
a bounded entire function and we would then have f = 0. Since ϕ ∈ A∗ were
arbitrary this would then contradict the Hahn-Banach theorem. �

Theorem 1.1.6 (Gelfand-Mazur). Suppose A is a unital Banach algebra such
that every non-zero element is invertible, then A ∼= C.

Proof. Fix x ∈ A, and take λ ∈ σ(x). Since x− λ is not invertible we have that
x− λ = 0, and the result then follows. �

If f(z) =
∑n
k=0 akz

k is a polynomial, and x ∈ A, a unital Banach algebra,
then we define f(x) =

∑n
k=0 akx

k ∈ A.

Proposition 1.1.7. Let A be a unital Banach algebra, x ∈ A and f a polyno-
mial. then σA(f(x)) = f(σA(x)).

Proof. If λ ∈ σA(x), and f(z) =
∑n
k=0 akz

k then

f(x)− f(λ) =

n∑
k=1

ak(xk − λk)

= (x− λ)
∑
k=1

ak

k−1∑
j=0

xjλk−j−1,

hence f(λ) ∈ σA(x). conversely if µ 6∈ f(σA(x)) and we factor f − µ as

f − µ = αn(x− λ1) · · · (x− λn),

then since f(λ) − µ 6= 0, for all λ ∈ σA(x) it follows that λi 6∈ σA(x), for
1 ≤ i ≤ n, hence f(x)− µ ∈ G(A). �

If A is a unital Banach algebra and x ∈ A, the spectral radius of x is

r(x) = sup
λ∈σA(x)

|λ|.

Note that by Proposition 1.1.5 the spectral radius is finite, and the supremum
is attained. Also note that by Proposition 1.0.1 we have the very useful equality
r(xy) = r(yx) for all x and y in a unital Banach algebra A. A priori the spectral
radius depends on the Banach algebra in which x lives, but we will show now
that this is not the case.
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Proposition 1.1.8. Let A be a unital Banach algebra, and suppose x ∈ A.
Then limn→∞ ‖xn‖1/n exists and we have

r(x) = lim
n→∞

‖xn‖1/n.

Proof. By Proposition 1.1.7 we have r(xn) = r(x)n, and hence

r(x)n ≤ ‖xn‖,

showing that r(x) ≤ lim infn→∞ ‖xn‖1/n.
To show that r(x) ≥ lim supn→∞ ‖xn‖1/n, consider the domain Ω = {z ∈ C |

|z| > r(x)}, and fix a linear functional ϕ ∈ A∗. We showed in Proposition 1.1.5
that z 7→ ϕ((x−z)−1) is analytic in Ω and as such we have a Laurent expansion

ϕ((z − x)−1) =

∞∑
n=0

an
zn
,

for |z| > r(x). However, we also know that for |z| > ‖x‖ we have

ϕ((z − x)−1) =

∞∑
n=1

ϕ(xn−1)

zn
.

By uniqueness of the Laurent expansion we then have that

ϕ((z − x)−1) =

∞∑
n=1

ϕ(xn−1)

zn
,

for |z| > r(x).

Hence for |z| > r(x) we have that limn→∞
ϕ(xn−1)
|z|n = 0, for all linear

functionals ϕ ∈ A∗. By the uniform boundedness principle we then have

limn→∞
‖xn−1‖
|z|n = 0, hence |z| > lim supn→∞ ‖xn‖1/n, and thus

r(x) ≥ lim sup
n→∞

‖xn‖1/n. �

Exercise 1.1.9. Suppose A is a unital Banach algebra, and I ⊂ A is a closed
two sided ideal, then A/I is again a unital Banach algebra, when given the norm
‖a+ I‖ = infy∈I ‖a+ y‖, and (a+ I)(b+ I) = (ab+ I).

Exercise 1.1.10. Let A be a unital Banach algebra and suppose x, y ∈ A such
that xy = yx. Show that r(xy) ≤ r(x)r(y).

1.2 The Gelfand transform

Let A be a abelian Banach algebra, the spectrum of A, denoted by σ(A), is
the set of continuous ∗-homomorphsims ϕ : A → C such that ‖ϕ‖ = 1, which
we endow with the weak*-topology as a subset of A∗.
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Note that if A is unital, and ϕ : A→ C is a ∗-homomorphism, then it follows
easily that ker(ϕ)∩G(A) = ∅. In particular, this shows that ϕ(x) ∈ σ(x), since
x − ϕ(x) ∈ ker(ϕ). Hence, for all x ∈ A we have |ϕ(x)| ≤ r(x) ≤ ‖x‖. Since,
ϕ(1) = 1 this shows that the condition ‖ϕ‖ = 1 is automatic in the unital case.

It is also easy to see that when A is unital σ(A) is closed and bounded, by
the Banach-Alaoglu theorem it is then a compact Hausdorff space.

Proposition 1.2.1. Let A be a unital Banach algebra. Then the association
ϕ 7→ ker(ϕ) gives a bijection between the spectrum of A and the space of maximal
ideals.

Proof. If ϕ ∈ σ(A) then ker(ϕ) is clearly an ideal, and if we have a larger ideal
I, then there exists x ∈ I such that ϕ(x) 6= 0, hence 1 − x/ϕ(x) ∈ ker(ϕ) ⊂ I
and so 1 = (1− x/ϕ(x)) + x/ϕ(x) ∈ I which implies I = A.

Conversely, if I ⊂ A is a maximal ideal, then I ∩ G(A) = ∅ and hence
‖1 − y‖ ≥ 1 for all y ∈ I. Thus, I is also an ideal and 1 6∈ I which shows
that I = I by maximality. We then have that A/I is a unital Banach algebra,
and since I is maximal we have that all non-zero elements of A/I are invertible.
Thus, by the Gelfand-Mazur theorem we have A/I ∼= C and hence the projection
map π : A→ A/I ∼= C gives a continuous homomorphism with kernel I. �

Suppose A is a unital C∗-algebra which is generated (as a unital C∗-algebra)
by a single element x, if λ ∈ σA(x) then we can consider the closed ideal gen-
erated by x − λ which is maximal since x generates A. This therefore induces
a map from σA(x) to σ(A). We leave it to the reader to check that this map is
actually a homeomorphism.

Let A be a unital abelian Banach algebra, the Gelfand transform is the
map Γ : A→ C(σ(A)) defined by

Γ(x)(ϕ) = ϕ(x).

Theorem 1.2.2. Let A be a unital abelian Banach algebra, then the Gelfand
transform is a contractive homomorphism, and Γ(x) is invertible in C(σ(A)) if
and only if x is invertible in A.

Proof. It is easy to see that the Gelfand transform is a contractive homomor-
phism. Also, if x ∈ G(A), then Γ(a)Γ(a−1) = Γ(aa−1) = Γ(1) = 1, hence Γ(x) is
invertible. Conversely, if x 6∈ G(A) then since A is abelian we have that the ideal
generated by x is non-trivial, hence by Zorn’s lemma we see that x is contained
in a maximal ideal I ⊂ A, and from Proposition 1.2.1 there exists ϕ ∈ σ(A)
such that Γ(x)(ϕ) = ϕ(x) = 0. Hence, in this case Γ(x) is not invertible. �

Corollary 1.2.3. Let A be a unital abelian Banach algebra, then σ(Γ(x)) =
σ(x), and in particular ‖Γ(x)‖ = r(Γ(x)) = r(x), for all x ∈ A.

1.3 Continuous functional calculus

Let A be a C∗-algebra. An element x ∈ A is:
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• normal if xx∗ = x∗x.

• self-adjoint if x = x∗, and skew-adjoint if x = −x∗.

• positive if x = y∗y for some y ∈ A.

• a projection if x∗ = x2 = x.

• unitary if A is unital, and x∗x = xx∗ = 1.

• isometric if A is unital, and x∗x = 1.

• partially isometric if x∗x is a projection.

We denote by A+ the set of positive elements, and a, b ∈ A are two self-
adjoint elements then we write a ≤ b if b − a ∈ A+. Note that if x ∈ A then
x∗A+x ⊂ A+, in particular, if a, b ∈ A are self-adjoint such that a ≤ b, then
x∗ax ≤ x∗bx.

Proposition 1.3.1. Let A be a C∗-algebra and x ∈ A normal, then ‖x‖ = r(x).

Proof. We first show this if x is self-adjoint, in which case we have ‖x2‖ = ‖x‖2,
and by induction we have ‖x2n‖ = ‖x‖2n for all n ∈ N. Therefore, ‖x‖ =
limn→∞ ‖x2n‖2n = r(x).

If x is normal then by Exercise 1.1.10 we have

‖x‖2 = ‖x∗x‖ = r(x∗x) ≤ r(x∗)r(x) = r(x)2 ≤ ‖x‖2. �

Corollary 1.3.2. Let A and B be two unital C∗-algebras and Φ : A → B a
unital ∗-homomorphism, then Φ is contractive. If Φ is a ∗-isomorphism, then
Φ is isometric.

Proof. Since Φ is a unital ∗-homomorphism we clearly have Φ(G(A)) ⊂ G(B),
from which it follows that σB(Φ(x)) ⊂ σA(x), and hence r(Φ(x)) ≤ r(x), for all
x ∈ A. By Proposition 1.3.1 we then have

‖Φ(x)‖2 = ‖Φ(x∗x)‖ = r(Φ(x∗x)) ≤ r(x∗x) = ‖x∗x‖ = ‖x‖2.

If Φ is a ∗-isomorphism then so is Φ−1 which then shows that Φ is isometric.
�

Corollary 1.3.3. Let A be a unital complex involutive algebra, then there is at
most one norm on A which makes A into a C∗-algebra.

Proof. If there were two norms which gave a C∗-algebra structure to A then by
the previous corollary the identity map would be an isometry. �

Lemma 1.3.4. Let A be a unital C∗-algebra, if x ∈ A is self-adjoint then
σA(x) ⊂ R.
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Proof. Suppose λ = α+iβ ∈ σA(x) where α, β ∈ R. If we consider y = x−α+it
where t ∈ R, then we have i(β + t) ∈ σA(y) and y is normal. Hence,

(β + t)2 ≤ r(y)2 = ‖y‖2 = ‖y∗y‖
= ‖(x− α)2 + t2‖ ≤ ‖x− α‖2 + t2,

and since t ∈ R was arbitrary it then follows that β = 0. �

Lemma 1.3.5. Let A be a unital Banach algebra and suppose x 6∈ G(A). If
xn ∈ G(A) such that ‖xn − x‖ → 0, then ‖x−1

n ‖ → ∞.

Proof. If ‖x−1
n ‖ were bounded then we would have that ‖1−xx−1

n ‖ < 1 for some
n. Thus, we would have that xx−1

n ∈ G(A) and hence also x ∈ G(A). �

Proposition 1.3.6. Let B be a unital C∗-algebra and A ⊂ B a unital C∗-
subalgebra. If x ∈ A then σA(x) = σB(x).

Proof. Note that we always have G(A) ⊂ G(B). If x ∈ A is self-adjoint such
that x 6∈ G(A), then by Lemma 1.3.4 we have it ∈ ρA(x) for t > 0. By the
previous lemma we then have

lim
t→0
‖(x− it)−1‖ =∞,

and thus x 6∈ G(B) since inversion is continuous in G(B).
For general x ∈ A we then have

x ∈ G(A)⇔ x∗x ∈ G(A)⇔ x∗x ∈ G(B)⇔ x ∈ G(B).

In particular, we have σA(x) = σB(x) for all x ∈ A. �

Because of the previous result we will henceforth write simply σ(x) for the
spectrum of an element in a C∗-algebra.

Theorem 1.3.7. Let A be a unital abelian C∗-algebra, then the Gelfand trans-
form Γ : A→ C(σ(A)) gives an isometric isomorphism between A and C(σ(A)).

Proof. If x is self-adjoint then from Lemma 1.3.4 we have σ(Γ(x)) = σ(x) ⊂ R,
and hence Γ(x) = Γ(x∗). In general, if x ∈ A we can write x as x = a + ib

where a = x+x∗

2 and b = i(x∗−x)
2 are self-adjoint. Hence, Γ(x∗) = Γ(a − ib) =

Γ(a)− iΓ(b) = Γ(a) + iΓ(b) = Γ(x) and so Γ is a ∗-homomorphism.
By Proposition 1.3.1, if x ∈ A we then have

‖x‖2 = ‖x∗x‖ = r(x∗x)

= r(Γ(x∗x)) = ‖Γ(x∗)Γ(x)‖ = ‖Γ(x)‖2,

and so Γ is isometric, and in particular injective.
To show that Γ is surjective note that Γ(A) is self-adjoint, and closed since

Γ is isometric. Moreover, Γ(A) contains the constants and clearly separates
points, hence Γ(A) = C(σ(A)) by the Stone-Weierstrauss theorem. �
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Since we have seen above that if A is generated as a unital C∗-algebra
by a single normal element x ∈ A, then we have a natural homeomorphism
σ(x) ∼= σ(A). Thus by considering the inverse Gelfand transform we obtain an
isomorphism between C(σ(x)) and A which we denote by f 7→ f(x).

Theorem 1.3.8 (Continuous functional calculus). Let A and B be a unital C∗-
algebras, with x ∈ A normal, then this functional calculus satisfies the following
properties:

(i) The map f 7→ f(x) is a homomorphism from C(σ(x)) to A, and if f(z) =∑n
k=0 akz

k is a polynomial, then f(x) =
∑n
k=0 akx

k.

(ii) For f ∈ C(σ(x)) we have σ(f(x)) = f(σ(x)).

(iii) If Φ : A→ B is a C∗-homomorphism then Φ(f(x)) = f(Φ(x)).

(iv) If xn ∈ A is a sequence of normal elements such that ‖xn − x‖ → 0, Ω is
a compact neighborhood of σ(x), and f ∈ C(Ω), then for large enough n
we have σ(xn) ⊂ Ω and ‖f(xn)− f(x)‖ → 0.

Proof. Parts (i), and (ii) follow easily from Theorem 1.3.7. Part (iii) is obvious
for polynomials and then follows for all continuous functions by approximation.

For part (iv), the fact that σ(xn) ⊂ Ω for large n follows from continuity of
inversion. If we write C = supn ‖xn‖ and we have ε > 0 arbitrary, then we may
take a polynomial g : Ω→ C such that ‖f − g‖∞ < ε and we have

lim sup
n→∞

‖f(xn)− f(x)‖ ≤ 2‖f − g‖∞C + lim sup
n→∞

‖g(xn) + g(x)‖ < 2Cε.

Since ε > 0 was arbitrary we have limn→∞ ‖f(xn)− f(x)‖ = 0. �

1.3.1 The non-unital case

If A is not a unital C∗-algebra then we may consider the space Ã = A⊕C which
is a ∗-algebra with multiplication

(x⊕ α) · (y ⊕ β) = (xy + αy + βx)⊕ αβ,

and involution (x⊕ α)∗ = x∗ ⊕ α. We may also place a norm on Ã given by

‖x⊕ α‖ = sup
y∈A,‖y‖≤1

‖xy + αy‖.

We call Ã the unitization of A.

Proposition 1.3.9. Let A be a non-unital C∗-algebra, then the unitization Ã
is again a C∗-algebra, and the map x 7→ x⊕ 0 is an isometric ∗-isomorphism of
A onto a maximal ideal in Ã.
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Proof. The map x 7→ x ⊕ 0 is indeed isometric since on one hand we have
‖x ⊕ 0‖ = supy∈A,‖y‖≤1 ‖xy‖ ≤ ‖x‖, while on the other hand if x 6= 0, and we
set y = x∗/‖x∗‖ then we have ‖x‖ = ‖xx∗‖/‖x∗‖ = ‖xy‖ ≤ ‖x⊕ 0‖.

The norm on Ã is nothing but the operator norm when we view Ã as acting
on A by left multiplication and hence we have that this is at least a semi-
norm such that ‖xy‖ ≤ ‖x‖‖y‖, for all x, y ∈ Ã. To see that this is actually
a norm note that if α 6= 0, but ‖x ⊕ α‖ = 0 then for all y ∈ A we have
‖xy + αy‖ ≤ ‖x ⊕ α‖‖y‖ = 0, and hence e = −x/α is a left identity for A.
Taking adjoints we see that e∗ is a right identity for A, and then e = ee∗ = e∗

is an identity for A which contradicts that A is non-unital. Thus, ‖ · ‖ is indeed
a norm.

It is easy to see then that Ã is then complete, and hence all that remains
to be seen is the C∗-identity. Since, each for each y ∈ A, ‖y‖ ≤ 1 we have
(y ⊕ 0)∗(x⊕ α) ∈ A⊕ 0 ∼= A it follows that the C∗-identity holds here, and so

‖(x⊕ α)∗(x⊕ α)‖ ≥ ‖(y ⊕ 0)∗(x⊕ α)∗(x⊕ α)(y ⊕ 0)‖
= ‖(x⊕ α)(y ⊕ 0)‖2.

Taking the supremum over all y ∈ A, ‖y‖ ≤ 1 we then have

‖(x⊕ α)∗(x⊕ α)‖ ≥ ‖x⊕ α‖2 ≥ ‖(x⊕ α)∗(x⊕ α)‖. �

Lemma 1.3.10. If A is a non-unital abelian C∗-algebra, then any norm 1
multiplicative linear functional ϕ ∈ σ(A) has a unique extension ϕ̃ ∈ Ã.

Proof. If we consider ϕ̃(x⊕ α) = ϕ(x) + α then the result follows easily. �

In particular, this shows that σ(A) is homeomorphic to σ(Ã) \ {ϕ0} where
ϕ0 is defined by ϕ(x, α) = α. Thus, σ(A) is locally compact.

If x ∈ A then the spectrum σ(x) of x is defined to be the spectrum of
x⊕ 0 ∈ Ã. Note that for a non-unital C∗-algebra A, since A ⊂ Ã is an ideal it
follows that 0 ∈ σ(x) whenever x ∈ A.

By considering the embedding A ⊂ Ã we are able to extend the spectral
theorem and continuous functional calculus to the non-unital setting. We leave
the details to the reader.

Theorem 1.3.11. Let A be a non-unital abelian C∗-algebra, then the Gelfand
transform Γ : A → C0(σ(A)) gives an isometric isomorphism between A and
C0(σ(A)).

Theorem 1.3.12. Let A be a C∗-algebra, and x ∈ A a normal element, then
if f ∈ C(σ(x)) such that f(0) = 0, then f(x) ∈ A ⊂ Ã.

Exercise 1.3.13. Suppose K is a non-compact, locally compact Hausdorff
space, and K ∪ {∞} is the one point compactification. Show that we have

a natural isomorphism C(K ∪ {∞}) ∼= C̃0(K).
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1.4 Applications of functional calculus

Given any element x in a C∗-algebra A, we can decompose x uniquely as a
sum of a self-adoint and skew-adjoint elements x+x∗

2 and x−x∗
2 . We refer to the

self-adjoint elements x+x∗

2 and ix
∗−x
2 the real and imaginary parts of x, note

that the real and imaginary parts of x have norms no grater than that of x.
Also, if x ∈ A is self-adjoint then from above we know that σ(x) ⊂ R,

hence by considering x+ = (0 ∨ t)(x) and x− = −(0 ∧ t)(x) it follows easily
from functional calculus that σ(x+), σ(x−) ⊂ [0,∞), x+x− = x−x+ = 0, and
x = x+ − x−. We call x+ and x− the positive and negative parts of x.

1.4.1 The positive cone

Lemma 1.4.1. Suppose we have self-adjoint elements x, y ∈ A such that σ(x), σ(y) ⊂
[0,∞) then σ(x+ y) ⊂ [0,∞).

Proof. Let a = ‖x‖, and b = ‖y‖. Since x is self-adjoint and σ(x) ⊂ [0,∞)
we may use the spectral radius formula to see that ‖a − x‖ = r(a − x) = a.
Similarly we have ‖b− y‖ = b and since ‖x+ y‖ ≤ a+ b we have

sup
λ∈σ(x+y)

{a+ b− λ} = r((a+ b)− x) = ‖(a+ b)− (x+ y)‖

≤ ‖x− a‖+ ‖y − b‖ = a+ b.

Therefore, σ(x+ y) ⊂ [0,∞). �

Proposition 1.4.2. Let A be a C∗-algebra. A normal element x ∈ A is

(i) self-adjoint if and only if σ(x) ⊂ R.

(ii) positive if and only if σ(x) ⊂ [0,∞).

(iii) unitary if and only if σ(x) ⊂ T.

(iv) a projection if and only if σ(x) ⊂ {0, 1}.

Proof. Parts (i), (iii), and (iv) all follow easily by applying continuous functional
calculus. For part (ii) if x is normal and σ(x) ⊂ [0,∞) then x = (

√
x)2 =

(
√
x)∗
√
x is positive. It also follows easily that if x = y∗y where y is normal

then σ(x) ⊂ [0,∞). Thus, the difficulty arises only when x = y∗y where y is
perhaps not normal.

Suppose x = y∗y for some y ∈ A, to show that σ(x) ⊂ [0,∞), decompose x
into its positive and negative parts x = x+−x− as described above. Set z = yx−
and note that z∗z = x−(y∗y)x− = −x3

−, and hence σ(zz∗) ⊂ σ(z∗z) ⊂ (−∞, 0].
If z = a+ib where a and b are self-adjoint, then we have zz∗+z∗z = 2a2+2b2,

hence we also have σ(zz∗ + z∗z) ⊂ [0,∞) and so by Lemma 1.4.1 we have
σ(z∗z) = σ((2a2 + 2b2)− zz∗) ⊂ [0,∞). Therefore σ(−x3

−) = σ(z∗z) ⊂ {0} and
since x− is normal this shows that x3

− = 0, and consequently x− = 0. �
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Corollary 1.4.3. Let A be a C∗-algebra. An element x ∈ A is a partial isometry
if and only if x∗ is a partial isometry.

Proof. Since x∗x is normal, it follows from the previous proposition that x is a
partial isometry if and only if σ(x∗x) ⊂ {0, 1}. Since σ(x∗x)∪{0} = σ(xx∗)∪{0}
this gives the result. �

Corollary 1.4.4. Let A be a C∗-algebra, then the set of positive elements forms
a closed cone. Moreover, if a ∈ A is self-adjoint, and A is unital, then we have
a ≤ ‖a‖.

Note that if x ∈ A is an arbitrary element of a C∗-algebra A, then from above
we have that x∗x is positive and hence we may define the absolute value of x
as the unique element |x| ∈ A such that |x|2 = x∗x.

Proposition 1.4.5. Let A be a unital C∗-algebra, then every element is a linear
combination of four unitaries.

Proof. If x ∈ A is self-adjoint and ‖x‖ ≤ 1, then u = x + i(1 − x2)1/2 is a
unitary and we have x = u + u∗. In general, we can decompose x into its
real and imaginary parts and then write each as a linear combination of two
unitaries. �

Proposition 1.4.6. Let A be a C∗-algebra, and suppose x, y ∈ A+ such that
x ≤ y, then

√
x ≤ √y. Moreover, if A is unital and x, y ∈ A are invertible, then

y−1 ≤ x−1.

Proof. First consider the case that A is unital and x and y are invertible, then
we have

y−1/2xy−1/2 ≤ 1,

hence

x1/2y−1x1/2 ≤ ‖x1/2y−1x1/2‖ = r(x1/2y−1x1/2)

= r(y−1/2xy−1/2) ≤ 1.

Conjugating by x−1/2 gives y−1 ≤ x−1.
We also have

‖y−1/2x1/2‖2 = ‖y−1/2xy−1/2‖ ≤ 1,

therefore

y−1/4x1/2y−1/4 ≤ ‖y−1/4x1/2y−1/4‖ = r(y−1/4x1/2y−1/4)

= r(y−1/2x1/2) ≤ ‖y−1/2x1/2‖ ≤ 1.

Conjugating by y1/4 gives x1/2 ≤ y1/2.
In the general case we may consider the unitization of A, and note that if

ε > 0, then we have 0 ≤ x + ε ≤ y + ε, where x + ε, and y + ε are invertible,
hence from above we have

(x+ ε)1/2 ≤ (y + ε)1/2.

Taking the limit as ε→ 0 we obtain the result. �
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In general, a continuous real valued function f defined on an interval I is said
to be operator monotone if f(a) ≤ f(b) whenever σ(a), σ(b) ⊂ I, and a ≤ b.
The previous proposition shows that the functions f(t) =

√
t, and f(t) = −1/t,

t > 0 are operator monotone.

Corollary 1.4.7. Let A be a C∗-algebra, then for x, y ∈ A we have |xy| ≤
‖x‖|y|.

Proof. Since |xy|2 = y∗x∗xy ≤ ‖x‖2y∗y, this follows from the previous proposi-
tion. �

1.4.2 Extreme points

Given a involutive normed algebra A, we denote by (A)1 the unit ball of A, and
As.a. the subspace of self-adjoint elements.

Proposition 1.4.8. Let A be a C∗-algebra.

(i) The extreme points of (A+)1 are the projections of A.

(ii) The extreme points of (As.a.)1 are the self-adjoint unitaries in A.

(iii) Every extreme point of (A)1 is a partial isometry in A.

Proof. (i) If x ∈ (A+)1, then we have x2 ≤ 2x, and x = 1
2x

2 + 1
2 (2x−x2). Hence

if x is an extreme point then we have x = x2 and so x is a projection. For the
converse we first consider the case when A is abelian, and so we may assume
A = C0(K) for some locally compact Hausdorff space K. If x is a projection
then x = 1E is the characteristic function on some open and closed set E ⊂ K,
hence the result follows easily from the fact that 0 and 1 are extreme points of
[0, 1].

For the general case, suppose p ∈ A is a projection, if p = 1
2 (a + b) then

1
2a = p − b ≤ p, and hence 0 ≤ (1 − p)a(1 − p) ≤ 0, thus a = ap = pa. We
therefore have that a, b, and p commute and hence the result follows from the
abelian case.

(ii) First note that if A is unital then 1 is an extreme point in the unit ball.
Indeed, if 1 = 1

2 (a+ b) where a, b ∈ (A)1, then we have the same equation when
replacing a and b by their real parts. Thus, assuming a and b are self-adjoint we
have 1

2a = 1 − 1
2b and hence a and b commute. By considering the unital C∗-

subalgebra generated by a and b we may assume A = C(K) for some compact
Hausdorff space K, and then it is an easy exercise to conclude that a = b = 1.

If u is a unitary in A, then the map x 7→ ux is a linear isometry of A, thus
since 1 is an extreme point of (A)1 it follows that u is also an extreme point. In
particular, if u is self-adjoint then it is an extreme point of (As.a.)1.

Conversely, if x ∈ (As.a.)1 is an extreme point then if x+ = 1
2 (a + b) for

a, b ∈ (A+)1, then 0 = x−x+x− = 1
2 (x−ax− + x−bx−) ≥ 0, hence we have

(a1/2x−)∗(a1/2x−) = x−ax− = 0. We conclude that ax− = x−a = 0, and
similarly bx− = x−b = 0. Thus, a − x− and b − x− are in (As.a.)1 and x =
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1
2 ((a − x−) + (b − x−)). Since x is an extreme point we conclude that x =
a− x− = b− x− and hence a = b = x+.

We have shown now that x+ is an extreme point in (A+)1 and thus by part
(i) we conclude that x+ is a projection. The same argument shows that x− is
also a projection, and thus x is a self-adjoint unitary.

(iii) If x ∈ (A)1 such that x∗x is not a projection then by applying functional
calculus to x∗x we can find an element y ∈ A+ such that x∗xy = yx∗x 6= 0,
and ‖x(1 ± y)‖2 = ‖x∗x(1 ± y)2‖ ≤ 1. Since xy 6= 0 we conclude that x =
1
2 ((x+ xy) + (x− xy)) is not an extreme point of (A)1. �

1.4.3 Ideals and quotients

Theorem 1.4.9. Let A be a C∗-algebra, and let I ⊂ A be a left ideal, then
there exists an increasing net {aλ}λ ⊂ I of positive elements such that for all
x ∈ I we have

‖xaλ − x‖ → 0.

Moreover, if A is separable then the net can be taken to be a sequence.

Proof. Consider Λ to be the set of all finite subsets of I ⊂ A ⊂ Ã, ordered by
inclusion. If λ ∈ Λ we consider

hλ =
∑
x∈λ

x∗x, aλ = |λ|hλ(1 + |λ|hλ)−1.

Then we have aλ ∈ I and 0 ≤ aλ ≤ 1. If λ ≤ λ′ then we clearly have hλ ≤ hλ′

and hence by Proposition 1.4.6 we have that

1

|λ′|

(
1

|λ′|
+ hλ′

)−1

≤ 1

|λ|

(
1

|λ|
+ hλ′

)−1

≤ 1

|λ|

(
1

|λ|
+ hλ

)−1

.

Therefore

aλ = 1− 1

|λ|

(
1

|λ|
+ hλ

)−1

≤ 1− 1

|λ′|

(
1

|λ′|
+ hλ′

)−1

= aλ′ .

If y ∈ λ then we have

(y(1− aλ))∗(y(1− aλ)) ≤
∑
x∈λ

(x(1− aλ))∗(x(1− aλ)) = (1− aλ)hλ(1− aλ).

But ‖(1 − aλ)hλ(1 − aλ)‖ = ‖hλ(1 + |λ|hλ)−2‖ ≤ 1
4|λ| , from which it follows

easily that ‖y − yaλ‖ → 0, for all y ∈ I.
If A is separable then so is I, hence there exists a countable subset {xn}n∈N ⊂

I which is dense in I. If we take λn = {x1, . . . , xn}, then clearly an = aλn also
satisfies

‖y − yan‖ → 0. �
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We call such a net {aλ} a right approximate identity for I. If I is self-
adjoint then we also have ‖aλx−x‖ = ‖x∗aλ−x∗‖ → 0 and in this case we call
{aλ} an approximate identity. Using the fact that the adjoint is an isometry
we also obtain the following corollary.

Corollary 1.4.10. Let A be a C∗-algebra, and I ⊂ A a closed two sided ideal.
Then I is self-adjoint. In particular, I is a C∗-algebra.

Exercise 1.4.11. Show that if A is a C∗-algebra such that x ≤ y =⇒ x2 ≤ y2,
for all x, y ∈ A+, then A is abelian.

Exercise 1.4.12. Let A be a C∗-algebra and I ⊂ A a non-trivial closed two
sided ideal. Show that A/I is again a C∗-algebra.



Chapter 2

Operators on Hilbert space

Recall that if H is a Hilbert space then B(H), the algebra of all bounded linear
operators is a C∗-algebra with norm

‖x‖ = sup
ξ∈H,‖ξ‖≤1

‖xξ‖,

and involution given by the adjoint, i.e., x∗ is the unique bounded linear operator
such that

〈ξ, x∗η〉 = 〈xξ, η〉,

for all ξ, η ∈ H.

Lemma 2.0.13. Let H be a Hilbert space and consider x ∈ B(H), then ker(x) =
R(x∗)⊥.

Proof. If ξ ∈ ker(x), and η ∈ H, then 〈ξ, x∗η〉 = 〈xξ, η〉 = 0, hence ker(x) ⊂
R(x∗)⊥. If ξ ∈ R(x∗)⊥ then for any η ∈ H we have 〈xξ, η〉 = 〈ξ, x∗η〉 = 0, hence
ξ ∈ ker(x). �

Lemma 2.0.14. Let H be a Hilbert space, then an operator x ∈ B(H) is

(i) normal if and only if ‖xξ‖ = ‖x∗ξ‖, for all ξ ∈ H.

(ii) self-adjoint if and only if 〈xξ, ξ〉 ∈ R, for all ξ ∈ H.

(iii) positive if and only if 〈xξ, ξ〉 ≥ 0, for all ξ ∈ H.

(iv) an isometry if and only if ‖xξ‖ = ‖ξ‖, for all ξ ∈ H.

(v) a projection if and only if x is the orthogonal projection onto some closed
subspace of H.

(vi) a partial isometry if and only if there is a closed subspace K ⊂ H such
that x|K is an isometry while x|K⊥ = 0.

Proof.

17
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(i) If x is normal than for all ξ ∈ H we have ‖xξ‖2 = 〈x∗xξ, ξ〉 = 〈xx∗ξ, ξ〉 =
‖x∗ξ‖2. Conversely, is 〈(x∗x − xx∗)ξ, ξ〉 = 0, for all ξ ∈ H, then for all
ξ, η ∈ H, by polarization we have

〈(x∗x− xx∗)ξ, η〉 =

3∑
k=0

ik〈(x∗x− xx∗)(ξ + ikη), (ξ + ikη)〉 = 0.

Hence x∗x = xx∗.

(ii) If x = x∗ then 〈xξ, ξ〉 = 〈ξ, xξ〉 = 〈xξ, ξ〉. The converse follows again by a
polarization argument.

(iii) If x = y∗y, then 〈xξ, ξ〉 = ‖yξ‖2 ≥ 0. Conversely, if 〈xξ, ξ〉 ≥ 0, for
all ξ ∈ H then we know from part (b) that x is self-adjoint, and for all
a > 0 we have 〈(x+ a)ξ, ξ〉 ≥ a‖ξ‖2. This shows that x+ a is an injective
operator with dense image (since the orthogonal complement of the range
is trivial). Moreover, by the Cauchy-Schwarz inequality we have

a‖ξ‖2 ≤ 〈(x+ a)ξ, ξ〉 ≤ ‖(x+ a)ξ‖‖ξ‖,

and hence a‖ξ‖ ≤ ‖(x+ a)ξ‖, for all ξ ∈ H. In particular this shows that
the image of x + a is closed since if {(x + a)ξn} is Cauchy then {ξn} is
also Cauchy. Therefore (x+ a) is invertible and a‖(x+ a)−1ξ‖ ≤ ‖ξ‖, for
all ξ ∈ H, showing that (x + a)−1 is bounded. Since a > 0 was arbitrary
this shows that σ(x) ⊂ [0,∞) and hence x is positive.

(iv) If x is an isometry then x∗x = 1 and hence ‖xξ‖2 = 〈x∗xξ, ξ〉 = ‖ξ‖2 for
all ξ ∈ H. The converse again follows from the polarization identity.

(v) If x is a projection then let K = R(x) = ker(x)⊥, and note that for all
ξ ∈ K, η ∈ ker(x), xζ ∈ R(x) we have 〈xξ, η+xζ〉 = 〈ξ, xζ〉, hence xξ ∈ K,
and xξ = ξ. This shows that x is the orthogonal projection onto the
subspace K.

(vi) This follows directly from iv and v. �

Proposition 2.0.15 (Polar decomposition). Let H be a Hilbert space, and x ∈
B(H), then there exists a partial isometry v such that x = v|x|, and ker(v) =
ker(|x|) = ker(x). Moreover, this decomposition is unique, in that if x = wy
where y ≥ 0, and w is a partial isometry with ker(w) = ker(y) then y = |x|, and
w = v.

Proof. We define a linear operator v0 : R(|x|) → R(x) by v0(|x|ξ) = xξ, for
ξ ∈ H. Since ‖|x|ξ‖ = ‖xξ‖, for all ξ ∈ H it follows that v0 is well defined and
extends to a partial isometry v from R(|x|) to R(x), and we have v|x| = x. We
also have ker(v) = R(|x|)⊥ = ker(|x|) = ker(x).

To see the uniqueness of this decomposition suppose x = wy where y ≥ 0,
and w is a partial isometry with ker(w) = ker(y). Then |x|2 = x∗x = yw∗wy =

y2, and hence |x| = (|x|2)1/2 = (y2)1/2 = y. We then have ker(w) = R(|x|)
⊥

,
and ‖w|x|ξ‖ = ‖xξ‖, for all ξ ∈ H, hence w = v. �



2.1. TRACE CLASS OPERATORS 19

2.1 Trace class operators

Given a Hilbert space H, an operator x ∈ B(H) has finite rank if R(x) =
ker(x∗)⊥ is finite dimensional, the rank of x is dim(R(x)). We denote the space
of finite rank operators by FR(H). If x is finite rank than R(x∗) = R(x∗| ker(x∗)⊥)

is also finite dimensional being the image of a finite dimensional space, hence
we see that x∗ also has finite rank. If ξ, η ∈ H are vectors we denote by ξ ⊗ η
the operator given by

(ξ ⊗ η)(ζ) = 〈ζ, η〉ξ.
Note that (ξ ⊗ η)∗ = η ⊗ ξ, and if ‖ξ‖ = ‖η‖ = 1 then ξ ⊗ η is a rank one
partial isometry from Cη to Cξ. Also note that if x, y ∈ B(H), then we have
x(ξ ⊗ η)y = (xξ)⊗ (y∗η).

From above we see that any finite rank operator is of the form pxq where
p, q ∈ B(H) are projections onto finite dimensional subspaces. In particular this
shows that FR(H) = sp{ξ ⊗ η | ξ, η ∈ H}

Lemma 2.1.1. Suppose x ∈ B(H) has polar decomposition x = v|x|. Then for
all ξ ∈ H we have

2|〈xξ, ξ〉| ≤ 〈|x|ξ, ξ〉+ 〈|x|v∗ξ, v∗ξ〉.

Proof. If λ ∈ C such that |λ| = 1, then we have

0 ≤ ‖(|x|1/2 − λ|x|1/2v∗)ξ‖2

= ‖|x|1/2ξ‖2 − 2Re(λ〈|x|1/2ξ, |x|1/2v∗ξ〉) + ‖|x|1/2v∗ξ‖2.

Taking λ such that λ〈|x|1/2ξ, |x|1/2v∗ξ〉 ≥ 0, the inequality follows directly. �

If {ξi} is an orthonormal basis for H, and x ∈ B(H) is positive, then we
define the trace of x to be

Tr(x) =
∑
i

〈xξi, ξi〉.

Lemma 2.1.2. If x ∈ B(H) then Tr(x∗x) = Tr(xx∗).

Proof. By Parseval’s identity and Fubini’s theorem we have∑
i

〈x∗xξi, ξi〉 =
∑
i

∑
j

〈xξi, ξj〉〈ξj , xξi〉

=
∑
j

∑
i

〈ξi, x∗ξj〉〈ξi, x∗ξj〉 =
∑
j

〈xx∗ξj , ξj〉. �

Corollary 2.1.3. If x ∈ B(H) is positive and u is a unitary, then Tr(u∗xu) =
Tr(x). In particular, the trace is independent of the chosen orthonormal basis.

Proof. If we write x = y∗y, then from the previous lemma we have

Tr(y∗y) = Tr(yy∗) = Tr((yu)(u∗y∗)) = Tr(u∗(y∗y)u). �
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An operator x ∈ B(H) is said to be of trace class if ‖x‖1 := Tr(|x|) < ∞.
We denote the set of trace class operators by L1(B(H)) or L1(B(H),Tr).

Given an orthonormal basis {ξi}, and x ∈ L1(B(H)) we define the trace of
x by

Tr(x) = Σi〈xξi, ξi〉.

By Lemma 2.1.1 this is absolutely summable, and

2|Tr(x)| ≤ Tr(|x|) + Tr(v|x|v∗) ≤ 2‖x‖1.

Lemma 2.1.4. L1(B(H)) is a two sided self-adjoint ideal in B(H) which co-
incides with the span of the positive operators with finite trace. The trace is
independent of the chosen basis, and ‖ · ‖1 is a norm on L1(B(H)).

Proof. If x, y ∈ L1(B(H)) and we let x+y = w|x+y| be the polar decomposition,
then we have w∗x,w∗y ∈ L1(B(H)), therefore

∑
i〈|x+y|ξi, ξi〉 =

∑
i〈w∗xξi, ξi〉+

〈w∗yξi, ξi〉 is absolutely summable. Thus x+ y ∈ L1(B(H)) and

‖x+ y‖1 ≤ ‖w∗x‖1 + ‖w∗y‖1 ≤ ‖x‖1 + ‖y‖1.

Thus, it follows that L1(B(H)) is a linear space which contains the span of the
positive operators with finite trace, and ‖ · ‖1 is a norm on L1(B(H)).

If x ∈ L1(B(H)), and a ∈ B(H) then

4a|x| =
3∑
k=0

ik(a+ ik)|x|(a+ ik)∗,

and for each k we have

Tr((a+ ik)|x|(a+ ik)∗) = Tr(|x|1/2|a+ ik|2|x|1/2) ≤ ‖a+ ik‖2 Tr(|x|).

Thus if we take a to be the partial isometry in the polar decomposition of x
we see that x is a linear combination of positive operators with finite trace, (in
particular, the trace is independent of the basis). This also shows that L1(B(H))
is a self-adjoint left ideal, and hence is also a right ideal. �

Theorem 2.1.5. If x ∈ L1(B(H)), and a, b ∈ B(H) then

‖x‖ ≤ ‖x‖1

‖axb‖1 ≤ ‖a‖ ‖b‖ ‖x‖1,

and
Tr(ax) = Tr(xa).

Proof. Since the trace is independent of the basis, and ‖x‖ = supξ∈H,‖ξ‖≤1 ‖xξ‖
it follows easily that ‖x‖ ≤ ‖x‖1.

Since for x ∈ L1(B(H)), and a ∈ B(H) we have |ax| ≤ ‖a‖|x| it follows that
‖ax‖1 ≤ ‖a‖‖x‖1. Since ‖x‖1 = ‖x∗‖1 we also have ‖xb‖1 ≤ ‖b‖‖x‖1.
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Since the definition of the trace is independent of the chosen basis, if x ∈
L1(B(H)) and u ∈ U(H) we have

Tr(xu) =
∑
i

〈xuξi, ξi〉 =
∑
i

〈uxuξi, uξi〉 = Tr(ux).

Since every operator a ∈ B(H) is a linear combination of four unitaries this also
gives

Tr(xa) = Tr(ax). �

We also remark that for all ξ, η ∈ H, the operators ξ⊗ η satisfy Tr(ξ⊗ η) =
〈ξ, η〉. Also, it’s easy to check that FR(H) is a dense subspace of L1(B(H)),
endowed with the norm ‖ · ‖1.

Proposition 2.1.6. The space of trace class operators L1(B(H)), with the norm
‖ · ‖1 is a Banach space.

Proof. From Lemma 2.1.4 we know that ‖ · ‖1 is a norm on L1(B(H)) and
hence we need only show that L1(B(H)) is complete. Suppose xn is Cauchy in
L1(B(H)). Since ‖xn − xm‖ ≤ ‖xn − xm‖1 it follows that xn is also Cauchy in
B(H), therefore we have ‖x−xn‖ → 0, for some x ∈ B(H), and by continuity of
functional calculus we also have ‖|x|−|xn|‖ → 0. Thus for any finite orthonormal
set η1, . . . , ηk we have

k∑
i=1

〈|x|ηi, ηi〉 = lim
n→∞

k∑
i=1

〈|xn|ηi, ηi〉

≤ lim
n→∞

‖xn‖1 <∞.

Hence x ∈ L1(B(H)) and ‖x‖1 ≤ limn→∞ ‖xn‖1.
If we let ε > 0 be given and consider N ∈ N such that for all n > N we have

‖xn − xN‖1 < ε/3, and then take H0 ⊂ H a finite dimensional subspace such
that ‖xNPH⊥0 ‖1, ‖xPH⊥0 ‖1 < ε/3. Then for all n > N we have

‖x− xn‖1
≤ ‖(x− xn)PH0‖1 + ‖xPH⊥0 − xNPH⊥0 ‖1 + ‖(xN − xn)PH⊥0 ‖1
≤ ‖(x− xn)PH0

‖1 + ε.

Since ‖x − xn‖ → 0 it follows that ‖(x − xn)PH0
‖1 → 0, and since ε > 0 was

arbitrary we then have ‖x− xn‖1 → 0. �

Theorem 2.1.7. The map ψ : B(H) → L1(B(H))∗ given by ψa(x) = Tr(ax),
for a ∈ B(H), x ∈ L1(B(H)), is a Banach space isomorphism.

Proof. From Theorem 2.1.5 we have that ψ is a linear contraction.
Suppose ϕ ∈ L1(B(H))∗, then (ξ, η) 7→ ϕ(ξ⊗η) defines a bounded sesquilin-

ear form on H and hence there exists a bounded operator a ∈ B(H) such that
〈aξ, η〉 = ϕ(ξ ⊗ η), for all ξ, η ∈ H. Since the finite rank operators is dense in
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L1(B(H)), and since operators of the form ξ ⊗ η span the finite rank operators
we have ϕ = ψa, thus we see that ψ is bijective.

We also have

‖a‖ = sup
ξ,η∈H,
‖ξ‖,‖η‖≤1

|〈aξ, η〉|

= sup
ξ,η∈H,
‖ξ‖,‖η‖≤1

|Tr(a(ξ ⊗ η))| ≤ ‖ψa‖.

Hence ψ is isometric. �

2.2 Hilbert-Schmidt operators

Given a Hilbert space H and x ∈ B(H), we say that x is a Hilbert-Schmidt op-
erator on H if |x|2 ∈ L1(B(H)). We define the set of Hilbert-Schmidt operators
by L2(B(H)), or L2(B(H),Tr).

Lemma 2.2.1. L2(B(H)) is a self-adjoint ideal in B(H), and if x, y ∈ L2(B(H))
then xy, yx ∈ L1(B(H)), and

Tr(xy) = Tr(yx).

Proof. Since |x+ y|2 ≤ |x+ y|2 + |x− y|2 = 2(|x|2 + |y|2) we see that L2(B(H))
is a linear space, also since |ax|2 ≤ ‖a‖2|x|2 we have that L2(B(H)) is a left
ideal. Moreover, if x = v|x| is the polar decomposition of x then we have
xx∗ = v|x|2v∗, and thus x∗ ∈ L2(B(H)) and Tr(xx∗) = Tr(x∗x). In particular,
L2(B(H)) is also a right ideal.

By the polarization identity

4y∗x =

3∑
k=0

ik|x+ iky|2,

we have that y∗x ∈ L1(B(H)) for x, y ∈ L2(B(H)), and

4 Tr(y∗x) =

3∑
k=0

ik Tr((x+ iky)∗(x+ iky))

=

3∑
k=0

ik Tr((x+ iky)(x+ iky)∗) = 4 Tr(xy∗). �

From the previous lemma we see that the sesquilinear form on L2(B(H))
give by

〈x, y〉2 = Tr(y∗x)

is well defined and positive definite. We again have ‖axb‖2 ≤ ‖a‖ ‖b‖ ‖x‖2, and
any x ∈ L2(B(H)) can be approximated in ‖ · ‖2 by operators px where p is a



2.2. HILBERT-SCHMIDT OPERATORS 23

finite rank projection. Thus, the same argument as for the trace class operators
shows that the Hilbert-Schmidt operators is complete in the Hilbert-Schmidt
norm.

Also, note that if x ∈ L2(B(H)) then since ‖y‖ ≤ ‖y‖2 for all y ∈ L2(B(H))
it follows that

‖x‖2 = sup
y∈L2(B(H)),
‖y‖2≤1

|Tr(y∗x)|

≤ sup
y∈L2(B(H)),
‖y‖2≤1

‖y‖‖x‖1 ≤ ‖x‖1.

Proposition 2.2.2. Let H be a Hilbert space and suppose x, y ∈ L2(B(H)),
then

‖xy‖1 ≤ ‖x‖2‖y‖2.

Proof. If we consider the polar decomposition xy = v|xy|, then by the Cauchy-
Schwarz inequality we have

‖xy‖1 = |Tr(v∗xy)| = |〈y, x∗v〉2|
≤ ‖x∗v‖2‖y‖2 ≤ ‖x‖2‖y‖2. �

If H and K are Hilbert spaces, then we may extend a bounded operator
x : H → K to a bounded operator x̃ ∈ B(H⊕K) by x̃(ξ⊕η) = 0⊕xξ. We define
HS(H,K) as the bounded operators x : H → K such that x̃ ∈ L2(B(H ⊕ K)).
In this way HS(H,K) forms a closed subspace of L2(B(H⊕K)).

Note that HS(H,C) is the dual Banach space of H, and is naturally anti-
isomorphic to H, we denote this isomorphism by ξ 7→ ξ. We call this the
conjugate Hilbert space of H, and denote it by H. Note that we have the

natural identification H = H. Also, we have a natural anti-linear map x 7→ x
from B(H) to B(H) given by xξ = xξ.

If we wish to emphasize that we are considering only the Hilbert space as-
pects of the Hilbert-Schmidt operators, we often use the notation H⊗K for the
Hilbert-Schmidt operators HS(H,K). In this setting we call H⊗K the Hilbert
space tensor product ofH withK. Note that if {ξi}i and {ηj}j form orthonor-
mal bases for H and K, then {ξi ⊗ ηj}i,j forms an orthonormal basis for H⊗K.
We see that the algebraic tensor productH⊗K ofH and K can be realized as the
subspace of finite rank operators, i.e., we have H⊗K = sp{ξ⊗η | ξ ∈ H, η ∈ K}.

If x ∈ B(H) and y ∈ B(K) then we obtain an operator x ⊗ y ∈ B(H ⊗ K)
which is given by (x⊗ y)h = xhy∗. We then have that ‖x⊗ y‖ ≤ ‖x‖‖y‖, and
(x⊗ y)(ξ ⊗ η) = (xξ)⊗ (yη) for all ξ ∈ H, and η ∈ K.

If (X,µ) is a measure space then we have a particularly nice description of
the Hilbert-Schmidt operators on L2(X,µ).

Theorem 2.2.3. For each k ∈ L2(X×X,µ×µ) the integral operator Tk defined
by

Tkξ(x) =

∫
k(x, y)ξ(y)dµ(y), ξ ∈ L2(X,µ),
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is a Hilbert-Schmidt operator on L2(X,µ). Moreover, the map k 7→ Tk is a
unitary operator from L2(X × X,µ × µ) to L2(B(L2(X,µ))). Moreover, if we
define k∗(x, y) = k(x, y) then we have T ∗k = Tk∗ .

Proof. For all η ∈ L2(X,µ), the Cauchy-Schwarz inequality gives

‖k(x, y)ξ(y)η(x)‖1 ≤ ‖k‖2‖‖ξ‖L2(X,µ)‖η‖2.

This shows that Tk is a well defined operator on L2(X,µ) and ‖Tk‖ ≤ ‖k‖2. If
{ξi}i gives an orthonormal basis for L2(X,µ) and k(x, y) =

∑
αi,jξi(x)ξj(y) is

a finite sum then for η ∈ L2(X,µ) we have

Tkη =
∑

αi,j〈ξ, ξj〉ξi = (
∑

αi,jξi ⊗ ξj)η.

Thus, ‖Tk‖2 = ‖
∑
αi,jξi ⊗ ξj‖2 = ‖k‖2, which shows that k 7→ Tk is a unitary

operator.

The same formula above also shows that T ∗k = Tk∗ . �

2.3 Compact operators

We denote by H1 the unit ball in H.

Theorem 2.3.1. For x ∈ B(H) the following conditions are equivalent:

(i) x ∈ FR(H)
‖·‖

.

(ii) x restricted to H1 is continuous from the weak to the norm topology.

(iii) x(H1) is compact in the norm topology.

(iv) x(H1) has compact closure in the norm topology.

Proof. (i) =⇒ (ii) Let {ξα}α be net in H1 which weakly converges to ξ. By
hypothesis for every ε > 0 there exists y ∈ FR(H) such that ‖x − y‖ < ε. We
then have

‖xξ − xξα‖ ≤ ‖yξ − yξα‖+ 2ε.

Thus, it is enough to consider the case when x ∈ FR(H). This case follows
easily since then the range of x is then finite dimensional where the weak and
norm topologies agree.

(ii) =⇒ (iii) H1 is compact in the weak topology and hence x(H1) is
compact being the continuous image of a compact set.

(iii) =⇒ (iv) This implication is obvious.

(iv) =⇒ (i) Let Pα be a net of finite rank projections such that ‖Pαξ−ξ‖ →
0 for all ξ ∈ H. Then Pαx are finite rank and if ‖Pαx−x‖ 6→ 0 then there exists
ε > 0, and ξα ∈ H1 such that ‖xξα − Pαxξα‖ ≥ ε. By hypothesis we may pass
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to a subnet and assume that xξα has a limit ξ in the norm topology. We then
have

ε ≤ ‖xξα − Pαxξα‖ ≤ ‖ξ − Pαξ‖+ ‖(1− Pα)(xξα − ξ)‖
≤ ‖ξ − Pαξ‖+ ‖xξα − ξ‖ → 0,

which gives a contradiction. �

If any of the above equivalent conditions are satisfied we say that x is a
compact operator. We denote the space of compact operators by K(H).
Clearly K(H) is a norm closed two sided ideal in B(H).

Exercise 2.3.2. Show that the map ψ : L1(B(H))→ K(H)∗ given by ψx(a) =
Tr(ax) implements a Banach space isomorphism between L1(B(H)) and K(H)∗.

2.4 Locally convex topologies on the space of
operators

Let H be a Hilbert space. On B(H) we define the following locally convex
topologies:

• The weak operator topology (WOT) is defined by the family of semi-
norms T 7→ |〈Tξ, η〉|, for ξ, η ∈ H.

• The strong operator topology (SOT) is defined by the family of semi-
norms T 7→ ‖Tξ‖, for ξ ∈ H.

Note that the from coarsest to finest topologies we have

WOT ≺ SOT ≺ Uniform.

Also note that since an operator T is normal if and only if ‖Tξ‖ = ‖T ∗ξ‖
for all ξ ∈ H, it follows that the adjoint is SOT continuous on the set of normal
operators.

Lemma 2.4.1. Let ϕ : B(H)→ C be a linear functional, then the following are
equivalent:

(i) There exists ξ1, . . . , ξn, η1, . . . , ηn ∈ H such that ϕ(T ) =
∑n
i=1〈Tξi, ηi〉,

for all T ∈ B(H).

(ii) ϕ is WOT continuous.

(iii) ϕ is SOT continuous.

Proof. The implications (i) =⇒ (ii) and (ii) =⇒ (iii) are clear and so we will
only show (iii) =⇒ (i). Suppose ϕ is SOT continuous. Thus, the inverse image
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of the open ball in C is open in the SOT and hence by considering the semi-
norms which define the topology we have that there exists a constant K > 0,
and ξ1, . . . , ξn ∈ H such that

|ϕ(T )|2 ≤ K
n∑
i=1

‖Tξi‖2.

If we then consider {⊕ni=1Tξi | T ∈ B(H)} ⊂ H⊕n, and let H0 be its closure, we
have that

⊕ni=1 Tξi 7→ ϕ(T )

extends to a well defined, continuous linear functional on H0 and hence by the
Riesz representation theorem there exists η1, . . . , ηn ∈ H such that

ϕ(T ) =

n∑
i=1

〈Tξi, ηi〉,

for all T ∈ B(H). �

Corollary 2.4.2. Let K ⊂ B(H) be a convex set, then the WOT, SOT, and
closures of K coincide.

Proof. By Lemma 2.4.1 the three topologies above give rise to the same dual
space, hence this follows from the the Hahn-Banach separation theorem. �

If H is a Hilbert space then the map id ⊗ 1 : B(H) → B(H⊗`2N) defined
by (id ⊗ 1)(x) = x ⊗ 1 need not be continuous in either of the locally con-
vex topologies defined above even though it is an isometric C∗-homomorphism
with respect to the uniform topology. Thus, on B(H) we define the following
additional locally convex topologies:

• The σ-weak operator topology (σ-WOT) is defined by pulling back the
WOT of B(H⊗`2N) under the map id⊗1.

• The σ-strong operator topology (σ-SOT) is defined by pulling back
the SOT of B(H⊗`2N) under the map id⊗1.

Note that the σ-weak operator topology can alternately be defined by the
family of semi-norms T 7→ |Tr(Ta)|, for a ∈ L1(B(H)). Hence, under the
identification B(H) = L1(B(H))∗, we have that the weak∗-topology on B(H)
agrees with the σ-WOT.

Lemma 2.4.3. Let ϕ : B(H)→ C be a linear functional, then the following are
equivalent:

(i) There exists a trace class operator a ∈ L1(B(H)) such that ϕ(x) = Tr(xa)
for all x ∈ B(H)

(ii) ϕ is σ-WOT continuous.
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(iii) ϕ is σ-SOT continuous.

Proof. Again, we need only show the implication (iii) =⇒ (i), so suppose ϕ is
σ-SOT continuous. Then by the Hahn-Banach theorem, considering B(H) as a
subspace of B(H ⊗ `2N) through the map id ⊗ 1, we may extend ϕ to a SOT
continuous linear functional on B(H⊗ `2N). Hence by Lemma 2.4.1 there exists
ξ1, . . . , ξn, η1, . . . , ηn ∈ H⊗`2N such that for all x ∈ B(H) we have

ϕ(x) =

n∑
i=1

〈(id⊗ 1)(x)ξi, ηi〉.

For each 1 ≤ i ≤ n we may define ai, bi ∈ HS(H, `2N) as the operators
corresponding to ξi, ηi in the Hilbert space isomorphism H⊗`2N ∼= HS(H, `2N).
By considering a =

∑n
i=1 b

∗
i ai ∈ L1(B(H)), it then follows that for all x ∈ B(H)

we have

Tr(xa) =

n∑
i=1

〈aix, bi〉2

=

n∑
i=1

〈(id⊗ 1)(x)ξi, ηi〉 = ϕ(x). �

By the Banach-Alaoglu theorem we obtain the following corollary.

Corollary 2.4.4. The unit ball in B(H) is compact in the σ-WOT.

Corollary 2.4.5. The WOT and the σ-WOT agree on bounded sets.

Proof. The identity map is clearly continuous from the σ-WOT to the WOT.
Since both spaces are Hausdorff it follows that this is a homeomorphism from
the σ-WOT compact unit ball in B(H). By scaling we therefore have that this
is a homeomorphism on any bounded set. �

Exercise 2.4.6. Show that the adjoint T 7→ T ∗ is continuous in the WOT, and
when restricted to the space of normal operators is continuous in the SOT, but
is not continuous in the SOT on the space of all bounded operators.

Exercise 2.4.7. Show that operator composition is jointly continuous in the
SOT on bounded subsets.

Exercise 2.4.8. Show that the SOT agrees with the σ-SOT on bounded subsets
of B(H).

Exercise 2.4.9. Show that pairing 〈x, a〉 = Tr(a∗x) gives an identification
between K(H)∗ and (L1(B(H)), ‖ · ‖1).
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2.5 Von Neumann algebras and the double com-
mutant theorem

A von Neumann algebra (over a Hilbert space H) is a ∗-subalgebra of B(H)
which contains 1 and is closed in the weak operator topology.

Note that since subalgebras are of course convex, it follows from Corol-
lary 2.4.2 that von Neumann algebras are also closed in the strong operator
topology.

If A ⊂ B(H) then we denote by W ∗(A) the von Neumann subalgebra which
is generated by A, i.e., W ∗(A) is the smallest von Neumann subalgebra of B(H)
which contains A.

Lemma 2.5.1. Let A ⊂ B(H) be a von Neumann algebra. Then (A)1 is compact
in the WOT.

Proof. This follows directly from Corollary 2.4.4. �

Corollary 2.5.2. Let A ⊂ B(H) be a von Neumann algebra, then (A)1 and
As.a. are closed in the weak and strong operator topologies.

Proof. Since taking adjoints is continuous in the weak operator topology it fol-
lows that As.a. is closed in the weak operator topology, and by the previous
result this is also the case for (A)1. �

If B ⊂ B(H), the commutant of B is

B′ = {T ∈ B(H) | TS = ST, for all S ∈ B}.

We also use the notation B′′ = (B′)′ for the double commutant.

Theorem 2.5.3. Let A ⊂ B(H) be a self-adjoint set, then A′ is a von Neumann
algebra.

Proof. It is easy to see that A′ is a self-adjoint algebra containing 1. To see that
it is closed in the weak operator topology just notice that if xα ∈ A′ is a net
such that xα → x ∈ B(H) then for any a ∈ A, and ξ, η ∈ H, we have

〈[x, a]ξ, η〉 = 〈xaξ, η〉 − 〈xξ, a∗η〉

= lim
α→∞

〈xαaξ, η〉 − 〈xαξ, a∗η〉 = lim
α→∞

〈[xα, a]ξ, η〉 = 0. �

Corollary 2.5.4. A self-adjoint maximal abelian subalgebra A ⊂ B(H) is a von
Neumann algebra.

Proof. Since A is maximal abelian we have A = A′. �

Lemma 2.5.5. Suppose A ⊂ B(H) is a self-adjoint algebra containing 1. Then
for all ξ ∈ H, and x ∈ A′′ there exists xα ∈ A such that limα→∞ ‖(x−xα)ξ‖ = 0.
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Proof. Consider the closed subspace K = Aξ ⊂ H, and denote by p the projec-
tion onto this subspace. Since for all a ∈ A we have aK ⊂ K, it follows that
ap = pap. But since A is self-adjoint it then also follows that for all a ∈ A we
have pa = (a∗p)∗ = (pa∗p)∗ = pap = ap, and hence p ∈ A′.

We therefore have that xp = xp2 = pxp and hence xK ⊂ K. Since 1 ∈ A it
follows that ξ ∈ K and hence also xξ ∈ Aξ. �

Theorem 2.5.6 (Von Neumann’s double commutant theorem). Suppose A ⊂
B(H) is a self-adjoint algebra containing 1. Then A′′ is equal to the weak oper-
ator topology closure of A.

Proof. By Theorem 2.5.3 we have that A′′ is closed in the weak operator topol-
ogy, and we clearly have A ⊂ A′′, so we just need to show that A ⊂ A′′ is dense
in the weak operator topology. For this we use the previous lemma together
with a matrix trick.

Let ξ1, . . . , ξn ∈ H, x ∈ A′′ and consider the subalgebra Ã of B(Hn) ∼=
Mn(B(H)) consisting of diagonal matrices with constant diagonal coefficients
contained in A. Then the diagonal matrix whose diagonal entries are all x is
easily seen to be contained in Ã′′, hence the previous lemma applies and so there
exists a net aα ∈ A such that limα→∞ ‖(x− aα)ξk‖ = 0, for all 1 ≤ k ≤ n. This
shows that A ⊂ A′′ is dense in the strong operator topology. �

We also have the following formulation which is easily seen to be equivalent.

Corollary 2.5.7. Let A ⊂ B(H) be a self-adjoint algebra. Then A is a von
Neumann algebra if and only if A = A′′.

Corollary 2.5.8. Let A ⊂ B(H) be a von Neumann algebra, x ∈ A, and
consider the polar decomposition x = v|x|. Then v ∈ A.

Proof. Note that ker(v) = ker(|x|), and if a ∈ A′ then we have a ker(|x|) ⊂
ker(|x|). Also, we have

‖(av − va)|x|ξ‖ = ‖axξ − xaξ‖ = 0,

for all ξ ∈ H. Hence av and va agree on ker(|x|) +R(|x|) = H, and so v ∈ A′′ =
A. �

Proposition 2.5.9. Let (X,µ) be a probability space. Consider the Hilbert space
L2(X,µ), and the map M : L∞(X,µ) → B(L2(X,µ)) defined by (Mgξ)(x) =
g(x)ξ(x), for all ξ ∈ L2(X,µ). Then M is an isometric ∗-isomorphism from
L∞(X,µ) onto a maximal abelian von Neumann subalgebra of B(L2(X,µ)).

Proof. The fact that M is a ∗-isomorphism onto its image is clear. If g ∈
L∞(X,µ) then by definition of ‖g‖∞ we can find a sequence En of measurable
subsets of X such that 0 < µ(En), and |g|En ≥ ‖g‖∞ − 1/n, for all n ∈ N. We
then have

‖Mg‖ ≥ ‖Mg1En‖2/‖1En‖2 ≥ ‖g‖∞ − 1/n.

The inequality ‖g‖∞ ≤ ‖Mg‖ is also clear and hence M is isometric.
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To see that M(L∞(X,µ)) is maximal abelian let’s suppose T ∈ B(L2(X,µ))
commutes with Mf for all f ∈ L∞(X,µ). We define f ∈ L2(X,µ) by f = T (1X).

For each g, h ∈ L∞(X,µ), we have

|
∫
fghdµ| = |〈MgT (1X), h〉|

= |〈T (g), h〉| ≤ ‖T‖‖g‖2‖h‖2.

Since L∞(X,µ) ⊂ L2(X,µ) is dense in ‖ · ‖2, it then follows from Hölder’s
inequality that f ∈ L∞(X,µ), and T = Mf . �

Because of the previous result we will often identify L∞(X,µ) with the sub-
algebra of B(L2(X,µ)) as described above. This should not cause any confusion.

With minor modifications the previous result can be shown to hold for any
measure space (X,µ) which is a disjoint union of probability spaces, e.g., if
(X,µ) is σ-finite, or if X is arbitrary and µ is the counting measure.

Exercise 2.5.10. Let X be an uncountable set, B1 the set of all subsets of X,
B2 ⊂ B1 the set consisting of all sets which are either countable or have count-
able complement, and µ the counting measure on X. Show that the identity
map implements a unitary operator id : L2(X,B1, µ) → L2(X,B2, µ), and we
have L∞(X,B2, µ) ( L∞(X,B2, µ)′′ = idL∞(X,B1, µ) id∗.

2.6 Kaplansky’s density theorem

Proposition 2.6.1. If f ∈ C(C) then x 7→ f(x) is continuous in the strong
operator topology on any bounded set of normal operators in B(H).

Proof. By the Stone-Weierstrass theorem we can approximate f uniformly well
by polynomials on any compact set. Since multiplication is jointly SOT contin-
uous on bounded sets, and since taking adjoints is SOT continuous on normal
operators, the result follows easily. �

Proposition 2.6.2 (The Cayley transform). The map x 7→ (x − i)(x + i)−1

is strong operator topology continuous from the set of self-adjoint operators in
B(H) into the unitary operators in B(H).

Proof. Suppose {xk}k is a net of self-adjoint operators such that xk → x in the
SOT. By the spectral mapping theorem we have ‖(xk + i)−1‖ ≤ 1 and hence for
all ξ ∈ H we have

‖(x− i)(x+ i)−1ξ − (xk − i)(xk + i)−1ξ‖
= ‖(xk + i)−1((xk + i)(x− i)− (xk − i)(x+ i))(x+ i)−1ξ‖
= ‖2i(xk + i)−1(x− xk)(x+ i)−1ξ‖ ≤ 2‖(x− xk)(x+ i)−1ξ‖ → 0. �

Corollary 2.6.3. If f ∈ C0(R) then x 7→ f(x) is strong operator topology
continuous on the set of self-adjoint operators.
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Proof. Since f vanishes at infinity, we have that g(t) = f
(
i 1+t

1−t

)
defines a

continuous function on T if we set g(1) = 0. By Proposition 2.6.1 x 7→ g(x) is
then SOT continuous on the space of unitaries. If U(z) = z−i

z+i is the Cayley
transform, then by Proposition 2.6.2 it follows that f = g◦U is SOT continuous
being the composition of two SOT continuous functions. �

Theorem 2.6.4 (Kaplansky’s density theorem). Let A ⊂ B(H) be a self-adjoint
subalgebra of B(H) and denote by B the strong operator topology closure of A.

(i) The strong operator topology closure of As.a. is Bs.a..

(ii) The strong operator topology closure of (A)1 is (B)1.

Proof. We may assume that A is a C∗-algebra. If {xk}k ⊂ A is a net of ele-
ments which converge in the SOT to a self-adjoint element xk, then since taking

adjoints is WOT continuous we have that
xk+x∗k

2 → x in the WOT. But As.a.

is convex and so the WOT and SOT closures coincide, showing (a). Moreover,
if {yk}k ⊂ As.a. such that yk → x in the SOT then by considering a function
f ∈ C0(R) such that f(t) = t for |t| ≤ ‖x‖, and |f(t)| ≤ ‖x‖, for t ∈ R, we
have ‖f(yk)‖ ≤ ‖x‖, for all k and f(yk)→ f(x) in the SOT by Corollary 2.6.3.
Hence (A)1 ∩As.a. is SOT dense in (B)1 ∩Bs.a..

Note that M2(A) is SOT dense in M2(B) ⊂ B(H⊕H). Therefore if x ∈ (B)1

then x̃ =

(
0 x
x∗ 0

)
∈ (M2(B))1 is self-adjoint. Hence from above there exists

a net of operators x̃n ∈ (M2(A))1 such that x̃n → x̃ in the SOT. Writing

x̃n =

(
an bn
cn dn

)
we then have that ‖bn‖ ≤ 1 and bn → x in the SOT. �

Corollary 2.6.5. A self-adjoint unital subalgebra A ⊂ B(H) is a von Neumann
algebra if and only if (A)1 is closed in the SOT.

Corollary 2.6.6. A self-adjoint unital subalgebra A ⊂ B(H) is a von Neumann
algebra if and only if A is closed in the σ-WOT.

2.6.1 Preduals

Proposition 2.6.7. Let A ⊂ B(H) be a von Neumann algebra, and let A∗ ⊂ A∗
be the subspace of σ-WOT continuous linear functionals, then (A∗)

∗ = A and
under this identification the weak∗-topology on A agrees with the σ-WOT.

Proof. By the Hahn-Banach Theorem, and Lemma 2.4.3 we can identify A∗
with L1(B(H))/A⊥, where A⊥ is the pre-annihilator

A⊥ = {x ∈ L1(B(H)) | Tr(ax) = 0, for all a ∈ A}.

From the general theory of Banach spaces it follows that (L1(B(H))/A⊥)∗ is
canonically isomorphic to the weak∗ closure of A, which is equal to A by Corol-
lary 2.6.6. The fact that the weak∗-topology on A agrees with the σ-WOT is
then obvious. �
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If A ⊂ B(H) and B ⊂ B(K) are von Neumann algebras, then a linear map
Φ : A → B is said to be normal if it is continuous from the σ-WOT of A to
the σ-WOT of B.

Exercise 2.6.8. Suppose A ⊂ B(H) and B ⊂ B(K) are von Neumann algebras,
and Φ : A→ B is a bounded linear map. Show that Φ is normal if and only if the
dual map Φ∗ : B∗ → A∗ given by Φ∗(ψ)(a) = ψ(Φ(a)) satisfies Φ∗(B∗) ⊂ A∗.

2.7 Borel functional calculus

If T ∈ Mn(C) is a normal matrix, then there are different perspectives one
can take when describing the spectral theorem for T . The first, a basis free
approach, is to consider the eigenvalues σ(T ) for T , and to each eigenvalue λ
associate to it the projection E(λ) onto the corresponding eigenspace. Since T
is normal we have that the E(λ)’s are pairwise orthogonal and we have

T =
∑

λ∈σ(T )

λE(λ).

The second approach is to use that since T is normal, it is diagonalizable.
We therefore could find a unitary matrix U such that UTU∗ is a diagonal matrix
with diagonal entries λi. If we denote by Ei,i the elementary matrix with a 1
in the (i, i) position and 0 elsewhere, then we have

T = U∗(

n∑
i=1

λiEi,i)U.

For bounded normal operators there are two similar approaches to the spec-
tral theorem. The first approach is to find a substitute for the projections E(λ)
and this leads naturally to the notion of a spectral measure. For the second
approach, this naturally leads to the interpretation of diagonal matrices cor-
responding to multiplication by essentially bounded functions on a probability
space.

Lemma 2.7.1. Let xα ∈ B(H) be an increasing net of positive operators such
that supα ‖xα‖ < ∞, then there exists a bounded operator x ∈ B(H) such that
xα → x in the SOT.

Proof. We may define a quadratic form on H by ξ 7→ limα ‖
√
xαξ‖2. Since

supα ‖xα‖ < ∞ we have that this quadratic form is bounded and hence there
exists a bounded positive operator x ∈ B(H) such that ‖

√
xξ‖2 = limα ‖

√
xαξ‖2,

for all ξ ∈ H. Note that xα ≤ x for all α, and supα ‖(x − xα)1/2‖ < ∞. Thus
for each ξ ∈ H we have

‖(x− xα)ξ‖2 ≤ ‖(x− xα)1/2‖2‖(x− xα)1/2ξ‖2

= ‖(x− xα)1/2‖2(‖
√
xξ‖2 − ‖

√
xαξ‖2)→ 0.

Hence, xα → x in the SOT. �
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Corollary 2.7.2. Let A ⊂ B(H) be a von Neumann algebra. If {pι}ι∈I ⊂ A
is a collection of pairwise orthogonal projections then p =

∑
ι∈I pι ∈ A is well

defined as a SOT limit of finite sums.

2.7.1 Spectral measures

Let K be a compact Hausdorff space and let H be a Hilbert space. A spectral
measure E on K relative to H is a mapping from the Borel subsets of K to
the set of projections in B(H) such that

(i) E(∅) = 0, E(K) = 1.

(ii) E(B1 ∩B2) = E(B1)E(B2) for all Borel sets B1 and B2.

(iii) For all ξ, η ∈ H the function

B 7→ Eξ,η(B) = 〈E(B)ξ, η〉

is a finite Radon measure on K.

Example 2.7.3. If K is a compact Hausdorff space and µ is a σ-finite Radon
measure on K, then the map E(B) = 1B ∈ L∞(K,µ) ⊂ B(L2(K,µ)) defines a
spectral measure on K relative to L2(K,µ).

We denote by B∞(K) the space of all bounded Borel functions on K. This
is clearly a C∗-algebra with the sup norm.

For each f ∈ B∞(K) it follows that the map

(ξ, η) 7→
∫
f dEξ,η

gives a continuous sesqui-linear form on H and hence it follows that there exists
a bounded operator T such that 〈Tξ, η〉 =

∫
f dEξ,η. We denote this operator

T by
∫
f dE so that we have the formula 〈(

∫
f dE)ξ, η〉 =

∫
f dEξ,η, for each

ξ, η ∈ H.

Theorem 2.7.4. Let K be a compact Hausdorff space, let H be a Hilbert space,
and suppose that E is a spectral measure on K relative to H. Then the associ-
ation

f 7→
∫
f dE

defines a continuous ∗-homomorphism from B∞(K) to B(H). Moreover, the
image of B∞(K) is contained in the von Neumann algebra generated by the
image of C(K), and if fn ∈ B∞(K) is an increasing sequence of non-negative
functions such that f = supn fn ∈ B∞, then

∫
fndE →

∫
fdE in the SOT.

Proof. It is easy to see that this map defines a linear contraction which preserves
the adjoint operation. If A,B ⊂ K are Borel subsets, and ξ, η ∈ H, then
denoting x =

∫
1AdE, y =

∫
1BdE, and z =

∫
1A∩BdE we have

〈xyξ, η〉 = 〈E(A)yξ, η〉 = 〈E(B)ξ, E(A)η〉
= 〈E(B ∩A)ξ, η〉 = 〈zξ, η〉.
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Hence xy = z, and by linearity we have that (
∫
f dE)(

∫
g dE) =

∫
fg dE for

all simple functions f, g ∈ B∞(K). Since every function in B∞(K) can be
approximated uniformly by simple functions this shows that this is indeed a
∗-homomorphism.

To see that the image of B∞(K) is contained in the von Neumann algebra
generated by the image of C(K), note that if a commutes with all operators of
the form

∫
f dE for f ∈ C(K) then for all ξ, η ∈ H we have

0 = 〈(a(

∫
f dE)− (

∫
f dE)a)ξ, η〉 =

∫
f dEξ,a∗η −

∫
f dEaξ,η.

Thus Eξ,a∗η = Eaξ,η and hence we have that a also commutes with operators
of the form

∫
g dE for any g ∈ B∞(K). Therefore by Theorem 2.5.6

∫
g dE is

contained in the von Neumann algebra generated by the image of C(K).
Now suppose fn ∈ B∞(K) is an increasing sequence of non-negative func-

tions such that f = supn fn ∈ B∞(K). For each ξ, η ∈ H we have∫
fn dEξ,η →

∫
f dEξ,η,

hence
∫
fn dE converges in the WOT to

∫
f dE. However, since

∫
fn dE is an

increasing sequence of bounded operators with ‖
∫
fn dE‖ ≤ ‖f‖∞, Lemma 2.7.1

shows that
∫
fn dE converges in the SOT to some operator x ∈ B(H) and we

must then have x =
∫
f dE. �

Theorem 2.7.5. Let H be a Hilbert space and suppose A ⊂ B(H) is an abelian
C∗-subalgebra of B(H) which contains the identity 1. Then there is a unique
spectral measure E on σ(A) relative to H such that for all x ∈ A we have

x =

∫
Γ(x)dE.

Proof. For each ξ, η ∈ H we have that f 7→ 〈Γ−1(f)ξ, η〉 defines a bounded
linear functional on σ(A) and hence by the Riesz representation therorem there
exists a Radon measure Eξ,η such that for all f ∈ C(σ(A)) we have

〈Γ−1(f)ξ, η〉 =

∫
fdEξ,η.

Since the Gelfand transform is a ∗-homomorphism we verify easily that fdEξ,η =
dEΓ−1(f)ξ,η = dEξ,Γ−1(f)η.

Thus for each Borel set B ⊂ σ(A) we can consider the sesquilinear form
(ξ, η) 7→

∫
1BdEξ,η. We have |

∫
fdEξ,η| ≤ ‖f‖∞‖ξ‖‖η‖, for all f ∈ C(σ(A))

and hence this sesquilinear form is bounded and there exists a bounded operator
E(B) such that 〈E(B)ξ, η〉 =

∫
1BdEξ,η, for all ξ, η ∈ H. For all f ∈ C(σ(A))

we have

〈Γ−1(f)E(B)ξ, η〉 =

∫
1BdEξ,Γ−1(f)η =

∫
1BfdEξ,η.
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Thus it follows that E(B)∗ = E(B), and E(B′)E(B) = E(B′ ∩ B), for any
Borel set B′ ⊂ σ(A). In particular, E(B) is a projection and E gives a spectral
measure on σ(A) relative to H. The fact that for x ∈ A we have x =

∫
Γ(x)dE

follows easily from the way we constructed E. �

If H is a Hilbert space and x ∈ B(H) is a normal operator, then by applying
the previous theorem to the C∗-subalgebra A generated by x and 1, and using
the identification σ(A) = σ(x) we obtain a homomorphism from B∞(σ(x)) to
B(H) and hence for f ∈ B∞(σ(x)) we may define

f(x) =

∫
fdE.

Note that it is straight forward to check that for the function f(t) = t we have

x =

∫
zdE(z).

We now summarize some of the properties of this functional calculus which
follow easily from the previous results.

Theorem 2.7.6 (Borel functional calculus). Let A ⊂ B(H) be a von Neumann
algebra and suppose x ∈ A is a normal operator, then the Borel functional
calculus defined by f 7→ f(x) satisfies the following properties:

(i) f 7→ f(x) is a continuous homomorphism from B∞(σ(x)) into A.

(ii) If f ∈ B∞(σ(x)) then σ(f(x)) ⊂ f(σ(x)).

(iii) If f ∈ C(σ(x)) then f(x) agrees with the definition given by continuous
functional calculus.

Corollary 2.7.7. Let A ⊂ B(H) be a von Neumann algebra, then A is the
uniform closure of the span of its projections.

Proof. By decomposing an operator into its real and imaginary parts it is enough
to check this for self-adjoint operators in the unit ball, and this follows from the
previous theorem by approximating the function f(t) = t uniformly by simple
functions on [−1, 1]. �

Corollary 2.7.8. Let A ⊂ B(H) be a von Neumann algebra, then the unitary
group U(A) is path connected in the uniform topology.

Proof. If u ∈ U(A) is a unitary and we consider a branch of the log function
f(z) = log z, then from Borel functional calculus we have u = eix where x =
−if(u) is self-adjoint. We then have that ut = eitx is a uniform norm continuous
path of unitaries such that u0 = 1 and u1 = u. �

Corollary 2.7.9. If H is an infinite dimensional separable Hilbert space, then
K(H) is the unique non-zero proper norm closed two sided ideal in B(H).
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Proof. If I ⊂ B(H) is a norm closed two sided ideal and x ∈ I \{0}, then for any
ξ ∈ R(x∗x), ‖ξ‖ = 1 we can consider y = (ξ ⊗ ξ)x∗x(ξ ⊗ ξ) ∈ I which is a rank
one self-adjoint operator with R(y) = Cξ. Thus y is a multiple of (ξ ⊗ ξ) and
hence (ξ⊗ξ) ∈ I. For any ζ, η ∈ H, we then have ζ⊗η = (ζ⊗ξ)(ξ⊗ξ)(ξ⊗η) ∈ I
and hence I contains all finite rank operators. Since I is closed we then have
that K(H) ⊂ I.

If x ∈ I is not compact then for some ε > 0 we have that dim(1[ε,∞)(x
∗x)H) =

∞. If we let u ∈ B(H) be an isometry from H onto 1[ε,∞)(x
∗x)H, then we have

that σ(u∗x∗xu) ⊂ [ε,∞). Hence, u∗x∗xu ∈ I is invertible which shows that
I = B(H). �

Exercise 2.7.10. Suppose that K is a compact Hausdorff space and E is a
spectral measure for K relative to a Hilbert space H, show that if f ∈ B∞(K),
and we have a decomposition of K into a countable union of pairwise disjoint
Borel sets K = ∪n∈NBn then we have that∫

fdE =
∑
n∈N

∫
Bn

fdE,

where the convergence of the sum is in the weak operator topology.

2.8 Abelian von Neumann algebras

Let A ⊂ B(H) be a von Neumann algebra, and suppose ξ ∈ H is a non-zero
vector. Then ξ is said to be cyclic for A if Aξ is dense in H. We say that ξ is
separating for A if xξ 6= 0, for all x ∈ A, x 6= 0.

Proposition 2.8.1. Let A ⊂ B(H) be a von Neumann algebra, then a non-zero
vector ξ ∈ H is cyclic for A if and only if ξ is separating for A′.

Proof. Suppose ξ is cyclic for A, and x ∈ A′ such that xξ = 0. Then xaξ =
axξ = 0 for all a ∈ A, and since Aξ is dense in H it follows that xη = 0 for all
η ∈ H. Conversely, if Aξ is not dense, then the orthogonal projection p onto its
complement is a nonzero operator in A′ such that pξ = 0. �

Corollary 2.8.2. If A ⊂ B(H) is an abelian von Neumann algebra and ξ ∈ H
is cyclic, then ξ is also separating.

Proof. Since ξ being separating passes to von Neumann subalgebras and A ⊂ A′
this follows. �

Infinite dimensional von Neumann algebras are never separable in the norm
topology. For this reason we will say that a von Neumann algebra A is sepa-
rable if A is separable in the SOT. Equivalently, A is separable if its predual
A∗ is separable.

Proposition 2.8.3. Let A ⊂ B(H) be a separable von Neumann algebra. Then
there exists a separating vector for A.
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Proof. Since A is separable, it follows that there exists a countable collection of
vectors {ξk}k ⊂ H such that xξk = 0 for all k only if x = 0. Also, since A is
separable we have that H0 = sp(A{ξk}k) is also separable. Thus, restricting A
to H0 we may assume that H is separable.

By Zorn’s lemma we can find a maximal family of non-zero unit vectors
{ξα}α such that Aξα ⊥ Aξβ , for all α 6= β. Since H is separable this family
must be countable and so we may enumerate it {ξn}n, and by maximality we
have that {Aξn}n is dense in H.

If we denote by pn the orthogonal projection onto the closure of Aξn then we
have that pn ∈ A′, hence, setting ξ =

∑
n

1
2n ξ if x ∈ A such that xξ = 0, then

for every n ∈ N we have 0 = 2npnxξ = 2nxpnξ = xξn and so x = 0 showing
that ξ is a separating vector for A. �

Corollary 2.8.4. Suppose H is separable, if A ⊂ B(H) is a maximal abelian
self-adjoint subalgebra (masa), then there exists a cyclic vector for A.

Proof. By Propostion 2.8.3 there exists a non-zero vector ξ ∈ H which is sepa-
rating for A, and hence by Proposition 2.8.1 is cyclic for A′ = A. �

The converse of the previous corollary also holds (without the separability
hypothesis), which follows from Proposition 2.5.9, together with the following
theorem.

Theorem 2.8.5. Let A ⊂ B(H) be an abelian von Neumann algebra and sup-
pose ξ ∈ H is a cyclic vector. Then for any SOT dense C∗-subalgebra A0 ⊂ A
there exists a Radon probability measure µ on K = σ(A0) with supp(µ) = K,
and an unitary U : L2(K,µ)→ H such that U∗AU = L∞(K,µ) ⊂ B(L2(X,µ)).

Proof. Fix a SOT dense C∗-algebra A0 ⊂ A, then by the Riesz representa-
tion theorem we obtain a finite Radon measure µ on K = σ(A0) such that
〈Γ(f)ξ, ξ〉 =

∫
fdµ for all f ∈ C(K). Since the Gelfand transform takes posi-

tive operator to positive functions we see that µ is a probability measure.
We define a map U0 : C(K)→ H by f 7→ Γ(f)ξ, and note that ‖U0(f)‖2 =

〈Γ(ff)ξ, ξ〉 =
∫
ffdµ = ‖f‖2. Hence U0 extends to an isometry U : L2(K,µ)→

H. Since ξ is cyclic we have that A0ξ ⊂ U(L2(K,µ)) is dense and hence U is
a unitary. If the support of µ were not K then there would exist a non-zero
continuous function f ∈ C(K) such that 0 =

∫
|f2|dµ = ‖Γ(f)ξ‖2, but since by

Corollary 2.8.2 we know that ξ is separating and hence this cannot happen.
If f ∈ C(K) ⊂ B(L2(K,µ)), and g ∈ C(K) ⊂ L2(K,µ) then we have

U∗Γ(f)Ug = U∗Γ(f)Γ(g)ξ = fg = Mfg.

Since C(K) is ‖ · ‖2-dense in L2(K,µ) it then follows that U∗Γ(f)U = Mf , for
all f ∈ C(K) and thus U∗A0U ⊂ L∞(K,µ). Since A0 is SOT dense in A we
then have that U∗AU ⊂ L∞(K,µ). But since x 7→ U∗xU is WOT continuous
and (A)1 is compact in the WOT it follows that U∗(A)1U = (L∞(K,µ))1 and
hence U∗AU = L∞(K,µ). �
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In general, if A ⊂ B(H) is an abelian von Neumann algebra and ξ ∈ H is a
non-zero vector, then we can consider the projection p onto the K = Aξ. We
then have p ∈ A′, and Ap ⊂ B(H) is an abelian von Neumann for which ξ is
a cyclic vector, thus by the previous result Ap is ∗-isomorphic to L∞(X,µ) for
some probability space (X,µ). An application of Zorn’s Lemma can then be
used to show that A is ∗-isomorphic to L∞(Y, ν) were (Y, ν) is a measure space
which is a disjoint union of probability spaces. In the case when A is separable
an even more concrete classification will be given below.

Theorem 2.8.6. Let A ⊂ B(H) be a separable abelian von Neumann algebra,
then there exists a separable compact Hausdorff space K with a Radon probability
measure µ on K such that A and L∞(K,µ) are ∗-isomorphic.

Proof. By Proposition 2.8.3 there exists a non-zero vector ξ ∈ H which is sepa-
rating for A. Thus if we consider K = Aξ we have that restricting each operator
x ∈ A to K is a C∗-algebra isomorphism and ξ ∈ K is then cyclic. Thus, the
result follows from Theorem 2.8.5. �

If x ∈ B(H) is normal such that A = W ∗(x) is separable, then we may let
A0 be the C∗-algebra generated by x. We then obtain the following alternate
version of the spectral theorem.

Corollary 2.8.7. Let A ⊂ B(H) be a von Neumann algebra. If x ∈ A is normal
such that W ∗(x) is separable, then there exists a Radon measure µ on σ(x) and
a ∗-homomorphism f 7→ f(x) from L∞(σ(x), µ) into A which agrees with Borel
functional calculus. Moreover, we have that σ(f(x)) is the essential range of f .

Note that W ∗(x) need not be separable in general. For example, `∞([0, 1]) ⊂
B(`2([0, 1])) is generated by the multiplication operator corresponding to the
function t 7→ t.

Lemma 2.8.8. Let A ⊂ B(H) be a separable abelian von Neumann algebra,
then there exists a self-adjoint operator x ∈ A such that A = {x}′′.

Proof. Since A is separable we have that A is countably generated as a von
Neumann algebra. Indeed, just take a countable family in A which is dense in
the SOT. By functional calculus we can approximate any self-adjoint element
by a linear combination of projections and thus A is generated by a countable
collection of projections {pk}∞k=0.

Define a sequence of self adjoint elements xn =
∑n
k=0 4−kpk, and let x =∑∞

k=0 4−kpk. We denote by A0 = {x}′′. Define a continuous function f :
[−1, 2] → R such that f(t) = 1 if t ∈ [1 − 1

3 , 1 + 1
3 ] and f(t) = 0 if t ≤ 1

3 ,
then we have that f(xn) = p0 for every n and hence by continuity of continuous
functional calculus we have p0 = f(x) ∈ A0. The same argument shows that
p1 = f(4(x − p0)) ∈ A0 and by induction it follows easily that pk ∈ A0 for all
k ≥ 0, thus A0 = A. �

Theorem 2.8.9. Let A ⊂ B(H) be a separable abelian von Neumann alge-
bra, then there is a countable (possibly empty) set K such that either A is
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∗-isomorphic to `∞K, or else A is ∗-isomorphic to L∞([0, 1], λ) ⊕ `∞K where
λ is Lebesgue measure.

Proof. Since A is separable we have from Lemma 2.8.8 that as a von Neumann
algebra A is generated by a single self-adjoint element x ∈ A.

We define K = {a ∈ σ(x) | 1{a}(x) 6= 0}. Since the projections correspond-
ing to elements in K are pairwise orthogonal it follows that K is countable.
Further, if we denote by pK =

∑
a∈K 1{a} then we have that ApK ∼= `∞K.

Thus, all that remains is to show that if (1 − pK) 6= 0 then (1 − pK)A =
{(1− pK)x}′′ ∼= L∞([0, 1], λ).

Set x0 = (1 − pK)x 6= 0. By our definition of K above we have that
σ(x0) has no isolated points. Thus, we can inductively define a sequence of
partitions {Ank}2

n

k=1 of σ(x0) such that Ank = An+1
2k−1 ∪ A

n+1
2k , and Ank has non-

empty interior, for all n > 0, 1 ≤ k ≤ 2n. If we then consider the elements
yn =

∑∞
k=1

k
2n 1Ak(x0) then we have that yn → y where 0 ≤ y ≤ 1, {x0}′′ = {y}′′

and every dyadic rational is contained in the spectrum of y (since the space of
invertible operators is open in the norm topology), hence σ(y) = [0, 1].

By Theorem 2.8.6 it then follows that {x0}′′ = {y}′′ ∼= L∞([0, 1], µ) for some
Radon measure µ on [0, 1] which has full support and no atoms. If we define the
function θ : [0, 1] → [0, 1] by θ(t) = µ([0, t]) then θ gives a continuous bijection
of [0, 1], and we have θ∗µ = λ, since both are Radon probability measures such
that for intervals [a, b] we have θ∗µ([a, b]) = µ([θ−1(a), θ−1(b)]) = λ([a, b]). The
map θ∗ : L∞([0, 1], λ) → L∞([0, 1], µ) given by θ∗(f) = f ◦ θ−1 is then easily
seen to be a ∗-isomorphism. �
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Chapter 3

Types of von Neumann
algebras

3.1 Projections

If M is a von Neumann algebra we denote by P(M) the space of projections.
The following proposition we leave as an exercise.

Proposition 3.1.1. Let M ⊂ B(H) be a von Neumann algebra. If p ∈ P(M)
or p ∈ P(M ′) then pMp is a von Neumann subalgebra of B(pH).

3.1.1 The projection lattice

If K ⊂ H is a subset, then we use the notation [K] to denote the orthogonal
projection onto the closure of spK.

Let M ⊂ B(H) be a von Neumann algebra and suppose {pα}α ⊂ P(M) is a
family of projections. The infimum of the family {pα}α is [∩αpαH] and is de-
noted by ∧αpα. The supremum of the family is given by ∨αpα = [

∑
α pαH] =

1− ∧α(1− pα).
Given two projections p, q ∈ P(M) we say that q is sub-equivalent to p

and write p � q if there exists a partial isometry v ∈M such that v∗v = p and
vv∗ ≤ q. The projections p, q ∈ P(M) are equivalent and we write p ∼ q if
there exists a partial isometry v ∈ M such that v∗v = p and vv∗ = q. If p � q
but p 6∼ q then we write p ≺ q.

Proposition 3.1.2. Let M ⊂ B(H) be a von Neumann algebra, then the rela-
tion p � q is a partial ordering on P(M), and the relation p ∼ q is an equivalence
relation on P(M).

Proof. To show that � is transitive, suppose that p, q, r ∈ P(M) such that
p = u∗u, uu∗ ≤ q = v∗v, and vv∗ ≤ r. Since uu∗ ≤ q we have

qu = q(uu∗)u = (uu∗)u = u.

41
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Hence,
(vu)∗(vu) = u∗qu = u∗u = p

and
(vu)(vu)∗ ≤ vv∗ ≤ r.

The same argument shows that ∼ is transitive, and ∼ is clearly reflexive and
symmetric. �

Example 3.1.3. Consider a set X. Then each subset S ⊂ X determines
a closed subspace `2S ⊂ `2X and hence a projection [`2S] ∈ B(`2X). Any
bijection f : S1 → S2 determines an isometry vf : `2S1 → `2S2 by the formula
vf (ξ)(s) = ξ(f−1(s)). Thus, the two projections [`2S1] and [`2S2] are equivalent
in B(`2X). Conversely, if [`2S1] and [`2S2] are equivalent then in particular the
spaces have the same dimension and hence there exists a bijection between S1

and S2.
We also see similarly that [`2S1] � [`2S2] in B(`2X) if and only if there exists

an injective function from S1 to S2.
More generally, for any Hilbert space H and any two projections p, q ∈ B(H)

we have p � q in B(H) if and only if dim(pH) ≤ dim(qH).

With the above example in mind we see that the following is a generalization
of the Cantor-Bernstein-Schröeder theorem in set theory, and the proof is much
the same.

Proposition 3.1.4. Let M ⊂ B(H) be a von Neumann algebra, if p, q ∈ P(M)
such that p � q and q � p, then p ∼ q.

Proof. Suppose vv∗ ≤ p = u∗u, and uu∗ ≤ q = v∗v. Set p0 = p − vv∗,
q0 = up0u

∗, and inductively define a pair of sequences of orthogonal projections
{pn}n, {qn}n, as follows:

pn = vqn−1v
∗, qn = upnu

∗.

We also define the projections

p∞ = p−
∞∑
n=0

pn, q∞ = q −
∞∑
n=0

qn.

By construction we have (upn)∗(upn) = pn, and (upn)(upn)∗ = qn, for every

n ≥ 0. Also, if we consider vk = v∗(p−
∑k
n=0 pn) then it is easy to check that

for k ≥ 0 we have vv∗ = p −
∑k
n=0 pn and v∗v = q −

∑k−1
n=0 qn. Taking limits

as k → ∞ we see that (vp∞)(vp∞)∗ = p∞ and (vp∞)∗(vp∞) = q∞. Hence,
considering w = u(

∑∞
n=0 pn) + v∗p∞ we have w∗w = p and ww∗ = q. �

Lemma 3.1.5. Let M ⊂ B(H) be a von Neumann algebra, if {pi}i and {qi}i
are two families of pairwise orthogonal projections in M such that pi � qi, for
each i, then we have

∑
i pi �

∑
i qi.
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Proof. Suppose ui ∈ M such that u∗i ui = pi and uiu
∗
i = ri ≤ qi. By orthogo-

nality we have u∗i uj = uju
∗
i = 0 for i 6= j, and hence (

∑
i ui)

∗(
∑
i ui) =

∑
i pi

while (
∑
i ui)(

∑
i ui)

∗ =
∑
i ri ≤

∑
i qi. �

Lemma 3.1.6. Let M ⊂ B(H) be a von Neumann algebra, and suppose x ∈M .
Then [xH], [x∗H] ∈M and [xH] ∼ [x∗H].

Proof. If we consider the polar decomposition x = v|x|. Then we see easily that
vv∗ = [xH], while v∗v = [x∗H]. Since v ∈M the result folows. �

Proposition 3.1.7 (Kaplansky’s formula). Let M ⊂ B(H) be a von Neumann
algebra. If p, q ∈ P(M) then

p ∨ q − p ∼ q − p ∧ q.

Proof. If we consider x = (1 − p)q then we have ker(x) = ker(q) ⊕ (qH ∩ pH),
hence [x∗H] = 1− (1− q+ q ∧ p) = q− q ∧ p. By symmetry it then follows that

[xH] = (1− p)− (1− p) ∧ (1− q)
= (1− p)− (1− p ∨ q) = p ∨ q − p.

The result then follows from Lemma 3.1.6 �

If x ∈M , the central support of x is the infimum of all central projections
z ∈ Z(M) such that zx = xz = x. we denote the central support of x by z(x).
Two projections p, and q are centrally orthogonal if z(p)z(q) = 0.

Lemma 3.1.8. Let M ⊂ B(H) be a von Neumann algebra and p ∈ P(M) be a
projection, then the central support of p is

z = ∨x∈M [xpH] = [MpH].

Proof. By considering x = 1 we see that p ≤ z, and z is central since the range
of z is clearly invariant to all operators in M . Thus, z(p) ≤ z. We also have
that the range of z(p) is invariant to all operators in M and since p ≤ z(p) it
follows that any operator in M maps the range of p into the range of z(p). Thus
[xpH] ≤ z(p) for all x ∈M and hence z ≤ z(p). �

Proposition 3.1.9. Let M ⊂ B(H) be a von Neumann algebra and p, q ∈ P(M)
be two projections, then the following are equivalent:

(i) p and q are centrally orthogonal.

(ii) pMq = {0}.

(iii) There does not exist nonzero projections p0 ≤ p, and q0 ≤ q such that
p0 ∼ q0.
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Proof. The equivalence between (i) and (ii) follows easily from the previous
lemma. Indeed, for all x ∈ M we have [pxqH] ≤ p ≤ z(p), and by the previous
lemma we have [pxqH] ≤ z(q), thus if p and q are centrally orthogonal then we
have pxq = 0 for all x ∈ M . Conversely, if pMq = {0} then we have pz(q) = 0
and since z(q) is central it follows that z(p) ≤ 1− z(q).

To see that (ii) and (iii) are equivalence note that if x ∈ M such that
[pxqH] 6= 0 then [pxqH] ≤ p and [pxqH] ∼ [qx∗pH] ≤ q. Conversely, if p0 ≤ p
is a nonzero projection and v ∈ M such that v∗v = p and vv∗ ≤ q then
v∗ = pv∗q ∈ pMq \ {0}. �

Theorem 3.1.10 (The comparison theorem). Let M ⊂ B(H) be a von Neu-
mann algebra, if p, q ∈ P(M) then there exists a central projection z ∈ P(Z(M))
such that

zp � zq, and (1− z)q � (1− z)p.

Proof. By Zorn’s lemma there exists a maximal families {pα}α∈I and {qα}α∈I
of pairwise orthogonal projections such that p0 =

∑
α pα ≤ p, q0 =

∑
α qα ≤ q,

and pα ∼ qα for all α ∈ I. If we let z1 be the central support of p − p0, and
z2 be the central support of q − q0 then by Proposition 3.1.9 we have z1z2 = 0,
and hence p− p0 ≤ z1 ≤ 1− z2. Thus, (p− p0)z2 = 0 and since p0 ∼ q0 implies
p0z2 ∼ q0z2 we have

pz2 = p0z2 ∼ q0z2 ≤ qz2,

while
q(1− z2) = q0(1− z2) ∼ p0(1− z2) ≤ p(1− z2). �

A von Neumann algebra M ⊂ B(H) is a factor if it has trivial center, i.e.,
Z(M) = C.

Corollary 3.1.11. If M ⊂ B(H) is a factor and p, q ∈ P(M) then exactly one
of the following is true.

p ≺ q, p ∼ q, q ≺ p.

Proof. Since M is a factor the only central projections are 0, or 1. Hence,
by the comparison theorem we have p � q or q � p. If both occur then by
Proposition 3.1.4 we have p ∼ q. �

3.2 Types of projections

Let M ⊂ B(H) be a von Neumann algebra. A projection p ∈ P(M) is said to
be

• minimal if p 6= 0, and the only subprojections are 0 and p, or equivalently
if dim(pMp) = 1.

• abelian if pMp is abelian.

• finite if q ≤ p and q ∼ p implies q = p.
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• semi-finite if there are pairwise orthogonal finite projections pα ∈ P(M)
such that p =

∑
α pα.

• purely infinite if p 6= 0 and there is no non-zero finite projection q ≤ p.

• properly infinite if p 6= 0 and zp is not-finite for any non-zero central
projection z ∈ P(M).

We say that M is finite, semi-finite, purely infinite, or properly infinite depend-
ing on whether or not 1 has the corresponding property in M .

Note that we have the trivial implications:

minimal =⇒ abelian =⇒ finite =⇒ semi−finite =⇒ not purely infinite,

and also
purely infinite =⇒ properly infnite.

Note also that M is finite if and only if the only isometries in M are unitary.
Thus, B(H) is finite if and only if H is finite dimensional. When H is infinite
dimensional we can fix an orthonormal basis {ξα}α and we have 1 =

∑
α[Cξα],

hence in this case B(H) is semi-finite. The same argument shows that for the
von Neumann algebra B(H), every projection is semi-finite.

Lemma 3.2.1. Let {pα}α be a family of centrally orthogonal projections in a
von Neumann algebra M ⊂ B(H). If each projection pα is abelian (resp. finite)
then p =

∑
α pα is also abelian (resp. finite).

Proof. If each pα is abelian then since they are centrally orthogonal for α 6= β
and x, y ∈M we have (pαxpypβ) = 0. Hence

(pxp)(pyp) =
∑
α

pαxpαypα = (pyp)(pxp),

thus p is abelian.
If each pα is finite and u ∈ M such that uu∗ ≤ u∗u = p. Then for all α we

have z(pα)u∗uz(pα) = p and uz(pα)u∗ = z(pα)uu∗ ≤ pα. Thus uz(pα)u∗ = pα
for each α and hence

uu∗ = uz(p)u∗ =
∑
α

uz(pα)u∗ = p. �

Proposition 3.2.2. Let p, q be non-zero projections in a von Neumann algebra
M ⊂ B(H) such that p � q. If q is finite (resp. purely infinite), then p is also
finite (resp. purely infinite).

Proof. For the case when q is finite let us suppose that p ∼ q and let v ∈ M
be such that v∗v = p and vv∗ = q. Suppose u ∈ M such that u∗u = p, and
uu∗ ≤ p, then we have (vuv∗)∗(vuv∗) = q and (vuv∗)(vuv∗)∗ ≤ q. Therefore
(vuv∗)(vuv∗)∗ = q and hence uu∗ = p.

Next suppose that p ≤ q. If u∗u = p and uu∗ ≤ p then setting w = u+(q−p)
we have w∗w = q and ww∗ ≤ q. Therefore, uu∗ + (q− p) = ww∗ = q and hence
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uu∗ = p. In general, if p � q then there exists q0 ≤ q such that p ∼ q0 ≤ q and
the result follows.

Since projections are purely infinite when they have no non-zero finite sub-
projections, the purely infinite case follows from the finite case. �

Proposition 3.2.3. A projection p ∈ P(M) in a von Neumann algebra M ⊂
B(H) is semi-finite if and only if p is the supremum of finite projections. In
particular, a supremum of semi-finite projections is again semi-finite.

Proof. If p is semi-finite then is is a sum (and hence also a supremum) of a
family of pairwise orthogonal finite projections. Conversely, if p = ∨αpα where
each pα is finite. Then let {qβ}β be a maximal family of pairwise orthogonal
finite subprojections of p. If q0 = p −

∑
β qβ 6= 0 then there exists some pα

such that pα and q0 are not orthogonal, and hence not centrally orthogonal.
By Proposition 3.1.9 there then exists a non-zero subprojection q̃0 ≤ q0 such
that q0 � pα and hence is finite is finite by Proposition 3.2.2, contradicting
maximality of the family {qβ}β . �

Corollary 3.2.4. Let p be projection in a von Neumann algebra M ⊂ B(H),
if p is semi-finite (resp. purely infinite) then the central support z(p) is also
semi-finite (resp. purely infinite).

Proof. The central support is the supremum over all equivalent projections and
hence from the previous corollary this proves the case when p is semi-finite. It
follows from Propositions 3.1.9 and 3.2.2 that a non-zero projection is purely
infinite if and only if it is centrally orthogonal to every semi-finite projection
which then proves the corollary in this case. �

Corollary 3.2.5. Let p, q be non-zero projections in a von Neumann algebra
M ⊂ B(H) such that p � q. If q is semi-finite then p is also semi-finite.

Proof. By Corollary 3.2.4 it is enough to consider the case when q ∈ Z(M) in
which case we have p ≤ q. Let p0 be the maximal semi-finite subprojection of
p (i.e., p0 is the supremum of all finite subprojections of p). Since q is semi-
finite, it is the supremum of all its finite subprojections. Thus, since z(p −
p0) ≤ q = z(q), if p − p0 were not zero then there would exist a non-zero
finite subprojection of q which would be equivalent to a subprojection of p− p0,
contradicting our definition of p0. Therefore we have that p is the supremum if
its finite subprojections and hence is semi-finite. �

Lemma 3.2.6. Let M ⊂ B(H) be a properly infinite von Neuman algebra, then
there exists a projection p ∈ P(M) such that p ∼ 1− p ∼ 1.

Proof. By hypothesis there exists u ∈ M such that uu∗ < u∗u = 1. Set p0 =
1 − uu∗, then pn = unp0(un)∗ is a pairwise orthogonal family of equivalent
projections. Let {qι}ι be a maximal family of pairwise orthogonal equivalent
projections in M which extends the family {pn}n, and consider q0 = 1−

∑
ι qι.
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By the comparison theorem there exists a central projection z such that
q0z � qι0z, and qι0(1− z) � q0(1− z). If z = 0 then qι0 � q0 contradicting the
maximality of {qι}ι, thus z 6= 0 and we have

z = q0z +
∑
ι

qιz � qι0z +
∑
ι6=ι0

qιz =
∑
ι

qιz ≤ z.

Thus, z ∼
∑
ι qιz by the Cantor-Bernstein-Schröeder theorem for projections.

By decomposing {qι}ι into two infinite sets we construct two projections p and
z − p such that p ∼ z − p ∼ z.

Consider {rj}j a maximal family of centrally orthogonal projections such
that rj ∼ z(rj)− rj ∼ z(rj), then the argument above shows that

∑
j z(rj) = 1

and hence setting p =
∑
j rj finishes the proof. �

Proposition 3.2.7. Let p, q be finite projections in a von Neumann algebra
M ⊂ B(H), then p ∨ q is also finite.

Proof. By Kaplansky’s formula we have p ∨ q − p ∼ q − p ∧ q ≤ q, and thus we
may replace q by p∨ q−p and assume that p and q are orthogonal. We will also
assume that p+q = 1 by considering the von Neumann algebra (p+q)M(p+q).

Let z0 be the supremum of all central finite projections. By Lemma 3.2.1 z0

is a finite projection and thus either z0 = 1 in which case the proof is finished,
or else by considering (1 − z0)p and (1 − z0)q we may assume z0 = 0, i.e., we
may assume that M is properly infinite.

Then by Lemma 3.2.6 there exists a projection r ∈ P(M) such that r ∼
1−r ∼ 1. By the comparison theorem there then exists z ∈ P(Z(M)) such that

z(p ∧ r) � z(q ∧ (1− r)), and (1− z)(q ∧ (1− r)) � (1− z)(p ∧ r).

Then zr ∼ z(1− r) ∼ z and

z(p ∧ r) = zp ∧ zr � z(1− r) ∧ zq.

Using Kaplansky’s formula and Lemma 3.1.5 we then have

zr = z(r − r ∧ p) + z(r ∧ p) � z(r ∨ p− p) + z(q ∧ (1− r)) = zq, (3.1)

which implies that z ∼ zr = 0, since zq is finite.
Thus, q ∧ (1− r) � p ∧ r, and replacing the roles of p with q, and of r with

1− r in (3.1) we then have

1− r = ((1− r)− (1− r) ∧ q) + ((1− r) ∧ q)
� ((1− r) ∨ q − q) + (p ∧ r) = p,

which gives a contradiction since p is finite. �

Proposition 3.2.8. Let p and q be finite equivalent projections in a von Neu-
mann algebra M ⊂ B(H), then 1− p and 1− q are also equivalent. Thus, there
exists a unitary operator u ∈M such that upu∗ = q.
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Proof. By Proposition 3.2.7 we have that p ∨ q is finite, hence by considering
(p ∨ q)M(p ∨ q) we may assume that M is finite. By the comparison theorem
there exists a central projection z ∈M , and projections p1, and q1 such that

(1− p)z ∼ q1 ≤ (1− q)z, and (1− q)(1− z) ∼ p1 ≤ (1− p)(1− z).

Then,
z = (1− p)z + pz ∼ q1 + qz ≤ (1− q)z + qz = z,

and
(1− z) = (1− q)(1− z) + q(1− z) ∼ p1 + p(1− z) ≤ (1− z).

Since, z and (1−z) are finite this implies that q1 = (1−q)z and p1 = (1−p)(1−z),
and so 1− q ∼ 1− p. �

A projection p ∈ P(M) is countably decomposable if every family of non-
zero pairwise orthogonal subprojections is countable. A von Neumann algebra
is countably decomposable if the identity projection is. Note that separable von
Neumann algebras are always countably decomposable. Also, note that if p is
countably decomposable and q ≤ p then so is q.

Proposition 3.2.9. Let p, q ∈ P(M) be properly infinite projections and sup-
pose that M is countably decomposable. If z(p) ≤ z(q) then p � q.

Proof. By the comparison theorem we may assume that q � p, and hence we
may assume q ≤ p. By considering pMp we may also assume p = 1.

By Lemma 3.2.6 there exists a subprojection q0 ≤ q such that q0 ∼ q−q0 ∼ q.
Take u ∈ M such that u∗u = q and uu∗ = q − q0. Setting qn = unq0(un)∗ we
obtain a family of pairwise orthogonal equivalent projections. Let {rn}n be a
maximal family of pairwise orthogonal projections such that rn � q. Since M
is countably decomposable we have that {rn}n is countable and by maximality
we have that 1 −

∑
n rn and q are centrally orthogonal, thus

∑
n rn = 1 since

z(q) = z(p) = 1. Hence,

1 =
∑
n

rn �
∞∑
n=0

qn ≤ q,

and so q ∼ 1 by the Cantor-Bernstein-Schröeder theorem for projections. �

Corollary 3.2.10. If M ⊂ B(H) is a countably decomposable factor, than any
two infinite projections in M are equivalent.

Exercise 3.2.11. Suppose that M ⊂ B(H) is a factor which is either finite,
or is countably decomposable and purely infinite. Show that M is algebraically
simple. I.e., the only two-sided ideals are {0}, or M .

Exercise 3.2.12. Let M ⊂ B(H) be a von Neumann algebra and consider a
non-zero vector ξ ∈ H. Let p be the supremum of all projections q such that
qξ = 0. Show that 1− p is countably decomposable.
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Exercise 3.2.13. Let M ⊂ B(H) be a von Neumann algebra and set I = {x ∈
M | [xH] is countably decomposable.}. Show that I is a norm closed 2-sided
ideal and conclude that all finite factors are countably decomposable.

Exercise 3.2.14. Suppose that M ⊂ B(H) is a semi-finite factor which is not
finite. Show that the set of elements whose support projection is finite forms a
two-sided ideal K0(M), whose closure K(M) does not equal M .

3.3 Type decomposition

A von Neumann algebra M ⊂ B(H) is of type I if every non-zero projection
has a non-zero abelian subprojection. M is of type II if it is semi-finite and
has no non-zero abelian projections, if M is also finite then M is of type II1,
if M is properly infinite then M is of type II∞. M is of type III if it has no
non-zero finite projections.

Theorem 3.3.1. Let M ⊂ B(H) be a von Neumann algebra. Then there exists
unique projections PI , PII1 , PII∞ , and PIII in Z(M) such that MPI , MPII1 ,
MPII∞ , and MPIII are of type I, II1, II∞, and III respectively, and such that
PI + PII1 + PII∞ + PIII = 1.

Proof. Let PI be the supremum of all abelian projections in M . Since the
family of abelian projections is closed under conjugation by unitaries it follows
that uPIu

∗ = PI for all unitaries in M and since every operator is a linear
combination of 4 unitaries it then follows that PI is central. If q ≤ PI , q 6= 0,
then since PI is central it follows that for some abelian projection r ∈ M we
have that z(r)z(q) 6= 0 and hence by Proposition 3.1.9 there exists a non-zero
subprojection r0 ≤ r such that r0 � q, thus q has an abelian subprojection.
Therefore, MPI is type I, and 1− PI has no abelian subprojections.

Let PII1 be the supremum of all finite central projections p ∈ M such that
p ≤ 1− PI . Then MPII1 is finite and M(1− PI − PII1) has no non-zero finite
central subprojections.

Let PII∞ be the supremum of all finite projections p ∈M such that p ≤ 1−
PI−PII1 . Then since the family of finite projections is closed under conjugation
by unitaries we again see that PII∞ is central. By Proposition 3.2.3 we have
that PII∞ is semi-finite and has no non-zero finite central subprojections, hence
MPII∞ is type II∞. By definition of PII1 and PII∞ we then have that there
are no non-zero finite subprojections of PIII = 1− PI − PII1 − PII∞ and hence
MPIII is type III.

To see that this decomposition is unique suppose that QI +QII1 +QII∞ +
QIII = 1 gives another such decomposition. Since MQIII is type III we have
that QIII is purely infinite, and from Proposition 3.2.2 it follows that QIIIPI =
QIIIPII1 = QIIIPII∞ = 0, hence QIII ≤ PIII and the same reasoning shows
that PIII ≤ QIII .

Similarly, since QII1 + QII∞ has no abelian subprojections, we have that
(QII1 + QII∞)PI = 0, hence QII1 + QII∞ ≤ PII1 + PII∞ and by symmetry
PII1 + PII∞ ≤ QII1 +QII∞ . Therefore, PI = QI as well.
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Since QII1 is finite and central, and PII∞ is properly infinite we have that
QII1PII∞ = 0. Similarly we have PII1QII∞ = 0 and hence PII1 = QII1 and
PII∞ = QII∞ . �

Corollary 3.3.2. A factor is either of type I, type II1, type II∞, or type III.

Proposition 3.3.3. Let M ⊂ B(H) be a von Neumann algebra, and suppose
p ∈ P(M) such that z(p) = 1, then

1. M is type I if and only if pMp is type I;

2. M is type II if and only if pMp is type II;

3. M is type III if and only if pMp is type III.

Proof. If M is type I then clearly pMp is type I since every projection in pMp
is also a projection in M . Conversely, if pMp is type I and q ∈ P(M) is a
non-zero projection, then by Proposition 3.1.9 there exists v ∈ M such that
v 6= 0, v∗v ≤ q, and vv∗ ≤ p. Since pMp is type I we then have that there is a
minimal projection p0 ≤ vv∗, and hence v∗p0v ≤ q is also a minimal projection.
Hence M is type I.

Essentially the same argument also works in the type II and type III cases
by considering finite subprojections rather than minimal subprojections. �

Theorem 3.3.4. Let M ⊂ B(H) be a von Neumann algebra with a cyclic vector
ξ ∈ H. Then for each η ∈ H there x, y ∈M with x ≥ 0, and ζ ∈ xH, such that
xζ = ξ and yζ = η.

Proof. Fix η ∈ H, and assume ‖ξ‖, ‖η‖ ≤ 1. Since ξ is cyclic there exists a

sequence xn ∈M such that ‖η −
∑k
n=1 xnξ‖ ≤ 4−k for each k ∈ N. Then h2

k =

1 +
∑k
n=1 4nx∗nxn defines an increasing sequence in M . By Proposition 1.4.6

h−1
k is then a decreasing sequence of positive elements and so by Lemma 2.7.1

must converge in the strong operator topology to a limit x.
For k ∈ N we have

‖hkξ‖2 = 〈h2
kξ, ξ〉 = ‖ξ‖2 +

k∑
n=1

4n‖xnξ‖2 ≤ 1 + 2

k∑
n=1

4−n < 2.

Therefore {hkξ}k is a bounded sequence and so must have a weak cluster point
ζ ∈ H.

To see that xζ = ξ, fix ξ0 ∈ H, and ε > 0, and consider k ∈ N such that
‖ζ − hkξ‖ < ε

2 and ‖(x− h−1
k )ξ0‖ < ε

4 .
Then

|〈xζ − ξ, ξ0〉| < |〈hkξ, xξ0〉 − 〈ξ, ξ0〉|+
ε

2

= |〈hkξ, xξ0 − h−1
k ξ0〉|+

ε

2

<
ε

4
‖hkξ‖+

ε

2
< ε,
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so that xζ = ξ.
For m > k we have

0 ≤ h−1
m 4kx∗kxkh

−1
m ≤ h−1

m (1 +

m∑
n=1

4nx∗nxn)h−1
m = 1,

and since h−1
m 4kx∗kxkh

−1
m is strong operator convergent to 4kxx∗kxkx we then

have ‖xkx‖2 = ‖x∗x∗kxkx‖ ≤ 4−k. Therefore,
∑∞
n=1 xkx converges in norm to

an operator y, and we have yζ =
∑∞
n=1 xkxζ =

∑∞
n=1 xkξ = η.

Since ker(y) ⊂ ker(x) we can replace ζ by [xH]ζ if needed. �

Proposition 3.3.5. Let M ⊂ B(H) be a von Neumann algebra. If ξ, η ∈ H are
two cyclic vectors, then [M ′ξ] ∼ [M ′η].

Proof. Let ξ, η ∈ H be cyclic vectors. By the previous theorem there exists
x, y ∈M with x ≥ 0, and ζ ∈ xH such that xζ = ξ and yζ = η. Set p = [M ′ζ].

Since ζ ∈ xH, and pζ = ζ, we then have ζ ∈ pxH. Hence p ≤ [M ′pxH] ≤
[pxH] ≤ [pH] = p and so p = [pxH] ∼ [xpH] = [xM ′ζ] = [M ′ξ].

On the other hand, we have [M ′η] = [yM ′ζ] = [ypH] ∼ [pyH] ≤ p ∼ [M ′ξ].
The result then follows by symmetry. �

Proposition 3.3.6. Let M ⊂ B(H) be a von Neumann algebra and suppose
ξ, η ∈ H. Then [M ′ξ] � [M ′η] in M if and only if [Mξ] � [Mη] in M ′.

Proof. We will first show that [M ′ξ] ∼ [M ′η] in M if and only if [Mξ] ∼ [Mη]
in M ′. For this, suppose v ∈ M such that v∗v = [M ′ξ] and vv∗ = [M ′η].
Then [M ′vξ] = [vM ′ξ] = [M ′η], and [Mvξ] ≤ [Mξ] = [Mv∗vξ] ≤ [Mvξ]. Thus,
replacing ξ with vξ we may assume that [M ′ξ] = [M ′η].

Then the central support z of [Mη] is [M ′Mη] = [MM ′η] = [M ′Mξ], and so
by considering Mz we may assume that all projections [Mξ], and [Mη] in M ′,
and p0 = [M ′ξ] = [M ′η] in M , have central support equal to 1.

In particular then x 7→ xp0 gives an isomorphism from M ′ onto M ′p0, and
so [Mξ], and [Mη] are equivalent in M ′ if and only if [Mξ]p0, and [Mη]p0 are
equivalent in M ′p0. But p0ξ and p0η are cyclic vectors for M ′p0 and so by the
previous proposition we have the equivalence.

For the general case, if [M ′ξ] ∼ q ≤ [M ′η], then q = [M ′qη] and hence from
above we have [Mξ] ∼ [Mqη] ≤ [Mη]. �

Lemma 3.3.7. Let M ⊂ B(H) be a finite von Neumann algebra and suppose
that M has a cyclic and separating vector, then M ′ is finite.

Proof. Suppose ξ ∈ H is a cyclic and separating vector, and that M ′ is not
finite. If q ∈ P(M ′) is a maximal central finite projection, then (1 − q)ξ is a
cyclic and separating vector for M(1 − q), and replacing M with M(1 − q) we
will assume that M ′ is properly infinite.

If M were abelian then M would be maximal abelian since it has a cyclic
and separating vector (see the remark before Theorem 2.8.5), contradicting the
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fact that M ′ is properly infinite. Thus, there exists a projection p ∈ P(M) such
that p < z(p) = 1.

Let q = [Mpξ] ∈ M ′. Since M ′ has a separating vector it is countably
decomposable (see Exercise 3.2.12), and hence by Proposition 3.2.9 we have
q ∼ z(q) = [M ′Mpξ] = [MpM ′ξ] = [MpH] = z(p) = 1.

Thus [Mpξ] ∼ 1 = [Mξ] in M ′ and so by Proposition 3.3.6 we have p =
[pM ′ξ] = [M ′pξ] ∼ [M ′ξ] = 1 in M , showing that M is not finite. �

Lemma 3.3.8. Let M ⊂ B(H) be a von Neumann algebra, and suppose p ∈
P(M), and q ∈ P(M ′). Then (pMpq)′ ∩ B(pqH) = qM ′qp.

Proof. It’s sufficient to check in the cases when either p = 1 or q = 1. When
p = 1 then clearly qM ′q ⊂ (Mq)′∩B(qH), and if x ∈ (Mq)′∩B(qH) and y ∈M
then

xy = x(qy + (1− q)y) = xqy = yqx = (yq + y(1− q))x = yx,

thus (Mq)′ ∩ B(qH) ⊂ qM ′q.
Taking commutants and using von Neumann’s double commutant theorem

also gives Mq = (qM ′q)′ ∩ B(qH). Replacing M with M ′ and q with p then
gives the other case. �

Theorem 3.3.9. Let M ⊂ B(H) be a von Neumann algebra, then

1. M is type I if and only if M ′ is type I;

2. M is type II if and only if M ′ is type II;

3. M is type III if and only if M ′ is type III.

Proof. We only need to show one implication for each type as the other then
follows from von Neumann’s double commutant theorem.

First, suppose that M is type II, and take q ∈ M ′ a non-zero projection.
Consider ξ ∈ H such that qξ 6= 0, and take p ≤ [qM ′qξ] ∈ Mq a non-zero
finite projection. Then pqξ is cyclic and separating for pMpq. As pMpq is not
abelian, neither is qM ′qp, and hence q cannot be an abelian projection. Also,
by Lemmas 3.3.7, and 3.3.8 we have that (pMpq)′ = qM ′qp is finite, showing
that q has a finite subprojection. Since q was arbitrary this shows that M ′ is
type II.

Next, if M is type III, and q ∈ M ′ were a non-zero finite projection, then
from above we would have Mq = (qM ′q)′ semi-finite giving a contradiction.
Thus, M ′ has no non-zero finite projections and hence is type III.

Finally, if M is type I then from above it follows that M ′ cannot have a type
II or type III von Neumann algebra as a direct summand. Thus, M ′ must be
type I. �
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3.4 Type I von Neumann algebras

For a cardinal number n, a von Neumann algebra M is type In, if 1 is a sum
of n equivalent non-zero abelian projections. We use the terminology type I∞
to describe a properly infinite type I von Neumann algebra.

Lemma 3.4.1. If n and m are cardinal numbers such that a von Neumann
algebra M is both type In and type Im, then n = m.

Proof. If n or m is finite this is clear. For infinite cardinals suppose 1 =∑
i∈I pi =

∑
j∈J qj where {pi}, and {qj} are each infinite pairwise orthogonal

collections of abelian projections with central support 1.
First note that for each ξ ∈ H, there are only countably many j ∈ J such

that qjξ 6= 0, hence for each fixed i ∈ I, there are only countably many j ∈ J
such that [piqjH]ξ 6= 0. If we denote by zi,j the central support of [piqjH] then
as zi,j [piqjH] = [piqjH], and as pi is abelian we then have [piqjH] ≤ pizi,j =
[piMpiqjH] ≤ [piqjpiMpiH] ≤ [piqjH]. Thus, zi,jpi = [piqjH], and so for each
i ∈ I, and ξ ∈ piH, there are only countably many j ∈ J such that zi,jξ 6= 0.
As {pi} is a pairwise orthogonal family we then have that for each ξ ∈ H, and
i ∈ I, there are only countably many j ∈ J such that zi,jξ 6= 0.

Fix ξ0 ∈ H a non-zero vector, and for each i ∈ I set Ji = {j ∈ J | zi,jξ0 6= 0}.
For each j ∈ J , we have ∨i∈Izi,j = z(pj) = 1, and hence there exists some i ∈ I
such that zi,jξ0 6= 0. Hence we have J = ∪i∈IJi, and as each Ji is countable
we then have |J | ≤ |I × N| = |I|. By symmetry we also have |I| ≤ |J |, and so
|I| = |J | by the Cantor-Bernstein-Schröeder theorem. �

Proposition 3.4.2. Every type I von Neumann algebra M ⊂ B(H) is a direct
sum of type In von Neumann algebras. Moreover, this decomposition is unique.

Proof. If M is any type I von Neumann algebra and we fix q a non-zero abelian
projection, then we may consider a maximal family {qi}i∈I of pairwise orthog-
onal abelian projections such that qi ∼ q for each i ∈ I. We then have that∑
i∈I qi ≤ z(q), and if

∑
i∈I qiz < z for some non-zero central subprojection

z ≤ z(q), then there is a non-zero abelian subprojection q0 ≤ z−
∑
i∈I qiz. Thus,

if
∑
i∈I qiz < z for all non-zero central subprojections z ≤ z(q) then a maximal-

ity argument would produce an abelian subprojection q̃0 ≤ z(q)−
∑
i∈I qi whose

central support is z(q). Buth then q0 ∼ q contradicting maximality of the set
{qi}i∈I . Hence, there exists some non-zero central subprojection z ≤ z(q) such
that

∑
i∈I qiz = z, and hence Mz is type I|I|. Thus, every type I von Neumann

algebra contains a type In direct summand for some cardinal number n.
For each cardinal number n, let {zi}i be a maximal family of orthogonal

central projections, such that Mzi is type In for each i. If we set pn =
∑
i zi

then have that Mpn is type In, and M(1 − pn) has no type In summand.
By Lemma 3.4.1 we have that {pn} is a pairwise orthogonal family of projec-
tions and from the argument above, for a large enough cardinal number N , we
have 1 =

∑
n≤N pn. Uniqueness of this decomposition follows directly from

Lemma 3.4.1. �
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Theorem 3.4.3. A type I factor M is ∗-isomorphic to B(K) for some Hilbert
space K.

Proof. By Zorn’s Lemma there exists a maximal family of pairwise orthogonal
minimal projection F ⊂ M . If we denote by P = ∨p∈Fp then 1 − P can have
no minimal subprojections and hence since M is a type I factor it follows that
P = 1.

If p, q ∈ F , then by minimality we cannot have p ≺ q or q ≺ q, thus by
Corollary 3.1.11 we must have that p ∼ q. Hence, if we fix p0 ∈ F , then for
any q ∈ F we can chose a partial isometry vq ∈ M such that v∗qvq = p0, and
vqv
∗
q = q. We may assume in addition that vp0

= p.
For each p, q ∈ F we define the partial isometry vp,q = vpv

∗
q . It is then easy

to verify that vp,p = p, v∗p,q = vq,p, and vp,qvq,r = vp,r, for all p, q, r ∈ F .
We may then define a map θ : B(`2F)→M by θ(T ) =

∑
p,q∈F 〈Tδq, δp〉vp,q,

where the sum is taken in the SOT. The map θ is clearly unital, linear, adjoint
preserving, and injective. From Parseval’s identity we see that it is multiplicative
as well. Indeed, for T, S ∈ B(`2F) we have

θ(T )θ(S) = (
∑
p,r∈F

〈Tδr, δp〉vp,r)(
∑
r′,q∈F

〈Sδq, δr′〉vr′,q)

=
∑

p,q,r∈F
〈δr, T ∗δp〉〈Sδq, δr〉vp,q

=
∑
p,q∈F

〈Sδq, T ∗δp〉vp,q = θ(TS).

The fact that θ is onto follows from the fact that for x ∈M we have pxq ∈ Cvp,q,
and x =

∑
p,q∈F pxq. �

A similar classification for type I von Neumann algebras can be made, but
we will delay this discussion until after we introduce tensor products of von
Neumann algebras.



Chapter 4

States and traces

If A is a C∗-algebra then A∗ is a Banach space which is also an A-bimodule
given by (a ·ψ · b)(x) = ψ(bxa). Moreover, the bimodule structure is continuous
since

‖a · ψ · b‖ = sup
x∈(A)1

|ψ(bxa)| ≤ sup
x∈(A)1

‖ψ‖‖bxa‖ ≤ ‖ψ‖‖b‖‖a‖.

4.1 States

A linear functional ϕ : A → C on a C∗-algebra A is positive if ϕ(x) ≥ 0,
whenever x ∈ A+. Note that if ϕ : A→ C is positive then so is a∗ · ϕ · a for all
a ∈ A. A positive linear functional is faithful if ϕ(x) 6= 0 for every non-zero
x ∈ A+, and a state if ϕ is positive, and ‖ϕ‖ = 1. The state space S(A) is
a convex closed subspace of the unit ball of A∗, and as such it is a compact
Hausdorff space when endowed with the weak∗-topology.

Note that if ϕ ∈ S(A) then for all x ∈ A, x = x∗, then ϕ(x) = ϕ(x+−x−) ∈
R. Hence, if y ∈ A then writing y = y1+iy2 where yj are self-adjoint for j = 1, 2,

we have ϕ(y∗) = ϕ(y1) − iϕ(y2) = ϕ(y). In general, we say a functional is
Hermitian if ϕ(y∗) = ϕ(y), for all y ∈ A. Note that by defining ϕ∗(y) = ϕ(y∗)
then we have that ϕ+ ϕ∗, and i(ϕ− ϕ∗) are each Hermitian.

Also note that a positive linear functional ϕ : A→ C is bounded. Indeed, if
{xn}n is any sequence of positive elements in (A)1 then for any (an)n ∈ `1N we
have

∑
n anϕ(xn) = ϕ(

∑
n anxn) < ∞. This shows that (ϕ(xn))n ∈ `∞N and

since the sequence was arbitrary we have that ϕ is bounded on the set of positive
elements in (A)1. Writing an element x in the usual way as x = x1−x2+ix3−ix4

then shows that ϕ is bounded on the whole unit ball.

Lemma 4.1.1. Let ϕ : A → C be a positive linear functional on a C∗-algebra
A, then for all x, y ∈ A we have |ϕ(y∗x)|2 ≤ ϕ(y∗y)ϕ(x∗x).

Proof. Since ϕ is positive, the sesquilinear form defined by 〈x, y〉 = ϕ(y∗x)
is non-negative definite. Thus, the result follows from the Cauchy-Schwarz
inequality. �

55
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Lemma 4.1.2. Suppose A is a unital C∗-algebra. A linear functional ϕ : A→ C
is positive if and only ‖ϕ‖ = ϕ(1).

Proof. First suppose ϕ is a positive linear functional, then for all x ∈ A we have
ϕ(‖x+ x∗‖ ± (x+ x∗)) ≥ 0. Since ϕ is Hermitian we then have

|ϕ(x)| = |ϕ(
x+ x∗

2
)| ≤ ‖x+ x∗

2
‖ϕ(1) ≤ ‖x‖ϕ(1),

showing ‖ϕ‖ ≤ ϕ(1) ≤ ‖ϕ‖.
Now suppose ‖ϕ‖ = ϕ(1), and x ∈ A is a positive element such that ϕ(x) =

α+ iβ, where α, β ∈ R. For all t ∈ R we have

α2 + (β + t‖ϕ‖)2 = |ϕ(x+ it)|2

≤ ‖x+ it‖2‖ϕ‖2 = (‖x‖2 + t2)‖ϕ‖2.

Subtracting t2‖ϕ‖2 from both sides of this inequality shows 2βt‖ϕ‖ ≤ ‖x‖2‖ϕ‖,
thus β = 0.

Also, we have

‖x‖‖ϕ‖ − ϕ(x) = ϕ(‖x‖ − x) ≤ ‖‖x‖ − x‖‖ϕ‖ ≤ ‖x‖‖ϕ‖,

hence α > 0. �

Corollary 4.1.3. If ϕ : A→ C is a positive linear functional on a C∗-algebra A,
then ϕ has a unique extension to a positive linear functional on the unitization
Ã.

Proposition 4.1.4. Let A be a C∗-algebra and x ∈ A. For each λ ∈ σ(x) there
exists a state ϕ ∈ S(A) such that ϕ(x) = λ.

Proof. By considering the unitization, we may assume that A is unital. Consider
the subspace Cx+ C1 ⊂ A, with the linear functional ϕ0 on this space defined
by ϕ0(αx+ β) = αλ+ β, for α, β ∈ C. Since ϕ0(αx+ β) ∈ σ(αx+ β) we have
that ‖ϕ0‖ = 1.

By the Hahn-Banach theorem there exists an extension ϕ : A→ C such that
‖ϕ‖ = 1 = ϕ(1). By Lemma 4.1.2 ϕ ∈ S(A), and we have ϕ(x) = λ. �

Proposition 4.1.5. Let A be a C∗-algebra, and x ∈ A.

(i) x = 0 if and only if ϕ(x) = 0 for all ϕ ∈ S(A).

(ii) x is self-adjoint if and only if ϕ(x) ∈ R for all ϕ ∈ S(A).

(iii) x is positive if and only if ϕ(x) ≥ 0 for all ϕ ∈ S(A).

Proof. (i) If ϕ(x) = 0 for all ϕ ∈ S(A) then writing x = x1 + ix2 where xj = x∗j ,
for j = 1, 2, we have ϕ(xj) = 0 for all ϕ ∈ S(A), j = 1, 2. Thus, x1 = x2 = 0 by
Proposition 4.1.4

(ii) If ϕ(x) ∈ R for all ϕ ∈ S(A) then ϕ(x − x∗) = ϕ(x) − ϕ(x) = 0, for all
ϕ ∈ S(A). Hence x− x∗ = 0.

(iii) If ϕ(x) ≥ 0 for all ϕ ∈ S(A) then x = x∗ and by Proposition 4.1.4 we
have σ(x) ⊂ [0,∞). �
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4.1.1 The Gelfand-Naimark-Segal construction

A representation of a C∗-algebra A is a ∗-homomorphism π : A → B(H).
If K ⊂ H is a closed subspace such that π(x)K ⊂ K for all x ∈ A then the
restriction to this subspace determines a sub-representation. If the only
sub-representations are the restrictions to {0} or H then π is irreducible ,
which by the double commutant theorem is equivalent to the von Neumann
algebra generated by π(A) being B(H). Two representations π : A→ B(H) and
ρ : A → B(K) are equivalent if there exists a unitary U : H → K such that
Uπ(x) = ρ(x)U , for all x ∈ A.

If π : A → B(H) is a representation, and ξ ∈ H, ‖ξ‖ = 1 then we ob-
tain a state on A by the formula ϕξ(x) = 〈π(x)ξ, ξ〉. Indeed, if x ∈ A then
〈π(x∗x)ξ, ξ〉 = ‖π(x)ξ‖2 ≥ 0. We now show that every state arises in this way.

Theorem 4.1.6 (The GNS construction). Let A be a unital C∗-algebra, and
consider ϕ ∈ S(A), then there exists a Hilbert space L2(A,ϕ), and a unique (up
to equivalence) representation π : A → B(L2(A,ϕ)), with a unit cyclic vector
1ϕ ∈ L2(A,ϕ) such that ϕ(x) = 〈π(x)1ϕ, 1ϕ〉, for all x ∈ A.

Proof. Consider Aϕ = {x ∈ A | ϕ(x∗x) = 0}. Since

(x+ y)∗(x+ y) ≤ (x+ y)∗(x+ y) + (x− y)∗(x− y) = 2(x∗x+ y∗y)

we see that Nϕ is a closed linear subspace. We then see that Nϕ is a left ideal
from the inequality (ax)∗(ax) ≤ ‖a‖x∗x.

We consider H0 = A/Nϕ which we endow with the inner product 〈[x], [y]〉 =
ϕ(y∗x), where [x] denotes the equivalence class of x in A/Nϕ, (this is well defined
sinceNϕ is a left ideal). From Lemma 4.1.1 this inner product is positive definite,
and hence we denote by L2(A,ϕ) the Hilbert space completion.

For a ∈ A we consider the map π0(a) : H0 → H0 given by π0(a)[x] =
[ax]. Since Nϕ is a left ideal this is well defined, and since ‖π0(a)[x]‖2 =
ϕ((ax)∗(ax)) ≤ ‖a‖2ϕ(x∗x) we have that this extends to a bounded operator
π(a) ∈ B(L2(A,ϕ)) such that ‖π(a)‖ ≤ ‖a‖. The map a 7→ π(a) is clearly
a homomorphism, and for x, y ∈ A we have 〈[x], π(a∗)[y]〉 = ϕ(y∗a∗x) =
〈π(a)[x], [y]〉, thus π(a∗) = π(a)∗. Also, if we consider 1ϕ = [1] ∈ H0 ⊂ L2(A,ϕ)
then we have 〈π(a)1ϕ, 1ϕ〉 = ϕ(a).

If ρ : A → B(K) and η ∈ K is a cyclic vector such that ϕ(a) = 〈ρ(a)η, η〉,
then we can consider the map U0 : H0 → K given by U0([x]) = ρ(x)η. We then
have

〈U0([x]), U0([y])〉 = 〈ρ(x)η, ρ(y)η = 〈ρ(y∗x)η, η = ϕ(y∗x) = 〈[x], [y]〉

which shows that U0 is well defined and isometric. Also, for a, x ∈ A we have

U0(π(a)[x]) = U0([ax]) = ρ(ax)η = ρ(a)U0([x]).

Hence, U0 extends to an isometry U : L2(A,ϕ) → K such that Uπ(a) = ρ(a)U
for all a ∈ A. Since η is cyclic, and ρ(A)η ⊂ U(L2(A,ϕ)) we have that U is
unitary. �
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Corollary 4.1.7. Let A be a C∗-algebra, then there exists a faithful represen-
tation.

Proof. If we let π be the direct sum over all GNS representations corresponding
to states, then this follows easily from Proposition 4.1.5. Note also that if A is
separable, then so is S(A) and by considering a countable dense subset of S(A)
we can construct a faithful representation onto a separable Hilbert space. �

If ϕ and ψ are two Hermitian linear functionals, we write ϕ ≤ ψ if ϕ(a) ≤
ψ(a) for all a ∈ A+, alternatively, this is if and only if ψ−ϕ is a positive linear
functional. The following is a Radon-Nikodym type theorem for positive linear
functionals.

Proposition 4.1.8. Suppose ϕ and ψ are positive linear functionals on a C∗-
algebra A such that ψ is a state. Then ϕ ≤ ψ, if and only if there exists a unique
y ∈ πψ(A)′ such that 0 ≤ y ≤ 1 and ϕ(a) = 〈πψ(a)y1ψ, 1ψ〉 for all a ∈ A.

Proof. First suppose that y ∈ πψ(A)′, with 0 ≤ y ≤ 1. Then for all a ∈ A,
a ≥ 0 we have πψ(a)y = πψ(a)1/2yπψ(a)1/2 ≤ πψ(a), hence 〈πψ(a)y1ψ, 1ψ〉 ≤
〈πψ(a)1ψ, 1ψ〉 = ψ(a).

Conversely, if ϕ ≤ ψ, the Cauchy-Schwarz inequality implies

|ϕ(b∗a)|2 ≤ ϕ(a∗a)ϕ(b∗b) ≤ ψ(a∗a)ψ(b∗b) = ‖πψ(a)1ψ‖2‖πψ(b)1ψ‖2.

Thus 〈πψ(a)1ψ, πψ(b)1ψ〉ϕ = ϕ(b∗a) is a well defined non-negative definite
sesquilinear form on πψ(A)1ψ which is bounded by 1, and hence extends to
the closure L2(A,ψ).

Therefore there is an operator y ∈ B(L2(A,ψ)), 0 ≤ y ≤ 1, such that
ϕ(b∗a) = 〈yπψ(a)1ψ, πψ(b)1ψ〉, for all a, b ∈ A.

If a, b, c ∈ A then

〈yπψ(a)πψ(b)1ψ, πψ(c)1ψ〉 = 〈yπψ(ab)1ψ, πψ(c)1ψ〉 = ϕ(c∗ab)

= 〈yπψ(b)1ψ, πψ(a∗)πψ(c)1ψ〉
= 〈πψ(a)yπψ(b)1ψ, πψ(c)1ψ〉.

Thus, yπψ(a) = πψ(a)y, for all a ∈ A.
To see that y is unique, suppose that 0 ≤ z ≤ 1, z ∈ πψ(A)′ such that

〈πψ(a)z1ψ, 1ψ〉 = 〈πψ(a)y1ψ, 1ψ〉 for all a ∈ A. Then 〈(z − y)1ψ, πψ(a∗)1ψ〉 = 0
for all a ∈ A and hence z − y = 0 since 1ψ is a cyclic vector for πψ(A). �

4.1.2 Pure states

A state ϕ on a C∗-algebra A is said to be pure if it is an extreme point in S(A).

Proposition 4.1.9. A state ϕ on a C∗-algebra A is a pure state if and only if
the corresponding GNS representation πϕ : A→ B(L2(A,ϕ)) with corresponding
cyclic vector 1ϕ is irreducible.
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Proof. Suppose first that ϕ is pure. If K ⊂ L2(A,ϕ) is a closed invariant
subspace, then so is K⊥ and we may consider ξ1 = [K](1ϕ) ∈ K and ξ2 =
1ϕ − ξ1 ∈ K⊥. For x ∈ A we have

〈xξ1, ξ1〉+ 〈xξ2, ξ2〉 = 〈x1ϕ, 1ϕ〉 = ϕ(x).

Thus, either ξ1 = 0, or ξ2 = 0, since ϕ is pure. Since 1ϕ is cyclic, we have that
ξ1 is cyclic for K and ξ2 is cyclic for K⊥ showing that either K = {0} or else
K⊥ = {0}.

Conversely, if ϕ = 1
2ϕ1 + 1

2ϕ2 where ϕj ∈ S(A) for j = 1, 2, then we may
consider the map U : L2(A,ϕ) → L2(A,ϕ1) ⊕ L2(A,ϕ2) such that U(x1ϕ) =
(x 1√

2
1ϕ1

) ⊕ (x 1√
2
1ϕ2

), for all x ∈ A. It is not hard to see that U is a well

defined isometry and Uπϕ(x) = (πϕ1
(x)⊕ πϕ2

(x))U for all x ∈ A. If we denote
by p1 ∈ B(L2(A,ϕ1)⊕L2(A,ϕ2) the orthogonal projection onto L2(A,ϕ1) then
the operator U∗p1U ∈ B(L2(A,ϕ)) commutes with π(A), and for all x ∈ A we
have

〈U∗p1Uπϕ(x)1ϕ, 1ϕ〉 =
1

2
〈πϕ1(x)1ϕ1 , 1ϕ1〉 =

1

2
ϕ1(x).

Hence U∗p1U ∈ πϕ(A)′ \ C which shows that πϕ is not irreducible. �

Note that the previous proposition, together with Proposition 4.1.8 shows
also that a state ϕ is pure if and only if for any positive linear functional ψ such
that ψ ≤ ϕ there exists a constant α ≥ 0 such that ψ = αϕ.

Exercise 4.1.10. Show that every finite-dimensional C∗-algebra is isomorphic
to a finite direct sum of finite-dimensional type I factors

4.2 Normal representations

Recall that if M is a von Neumann algebra, then a bounded linear functional ϕ ∈
M∗ is normal if it is continuous in the σ-WOT, (or equivalently, by Lemma 2.4.3,
ϕ(·) = Tr(·A) for some trace class operator A).

Lemma 4.2.1. Suppose ϕ and ψ are positive linear functionals on a von Neu-
mann algebra M , and p ∈ P(M) such that p · ψ · p is normal and ϕ(p) < ψ(p),
then there exists a non-zero projection q ∈ P(M), q ≤ p such that ϕ(x) < ψ(x)
for all x ∈ qMq, x > 0.

Proof. Consider the set C of all operators 0 ≤ x ≤ p such that ϕ(x) ≥ ψ(x). If xi
is any increasing family in C then since p·ψ ·p is normal we have ψ(limi→∞ xi) =
limi→∞ ψ(xi) and since for each i we have ϕ(limj→∞ xj) ≥ ϕ(xi) it follows that
limi→∞ xi ∈ C. Thus, by Zorn’s lemma there exists a maximal operator x0 ∈ C.
Moreover, x0 6= p since ϕ(p) < ψ(p).

Since x0 6= p, there exists ε > 0 such that q = 1[ε,1](p − x0) 6= 0. We
then have q ≤ p and if 0 < y ≤ εq then x0 < x0 + y ≤ x0 + εq ≤ p, hence
ϕ(x0 + y) < ψ(x0 + y) ≤ ϕ(x0) + ψ(y), and so ϕ(y) < ψ(y). �
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Proposition 4.2.2. Let ϕ be a positive linear functional on a von Neumann
algebra M ⊂ B(H), then the following statements are equivalent.

(i) ϕ is normal.

(ii) There is a positive trace class operator A such that ϕ(x) = Tr(xA), for all
x ∈M .

(iii) If xi ∈ M is any bounded increasing net, then we have ϕ(limi→∞ xi) =
limi→∞ ϕ(xi).

(iv) If {pi}i is any family of pairwise orthogonal projections in M , then ϕ(
∑
i pi) =∑

i ϕ(pi).

Proof. (i) =⇒ (ii) If ϕ is normal then there exist Hilbert-Schmidt operators
B and C such that ϕ(x) = 〈xB,C〉2 for all x ∈ A. If we set ψ(x) = 1

4 〈x(B +
C), (B + C)〉2, then ψ is a positive linear functional and for x ∈ M , x ≥ 0 we
have

ϕ(x) =
1

2
〈xB,C〉2 +

1

2
〈xB,C〉2

=
1

4
〈x(B + C), (B + C)〉2 −

1

4
〈x(B − C), (B − C)〉2 ≤ ψ(x).

By Proposition 4.1.8 there exists T ∈ (M⊗C)′ ⊂ B(H⊗H) such that 0 ≤ T ≤ 1
and ϕ(x) = 1

4 〈xT
1/2(B + C), T 1/2(B + C)〉2, for all x ∈ M . The result then

follows.
(ii) =⇒ (iii) This follows easily since x 7→ Tr(xA) is SOT continuous and

since xi → limi→∞ xi in the SOT topology.
(iii) =⇒ (iv) This is obvious.
(iv) =⇒ (i) If p ∈ P(M) is a non-zero projection, then we can consider

ξ ∈ H such that ϕ(p) < 〈pξ, ξ〉. By Lemma 4.2.1 there then exists a non-zero
projection q ≤ p such that ϕ(x) < 〈xξ, ξ〉 for all x ∈ qMq. By the Cauchy-
Schwarz inequality for any x ∈M we then have

|ϕ(xq)|2 ≤ ϕ(qx∗xq)ϕ(1) ≤ 〈qx∗xqξ, ξ〉ϕ(1) = ‖xqξ‖2ϕ(1).

Thus q · ϕ is SOT continuous, and hence normal.
By Zorn’s lemma we may consider a maximal family {pi}i∈I of pairwise

orthogonal projections such that pi ·ϕ is SOT continuous for all i ∈ I. From the
previous paragraph we have that

∑
i pi = 1. By hypothesis, for any ε > 0 there

exists a finite subcollection J ⊂ I such that if p =
∑
j∈J pj then ϕ(p) > ϕ(1)−ε,

but then for x ∈M we have

|(ϕ− p · ϕ)(x)|2 ≤ ϕ(xx∗)ϕ(1− p) ≤ ‖x‖2ϕ(1)(ϕ(1)− ϕ(p)),

hence ‖ϕ − p · ϕ‖2 < ϕ(1)ε. Therefore the finite partial sums of
∑
i∈I pi · ϕ

converge to ϕ in norm, and since each pi · ϕ is normal it then follows that ϕ is
normal. �
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Corollary 4.2.3. If ϕ is a normal state on a von Neumann algebra M then
the GNS-representation (πϕ, L

2(M,ϕ), 1ϕ) is a normal representation.

Proof. From the implication (i) =⇒ (ii) of the previous theorem we have
that ϕ is of the form x 7→ 〈xT, T 〉 for some Hilbert-Schmidt operator T . By
uniqueness of the GNS-construction it then follows that the GNS-representation
(πϕ, L

2(M,ϕ), 1ϕ) is equivalent to a subrepresentation of the normal represen-
tation x 7→ x⊗ 1 ∈ B(H⊗H). �

Corollary 4.2.4. Every ∗-isomorphism between von Neumann algebras is nor-
mal.

Proof. If θ : M → N is a ∗-isomorphism, then for any bounded increasing net
xi ∈M we have θ(limi→∞ xi) ≥ limi→∞ θ(xi) and applying θ−1 gives the reverse
inequality as well. Hence θ is normal just as in the previous corollary. �

4.3 Polar and Jordan decomposition

Lemma 4.3.1. Let M be a von Neumann algebra and I ⊂ M a left ideal
which is closed in the WOT, then there exists a projection p ∈ P(M) such that
I = Mp. If, in addition, I is a two sided ideal then p is central. If V ⊂ M∗
is a closed left invariant subspace (i.e., x · ϕ ∈ V for all x ∈ M , ϕ ∈ V ), then
there exists a projection q ∈ P(M) such that V = M∗q. If, in addition, V is
also right invariant then q is central.

Proof. By Theorem 1.4.9 any closed left ideal I ⊂ M has a right approximate
identity. Since I is closed in the WOT it then follows that I has a right identity p.
Since p is positive and p2 = p we have that p is a projection, and Mp = Ip = I.

If I is a two sided ideal then p is also a left identity, hence for all x ∈M we
have xp = pxp = px, and so p ∈ Z(M).

If V ⊂ M∗ is a closed left invariant subspace then V 0 = {x ∈ M | ϕ(x) =
0, for all ϕ ∈ V } is a right ideal which is closed in the WOT. Hence there exists
q ∈ P(M) such that V 0 = qM . and then it is easy to check that V = M∗q. If
V is also right invariant then V 0 will be a two sided ideal and hence q will be
central. �

If ϕ : M → C is a normal positive linear functional, then {x ∈M | ϕ(x∗x) =
0} is a left ideal which is closed in the WOT, thus by the previous lemma there
exists a projection p ∈ P(M) such that ϕ(x∗x) = 0 if and only if x ∈ Mp. We
denote by s(ϕ) = 1 − p the support projection of ϕ. Note that if q = s(ϕ)
then ϕ(xq) = ϕ(qx) = ϕ(x) for all x ∈ M , and moreover, ϕ will be faithful
when restricted to qMq.

Theorem 4.3.2 (Polar decomposition). Suppose M is a von Neumann algebra
and ϕ ∈ M∗, then there exists a unique partial isometry v ∈ M and positive
linear functional ψ ∈M∗ such that ϕ = v · ψ and v∗v = s(ψ).
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Proof. We will assume that ‖ϕ‖ = 1. Since (M∗)
∗ = M , if ϕ ∈ M∗ there

exists a ∈ M , ‖a‖ ≤ 1, such that ϕ(a) = ‖ϕ‖. Consider a∗ = v|a∗|, the polar
decomposition of a∗. Then if ψ = v∗ · ϕ we have ψ(|a∗|) = ϕ(a) = ‖ϕ‖ = 1.
Since 0 ≤ |a∗| ≤ 1, we have ‖|a∗|+ eiθ(1− |a∗|)‖ ≤ 1 for every θ ∈ R. If we fix
θ ∈ R such that eiθψ(1− |a∗|) ≥ 0 then we have

ψ(|a∗|) ≤ ψ(|a∗|) + eiθψ(1− |a∗|) = ψ(|a∗|+ eiθ(1− |a∗|)) ≤ ‖ψ‖ = ψ(|a∗|).

Thus ψ(1) = ψ(|a∗|) = ‖ψ‖ and hence ψ is a positive linear functional.

Set p = v∗v. By replacing a with avs(ψ)v∗ we may assume that p ≤ s(ψ),
and for x ∈ M such that ‖x‖ ≤ 1, we have that ψ(|a∗| + (1 − p)x∗x(1 − p)) ≤
‖ψ‖ = ϕ(|a∗|) which shows that ψ((1− p)x∗x(1− p)) = 0 and hence p ≥ s(ψ).

To see that ϕ = v · ψ it suffices to show that ϕ(x(1− p)) = 0 for all x ∈M .
Suppose that ‖x‖ = 1 and ϕ(x(1− p)) = β ≥ 0. Then for n ∈ N we have

n+ β = ϕ(na+ x(1− p)) ≤ ‖na+ x(1− p)‖
= ‖(na+ x(1− p))(na+ x(1− p))∗‖1/2

= ‖n2|a∗|2 + x(1− p)x∗‖1/2 ≤
√
n2 + 1,

which shows that β = 0.

To see that this decomposition is unique, suppose that ϕ = v0 · ψ0 gives
another decomposition, and set p0 = v∗0v0 = s(ψ0). Then for x ∈M we have

ψ(x) = ϕ(xv∗) = ψ0(xv∗v0) = ψ0(p0xv
∗v0).

Setting x = 1 − p0 we then have p = s(ψ) ≤ p0, and by symmetry we have
p0 ≤ p.

In particular we have v∗0v ∈ pMp and so we may write v∗0v = h+ ik where h
and k are self-adjoint elements in pMp. Then ψ(h)+ iψ(k) = ψ(v∗0v) = ψ0(p) =
‖ψ0‖ = ‖ϕ‖.

Hence, ψ(h) = ‖ϕ‖ and ψ(k) = 0. We then have p−h ≥ 0 and ψ(p−h) = 0,
thus since ψ is faithful on pMp it follows that h = p, and we must then also
have k = 0 since ‖v∗0v‖ ≤ 1. Hence, v∗0v = p and taking adjoints gives v∗v0 = p.

Thus, v = vp = vv∗v0 and so vv∗ ≤ v0v
∗
0 . Similarly, we have v0v

∗
0 ≤ vv∗

from which it then follows that v = v0. Therefore, ψ = v∗ ·ϕ = v∗0 ·ϕ = ψ0. �

If ϕ ∈ M∗ as in the previous theorem then we denote by |ϕ| = ψ the
absolute value of ϕ. We also denote by sr(ϕ) = v∗v the right support
projection of ϕ, and sl(ϕ) = vv∗ the left support projection of ϕ, so that
sl(ϕ) · ϕ · sr(ϕ) = ϕ.

Theorem 4.3.3 (Jordan decomposition). Suppose M is a von Neumann algebra
and ϕ is a normal Hermitian linear functional, then there exist unique normal
positive linear functionals ϕ+, ϕ− such that ϕ = ϕ+ − ϕ− and ‖ϕ‖ = ‖ϕ+‖ +
‖ϕ−‖.
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Proof. As in the previous theorem, we will take a ∈ M , ‖a‖ ≤ 1, such that
ϕ(a) = ‖ϕ‖. Note that since ϕ is Hermitian we may assume that a∗ = a, and
hence if we consider the polar decomposition a = |a|v we have that v∗ = v
and hence v = p − q for orthogonal projections p, q ∈ M . For ψ = |ϕ|, since
ϕ = v · ψ = (v · ψ)∗ = ψ · v it follows that any spectral projection of v will
commute with ψ, and hence p · ψ and q · ψ will both be positive.

Since p·ψ and q·ψ have orthogonal supports and since p·ϕ−q·ϕ = ψ it follows
that ϕ+ = p ·ϕ and ϕ− = −q ·ϕ are both positive. Thus, ϕ = v2 ·ϕ = ϕ+−ϕ−,
and

‖ϕ‖ = ψ(1) = ϕ+(1) + ϕ−(1) = ‖ϕ+‖+ ‖ϕ−‖.

To see that this decomposition is unique, suppose that ϕ = ϕ1 − ϕ2 where
ϕ1, ϕ2 are positive, and such that ‖ϕ‖ = ‖ϕ1‖+‖ϕ2‖. Then ‖ϕ+‖ = ϕ(s(ϕ+)) ≤
ϕ1(s(ϕ+)) ≤ ‖ϕ1‖, and similarly ‖ϕ−‖ ≤ ‖ϕ2‖. However, ‖ϕ+‖ + ‖ϕ−‖ =
‖ϕ1‖+ ‖ϕ2‖ and so we have

‖ϕ+‖ = ϕ1(s(ϕ+)) = ‖ϕ1‖;

‖ϕ−‖ = ϕ2(s(ϕ−)) = ‖ϕ2‖.

Thus, s(ϕ1) and s(ϕ2) are orthogonal and hence ϕ = (s(ϕ1)− s(ϕ2))(ϕ1 + ϕ2).
By the uniqueness for polar decomposition we then have s(ϕ1) − s(ϕ2) =

s(ϕ+) − s(ϕ−) from which it follows that s(ϕ1) = s(ϕ+) and s(ϕ2) = s(ϕ−).
Therefore, ϕ1 = s(ϕ1) · ϕ = ϕ+, and ϕ2 = s(ϕ2) · ϕ = ϕ−. �

Corollary 4.3.4. Let M be a von Neumann algebra, then M∗ is spanned by
normal positive linear functionals.

By combining the previous corollary with Proposition 4.2.2 we obtain the
following corollaries.

Corollary 4.3.5. Let ϕ : M → C be a continuous linear functional on a von
Neumann algebra M , then ϕ is normal if and only if for any family {pi}i of
pairwise orthogonal projections we have ϕ(

∑
i pi) =

∑
i ϕ(pi).

Corollary 4.3.6. Let ϕ : M → C be a continuous linear functional on a von
Neumann algebra M , then ϕ is normal if and only if ϕ is normal when restricted
to any abelian von Neumann subalgebra.

4.4 Unique preduals

Lemma 4.4.1. Let A be a C∗-algebra, and suppose that X is a Banach space
such that X∗ ∼= A. Then (A)1 ∩A+ is σ(A,X)-compact.

Proof. Note that by Alaoglu’s theorem we have that (A)1 is σ(A,X)-compact.
Suppose {xα} is a net of positive elements in (A)1 which converge to a + ib
where a and b are self-adjoint.

If we fix t ∈ R, then since xα + it ∈ (A)√1+t2 converges in the σ(A,X)-
topology to a + i(b + t) it follows from the σ(A,X)-compactness of (A)√1+t2
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that ‖b+ t‖2 ≤ ‖a+ i(b+ t)‖2 ≤ 1 + t2 for all t ∈ R. In particular, if λ ∈ σ(b),
then we have |λ + t|2 ≤ ‖b + t‖2 ≤ 1 + t2, for all t ∈ R, which implies λ = 0.
Hence, b = 0.

We then have ‖a‖ ≤ 1, and since ‖1−xα‖ ≤ 1 and 1−xα converges to 1−a it
follows that ‖1−a‖ ≤ 1, hence a ≥ 0. Thus, (A)1∩A+ is σ(A,X)-compact. �

Lemma 4.4.2. Let A be a C∗-algebra, and suppose that X is a Banach space
such that X∗ ∼= A. Then for x ∈ A+, x = 0 if and only if ϕ(x) = 0 for every
positive linear functional ϕ ∈ X.

Proof. From Lemma 4.4.1 we have that (A)1 ∩A+ is σ(A,X) compact, hence if
a ∈ A, a < 0, by the Hahn-Banach separation theorem there exists ϕ ∈ X such
that ϕ(a) < 0, and ϕ(b) ≥ 0 for all b ∈ (A)1 ∩ A+. Then ϕ ∈ X is a positive
linear functional such that ϕ(a) 6= 0. �

Lemma 4.4.3. Let A be a C∗-algebra, and suppose that X is a Banach space
such that X∗ ∼= A. Then every bounded increasing net {aα}α ⊂ A+ σ(A,X)-
converges to a least upper bound. Moreover, if aα converges to a then x∗aαx
converges to x∗ax for each x ∈ A.

Proof. Suppose that {aα} is a bounded increasing net of positive operators. By
Lemma 4.4.1 (A)1 ∩ A+ is σ(A,X)-compact, and so there exists a σ(A,X)-
cluster point a ≥ 0. Moreover, since for fixed α0 we have that a − aα0

is a
cluster point of {aα − aα0} it follows that aα0 ≤ a. Similarly, if b is an upper
bound for {aα} then b − a is a cluster point of {b − aα} and hence it follows
that a ≤ b. Therefore, aα converges in the σ(M,X)-topology to a unique least
upper bound.

Note that by taking an approximate identity for A, this in particular shows
that A is unital.

If x ∈ A is invertible then x∗ax is clearly the least upper bound for {x∗aαx}.
In general, if b is the least upper bound of {x∗aαx}, then taking λ ∈ R \ σ(x),
for any ϕ ∈ X a positive linear functional we have

λ2ϕ(aα)− λϕ(x∗aα)− λϕ(aαx) + ϕ(x∗aαx) = ϕ((x− λ)∗aα(x− λ))

→ ϕ((x− λ)∗a(x− λ)).

On the other hand, for β > α we have

|ϕ(x∗(aβ − aα)| = |ϕ(x∗(aβ − aα)1/2(aβ − aα)1/2)|
≤ ϕ(x∗(aβ − aα)x)1/2ϕ(aβ − aα)1/2.

And similarly,

|ϕ((aβ − aα)x) ≤ ϕ(aβ − aα)1/2ϕ(x∗(aβ − aα)x)1/2.

Hence,

λ2ϕ(aα)− λϕ(x∗aα)− λϕ(aαx) + ϕ(x∗aαx)

→ λ2(a)− λϕ(x∗a)− λϕ(ax) + ϕ(b),

And so x∗ax = b by Lemma 4.4.2. �
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Theorem 4.4.4 (Sakai). Let M be a von Neumann algebra, then M∗ is the
unique predual of M in the sense that if X is a Banach space, and θ : X∗ →M is
an isomorphism, then θ∗ : M∗ → X∗∗ restricted to M∗ defines an isomorphism
from M∗ onto X.

Proof. By the Hahn-Banach Theorem, it is enough to show that under the
identification M ∼= X∗, we have X ⊂M∗.

If ϕ ∈ X ⊂ X∗∗ = M∗, then from Lemma 4.4.3 it follows that for any
bounded increasing net {xα} we have limα ϕ(xα) = ϕ(limα xα), therefore ϕ ∈
M∗ by Corollary 4.3.5. �

Proposition 4.4.5 (Kadison, Pedersen). Let A ⊂ B(H) be a C∗-algebra such
that 1 ∈ A, and the SOT-limit of any monotone increasing net in A is contained
in A. Then A is a von Neumann algebra.

Proof. As the span of projections in A′′ is norm dense it is enough to show that
A contains every projection in A′′.

If a ∈ A, then taking fn : [0,∞)→ [0,∞) defined by fn(t) = nt for 0 ≤ t ≤
1
n , and fn(t) = 1 for t > 1

n , we have that fn(aa∗) is increasing to [aH], and thus
[aH] ∈ A for all a ∈ A.

If p, q ∈ A are projections then [(p + q)H] = p ∨ q, thus A is closed un-
der taking finite supremums of projections, and as an arbitrary supremum is
an increasing net of finite supremums it follows that A is closed under taking
arbitrary supremums (or infimums) of projections.

If p ∈ P(A′′) then p = ∨ξ∈H[A′pξ] and hence it is enough to show that
projections of the form [A′ξ] are contained in A for each ξ ∈ H. To show this
it is enough to show that for η ⊥ A′ξ there exists a positive operator y ∈ A
such that yξ = ξ, and yη = 0. Indeed, we would then have [yH] ≥ [A′ξ]
and [yH]η = 0. Taking the infimum of such projections would then show that
[A′ξ] ∈ A.

So suppose ξ, η ∈ H such that η ⊥ A′ξ. By Kaplansky’s density theorem
there exists a sequence an ∈ As.a. ∩ (A)1 such that ‖ξ − anξ‖ ≤ 1/n, and
‖anη‖ ≤ 1/(n2n). By considering a2

n we may assume that an ≥ 0.
For n ≤ m we define

yn,m = (1 +
∑

n≤k≤m

kak)−1
∑

n≤k≤m

kak.

Then yn,m ∈ A+ ∩ (A)1 and yn,m ≤
∑
n≤k≤m kak. Thus, for i ≤ n we have

〈yn,mη, η〉 ≤
∑

n≤k≤m

2−k < 2−n+1.

As
∑
n≤k≤m kak ≥ mam we have yn,m ≥ (1 + mam)−1mam (since t/(1 + t) =

1− 1/(1 + t) is an operator monotone function), hence

1− yn,m ≤ (1 +mam)−1 ≤ (1 +m)−1(1 +m(1− am)).
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Thus, for n ≤ m we have

〈ξ − yn,mξ, ξ〉 ≤ 2/(1 +m).

For fixed n the sequence yn,m is increasing and hence converges to an element
yn ∈ A+ ∩ (A)1. Since yn+1,m ≤ yn,m for all m it follows that yn+1 ≤ yn, and
hence yn is decreasing and so converges to an element y ∈ A+ ∩ (A)1. For each
n ∈ N we have

〈ynη, η〉 ≤ 2−n+1 and 〈ξ − ynξ, ξ〉 ≤ 0,

therefore yη = 0, and yξ = ξ, completing the proof. �

Theorem 4.4.6 (Sakai). Let A be a C∗-algebra such that there is a Banach
space X, and an isomorphism X∗ ∼= A. Then A is isomorphic to a von Neumann
algebra.

Proof. Let π : A → B(H) be the direct sum of all GNS-representations cor-
responding to states in X. Then by Lemma 4.4.2 π is faithful and so all
that remains is to show that π(A) is a von Neumann algebra. Let {aα} be
a bounded increasing net in A+, and let x ∈ B(H) be the SOT limit of π(aα).
From Lemma 4.4.3 we know that there also exists a ∈ A such that a is the
σ(A,X)-limit of {aα}.

For each state ϕ ∈ X we have 〈(x−π(a))1ϕ, 1ϕ〉 = limα→∞ ϕ(aα)−ϕ(a) = 0,
and similarly if b ∈ A, then 〈(x − π(a))π(b)1ϕ, π(b)1ϕ〉 = 0. The polarization
identity then gives 〈(x − π(a))π(b)1ϕ, π(c)1ϕ〉 = 0 for all b, c ∈ A. As the net
{aα} is uniformly bounded, and as ϕ was arbitrary it then follows that x = π(a).
Proposition 4.4.5 then shows that π(A) is a von Neumann algebra. �

4.5 Standard representations

Theorem 4.5.1. Let M be a von Neumann algebra, suppose that for i ∈ {1, 2},
πi : M → B(Hi) is a normal faithful representation, and set K = H1⊗H2. Then
the representations πi ⊗ id : M → B(Hi⊗K) are unitarily equivalent.

Proof. Let {ξα}α∈I be a maximal family of unit vectors in Hi⊗K such that
if Pα denotes the projection onto the closure of the subspace (π1 ⊗ id)(M)ξα,
then {Pα}α is a pairwise orthogonal family. Note that by maximality we have∑
α Pα = 1.
By Proposition 4.2.2, for any normal state ϕ ∈M∗ there exists a unit vector

ξ ∈ H2⊗H2 such that ϕ(x) = 〈(π2⊗id)(x)ξ, ξ〉 for all x ∈ N . It then follows that
there exists a family {ηα}α∈I of unit vectors in H2⊗K such that the projections
Qα onto the closure of the subspaces (π2 ⊗ id)(N)ξα are pairwise orthogonal,
and such that for each α ∈ I, and x ∈ N we have

〈(π1 ⊗ id)(x)ξα, ξα〉 = 〈(π2 ⊗ id)(x)ηα, ηα〉.

By uniqueness of the GNS-construction there then exists a family of partial
isometries {Vα}α∈I ⊂ B(H1⊗K,H2⊗K) such that V ∗αVα = Pα, and VαV

∗
α = Qα.
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Setting V =
∑
α Vα we then have that V is an isometry such that V (π1⊗id)(x) =

(π2 ⊗ id)(x)V for all x ∈ N .
By symmetry, there also exists an isometry W : H2⊗K → H1⊗K such that

W (π2 ⊗ id)(x) = (π1 ⊗ id)(x)W for all x ∈ N . We then have V V ∗, V W ∈
(π2 ⊗ id)(N)′, and (VW )(VW )∗ ≤ V V ∗ ≤ 1 = (VW )∗(VW ), and so V V ∗ ∼ 1
in (π2 ⊗ id)(N)′. Hence there exists an isometry V0 ∈ (π2 ⊗ id)(N)′ such that
V0V

∗
0 = V V ∗.
Setting U = V ∗0 V we then have that U is a unitary operator such that

U(π1 ⊗ id)(x) = (π2 ⊗ id)(x)U for all x ∈ N . �

Proposition 4.5.2. Let M be a von Neumann algebra. Then M is countably
decomposable if and only if M has a normal faithful state.

Proof. If M has a normal faithful state ϕ, and {pα}α∈I is a family of pairwise
orthogonal projections such that

∑
α pα = 1, then as ϕ(

∑
α pα) =

∑
α ϕ(pα)

it follows that ϕ(pα) > 0 for only countably many α ∈ I. Faithfulness then
implies that pα 6= 0 for only countably many α ∈ I, and hence M is countably
decomposable.

Conversely, suppose M is countably decomposable and by Zorn’s lemma let
{pn} be a maximal family of pairwise orthogonal projections, such that there
exists a faithful normal state ϕn on pnMpn. Since M is countably decom-
posable we have that {pn} is countable and hence we will assume that the
projections by indexed the natural numbers (the case when it is finite follows
similarly). We must have

∑
n pn = 1 since otherwise taking any normal state ϕ

on (1−
∑
n pn)M(1−

∑
n pn), we would have that ϕ is faithful on s(ϕ)Ms(ϕ),

contradicting the maximality of {pn}.
If we then define ψ(x) =

∑
n∈N 2−nϕn(pnxpn), then it follows easily from

Proposition 4.2.2 that ψ defines a normal state. Moreover, if x ∈M , such that
ψ(x∗x) = 0, then ϕn(pnx

∗xpn) = 0 for each n ∈ N and hence pnx
∗xpn = 0, and

so xpn = 0, for each n ∈ N. Thus, ψ is faithful. �

If M is a countably decomposable von Neumann algebra then a normal
faithful representation π : M → B(H) is standard1 if there exists a cyclic and
separating vector.

Example 4.5.3. Let M be a countably decomposable von Neumann algebra
and suppose that ϕ ∈M∗ is a normal faithful state, then the GNS representation
M ⊂ B(L2(M,ϕ)) is a standard representation.

Theorem 4.5.4. Let M be a countably decomposable von Neumann algebra.
Then all standard representations are unitarily equivalent.

Proof. Suppose for i ∈ {1, 2} we have a standard representation πi : M →
B(Hi). By Theorem 4.5.1 we may assume that there is a normal representation
π : M → B(K) and projections pi ∈ π(M)′, i = 1, 2, such that πi = piπ. If
ξi ∈ piK are cyclic and separating vectors for piπ(M), then in particular we

1Standard representations can be defined in general, but for simplicity we will only consider
the case when M is countably decomposable.
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have that ξi are separating for π(M), and hence [π(M)′ξ1] = 1 = [π(M)′ξ2],
thus by Proposition 3.3.6 we have p1 = [π(M)ξ1] ∼ [π(M)ξ2] = p2 in π(M)′,
and hence π1 and π2 are unitarily equivalent. �

It will be convenient to give the notation M ⊂ B(L2M) to the standard
representation. This is only defined up to unitary conjugacy but for each normal
faithful state ϕ we obtain a concrete realization as M ⊂ B(L2(M,ϕ)).

Corollary 4.5.5. Let M ⊂ B(L2M), and N ⊂ B(L2N) be two countably de-
composable von Neumann algebras. If θ : M → N is an isomorphism, then
there exists a unitary U : L2M → L2N , such that θ(x) = UxU∗ for all x ∈M .

4.6 The universal enveloping von Neumann al-
gebra

IfA is a C∗-algebra then we can consider the direct sum of all GNS-representations
π =

⊕
ϕ∈S(A) πϕ, we call this representation the universal ∗-representation,

and the von Neumann algebra π(A)′′ generated by this representation is the
universal enveloping von Neumann algebra of A. We will denote the
universal enveloping von Neumann algebra by Ã.

Theorem 4.6.1. Let π : A → B(H) be a representation of a C∗-algebra A.
Then there exists a unique linear map π̃ : A∗∗ → π(A)′′ with π̃ ◦ i = π where i
is the canonical embedding of A into A∗∗, such that π̃ takes the unit ball of A∗∗

onto the unit ball of π(A)′′ and is continuous with respect to the weak∗ and σ-
weak topologies. Moreover, in the case when π is the universal ∗-representation,
π̃ will be isometric, and a homeomorphism with respect to the weak∗ and σ-weak
topologies.

Proof. Set M = π(A)′′. Then π induces a linear map from M∗ to A∗ and we
will denote by π∗ the restriction of this map to M∗ ⊂ M∗. Taking the dual
again we obtain the map π̃ from A∗∗ into (M∗)

∗ ∼= M .

This map is continuous by construction, and clearly satisfies π̃ ◦ i = π. Since
homomorphisms of C∗-algebras are contractions, it follows that π̃ applied to the
unit ball of A∗∗ is compact and contains the image of unit ball of A under the
map π as a dense subset. By Kaplansky’s density theorem it then follows that
π̃ applied to the unit ball of A∗∗ is equal to the unit ball of M .

If π is the universal ∗-representation then π∗(M∗) contains all positive linear
functionals, and hence by Theorem 4.6.2 is equal to A∗. Thus, it follows that
π̃ is injective and hence gives an isometry, and since A∗∗ and M are locally
compact with respect to the weak∗ and σ-weak topologies, it follows that π̃ is a
homeomorphism. �

The previous theorem allows us to extend the Jordan decomposition of linear
functionals to arbitrary C∗-algebras.
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Corollary 4.6.2. Suppose that A is a C∗-algebra, and ϕ ∈ A∗ is Hermitian,
then there exists unique positive linear functionals ϕ+ and ϕ− on A such that
ϕ = ϕ+ − ϕ−.

Corollary 4.6.3. Let A be a C∗-algebra, then A∗ is spanned by positive linear
functionals.

4.7 Traces on finite von Neumann algebras

Lemma 4.7.1. Let M be a finite von Neumann algebra, and p ∈ P(M) a non-
zero projection. If {pi}i∈I is a family of pairwise orthogonal projection in M
such that pi ∼ p for each i ∈ I, then I is finite.

Proof. If I were infinite then there would exist a proper subset J ⊂ I with the
same cardinality and we would then have that

∑
i∈I pi ∼

∑
j∈J pj <

∑
i∈I pi,

showing that
∑
i∈I pi is not finite, contradicting Proposition 3.2.2. �

Lemma 4.7.2. Let M be a type II1 von Neumann algebra. Then there exists
a projection p1/2 ∈ P(M) such that p1/2 ∼ 1− p1/2.

Proof. Let {pi, qi} be a maximal family of pairwise orthogonal projections, such
that pi ∼ qi for each i. If p1/2 =

∑
i pi, and q =

∑
i qi then p1/2 ∼ q, and if

p1/2 + q 6= 1, then taking p0, q0 ≤ 1− (p1/2 + q) which are orthogonal, but not
centrally orthogonal, (this would be possible since (1−(p1/2+q))M(1−(p1/2+q))
is not abelian), there would then exist equivalent subprojections of p0, and q0

contradicting maximality. Thus we have q = 1− p1/2. �

If M is a type II1 von Neumann algebra, and if we set p1 = 1, p0 = 0, and
p1/2 ∈ P(M) is as in the previous lemma, so that p1/2 = v∗v, and p1−p1/2 = vv∗

for some partial isometry v ∈M , then p1/2Mp1/2 is also type II1 and so we may
iterate the previous lemma to produce p1/4 ≤ p1/2 such that p1/4 ∼ p1/2− p1/4.
If we set p3/4 = p1/2 + vp1/4v

∗, then we have p1/4 ∼ p(k+1)/4 − pk/4 for all
0 ≤ k ≤ 3.

Proceeding by induction we may construct for each dyadic rational r ∈ [0, 1],
a projection pr ∈ P(M) such that pr ≤ ps if r ≤ s, and if 0 ≤ r ≤ s ≤ 1, and
0 ≤ r′ ≤ s ≤ 1, such that s− r = s′ − r′, then we have ps − pr ∼ ps′ − pr′ .

Lemma 4.7.3. Let M by a type II1 von Neumann algebra, and let {pr}r be as
above. If p ∈ P(M), p 6= 0, then there exists a central projection z ∈ P(Z(M))
such that pz 6= 0, and prz � pz for some positive dyadic rational r.

Proof. By considering Mz(p) we may assume that z(p) = 1. If the above does
not hold, then by the comparison theorem we would have p � pr for every
positive dyadic rational r. Thus, p would be equivalent to a subprojection of
p2−k − p2−(k+1) for every k ∈ N, which would contradict Lemma 4.7.1. �

If M is a von Neumann algebra, then a projection p ∈ P(M) is monic if
there exists a finite collection of pairwise orthogonal projections {p1, p2, . . . , pn}
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such that pi ∼ p for each 1 ≤ i ≤ n, and
∑n
i=1 pi ∈ Z(M). Note that in the

type II1 case, any of the projections p1/2k as defined above, are monic.

Proposition 4.7.4. If M is a finite von Neumann algebra, then every projection
is the sum of pairwise orthogonal monic projections.

Proof. By a maximality argument it is sufficient to show that every non-zero
projection has a non-zero monic subprojection. Also, by restricting with central
projections it suffices to consider separately the cases when M is type II, or
type In, with n <∞.

The type II case follows from Lemma 4.7.3, and the type In case follows by
considering any non-zero abelian projection. �

If M is a von Neumann algebra, then a center-valued state is a linear
map ϕ : M → Z(M) such that ϕ(x∗x) ≥ 0 for all x ∈ M , ϕ|Z(M) = id, and
ϕ(zx) = zϕ(x) for all x ∈M , z ∈ Z(M). We say that ϕ is faithful if ϕ(x∗x) 6= 0
whenever x 6= 0.

Lemma 4.7.5. Let M be a von Neumann algebra, and ϕ : M → Z(M) a
center-valued state, then ϕ is bounded and ‖ϕ‖ = 1.

Proof. This is exactly the same as the proof of Lemma 4.1.2. First note that
ϕ is Hermitian since if y is self-adjoint we have ϕ(y) = ϕ(y+) − ϕ(y−) is also
self-adjoint, and in general, if y = y1 + iy2 where y∗i = yi then we have ϕ(y∗) =
ϕ(y1)− iϕ(y2) = ϕ(y)∗.

Next, note that for all y ∈ M we have ϕ(‖y + y∗‖ ± (y + y∗)) ≥ 0, and so

|ϕ(y + y∗)| ≤ ‖y + y∗‖, hence ‖ϕ(y)‖ = ‖ϕ(y+y∗

2 )‖ ≤ ‖y+y∗

2 ‖ ≤ ‖y‖, showing
‖ϕ‖ ≤ 1 ≤ ‖ϕ‖. �

Lemma 4.7.6. Let M ⊂ B(H) be a von Neumann algebra, then M has a normal
center-valued state.

Proof. The von Neumann algebra Z(M)′ is type I, and hence has an abelian
projection q with central support equal to 1. We then have qMq ⊂ qZ(M)′q =
Z(M)q, and θ(z) = zq defines a normal isomorphism from Z(M) onto Z(M)q.
If we set ϕ(x) = θ−1(qxq), for x ∈M , then ϕ is a normal center-valued state. �

Lemma 4.7.7. Let M be a von Neumann algebra, and τ : M → Z(M) a
center-valued state. The following are equivalent:

(i) τ(xy) = τ(yx), for all x, y ∈M .

(ii) τ(xx∗) = τ(x∗x), for all x ∈M .

(iii) τ(p) = τ(q), for all equivalent projections p, q ∈ P(M).

Proof. The implication (i) =⇒ (ii) is obvious, as is (ii) =⇒ (iii). Suppose (iii)
holds, then for all p ∈ P(M), and u ∈ U(M) we have τ(upu∗) = τ(p). Since τ
is bounded it then follows from functional calculus that τ(uxu∗) = τ(x) for all
x = x∗ ∈M , and u ∈ U(M). Considering the real and imaginary parts this then
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holds for all x ∈M , and replacing x with xu it then follows that τ(ux) = τ(xu)
for all x ∈M , u ∈ U(M). As every operator is a span of four unitaries this then
shows (i). �

We say that τ is a center-valued trace if it satisfies the equivalent condi-
tions of the previous lemma.

Lemma 4.7.8. Let M be a finite von Neumann algebra. If ϕ : M → Z(M) is
a normal center-valued state, then for each ε > 0 there exists p ∈ P(M), such
that ϕ(p) 6= 0, and for all x ∈ pMp we have

ϕ(xx∗) ≤ (1 + ε)ϕ(x∗x).

Proof. Let q0 = 1−
∑
i qi where {qi} is a maximal family of pairwise orthogonal

projections with ϕ(qi) = 0. By normality we have ϕ(q0) = 1, and ϕ is faithful
when restricted to q0Mq0.

We let {ei, fi} be a maximal family of projections such that {ei}, and {fi}
are each pairwise orthogonal, ei ∼ fi for each i, and ϕ(ei) > ϕ(fi) for each i. If
we set e = q0 −

∑
i ei, and f = q0 −

∑
i fi then unless ϕ was already a trace we

have ϕ(f) > ϕ(e) ≥ 0, Hence, f 6= 0, and by Proposition 3.2.8 we have e ∼ f ,
hence e 6= 0.

If we let µ be the smallest number such that ϕ(ẽ) ≤ µϕ(f̃) whenever ẽ ≤ e,
f̃ ≤ f , and ẽ ∼ f̃ then µ 6= 0 since ϕ(e) 6= 0, and there exists ẽ ≤ e, f̃ ≤ f ,
such that ẽ ∼ f̃ and (1 + ε)ϕ(ẽ) 6≤ µϕ(f̃), and thus cutting down by a suitable
central projection we may assume (1 + ε)ϕ(ẽ) > µϕ(f̃).

If we now take {êi, f̂i} a maximal family such that {êi}, and {f̂i} are each

pairwise orthogonal, êi ≤ ẽ, f̂i ≤ f̃i, êi ∼ f̂i, and (1 + ε)ϕ(êi) ≤ µϕ(f̂i), then

p = ẽ −
∑
i êi is non-zero, and equivalent to q = f̃ −

∑
i f̂i. Moreover, if

p1, p2 ≤ p, such that p1 ∼ p2, then there exists r ≤ q such that r ∼ p1, and
hence

ϕ(p1) ≤ µϕ(r) ≤ (1 + ε)ϕ(p2).

Since ϕ is bounded and every positive operator can be approximated uni-
formly by the span of its spectral projections it then follows that

ϕ(ux∗xu) ≤ (1 + ε)ϕ(x∗x),

for each x ∈ pMp, and u ∈ U(pMp). If x∗ has polar decomposition x∗ = v|x∗|,
then since pMp is finite we can extend v to a unitary u∗ ∈ U(pMp) and from
above this shows ϕ(xx∗) ≤ (1 + ε)ϕ(x∗x). �

Lemma 4.7.9. Let M be a finite von Neumann algebra, and ε > 0. Then there
is a normal center-valued state ϕ such that for all x ∈M we have

ϕ(xx∗) ≤ (1 + ε)ϕ(x∗x).

Proof. We need only show existence of such a state on Mz for some non-zero
central projection z as a maximality argument will then finish the proof.
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By Lemma 4.7.6 there exists a normal center-valued state ψ, and so by
Lemma 4.7.8 there exists some non-zero projection p ∈ P(M) such that ψ(xx∗) ≤
(1 + ε)ψ(x∗x) for all x ∈ pMp, and by Proposition 4.7.4 we may assume that p
is monic.

Let {p1, p2, . . . , pn} be a finite family of pairwise orthogonal projections such
that pi ∼ p, and z0 =

∑
i pi ∈ Z(M). Take vi ∈ M such that v∗i vi = pi and

viv
∗
i = p. For x ∈ Mz0 we then set ϕ0(x) =

∑n
i=1 ψ(vixv

∗
i ). If x ∈ Mz0 we

have

0 ≤ ϕ0(xx∗) = ϕ0(xz0x
∗) =

n∑
j=1

ϕ0(xpjx
∗)

=

n∑
i,j=1

ψ(vixv
∗
j vjx

∗v∗i ) ≤ (1 + ε)

n∑
i,j=1

ψ(vjx
∗v∗i vixv

∗
j )

= (1 + ε)

n∑
i=1

ϕ0(x∗pix) = (1 + ε)ϕ0(x∗x).

For z̃ ∈ Z(M)z0, and x ∈Mz0 we have ϕ0(z̃x) =
∑n
i=1 ψ(viz̃xv

∗
i ) = z̃ϕ0(x).

In general, it may not be the case that ϕ0(z0) = z0. However, we do
have ϕ0(z0) > 0, and hence, taking a spectral projection z of the form z =
1[ε,∞)(ϕ0(z0)), then we have that 0 6= z = yϕ0(z0) for some y ≥ 0, y ∈ Z(M).
If we set ϕ(x) = yϕ0(x), then we still have 0 ≤ ϕ(xx∗) ≤ (1 + ε)ϕ(xx∗), for
x ∈Mz, and ϕ is then a center-valued state on Mz. �

Theorem 4.7.10. A von Neumann algebra M is finite if and only if there exists
a (normal) center-valued trace. Moreover, any such trace is faithful.

Proof. First note that if τ is a center-valued trace on M and if p is any monic
projection, say

∑n
i=1 pi = z ∈ Z(M) where pi ∼ p, then z = τ(

∑n
i=1 pi) =

nτ(p), and hence τ(p) > 0. Proposition 4.7.4 then shows that τ(p) > 0 for any
non-zero projection, and hence it follows that τ(x) > 0 for any non-zero positive
operator x ∈M , so that τ is faithful.

If v ∈ M is an isometry we then have 1 = τ(v∗v) = τ(vv∗), and hence
τ(1− vv∗) = 0 which shows that vv∗ = 1 and hence M is finite.

Conversely, ifM is finite, then from Lemma 4.7.9, if {an} is a strictly decreas-
ing sequence of real number that converge to 1, there exists a sequence of nor-
mal center-valued states τn such that τn(xx∗) ≤ anτn(x∗x) for each n ∈ N, and
x ∈M . We claim that if 1 ≤ m < n, then the function a2

mτm − τn is a positive
linear map. From this Lemma 4.7.5 would then imply that ‖a2

mτm−τn‖ ≤ a2
m−1.

To see that a2
mτm − τn is positive it is enough to consider projections, and

since this map is normal, by Proposition 4.7.4 it is then enough to consider
monic projections. So let p ∼ p1 ∼ · · · ∼ pk be non-zero projections such that
z =

∑k
i=1 pi is a projection in Z(M). We then have τn(p) ≤ anτn(pi), and
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τm(p) ≤ amτm(pi) for each 1 ≤ i ≤ k. Hence,

kτn(p) ≤ an
k∑
i=1

τn(pi) = anτn(z) = anz

= anτm(z) = an

k∑
i=1

τm(pi)

≤ kanamτm(p) ≤ ka2
mτm(p).

Thus, we have shown that ‖a2
mτm − τn‖ ≤ a2

m − 1, and hence it follows that
there is a bounded linear map τ , such that ‖τ − τm‖ → 0.

We then have 0 ≤ τ(xx∗) ≤ τ(x∗x) and so we must have equality for all
x ∈M . Considering the polar decomposition of x it then follows that τ(u∗yu) =
τ(y) for all u ∈ U(M), and y ≥ 0, invertible. Taking linear combinations it then
follows that τ(u∗yu) = τ(y) for all u ∈ U(M), and y ∈ M , or equivalently
that τ(yu) = τ(uy) for all u ∈ U(M), y ∈ M . Since every element is a linear
combination of unitaries we then have τ(xy) = τ(yx) for all x, y ∈M .

Clearly, τ|Z(M) = id and τ(zx) = zτ(x) for all z ∈ Z(M), and x ∈ M .
Thus, the only thing remaining to check is that τ is normal. If ϕ ∈ M∗, then
‖ϕ ◦ τ − ϕ ◦ τm‖ ≤ ‖ϕ‖‖τ − τm‖, and hence ϕ ◦ τ since M∗ is closed. Thus, τ is
normal. �

Proposition 4.7.11. Let M be a finite von Neumann algebra with center-valued
trace τ . If p, q ∈ P(M), then p � q if and only if τ(p) ≤ τ(q)

Proof. If p = v∗v, and vv∗ ≤ q then τ(p) = τ(vv∗) ≤ τ(q). Conversely, if
τ(p) ≤ τ(q), then by the comparison theorem there exists z ∈ P(Z(M)) such
that pz � qz and (1− z)q � (1− z)p. If v∗v = (1− z)q and vv∗ ≤ (1− z)p then
we have τ(vv∗) ≤ τ((1− z)p) = (1− z)τ(p) ≤ τ((1− z)q) = τ(vv∗), and since τ
is faithful we have vv∗ = (1− z)p, hence (1− z)q ∼ (1− z)p and so p � q. �

Proposition 4.7.12. Let M be a finite von Neumann algebra with normal
faithful trace τ , then conjugation x 7→ x∗ extends to an anti-linear isometry
J : L2(M, τ)→ L2(M, τ), and we have M ′ ∩ B(L2(M, τ)) = JMJ .

Proof. For x ∈ M we have ‖x∗‖22 = τ(xx∗) = τ(x∗x) = ‖x‖22, thus this ex-
tends to an anti-linear isometry J : L2(M, τ) → L2(M, τ). Note that we have
〈Jξ, Jη〉 = 〈η, ξ〉 for all ξ, η ∈ L2(M, τ).

For a vector ξ ∈ L2(M, τ) we define the unbounded operators L0
ξ : M1τ →

L2(M, τ) and R0
ξ : M1τ → L2(M, τ) by

L0
ξx1τ = (Jx∗J)ξ; R0

ξx1τ = xξ.

Note that if xi ∈ M , and η ∈ L2(M, τ) such that ‖xi‖2 → 0, and L0
ξxi1τ → η,
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then for all z ∈M we have

|〈η, z〉| = lim
i→∞

|〈(Jx∗i J)ξ, z〉| = lim
i→∞

|〈ξ, (JxiJ)z〉|

= lim
i→∞

|〈ξ, zx∗i 〉|

≤ lim
i→∞

‖ξ‖2‖z‖‖xi‖2 = 0.

Thus, the operator L0
ξ is closable and completing the graph gives rise to a closed

operator Lξ. Similarly, R0
ξ is closable and we have the corresponding operator

Rξ. Note that Lx1τ = x for all x ∈M .
If x, y ∈M , and ξ ∈ L2(M, τ) then we have

〈RJξx1τ , y1τ 〉 = 〈xJξ, y1τ 〉 = 〈y∗x1τ , ξ〉 = 〈x1τ , Rξy1τ 〉,

hence RJξ = R∗ξ .
We also have

(JLξJ)x1τ = xJξ = RJξx1τ = R∗ξx1τ ,

hence JLξJ = R∗ξ . If we set M̃ = {Lξ | Lξ ∈ B(L2(M, τ))} and Ñ := {Rξ |
Rξ ∈ B(L2(M, τ))}, then since JM̃J = Ñ to finish the proposition it is enough

to show M = M̃ and M ′ = Ñ .
Note that we clearly have M ⊂ M̃ , and Ñ ⊂ M ′. If x ∈ M ′, then consider

ξ = x1τ . For y ∈M we then have

Rξy1τ = yξ = yx1τ = xy1τ ,

Thus Rξ = x, showing M ′ ⊂ Ñ . If Lξ ∈ M̃ , then Lξ ∈ Ñ ′ = M ′′ = M showing

that M̃ ⊂M . �

4.8 Dixmier’s property

Lemma 4.8.1. Let M ⊂ B(H) be a von Neumann algebra, and suppose x =
x∗ ∈ M , then there exists a unitary u ∈ U(M), and y = y∗ ∈ Z(M) such that
‖ 1

2 (x+ u∗xu)− y‖ ≤ 3
4‖x‖.

Proof. We may assume that ‖x‖ = 1. Let p = 1[0,∞)(x), and q = 1− p. By the
comparison theorem there exists z ∈ P(Z(M)), q1, q2, p1, p2 ∈ P(M) such that

zq ∼ p1 ≤ p1 + p2 = zp, and (1− z)p ∼ q1 ≤ q1 + q2 = (1− z)q.

Suppose v, w ∈M such that v∗v = zq, vv∗ = p1, w∗w = (1−z)p, and ww∗ = q1.
Set u = v + v∗ + w + w∗ + q2 + p2. Then u ∈ U(M), and we have

u∗p1u = zq, u∗zqu = p1, u∗p2u = p2;

u∗q1u = (1− z)p, u∗(1− z)pu = q1, u∗q2u = q2.
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We then have −zq ≤ zx ≤ zp = p1 + p2, and conjugating by u gives −p1 ≤
zu∗xu ≤ zq + p2. Hence,

−1

2
(zq + p1) ≤ 1

2
(zx+ zu∗xu) ≤ 1

2
(p1 + zq) + p2.

As zq + p1 + p2 = z we then have

−1

2
z ≤ 1

2
(zx+ zu∗xu) ≤ z,

hence,

−3

4
z ≤ 1

2
(zx+ zu∗xu)− 1

4
z ≤ 3

4
z.

A similar argument shows

−3

4
(1− z) ≤ 1

2
((1− z)x+ (1− z)u∗xu) +

1

4
(1− z) ≤ 3

4
(1− z).

Thus,

‖1

2
(x+ u∗xu)− 1

4
(2z − 1)‖ ≤ 3

4
.

�

Theorem 4.8.2 (Dixmier’s property). Let M ⊂ B(H) be a von Neumann alge-
bra. For all x ∈ M denote by K(x) the norm closed convex hull of the unitary
orbit of x. Then we have Z(M) ∩K(x) 6= ∅.

Proof. We denote by K the set of all maps α from M to M of the form α(y) =∑n
i=1 αiu

∗
i yui, where u1, . . . , un ∈ U(M), α1, . . . , αn ≥ 0, and

∑n
i=1 αi = 1.

Suppose x = a0+ib0 where a0 and b0 are self-adjoint. By iterating Lemma 4.8.1,
there exists a sequence αk ∈ K, and yk = y∗k ∈ Z(M) such that if we set

ỹk =
∑k
i=1 yi, and ak = αk(ak−1) then

‖ak − ỹk‖ = ‖αk(ak−1 − ỹk−1)− yk‖ ≤
(

3

4

)k
‖a0‖.

Hence, for any ε > 0 there exists α ∈ K, and y ∈ Z(M) such that ‖α(a0)−y‖ <
ε. Similarly, there then exists β ∈ K, and z ∈ Z(M) such that ‖β(α(b0))−z‖ <
ε, and note that we still have ‖β(α(a0)) − y‖ = ‖β(α(a0) − y)‖ < ε. Thus, we
have ‖β ◦ α(x)− (y + iz)‖ < 2ε.

We can therefore take a sequence αk ∈ K, and zk ∈ Z(M) such that if we
define x0 = x, and xk = αk(xk−1) then

‖xk − zk‖ < 1/2k.

In particular, we have ‖xk+1−xk‖ ≤ ‖αk+1(xk−zk)+(zk−xk)‖ ≤ 1/2k−1, and
so the sequences {xk} and {zk} converge in norm to an element z ∈ Z(M) ∩
K(x). �
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Corollary 4.8.3. A von Neumann algebra M is finite if and only if Z(M) ∩
K(x) consists of a single point for each x ∈M . Moreover, if M is finite then it
has a unique center-valued trace τ , and we have Z(M) ∩K(x) = {τ(x)} for all
x ∈M .

Proof. IfM is finite, then for any center-valued trace τ we have that τ is constant
on K(x), and so ∅ 6= K(x) ∩ Z(M) ⊂ {τ(x)}. Since the trace τ was arbitrary,
and since M has a trace by Theorem 4.7.10, it follows that the trace must be
unique.

Conversely, if K(x)∩Z(M) consists of a single element τ(x) for each x ∈M ,
then τ defines a center-valued state, and we have τ(u∗xu) = τ(x) for each u ∈
U(M) and x ∈M , hence τ is a trace and so M is finite by Theorem 4.7.10. �

4.8.1 The fundamental group of a II1 factor

Let M be a II1 factor, and let τ be the unique trace on M . Then for all n ∈ N
we have that Mn(M) is again a II1 factor with unique trace given by τn([xi,j ]) =
1
n

∑n
i=1 τ(xi,i). If 0 < t ≤ n then we know from Proposition 4.7.11 that for any

two projections p, q ∈ P(Mn(M)) with trace τn(p) = τn(q) = t/n there is a
unitary u ∈ U(Mn(M)) such that upMpu∗ = qMq. Thus, up to isomorphism
the factor pMp only depends on t. Note that this is also independent of n since
any two matrix algebras over M can be embedded into a larger common matrix
algebra. The amplification of M with parameter t is the factor M t which is
define as the II1 factor pMp (which is unique up to isomorphism class).

Note that M1 ∼= M , and also (M t)s ∼= M ts for all t, s > 0. The funda-
mental group2 of M is F(M) = {t > 0 | M t ∼= M} which is easily seen for
form a subgroup of the multiplicative group R>0. Note that if θ : M → N is a
∗-isomorphism then F(M) = F(N) and hence the fundamental group is an iso-
morphism class invariant ofM .3 Note that for all t > 0 we have F(M t) = F(M).

If M ⊂ B(H) is a von Neumann algebra and we consider the conjugate
Hilbert space H. Recall that to each operator x ∈ M we may associate the
operator x ∈ B(H) which is defined by xξ = xξ. The opposite von Neumann
algebra Mo = {x | x ∈ M} ⊂ B(H) is clearly a von Neumann algebra, and
the map x 7→ x defines an anti-linear isomorphism between M and Mo. If one
prefers to work with linear maps then consider xo = x∗, the map x 7→ xo is then
a normal linear isometry from M to Mo, however, this is not an isomorphism
but rather an anti-isomorphism, i.e., (xy)o = yoxo for all x, y ∈M . It is clear
that F(Mo) = F(M), for all II1 factors M .

2This has no relation to the better known notion in topology.
3Better terminology might be the fundamental subgroup, since it is an invariant of M not

just as an abstract group but rather as a subgroup of R>0.
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4.9 Traces on semi-finite von Neumann algebras

4.9.1 Weights

By the Riesz representation theorem, if K is a compact Hausdorff space then
states on C(K) are in 1-1 correspondence with Radon probability measures on
K. If we consider positive Radon measures which are not necessarily finite then
this leads to the notion of a weight. Specifically, a weight on a C∗-algebra A
is a map ϕ : A+ → [0,∞] satisfying the following conditions for all x, y ∈ A+,
λ > 0:

ϕ(x+ y) = ϕ(x) + ϕ(y), ϕ(λx) = λϕ(x), ϕ(0) = 0.

The weight is faithful if ϕ(x) 6= 0 for every non-zero x ∈ A+, and ϕ is tracial
if ϕ(xx∗) = ϕ(x∗x), for all x ∈ A.

If A is a von Neumann algebra then a weight ϕ is semi-finite if

pϕ = {x ∈ A+ | ϕ(x) <∞}

generatesA as a von Neumann algebra, and ϕ is normal if ϕ(supxi) = supϕ(xi),
for every bounded increasing net {xi} in A+.

Example 4.9.1. The trace Tr is a normal faithful semi-finite tracial weight on
B(H).

Lemma 4.9.2. Let ϕ be a weight on a C∗-algebra A, then

a) nϕ = {x ∈ A | x∗x ∈ pϕ} is a left ideal of A.

b) mϕ = {
∑n
i=1 y

∗
i xi | x1, . . . , xn, y1, . . . , yn ∈ nϕ} is a ∗-subalgebra of nϕ which

is equal to the span of pϕ.

Proof. That nϕ is a linear subspace follows from the inequality

(x+ y)∗(x+ y) ≤ (x+ y)∗(x+ y) + (x− y)∗(x− y) = 2(x∗x+ y∗y).

That nϕ is a left ideal then follows from the inequality (ax)∗(ax) ≤ ‖a‖x∗x.
Since nϕ is a linear subspace we have that mϕ is a ∗-subalgebra. It is easy to
see that mϕ contains pϕ, and the fact that it is equal to the span of pϕ follows
from the polarization identity

4y∗x =

3∑
k=0

ik(x+ iky)∗(x+ iky).

�

We refer to mϕ as the definition domain of ϕ. If ϕ(1) < ∞, then we can
linearly extend ϕ to all of A, and after rescaling obtain a state.

If we fix a weight ϕ on a C∗-algebra A, then the set

Nϕ = {x ∈ A | ϕ(x∗x) = 0}
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is a left ideal of A contained in nϕ. We may then consider the quotient space
nϕ/Nϕ with the quotient map ηϕ : nϕ → nϕ/Nϕ. This then gives a positive
definite sesqui-linear form on nϕ/Nϕ by the formula

〈ηϕ(x), ηϕ(y)〉 = ϕ(y∗x),

for x, y ∈ nϕ. We denote by L2(A,ϕ) the Hilbert space completion of this form.
Since nϕ, and Nϕ are both left ideals we obtain a A module structure on nϕ/Nϕ
by left multiplication, which from the inequality (ax)∗(ax) ≤ ‖a‖2x∗x extends
to a representation πϕ : A→ B(L2(A,ϕ)).

The following proposition follows as in the GNS-construction and so we leave
it to the reader.

Proposition 4.9.3. Let ϕ be a weight on a C∗-algebra A, then πϕ : A →
B(L2(A,ϕ)) is a continuous ∗-representation, which is faithful if ϕ is faithful.
Moreover, if A is a von Neumann algebra, and ϕ is normal, then so is the
representation πϕ.

We call the triple (πϕ, L
2(A,ϕ), ηϕ) the semi-cyclic representation of A.

Note that if A is unital, and ϕ is a state on A, then the map ηϕ : A → Hϕ is
completely determined by the value ηϕ(1). And so in this case we can think of
this triple as a representation, together with a cyclic vector.

Theorem 4.9.4. Let M be a semi-finite factor, then there exists a unique, up
to scalar multiplication, normal semi-finite tracial weight Tr : M+ → [0,∞].
Moreover, Tr is faithful, and p ∈ P(M) is finite if and only if Tr(p) <∞.

Proof. We have already constructed a tracial state on finite factors, thus for
existence we need only consider the case when M is properly infinite. Let
p0 ∈ M be a non-zero finite projection, then there exists an infinite family
{pn}n∈I of pairwise orthogonal projections, such that

∑
n pn = 1, and p0 ∼ pn

for each n ∈ I. Take vn ∈ M such that v∗nvn = p0, and v∗nvn = pn, and
let τ0 be the unique tracial state on p0Mp0. We define Tr : M+ → [0,∞] by
Tr(x) =

∑
n∈I τ0(v∗nxvn). Then Tr is a weight on M , which is normal since

x 7→ τ0(v∗nxvn) is normal for each n ∈ I.
Note that we have v∗nMvn ⊂ mTr for all n ∈ I, and thus mTr is weakly dense

in M , so that Tr is semi-finite. For each x ∈ M we apply Fubini’s theorem to
obtain

Tr(xx∗) =
∑
n,m∈I

τ0(v∗nxvmv
∗
mx
∗vn) =

∑
n,m∈I

τ0(vmx
∗vnv

∗
nxv

∗
m) = Tr(xx∗).

If p ∈ P(M) is finite then so is p0 ∨ p, and there is a non-zero subprojection
q ≤ p0 which is monic in (p0∨p)M(p0∨p). We then have 0 < Tr(q), and Tr(p0∨
p) < ∞. Thus, Tr is faithful and is finite on finite projections. Conversely, if
p ∈ P(M) is infinite then there is a subprojection q ≤ p such that p ∼ q ∼ p−q,
hence Tr(p) = Tr(q) = Tr(p− q), and so Tr(p) = 2 Tr(p), and since Tr is faithful
we must have Tr(p) =∞.
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It only remains to prove uniqueness. So suppose M is a semi-finite factor and
ω is a normal semi-finite tracial weight on M . Since ω is semi-finite, for each x ∈
M+, x 6= 0, there exists y ∈ nω such that x1/2y 6= 0. Hence, x1/2yy∗x1/2 ∈ mω
and so ω(x1/2yy∗x1/2) <∞. Taking a suitable non-zero spectral projection q of
x1/2yy∗x1/2 there then exists some number c > 0 such that cq ≤ x1/2yy∗x1/2 ≤
‖y‖2x.

From above it follows that q is a finite projection (since ω(q) < ∞), and
so ω(q) 6= 0 since otherwise we would have ω(p) = 0 for all finite projections,
contradicting semi-finiteness. Hence, ω(x) 6= 0 showing that ω is faithful, and
it then follows from the argument above that ω(p) <∞ if and only if p is finite.
In particular, if p ∈ P(M) is any non-zero finite projection then ω|pMp defines
a tracial positive linear functional and hence must be a scalar multiple of the
trace on pMp. Since M is semi-finite, every projection is an increasing limit of
finite projections we then obtain uniqueness of Tr up to a scalar multiple. �

Proposition 4.9.5. Let M be a countably decomposable semi-finite factor. If
p, q ∈ P(M), then p � q if and only if Tr(p) ≤ Tr(q).

Proof. If p and q are finite then Tr(p∨q)M(p∨q) is a scalar multiple of the trace
on (p ∨ q)M(p ∨ q), hence the conclusion follows from Proposition 4.7.11. By
Theorem 4.9.4 we have Tr(p) =∞ if and only if p is not finite, and so the result
then follows from Corollary 3.2.10. �
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Chapter 5

Examples of von Neumann
algebras

5.1 Group von Neumann algebras

5.1.1 Group representations

Let Γ be a discrete group. A (unitary) representation of Γ is a homomorphism
π : Γ → U(H). The trivial representation of Γ on H is given by π(g) = 1,
for all g ∈ Γ. The left-regular (resp. right-regular) representation of Γ is
λ : Γ → U(`2Γ) (resp. ρ : Γ → U(`2Γ)) given by (λgξ)(x) = ξ(g−1x) (resp.
(ρgξ)(x) = ξ(xg)). If Λ < Γ is a subgroup, then the representation π : Γ →
`2(Γ/Λ) given by (πgξ)(x) = ξ(g−1x) is a quasi-regular representation.

Two representations πi : Γ→ U(Hi), i = 1, 2, are equivalent if there exists
a unitary U : H1 → H2 such that Uπ1(g) = π2(g)U , for all g ∈ Γ. Note that the
left and right-regular representations are seen to be equivalent by considering
the unitary U : `2Γ→ `2Γ given by (Uξ)(x) = ξ(x−1).

Given a unitary representation π : Γ → U(H) we define the adjoint rep-
resentation π : Γ → U(H) by setting πgξ = πgξ. We then have the natural
identification π = π.

Given a family of unitary representations πι : Γ → U(Hι), with ι ∈ I, the
direct-sum representation is

⊕
ι∈I πι : Γ→ U(

⊕
ι∈I Hι) defined by

(
⊕
ι∈I

πι)(g) =
⊕
ι∈I

(πι(g)).

If I is finite, then the tensor product representation is given by the map⊗
ι∈I πι : G→ U(

⊗
ι∈IHι) defined by

(
⊗
ι∈I

πι)(g) =
⊗
ι∈I

(πι(g)).

81
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If we use the identification H⊗K ∼= HS(H,K), then for representations π1 :
Γ → U(H), and π2 : Γ → U(K), the representation π1 ⊗ π2 is realized on
HS(H,K) as (π1 ⊗ π2)(g)(T ) = π1(g)Tπ2(g−1).

Lemma 5.1.1 (Fell’s Absorption Principle). Let π : Γ → U(H) be a unitary
representation of a discrete group Γ, and let 1H denote the trivial representation
of Γ on H. Then the representations λ⊗ π and λ⊗ 1H are equivalent.

Proof. Consider the unitary U ∈ U(`2Γ ⊗H) determined by U(δg ⊗ ξ) = δg ⊗
π(g)ξ, for all g ∈ Γ, ξ ∈ H. Then for all h, g ∈ Γ, and ξ ∈ H we have

U∗(λ⊗ π)(h)U(δg ⊗ ξ) = U∗(λ⊗ π)(h)(δg ⊗ πgξ)
= U∗(δhg ⊗ πhπgξ)
= δhg ⊗ π(hg)−1πhπgξ = (λ⊗ 1H)(h)(δg ⊗ ξ).

�

If ξ, η ∈ `2Γ, the convolution of ξ with η is the function ξ ∗η : Γ→ C given
by

(ξ ∗ η)(x) =
∑
g∈Γ

ξ(g)η(g−1x) =
∑
g∈Γ

ξ(xg−1)η(g).

Note that by the Cauchy-Schwarz inequality we have that ξ ∗ η ∈ `∞Γ, and
‖ξ ∗ η‖∞ ≤ ‖ξ‖2‖η‖2. If ξ, η ∈ `1Γ then we also have the estimate ‖ξ ∗ η‖1 ≤
‖ξ‖1‖η‖1. Also note that for g ∈ Γ we have δg ∗ ξ = λgξ, and ξ ∗ δg = ρg−1ξ.

If ξ ∈ `2Γ we let ξ be the function defined by ξ(x) = ξ(x−1). Also, it is easy
to see that if ξ, η, ζ ∈ `2Γ, then (ξ∗η)∗ζ ∈ `2Γ if and only if ξ∗(η∗ζ) ∈ `2Γ, and
if both are in `2Γ then we have (ξ ∗η)∗ζ = ξ ∗ (η ∗ζ). In particular `1Γ with the
norm ‖ · ‖1 forms a unital involutive Banach algebra which is the convolution
algebra of Γ.

Given ξ ∈ `2Γ we set Dξ = {η ∈ `2Γ | ξ ∗ η ∈ `2Γ}. We then define the
convolution operator Lξ : Dξ → `2Γ by Lξη = ξ ∗ η. We also set D′ξ = {η ∈
`2Γ | η ∗ ξ ∈ `2Γ}, and Rξ : D′ξ → `2Γ, by Rξη = η ∗ ξ.

Lemma 5.1.2. For each ξ ∈ `2Γ, the operators Lξ, and Rξ have closed graph
in `2Γ⊕ `2Γ.

Proof. Let {ηn} ⊂ `2Γ be a sequence such that ηn → η ∈ `2Γ, and Lξηn → ζ ∈
`2Γ. Then for x ∈ Γ we have |ζ(x)−(ξ∗η)(x)| = limn→∞ |(ξ∗ηn)(x)−(ξ∗η)(x)| ≤
limn→∞ ‖ξ‖2‖ηn−η‖2 = 0. Hence, ξ ∗η = ζ ∈ `2Γ, and so η ∈ Dξ and Lξη = ζ.
The proof for Rξ is identical. �

A left-convolver (resp. right-convolver) is a vector ξ ∈ `2Γ such that
ξ ∗ `2Γ ⊂ `2Γ (resp. `2Γ ∗ ξ ⊂ `2Γ). If ξ is a left-convolver then by the closed
graph theorem we have that Lξ ∈ B(`2Γ), and similarly Rξ ∈ B(`2Γ) for ξ a
right-convolver. Note that the space of left (resp. right) convolvers is a linear
space which contains δg for each g ∈ Γ.
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We set

LΓ = {Lξ | ξ ∈ `2Γ is a left-convolver.} ⊂ B(`2Γ);

RΓ = {Rξ | ξ ∈ `2Γ is a right-convolver.} ⊂ B(`2Γ).

If ξ is a left-convolver then it is easy to see that ξ is also a left-convolver and
we have Lξ = L∗ξ . Similarly, we have Rξ = R∗ξ for right-convolvers. Also, since
convolution is associative we have Lξ∗η = LξLη, and Rξ∗η = RηRξ. Hence, LΓ
and RΓ are unital ∗-subalgebras of B(`2Γ). We next show that actually LΓ and
RΓ are von Neumann algebras.

Theorem 5.1.3. Let Γ be a discrete group, then LΓ and RΓ are von Neumann
algebras. Moreover, we have LΓ = RΓ′ = ρ(Γ)′, and RΓ = LΓ′ = λ(Γ)′.

Proof. By von Neumann’s double commutant theorem it is enough to show that
LΓ = RΓ′ = ρ(Γ)′. Note that we trivially have the inclusions LΓ ⊂ RΓ′ ⊂ ρ(Γ)′

and so we need only show ρ(Γ)′ ⊂ LΓ.
Suppose T ∈ ρ(Γ)′ and define ξ = Tδe. Then for all g ∈ Γ we have

ξ ∗ δg = ρg−1Tδe = Tρg−1δe = Tδg.

By linearity we then have ξ∗η = Tη for all η in the dense subspace sp{δg | g ∈ Γ}.
Hence it follows that ξ is a left-convolver and T = Lξ ∈ LΓ. �

The von Neumann aglebra LΓ is the (left) group von Neumann algebra
of Γ, and RΓ is the right group von Neumann algebra of Γ. Note that since the
left and right-regular representations are equivalent it follows that LΓ ∼= RΓ.

Proposition 5.1.4. Let Γ be a discrete group, then τ(x) = 〈xδe, δe〉 defines a
normal faithful trace on LΓ. In particular, LΓ is a finite von Neumann algebra.

Proof. If τ(x∗x) = 0, where x = Lξ, then ‖ξ‖2 = ‖Lξδe‖2 = τ(x∗x) = 0, hence
x = 0, and so τ is faithful. As a vector state, τ is clearly normal, thus to check
that it is a trace it is enough to check the tracial property on a weakly dense
subalgebra, and by linearity it is then enough to show τ(λghg−1) = τ(λh) for
all g, h ∈ Γ. By a direct calculation we see τ(λghg−1) = δe(ghg

−1) = δe(h) =
τ(λh). �

Example 5.1.5. If Γ is abelian then we may consider the dual group Γ̂ =
Hom(Γ,T) which is a compact group when endowed with the topology of point-
wise convergence. We consider this group endowed with a Haar measure µ
normalized so that µ(Γ̂) = 1. The Fourier transform F : `2Γ → L2Γ̂ is defined
as (Fξ)(χ) =

∑
g∈Γ ξ(g)〈χ, g〉. The Fourier transform implements a unitary

between `2Γ and `2Γ̂.
If ξ ∈ `2Γ is a (left) convolver, then we have Lξ = F−1MF(ξ)F , and hence

we obtain a canonical isomorphism LΓ ∼= L∞Γ̂. Moreover, we have τ(Lξ) =∫
F(ξ) dµ, for each Lξ ∈ LΓ.
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Recall that when (X,µ) was a probability space, we could view L∞(X,µ)
both as a von Neumann subalgebra of B(L2(X,µ)), and as a subspace of L2(X,µ).
When we wanted to make a distinction between the two embeddings we would
write Mf to explicitly denote the multiplication operator by f . Similarly, we
may view LΓ both as a von Neumann subalgebra of B(`2Γ), and as a subspace
of `2Γ under the identification Lξ 7→ ξ. We will therefore not always be specific
as to which identification we are taking and leave it to the reader to determine
from the context.

In particular, if x =
∑
g∈Γ αgδg ∈ `2Γ is a left-convolver, then we will often

also write x or
∑
g∈Γ αgug to denote the operator Lx ∈ LΓ. (We switch δg to

ug to emphasize that ug is a unitary operator.) By analogy with the abelian
case we call the set {αg}g∈Γ the Fourier coefficients of x. This convention is
quite standard, however we should issue a warning at this point that the sum∑
g∈Γ αgug does not in general converge to Lx in any operator space topology

(e.g., norm, weak, or strong). This is already the case for LZ in fact. Thus,
writing x =

∑
g∈Γ αgug should be considered as an abbreviation for writing

Lx = L∑
g∈Γ αgδg

, and nothing more.

A discrete group Γ is said to be i.c.c.1 if every non-trivial conjugacy class
of Γ is infinite.2

Theorem 5.1.6. Let Γ be a discrete group. Then LΓ is a factor if and only if
Γ is i.c.c.

Proof. First suppose that h ∈ Γ \ {e}, such that hΓ = {ghg−1 | g ∈ G} is
finite. Let x =

∑
k∈hΓ uk. Then x 6= C, and for all g ∈ G we have ugxu

∗
g =∑

k∈hΓ ugkg−1 = x, hence x ∈ {ug}′g∈Γ ∩ LΓ = Z(LΓ).

Conversely, suppose that Γ is i.c.c. and x =
∑
g∈Γ αgug ∈ Z(LΓ) \ C, then

for all h ∈ Γ we have x = uhxu
∗
h =

∑
g∈Γ αguhgh−1 =

∑
g∈Γ αh−1ghug. Thus

the Fourier coefficients for x are constant on conjugacy classes, and since x ∈
LΓ ⊂ `2Γ we have αg = 0 for all g 6= e, hence x = τ(x) ∈ C. �

Examples of i.c.c. groups which can be verified directly include the symmetric
group S∞ of all finite permutations of N, free groups Fn of rank n ≥ 2, free
products Γ1 ∗Γ2 when |Γ1|, |Γ2| > 1 and |Γ1|+ |Γ2| ≥ 5, projective special linear
groups PSLn(Z), n ≥ 2, groups without non-trivial finite index subgroups, and
many others.

5.1.2 Group C∗-algebras

If π : Γ→ U(H) is a representation of a discrete group Γ then note that we may
extend π linearly to a representation of the convolution algebra `1Γ, we will
use the same notation π for this representation. The (full) group C∗-algebra
C∗Γ, is defined as the C∗-algebra completion of `1Γ with respect to the norm

1Infinite conjugacy classes
2Note that the trivial group is i.c.c., but this is the only finite i.c.c. group.
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‖f‖ = supπ:Γ→U(H) ‖π(f)‖. The reduced group C∗-algebra C∗rΓ is the C∗-

algebra completion of L1Γ with respect to the left-regular representation. Note
that we have a natural inclusions C∗rΓ ⊂ LΓ ⊂ B(`2Γ).

Note that by definition we have that any representation of Γ extends uniquely
to a representation of C∗Γ, and conversely every representation of C∗Γ arrises
in this way. Moreover, two representations of Γ are equivalent if and only if
the representations are equivalent when extended to C∗Γ. Thus, C∗Γ is a C∗-
algebra which encodes the representation theory of Γ. Given a representation
π : Γ→ U(H), a vector ξ ∈ H is cyclic if it is cyclic for π(C∗Γ), i.e., sp{π(g)ξ |
g ∈ Γ} = H.

A function ϕ : Γ → C is of positive type if for all g1, . . . , gn ∈ Γ, and
α1, . . . , αn ∈ C we have

n∑
i,j=1

αiαjϕ(g−1
j gi) ≥ 0.

Note, that by considering g1 = e, and α1 = 1 we have ϕ(e) ≥ 0. Also, by
considering g1 = g, g2 = e, and |α1| = α2 = 1 we see that α1ϕ(g−1) +α1ϕ(g) ≤
2ϕ(e), and from this it follows easily that ϕ(g−1) = ϕ(g), and ϕ ∈ `∞Γ with
‖ϕ‖∞ = ϕ(e). Thus, a simple calculation shows that positive type is equivalent
to the conditions ϕ ∈ `∞Γ, and∑

g∈Γ

(f ∗ f)(g)ϕ(g) ≥ 0,

for all f ∈ `1Γ.
The same proof as in the GNS-construction allows us to construct a repre-

sentation πϕ : Γ→ H, and a cyclic vector ξ ∈ H such that ϕ(g) = 〈π(g)ξ, ξ〉 for
each g ∈ Γ. In particular, we may then extend ϕ to a positive linear functional
on C∗Γ. Conversely, if ϕ is a positive linear functional on C∗Γ, then restricted
to `1Γ this again gives a positive linear functional and hence restricted to Γ
gives a function of positive type. We have thus proved the following theorem.

Theorem 5.1.7. Let Γ be a discrete group, and let ϕ : Γ→ C, then the following
conditions are equivalent:

(i) ϕ is of positive type.

(ii) ϕ extends to a positive linear functional on C∗Γ.

(iii) There exists a representation π : Γ → U(H), and a cyclic vector ξ ∈ H
such that ϕ(g) = 〈π(g)ξ, ξ〉 for each g ∈ Γ.

5.1.3 Other von Neumann algebras generated by groups

Given a unitary representation of a discrete group π : Γ → U(H) one can
always consider the von Neumann algebra it generates π(Γ)′′. Properties of the
representation can sometimes be reflected in the von Neumann algebra π(Γ)′′,
here we will discuss a couple of these properties.
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A representation π : Γ → U(H) is reducible if H contains a non-trivial
closed Γ-invariant subspace. Otherwise, the representation is irreducible. Note
that if K ⊂ H is a closed Γ-invariant subspace then K⊥ is also Γ-invariant.
Indeed, if ξ ∈ K, η ∈ K⊥, and g ∈ Γ then 〈π(g)η, ξ〉 = 〈η, π(g−1)ξ〉 = 0. Thus,
π would then decompose as π|K ⊕ π|K⊥ .

Lemma 5.1.8 (Schur’s Lemma). Let π : Γ → U(H), and ρ : Γ → U(K) be
two irreducible unitary representations of a discrete group Γ, if T ∈ B(H,K) is
Γ-invariant then either T = 0, or else T is a scalar multiple of a unitary. In
particular, B(H,K) has a non-zero Γ-invariant operator if and only if π and ρ
are isomorphic.

Proof. Let π and ρ be as above and suppose T ∈ B(H,K) is Γ-invariant. Thus,
T ∗T ∈ B(H) is Γ-invariant and hence any spectral projection of T ∗T gives
a Γ-invariant subspace. Since π is irreducible it then follows that T ∗T ∈ C.
If T ∗T 6= 0 then by multiplying T by a scalar we may assume that T is an
isometry. Hence, TT ∗ ∈ B(K) is a non-zero Γ-invariant projection, and since ρ
is irreducible it follows that TT ∗ = TT ∗ = 1. �

Corollary 5.1.9. Let π : Γ→ U(H) be a representation of a discrete group Γ.
Then π is irreducible if and only if π(Γ)′′ = B(H).

A function ϕ : Γ → C is a character3 if it is of positive type, is constant
on conjugacy classes, and is normalized so that ϕ(e) = 1. Characters arise
from representations into finite von Neumann algebras. Indeed, if M is a finite
von Neumann algebra with a normal faithful trace τ , and if π : Γ → U(M) ⊂
U(L2(M, τ)) is a representation then ϕ(g) = τ(π(g)) = 〈π(g)1τ , 1τ 〉 defines a
character on Γ. Conversely, if ϕ : Γ→ C is a character then the cyclic vector ξ
in the corresponding GNS-representation π : Γ → U(H) satisfies 〈π(gh)ξ, ξ〉 =
ϕ(gh) = ϕ(hg) = 〈π(hg)ξ, ξ〉 for all g, h ∈ Γ. Since the linear functional T 7→
〈Tξ, ξ〉 is normal we may then extend this to a normal faithful trace τ : π(Γ)′′ →
C by the formula τ(x) = 〈xξ, ξ〉. In particular this shows that π(Γ)′′ is finite
since it has a normal faithful trace.

If (Mi, τi) are finite von Neumann algebras with normal faithful traces τi,
i ∈ {1, 2}, and πi : Γ→ U(Mi) then we will consider π1 and π2 to be equivalent
if there is a trace preserving automorphism α : M1 →M2, such that α(π1(g)) =
π2(g) for all g ∈ Γ. Clearly, this is equivalent to requiring that there exist a
unitary U : L2(M1, τ1) → L2(M2, τ2) such that U1τ1 = 1τ2 , and Uπ1(g) =
π2(g)U for all g ∈ G.

Note that the space of characters is a convex set, which is closed in the
topology of pointwise convergence.

Theorem 5.1.10 (Thoma). Let Γ be a discrete group. There is a one to one
correspondence between:

3Some authors use the term character to refer to a homomorphism into the circle T, we
will allow a more general definition and refer to homomorphisms into T as unitary characters.



5.2. THE GROUP-MEASURE SPACE CONSTRUCTION 87

1. Equivalence classes of embeddings π : Γ → U(M) where M is a finite
von Neumann algebra with a given normal faithful trace τ , and such that
π(Γ)′′ = M , and

2. Characters ϕ : Γ→ C,

which is given by ϕ(g) = τ(π(g)). Moreover, M is a factor if and only if ϕ is
an extreme point in the space of characters.

Proof. The one to one correspondence follows from the discussion preceding the
theorem, thus we only need to show the correspondence between factors and
extreme points. If p ∈ P(Z(M)), is a non-trivial projection then we obtain
characters ϕ1, and ϕ2 by the formulas ϕ1(g) = 1

τ(p)τ(π(g)p), and ϕ2(g) =
1

τ(1−p)τ(π(g)(1 − p)), and we have ϕ = τ(p)ϕ1 + τ(1 − p)ϕ2. Since p ∈ M =

π(Γ)′′, there exists a sequence xn ∈ CΓ such that 1
τ(p)τ(π(xn)p) → 1, and

1
τ(1−p)τ(π(xn)(1− p))→ 0, it then follows that ϕ1 6= ϕ2 and hence ϕ is not an
extreme point.

Conversely, if ϕ = 1
2 (ϕ1 + ϕ2) with ϕ1 6= ϕ2 then if we consider the

corresponding representations πi : Γ → U(Ni), we obtain a trace preserv-
ing embedding α : N → N1 ⊕ N2, which satisfies α(π(g)) = π1(g) ⊕ π2(g).
If we denote by p the projection 1 ⊕ 0 then it need not be the case that
p ∈ α(N), however by considering p we may then define a new trace τ ′ on
N by τ ′(x) = 1

4τ1(α(x)p) + 3
4τ2(α(x)(1− p)). Since ϕ1 6= ϕ2 we must have that

τ ′(π(g)) 6= τ(π(g)) for some g ∈ Γ. Thus, N does not have unique trace and so
is not a factor by Corollary 4.8.3. �

5.2 The group-measure space construction

Let Γ be a discrete group and (X,µ) a σ-finite measure space. An action
Γy(X,µ) is quasi-invariant (or non-singular) if for each g ∈ Γ, and each
measurable set E ⊂ X we have that gE is also measurable, and µ(gE) = 0 if
and only if µ(E) = 0. If in addition we have µ(gE) = µ(E) for each g ∈ Γ
and each measurable set E ⊂ X, then we say that the action is measure-
preserving.

If Γy(X,µ) is quasi-invariant then we have an induced action ΓyσM(X,µ)
on the space of measurable functions M(X,µ), given by σg(a) = a ◦ g−1 for all
g ∈ Γ, a ∈ M(X,µ). Note that if a ∈ L∞(X,µ), then ‖σg(a)‖∞ = ‖a‖∞, and
thus this action restricts to an action also on L∞(X,µ).

For g ∈ Γ the push-forward measure gµ is given by gµ(E) = µ(g−1E)
for E ⊂ X measurable. Since the action is quasi-invariant we have gµ ≺ µ and
hence we may consider the Radon-Nikodym derivative dgµ

dµ ∈ L
1(X,µ)+, which

satisfies ∫
σg−1(a) dµ =

∫
a dgµ =

∫
a
dgµ

dµ
dµ,
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for all a ∈ L∞(X,µ). Note for g, h ∈ Γ, we have a cocycle relation

dgh

dµ
=
dgµ

dµ

dgh

dgµ
=
dgµ

dµ
σg

(
dhµ

dµ

)
.

The Koopman representation is the representation π : Γ→ U(L2(X,µ))
given by πgξ = (dgµdµ )1/2σg(ξ). Note that this is indeed a unitary representation
since

〈πgξ, πgη〉 =

∫
σg(ξ)σg(η)

(
dgµ

dµ

)
dµ

=

∫
σg(ξη) dgµ =

∫
ξη dµ = 〈ξ, η〉,

and,

πghξ =

(
dghµ

dµ

)1/2

σgh(ξ)

=

(
dgµ

dµ

)1/2(
σg

(
dhµ

dµ

))1/2

σg(σh(ξ)) = πgπhξ.

If a ∈ L∞(X,µ), ξ ∈ L2(X,µ), and g ∈ Γ then we have

πgMaπg−1ξ = πg(a

(
dg−1µ

dµ

)1/2

σg−1(ξ))

= σg(a)

(
dgµ

dµ
σg

(
dg−1µ

dµ

))1/2

ξ = Mσg(a)ξ.

Hence πgMaπg−1 = Mσg(a), and in particular the action of Γ on the abelian von
Neumann algebra L∞(X,µ) is normal.

If we consider the Hilbert space H = L2(X,µ)⊗`2Γ then we have a normal
representation of L∞(X,µ) on H given by a 7→ Ma ⊗ 1 ∈ B(H). We also may
consider the diagonal action of Γ on H given by ug = πg ⊗ λg ∈ U(H).

The group-measure space construction associated to the action Γy(X,µ)
is the von Neumann algebra L∞(X,µ) o Γ, generated by all the operators
Ma ⊗ 1, and ug. We will consider L∞(X,µ) as a von Neumann subalgebra
of L∞(X,µ) o Γ, and note that we have ugaug−1 = σg(a) under this identifi-
cation. Note also that by Fell’s absorption principle we have π ⊗ λ ∼ 1 ⊗ λ,
and hence it follows that the map λg 7→ ug extends to LΓ, giving an inclusion
LΓ ⊂ L∞(X,µ) o Γ.

We will also consider L2(X,µ) as a subspace of L2(X,µ)⊗`2Γ given by the
isometry Uξ = ξ ⊗ δe. We then let e : L2(X,µ)⊗`2Γ → L2(X,µ) be the
orthogonal projection, and we denote by E : L∞(X,µ) o Γ → B(L2(X,µ)) the
map E(x) = exe.

Lemma 5.2.1. Suppose Γy(X,µ) is a quasi-invariant action, and L∞(X,µ)o
Γ is the associated group-measure space construction. If E is defined as above
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then the range of E is contained in L∞(X,µ), and for x ∈ L∞(X,µ) o Γ,
E(x∗x) = 0 if and only if x = 0. Moreover, for g ∈ Γ, and x ∈ L∞(X,µ) o Γ,
we have σg(E(x)) = E(ugxu

∗
g).

Proof. If x =
∑
g∈Γ agug, where ag ∈ L∞(X,µ) with only finitely many non-zero

terms then we may compute directly E(x) = ae ∈ L∞(X,µ), and in particular
E(uhxu

∗
h) = σh(ae) = σh(E(x)) for all h ∈ Γ. Since E is normal and the algebra

generated by L∞(X,µ) and Γ is weak operator topology dense it then follows
that the range of E is contained in L∞(X,µ), and E(uhxu

∗
h) = σh(E(x)), for

all x ∈ L∞(X,µ) o Γ, and h ∈ Γ.
If we consider h ∈ Γ then (1⊗ρ∗h)e(1⊗ρh) is the orthogonal projection from

L2(X,µ)⊗`2Γ onto L2(X,µ) ⊗ δh, and hence 1 =
∑
h∈Γ(1 ⊗ ρ∗h)e(1 ⊗ ρh). If

E(x∗x) = 0, then xe = 0, and hence

x(1⊗ ρ∗h)e(1⊗ ρh) = (1⊗ ρ∗h)xe(1⊗ ρh) = 0

for every h ∈ Γ (note that 1⊗ ρh ∈ (L∞(X,µ) o Γ)′), thus

x = x(
∑
h∈Γ

(1⊗ ρ∗h)e(1⊗ ρh)) = 0. �

If x ∈ L∞(X,µ)oΓ, then as we did for the group von Neumann algebra, we
may define the Fourier coefficients ag ∈ L∞(X,µ) by ag = E(xu∗g). From the
previous lemma we have that the Fourier coefficients completely determine the
operator x and so we will write x =

∑
g∈Γ agug. Note that just as in the case for

the group von Neumann algebra this summation does not in general converge in
an operator space topology. However, it gives us a useful way to view operators
in L∞(X,µ) o Γ, and this behaves well with respect to multiplication so that
we may calculate the Fourier coefficients of a product as

(
∑
g∈Γ

agug)(
∑
h∈Γ

bhuh) =
∑
g∈Γ

(
∑
h∈Γ

aghσ(gh)−1(bh))ug.

Where for each g ∈ Γ,
∑
h∈Γ aghσ(gh)−1(bh) converges in L2(X,µ) to a function

in L∞(X,µ).
A quasi-invariant action of a discrete group Γ on (X,µ) is (essentially) free

if for all E ⊂ X with µ(E) > 0, and g ∈ Γ \ {e} there exists a ∈ L∞(X,µ) such
that (a − σg(a))1E 6= 0. If X is a compact Hausdorff space and µ is a σ-finite
Randon measure then it is not hard to see that an action is free if and only if for
any g ∈ Γ \ {e} we have µ({x ∈ X | gx = x}) = 0, or equivalently, the stabilizer
subgroup Γx is trivial for almost every x ∈ X.

An action is ergodic if whenever E ⊂ X is a measurable subset such that
gE = E for all g ∈ Γ, then we have µ(E) = 0, or µ(X \ E) = 0.

Theorem 5.2.2. Let Γy(X,µ) be a quasi-invariant action of a discrete group
Γ on a σ-finite measure space (X,µ).

(i) The action Γy(X,µ) is free if and only if L∞(X,µ) ⊂ L∞(X,µ)oΓ is a
maximal abelian subalgebra.
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(ii) If L∞(X,µ) o Γ is a factor then Γy(X,µ) is ergodic.

(iii) If the action Γy(X,µ) is free and ergodic then L∞(X,µ) o Γ is a factor.

Proof. For g ∈ Γ \ {e} let pg be the supremum of all projections p in L∞(X,µ)
such that (a− σg(a))p = 0 for all a ∈ L∞(X,µ). If pg 6= 0 for some g ∈ Γ \ {e}
then for all a ∈ L∞(X,µ) we have pguga = σg(a)pgug = apgug, and hence pgug
gives a non-trivial element in L∞(X,µ)′, showing that L∞(X,µ) is not maximal
abelian in L∞(X,µ) o Γ. Conversely, if x ∈ L∞(X,µ)′ ∩ (L∞(X,µ) o Γ), but
x 6∈ L∞(X,µ), then considering the Fourier decomposition x =

∑
g∈Γ agug

we must have that ag 6= 0 for some g ∈ Γ \ {e}. Since ax = xa for each
a ∈ L∞(X,µ) we may use the uniqueness for the Fourier decomposition to
conclude that (a − σg(a))ag = 0 for each a ∈ L∞(X,µ). Hence, the action is
not free.

Next, suppose the action is not ergodic, then there exists E ⊂ X such that
gE = E for all g ∈ Γ, and 1E 6∈ C. Then ug1Eu

∗
g = σg(1E) = 1E for all g ∈ Γ

and hence 1E commutes with L∞(X,µ) and LΓ. Since these two subalgebras
generate L∞(X,µ) o Γ it follows that 1E is a non-trivial element in the center.

Finally, suppose that the action is free and ergodic and fix p a projection in
the center of L∞(X,µ) o Γ. Since the action is free we have from the first part
that z ∈ L∞(X,µ). Thus z = 1E for some measurable subset E ⊂ X. Since 1E
commutes with ug for each g ∈ Γ we see that gE = E a.e. for each g ∈ Γ. By
ergodicity we then have either µ(E) = 0 in which case z = 0, or µ(X \ E) = 0
in which case z = 1. �

We next turn to the question of the type of L∞(X,µ)oΓ. For this we need
a lemma which is reminiscent of Dixmier’s property, the difference being that
we consider only conjugating by unitaries in a subalgebra, and we consider the
weak operator topology rather than the norm topology.

Lemma 5.2.3. Let M be a von Neumann algebra and A ⊂ M an abelian von
Neumann subalgebra. For each x ∈ M let Kx be the weak operator topology
convex closure of {uxu∗ | u ∈ U(A)}, then Kx ∩ (A′ ∩M) 6= ∅.

Proof. Consider the space F of all finite dimensional subalgebras of A, directed
by inclusion. Note that since A is abelian, if A1, A2 ∈ F , then (A1 ∪A2)′′ ∈ F .
Also, note that ∪A0∈FA0 is weak operator topology dense in A by the spectral
theorem.

Since each B ∈ F is finite dimensional U(B) is a compact group, and if
we consider the Haar measure λB on U(B) then we have that

∫
uxu∗ dλB ∈

Kx ∩ B′. Thus, if we denote by KB = Kx ∩ B′ then {KB}B∈F has the finite
intersection property, and by weak operator topology compactness we then have
Kx ∩ (A′ ∩M) = ∩B∈FKB 6= ∅. �

A von Neumann algebra M is completely atomic if 1 is an orthogonal
sum of minimal projections in M , if M has no minimal projections then M is
diffuse. If (X,µ) is a σ-finite measure space then (X,µ) is completely atomic
(resp. diffuse) if L∞(X,µ) is.
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Theorem 5.2.4. Let Γy(X,µ) be a quasi-invariant free ergodic action of a
discrete group Γ on a σ-finite measure space. Then L∞(X,µ) o Γ is

(i) type I if and only if (X,µ) is completely atomic;

(ii) type II1 if and only if (X,µ) is diffuse and there exists a Γ-invariant
probability measure ν ∼ µ;

(iii) type II∞ if and only if (X,µ) is diffuse and there exists an infinite Γ-
invariant σ-finite measure ν ∼ µ;

(iv) type III if and only if there is no Γ-invariant σ-finite measure ν ∼ µ.

Proof. We prove part (iv) first. Suppose first that ν ∼ µ is a σ-finite Γ-invariant
measure. Then we obtain a normal weight on L∞(X,µ) o Γ by the formula
Tr(x) =

∫
E(x) dν. Note that if F ⊂ X such that ν(F ) <∞ then Tr(1Fx) <∞

for all x ≥ 0, thus Tr is semi-finite. Also, if Tr(x∗x) = 0 then E(x∗x) = 0
and hence x = 0 by Lemma 5.2.1, thus Tr is faithful. If x =

∑
g∈Γ agug ∈

L∞(X,µ) o Γ, then we can compute directly E(x∗x) =
∑
h∈Γ σh−1(a∗hah),and

E(xx∗) =
∑
h∈Γ a

∗
hah. Since ν is measure preserving we then see that Tr(x∗x) =

Tr(xx∗) and hence Tr is a semi-finite normal faithful trace which shows that
L∞(X,µ) o Γ is semi-finite by Theorem 4.9.4.

Conversely, if Tr : (L∞(X,µ)o Γ)+ → [0,∞] is a semi-finite normal faithful
trace then by restriction we define a normal faithful weight ω on L∞(X,µ).
We claim that ω is again semi-finite. Indeed, if xn ∈ L∞(X,µ) o Γ is a net of
positive operators increasing to 1 such that Tr(xn) <∞, then by Lemma 5.2.3
there exists an increasing net of operators yn ∈ L∞(X,µ)′ ∩ (L∞(X,µ) o Γ) =
L∞(X,µ) such that each yn is in the weak operator topology convex closure
of {uxnu∗ | u ∈ U(L∞(X,µ))}. Since Tr is normal we then have Tr(yn) =
Tr(xn) <∞, and yn is increasing to 1, and hence ω is semi-finite. By the Riesz
representation theorem there then exists a σ-finite measure ν ∼ µ such that
ω(a) =

∫
a dν for all a ∈ L∞(X,µ)+. Since Tr is a trace we have that ν is

Γ-invariant.
Having established part (iv) we now consider the other parts. Note that

in the correspondence describe above we have that ν is finite if and only if
Tr(1) <∞, thus the only thing left to show is that L∞(X,µ) o Γ is completely
atomic if and only if L∞(X,µ) is completely atomic. Since we are in the semi-
finite case we let Tr be as above.

Suppose that L∞(X,µ) o Γ is completely atomic then from above we have
that Tr restricted to L∞(X,µ) is semi-finite and hence L∞(X,µ) has finite
projections. Since every finite projection is a finite sum of minimal projections
it follows that L∞(X,µ) has a minimal projection p0. Since the action is free
we have that σg(p0) is orthogonal to p0 for all g ∈ Γ, and since the action is
ergodic we then have 1 =

∑
g∈Γ σg(p0), showing that (X,µ) is atomic.

Conversely, if p0 ∈ L∞(X,µ) is a minimal projection then we claim that
p0 is also a minimal projection in L∞(X,µ) o Γ. Indeed, if 0 6= q ≤ p0, then
for all a ∈ L∞(X,µ) we have aq = (ap0)q + (a(1 − p0))q = q(ap0) = qa, since
ap0 ∈ Cp0. By freeness L∞(X,µ) is maximal abelian and hence q ∈ L∞(X,µ).
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Thus, q = p0 showing that p0 is a minimal projection in L∞(X,µ) o Γ, which
must then by type I. �

Example 5.2.5. Consider the action Zy(T, λ) by an irrational rotation. Then
this action is clearly measure preserving and free. If E ⊂ T were invariant
with λ(E) > 0, then we could consider the measure ν on T given by ν(F ) =

1
λ(E)λ(E∩F ). since E is invariant we have that ν is an invariant Randon measure

on T. Moreover, since the rotation is irrational we see that ν is invariant under
a dense subgroup of T and hence it is invariant for all of T. Uniqueness of the
Haar measure implies ν = λ and hence λ(E) = 1. Thus, Zy(T, λ) is ergodic
and L∞(T, λ) o Z is a II1 factor.

Example 5.2.6. Consider the action Qy(R, λ) by addition. Then this is mea-
sure preserving and free, and again uniqueness of the Haar measure up to scaling
implies that this action is ergodic. Thus, L∞(R, λ) oQ is a II∞ factor.

Example 5.2.7. Consider the action QoQ∗y(R, λ) where Q acts by addition,
and Q∗ acts by multiplication. This is (essentially) free, and is ergodic since
it is ergodic when restricted to Q. Moreover, if ν ∼ λ were a σ-finite invari-
ant measure then ν would be invariant under the action of Q and hence be a
multiple of Haar measure. But then it would not be preserved by Q∗. Thus
QoQ∗y(R, λ) has no σ-finite invariant measure and so L∞(R, λ) o (QoQ∗)
is a type III factor.



Chapter 6

Completely positive maps

An operator system E is a closed self adjoint subspace of a unital C∗-algebra
A such that 1 ∈ E. We denote by Mn(E) the space of n × n matrices over E.
If A is a C∗-algebra, then Mn(A) ∼= A ⊗Mn(C) has a unique norm for which
it is again a C∗-algebra, where the adjoint given by [ai,j ]

∗ = [a∗j,i]. This can be
seen easily for C∗-subalgebras of B(H), and by Corollary 4.1.7 every C∗-algebra
is isomorphic to a C∗-subalgebra of B(H). In particular, if E is an operator
system then Mn(E) is again an operator system when viewed as a subspace of
the C∗-algebra Mn(A).

If φ : E → F is a linear map between operator systems, then we denote by
φ(n) : Mn(E)→Mn(F ) the map defined by φ(n)([ai,j ]) = [φ(ai,j)]. We say that
φ is positive if φ(a) ≥ 0, whenever a ≥ 0. If φ(n) is positive then we say that
φ is n-positive and if φ is n-positive for every n ∈ N then we say that φ is
completely positive. If A and B are unital and φ : A→ B such that φ(1) = 1
then we say that φ is unital.

Note that just as in the case of states, if φ : E → F is positive then φ(x∗) =
φ(x)∗, for all x ∈ E. Also note that positive maps are continuous. Indeed, if
φ : E → F is positive and {xn}n is a sequence which converges to 0 in E, such
that limn→∞ φ(xn) = y, then since ω ◦ φ is positive (and hence continuous) for
any state ω ∈ S(B) we have ω(y) = 0, Proposition 4.1.5 then gives that y = 0.
The closed graph theorem then shows that φ is bounded.

We also remark that the proof in Lemma 4.1.2, also shows that a linear
functional ϕ ∈ E∗ is positive if and only if ϕ(1) = ‖ϕ‖. In particular, it follows
form the Hahn-Banach theorem that any positive linear functional on E extends
to a positive linear functional on A which has the same norm.

Lemma 6.0.8. If A and B are unital C∗-algebras and φ : A → B is a unital
contraction then φ is positive.

Proof. We first show that φ is Hermitian. Suppose x = x∗ ∈ A such that
φ(x) = a+ ib where a, b ∈ B are self-adjoint. Assume ‖x‖ ≤ 1. If λ ∈ σ(b) then
for all tinR we have

(λ+ t)2 ≤ ‖b+ t‖2 ≤ ‖φ(x+ it)‖2 ≤ ‖x+ it‖2 ≤ 1 + t2.

93
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Hence λ2 + tλ ≤ 1, and as this is true for all t we must then have λ = 0, and
hence b = 0.

By Lemma 4.1.2 we have that ω ◦ φ is a state, for any state ω. Hence if
x ≥ 0 then for any state ω we have ω(a) = ω ◦ φ(x) ≥ 0. By Proposition 4.1.4
we must then have a ≥ 0, and hence φ is positive. �

The following proposition follows easily from Proposition 4.2.2.

Proposition 6.0.9. Let M and N be von Neumann algebras, and φ : M → N
a positive map, then the following conditions are equivalent.

(i) φ is normal.

(ii) For any bounded increasing net {xi}i we have φ(limi→∞ xi) = limi→∞ φ(xi)
where the limits are taken in the strong operator topologies.

(iii) For any family {pi}i of pairwise orthogonal projections we have φ(
∑
i pi) =∑

i φ(pi).

6.1 Dilation theorems

6.1.1 Stinespring’s Dilation Theorem

If π : A → B(K) is a representation of a C∗-algebra A and V ∈ B(H,K),
then the operator φ : A → B(H) given by φ(x) = V ∗π(x)V is completely
positive. Indeed, if we consider the operator V (n) ∈ B(H⊕n,K⊕n) given by
V (n)((ξi)i) = (V ξi)i then for all x ∈Mn(A) we have

φ(n)(x∗x) = V (n)∗π(n)(x∗x)V (n)

= (π(n)(x)V (n))∗(π(n)(x)V (n)) ≥ 0.

Generalizing the GNS construction Stinespring showed that every completely
positive map from A to B(H) arises in this way.

Theorem 6.1.1. Let A be a unital C∗-algebra, and suppose φ : A→ B(H), then
φ is completely positive if and only if there exists a representation π : A→ B(K)
and a bounded operator V ∈ B(H,K) such that φ(x) = V ∗π(x)V . We also have
‖φ‖ = ‖V ‖2, and if φ is unital then V is an isometry. Moreover, if A is a von
Neumann algebra and φ is a normal completely positive map, then π is a normal
representation.

Proof. Consider the sesquilinear form on A ⊗ H given by 〈a ⊗ ξ, b ⊗ η〉φ =
〈φ(b∗a)ξ, η〉, for a, b ∈ A, ξ, η ∈ H. If (ai)i ∈ A⊕n, and (ξi)i ∈ H⊕n, then we
have

〈
∑
i

ai ⊗ ξi,
∑
j

aj ⊗ ξj〉φ =
∑
i,j

〈φ(a∗jai)ξi, ξj〉

= 〈φ((ai)
∗
i (ai)i)(ξi)i, (ξi)i〉 ≥ 0.
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Thus, this form is non-negative definite and we can consider Nφ the kernel of
this form so that 〈·, ·〉φ is positive definite on K0 = (A⊗H)/Nφ. Hence, we can
take the Hilbert space completion K = K0.

As in the case of the GNS construction, we define a representation π : A→
B(K) by first setting π0(x)(a⊗ ξ) = (xa)⊗ ξ for a⊗ ξ ∈ A⊗H. Note that since
φ is positive we have φ(a∗x∗xa) ≤ ‖x‖2φ(a∗a), applying this to φ(n) we see that
‖π0(x)

∑
i ai⊗ξi‖2φ ≤ ‖x‖2‖

∑
i ai⊗ξi‖2φ. Thus, π0(x) descends to a well defined

bounded map on K0 and then extends to a bounded operator π(x) ∈ B(K).
If we define V0 : H → K0 by V0(ξ) = 1⊗ξ, then we see that V0 is bounded by

‖φ(1)‖ and hence extends to a bounded operator V ∈ B(H,K). For any x ∈ A,
ξ, η ∈ H we then check that

〈V ∗π(x)V ξ, η〉 = 〈π(x)(1⊗ ξ), 1⊗ η〉φ
= 〈x⊗ ξ, 1⊗ η〉φ = 〈φ(x)ξ, η〉.

Thus, φ(x) = V ∗π(x)V as claimed. �

Corollary 6.1.2 (Kadison’s inequality). If A and B are unital C∗-algebras, and
φ : A→ B is unital compleley positive then for all x ∈ A we have φ(x)∗φ(x) ≤
φ(x∗x)

Proof. By Corollary 4.1.7 we may assume that B ⊂ B(H). If we consider the
Stinespring dilation φ(x) = V ∗π(x)V , then since φ is unital we have that V is
an isometry. Hence 1− V V ∗ ≥ 0 and so we have

φ(x∗x)− φ(x)∗φ(x) = V ∗π(x∗x)V − V ∗π(x)∗V V ∗π(x)V

= V ∗π(x∗)(1− V V ∗)π(x)V ≥ 0. �

Lemma 6.1.3. A matrix a = [ai,j ] ∈Mn(A) is positive if and only if

n∑
i,j=1

x∗i ai,jxj ≥ 0,

for all x1, . . . , xn ∈ A.

Proof. For all x1, . . . , xn ∈ A we have that
∑n
i,j=1 x

∗
i ai,jxj is the conjugation of

a by the 1×n column matrix with entries x1, . . . , xn, hence if a is positive then
so is

∑n
i,j=1 x

∗
i ai,jxj .

Conversely, if
∑n
i,j=1 x

∗
i ai,jxj ≥ 0, for all x1, . . . , xn then for any represen-

tation π : A→ B(H), and ξ ∈ H we have〈
(id⊗π)(a)

 π(x1)ξ
...

π(xn)ξ

 ,

 π(x1)ξ
...

π(xn)ξ

〉 =

n∑
i,j=1

〈π(ai,j)π(xj)ξ, π(xi)ξ〉

=

〈
π

 n∑
i,j=1

x∗i ai,jxj

 ξ, ξ

〉
≥ 0.
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Thus, if H has a cyclic vector, then (id⊗π)(a) ≥ 0. But since every represen-
tation is decomposed into a direct sum of cyclic representations it then follows
that (id⊗π)(a) ≥ 0 for any representation, and hence a ≥ 0 by considering a
faithful representation. �

Proposition 6.1.4. Let E be an operator system, and let B be an abelian C∗-
algebras. If φ : E → B is positive, then φ is completely positive.

Proof. Since B is commutative we may assume B = C0(X) for some locally
compact Hausdorff space X. If a = [ai,j ] ∈Mn(E) such that a ≥ 0, then for all
x1, . . . , xn ∈ B, and ω ∈ X we have∑

i,j

x∗iφ(ai,j)xj

 (ω) =

∑
i,j

φ(xi(ω)xj(ω)ai,j)

 (ω)

= φ


 x1(ω)

...
xn(ω)


∗

a

 x1(ω)
...

xn(ω)


 (ω) ≥ 0.

By Lemma 6.1.3, and since n was arbitrary, we then have that φ is completely
positive. �

Proposition 6.1.5. Let A and B be unital C∗-algebras such that A is abelian.
If φ : A→ B is positive, then φ is completely positive.

Proof. We may identify A with C(K) for some compact Hausdorff space K,
hence for n ∈ N we may identify Mn(A) with C(K,Mn(C)) where the norm is
given by ‖f‖ = supk∈K ‖f(k)‖.

Suppose f ∈ C(K,Mn(C)) is positive, with ‖f‖ ≤ 1, and let ε > 0 be
given. Since K is compact f is uniformly continuous and hence there exists a
finite open cover {U1, U2, . . . , Um} of K, and a1, a2, . . . , am ∈Mn(C)+ such that
‖f(k)− aj‖ ≤ ε for all k ∈ Uj .

For each j ≤ m chose gj ∈ C(K) such that 0 ≤ gj ≤ 1,
∑m
j=1 gj = 1, and

gj |Ucj
= 0. If we consider f0 =

∑m
j=1 gjaj then we have ‖f − f0‖ ≤ ε. Therefore

we have ‖φ(n)(f)− φ(n)(f0)‖ ≤ ‖φ(n)‖ε.
Since φ(n)(gjaj) = φ(gj)aj ≥ 0, for all 1 ≤ j ≤ m, we have that φ(n)(f0) ≥ 0,

and hence since ε > 0 was arbitrary it follows that φ(n)(f) ≥ 0, and it follows
that φ is completely positive. �

The previous proposition gives us a strengthening of Kadison’s inequality.

Corollary 6.1.6 (Kadison’s inequality for positive maps). Let A and B be
unital C∗-algebras, and φ : A → B a unital positive map. Then for all x ∈ A
normal we have φ(x)∗φ(x) ≤ φ(x∗x).

Proof. Restricting φ to the abelian unital C∗-algebra generated by x we may
then assume, by the previous proposition, that φ is completely positive. Hence
this follows from Kadison’s inequality for completely positive maps. �
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Lemma 6.1.7. Let A be a C∗-algebra, if

(
0 x∗

x y

)
∈M2(A) is positive, then

x = 0, and y ≥ 0.

Proof. We may assume A is a C∗-subalgebra of B(H), hence if ξ, η ∈ H we have

2Re(〈x∗η, ξ〉) + 〈yη, η〉 =

〈(
0 x∗

x y

)(
ξ
η

)
,

(
ξ
η

)〉
≥ 0.

The result then follows easily. �

Theorem 6.1.8 (Choi). If φ : A → B is a unital 2-positive map between C∗-
algebras, then for a ∈ A we have φ(a∗a) = φ(a∗)φ(a) if and only if φ(xa) =
φ(x)φ(a), and φ(a∗x) = φ(a∗)φ(x), for all x ∈ A.

Proof. Applying Kadison’s inequality to φ(2) it follows that for all x ∈ A we
have(

φ(a∗a) φ(a∗x)
φ(x∗a) φ(aa∗ + x∗x)

)
= φ(2)

(∣∣∣∣( 0 a∗

a x

)∣∣∣∣2
)
≥
∣∣∣∣φ(2)

((
0 a∗

a x

))∣∣∣∣2
=

(
φ(a∗)φ(a) φ(a∗)φ(x)
φ(x∗)φ(a) φ(a)φ(a∗) + φ(x∗)φ(x)

)
.

Since φ(a∗a) = φ(a)∗φ(a) it follows from the previous lemma that φ(x∗a) =
φ(x∗)φ(a), and φ(a∗x) = φ(a)∗φ(x). �

If φ : A→ B is completely positive, then the multiplicative domain of φ
is

{a ∈ A | φ(a∗a) = φ(a∗)φ(a) and φ(aa∗) = φ(a)φ(a∗)}.
Note that by Theorem 6.1.8 the multiplicative domain is a C∗-subalgebra of A,
and φ restricted to the multiplicative domain is a homomorphism.

Corollary 6.1.9. If A is a unital C∗-algebra, φ : A → A is unital and 2-
positive, and B ⊂ A is a C∗-subalgebra such that φ(b) = b for all b ∈ B then φ
is B-bimodular, i.e., for all x ∈ A, b1, b2 ∈ B we have φ(b1xb2) = b1φ(x)b2.

Theorem 6.1.10 (Choi). If A and B are unital C∗-algebras, and φ : A → B
is a unital 2-positive isometry onto B, then φ is an isomorphism.

Proof. Since a self-adjoint element x of norm at most 1 in a unital C∗-algebra
is positive if and only if ‖1− x‖ ≤ 1 it follows that φ−1 is positive.

Fix a ∈ A self adjoint, and assume ‖a‖ ≤ 1. Since φ is onto there exists
b ∈ A such that φ(b) = φ(a)2 ≤ φ(a2).

Thus b ≤ a2, and since φ−1 is also positive we may apply the previous
corollary to the map φ−1 to conclude that

a2 = φ−1(φ(a))φ−1(φ(a)) ≤ φ−1(φ(a)2) = b.

Hence, φ(a)2 = φ(b) = φ(a2).
Since a was an arbitrary self adjoint element, and since A is generated by its

self adjoint elements, Theorem 6.1.8 then shows that φ is an isomorphism. �
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Exercise 6.1.11. Show that a C∗-algebra A is abelian if and only if for any
C∗-algebra B, every positive map from B to A is completely positive.

6.2 Conditional expectations

If A is a unital C∗-algebra, and B ⊂ A is a unital C∗-subalgebra, then a
conditional expectation from A to B is a unital completely positive E : A→
B such that E|B = id. Note that by Choi’s theorem we have E(axb) = aE(x)b
for all a, b ∈ B, x ∈ A.

Theorem 6.2.1 (Tomiyama). Let A be a unital C∗-algebra, B ⊂ A a unital
C∗-subalgebra, and E : A → B a linear map such that E|B = id and ‖E‖ ≤ 1,
then E is a conditional expectation.

Proof. We first consider the case when A is a von Neumann algebra and B ⊂ A is
a von Neumann subalgebra. Then if p ∈ P(B) and x ∈ A we have (1−p)E(px) =
E((1− p)E(px)) and hence for all t > 0 we have

(1 + t)2‖pE((1− p)x)‖2 = ‖pE((1− p)x+ tpE((1− p)x))‖2

≤ ‖(1− p)x+ tpE((1− p)x)‖2

≤ ‖(1− p)x‖2 + t2‖pE((1− p)x)‖2

Hence for all t > 0 we have (1 + 2t)‖pE((1 − p)x)‖2 ≤ ‖(1 − p)x‖2 which then
shows that pE((1− p)x) = 0. Since this also holds when replacing p with 1− p
we then have pE(x) = pE((1 − p)x + px) = pE(px) = E(px), and since the
span of projections is norm dense in B it then follows that E(yx) = yE(x) for
ally ∈ B, x ∈ A. Taking adjoints shows that E is B-bimodular.

Since E is a unital contraction Lemma 6.0.8 shows that E is positive. To
see that E is completely positive consider [ai,j ] ∈Mn(A)+, and x1, . . . , xn ∈ B.
Then by Lemma 6.1.3 we have

n∑
i,j=1

x∗iE(ai,j)xj = E(

n∑
i,j=1

x∗i ai,jxj) ≥ 0.

Hence E(n)([ai,j ]) ≥ 0 and so E is completely positive.
For the general case if we consider the double dual A ⊂ A∗∗ and B ⊂ B∗∗,

then these are von Neumann algebras, and the result follows by considering the
map E∗∗ : A∗∗ → B∗∗. �

Theorem 6.2.2 (Umegaki). Let M be a finite von Neumann algebra with nor-
mal faithful trace τ , and let N ⊂ M be a von Neumann subalgebra, then there
exists a unique normal conditional expectation E : M → N such that τ ◦E = τ .

Proof. Let eN ∈ B(L2(M, τ)) be the projection onto L2(N, τ) ⊂ L2(M, τ),
and let J be the conjugation operator on L2(M, τ) which we also view as the
conjugation operator on L2(N, τ). Note that N ′ ∩ B(L2(N, τ)) = JNJ by
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Proposition 4.7.12. Since L2(N, τ) is invariant under JNJ we have eN (JyJ) =
(JyJ)eN for all y ∈ N .

If x ∈M , y ∈ N , then

eNxeNJyJ = eNxJyJ = eNJyJxeN

= JyJeNxeN .

Thus, eNxeN ∈ (JNJ)′ = N and we denote this operator by E(x). Clearly,
E : M → N is normal unital completely positive, and E|N = id, thus E is a
normal conditional expectation. Also, for x ∈M we have

τ(E(x)) = 〈eNxeN1τ , 1τ 〉 = 〈x1τ , 1τ 〉 = τ(x).

If Ẽ were another trace preserving conditional expectation, then for x ∈M ,
and y ∈ N we would have

τ(Ẽ(x)y) = τ(Ẽ(xy)) = τ(xy)

= τ(E(xy)) = τ(E(x)y),

from which it follows that Ẽ = E. �

Lemma 6.2.3 (Sakai). Let M be a semi-finite factor, and p ∈ M a finite
projection. Then the adjoint operation is strongly continuous on bounded subsets
of Mp.

Proof. Let Tr be a semi-finite faithful normal trace on M , and let MTr be as in
Lemma 4.9.2. Then the linear functionals of the form x 7→ Tr(ax) for a ∈MTr

form a dense subset of M∗.
Suppose {xip} is a net of bounded operators in M which converge strongly

to 0, and consider a ∈MTr, then

|Tr(axipx
∗
i )| = |Tr(px∗i axip)| ≤ Tr(px∗i xip)

1/2 Tr(px∗i a
∗axip)

1/2 → 0

Thus since {xip} is bounded, (xip)(xip)
∗ converges σ-weakly to 0 and hence

(xip)
∗ converges strongly to 0. �

Note that the previous lemma is not true if we considered bounded subsets
of pM instead. Easy counter-example can be found by considering M = B(H)
and p a rank one projection. Also note that if a von Neumann algebra is not
finite then the adjoint operation is not continuous on bounded sets. We leave
this as an exercise.

Theorem 6.2.4 (Tomiyama). Let M be a semi-finite factor and N ⊂ M a
purely infinite von Neumann subalgebra, then there exists no normal conditional
expectation from M to N .

Proof. Suppose E : M → N is a normal conditional expectation where M is
semi-finite. Let p ∈ M be a finite projection such that E(p) 6= 0, and take
q ∈ P(N), λ > 0 such that λq ≤ E(p). If xi ∈ qNq is a net which converges
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strongly to 0 then by the previous lemma E(p)x∗i = E(px∗i ) also converges
strongly to 0, and hence x∗i = (qE(p)q)−1qE(p)x∗i also converges strongly to 0.
Thus qNq is finite, and by a simple maximality argument it then follows that
N is semi-finite. �

Theorem 6.2.5 (Tomiyama). If M ⊂ B(H) is a von Neumann algebra, then
there exists a normal conditional expectation E : B(H) → M if and only if M
is completely atomic.

Proof. If M is completely atomic then M = ⊕i∈IMi where each Mi is a type I
factor, restricting to each corner to construct a normal conditional expectation
from B(H) to M it is then enough to do so assuming M is a type I factor. In
this case M ′ is also a type I factor by Theorem 3.3.9 and hence has a minimal
projection p ∈M ′. Then for T ∈ B(H) we have pTp ∈ (pM ′p)′ ∩ B(pH) = Mp,
and since z(p) = 1 we have xp 7→ x is an isomorphism on M , thus composing
these maps gives a normal conditional expectation.

For the converse, we first note that by Theorem 6.2.4 M must be semi-finite,
and hence by restricting to corners of M it is enough to consider the case when
M is finite. Similarly, by restricting to corners it is enough to consider the case
when M is countably decomposable and hence we may assume that M is diffuse
and has a normal faithful trace τ .

If E is a normal conditional expectation then the the map T 7→ τ(E(T ))
defines a positive normal linear functional on B(H) and so must be of the form
τ(E(T )) = Tr(AT ) for some positive trace class operator A. Moreover, for all
T ∈ B(H) and x ∈M we have

Tr(AxT ) = τ(E(xT )) = τ(xE(T ))

= τ(E(Tx)) = Tr(ATx) = Tr(xAT ).

Since this holds for all T ∈ B(H), and all x ∈ M we conclude A ∈ M ′. Taking
a spectral projection of A we then produce a finite rank projection P such that
P ∈ M ′. But then if z(P ) is the central support of P in M ′ then we have
z(P )M ∼= PM ⊂ P B(H)P , and the latter is finite dimensional contradicting
the assumption that M was diffuse. �

6.3 Injective von Neumann algebras

If X and Y are Banach spaces and x ∈ X, and y ∈ Y then we define the linear
map x ⊗ y : B(X,Y ∗) → C by (x ⊗ y)(L) = L(x)(y). Note that |(x ⊗ y)(L)| ≤
‖L‖‖x‖‖y‖ and hence x⊗ y is bounded and indeed ‖x⊗ y‖ ≤ ‖x‖‖y‖. Let Z be
the norm closed linear span in B(X,Y ∗)∗ of all x⊗ y.

Lemma 6.3.1. The pairing 〈L, x ⊗ y〉 = (x ⊗ y)(L) extends to an isometric
identification between Z∗ and B(X,Y ∗).

Proof. It is easy to see that this pairing gives an isometric embedding of B(X,Y ∗)
into Z∗. To see that this is onto consider ϕ ∈ Z∗, and for each x ∈ X define
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Lx : Y → C by Lx(y) = ϕ(x ⊗ y). Then we have |Lx(y)| ≤ ‖ϕ‖‖x‖‖y‖ and
hence Lx ∈ Y ∗. The mapping x 7→ Lx is easily seen to be linear and thus we
have L ∈ B(X,Y ∗), and clearly L is mapped to ϕ under this pairing. �

Lemma 6.3.2. If X and Y are Banach spaces and Li is a bounded net in
B(X,Y ∗) then Li → L in the weak*-topology described above if and only if
Li(x)→ L(x) in the weak*-topology for all x ∈ X.

Proof. If Li converges to L in the weak*-topology then for all x ∈ X and y ∈ Y
we have Li(x)(y) = (x⊗ y)(Li)→ (x⊗ y)(L) = L(x)(y) showing that Li(x)→
L(x) is the weak*-topology for all x ∈ X. Conversely, if Li(x) → L(x) in the
weak*-topology for all x ∈ X then in particular we have (x⊗y)(Li)→ (x⊗y)(L)
for each x ∈ X and y ∈ Y , thus this also holds for the linear span of all x ⊗ y
and since the net is bounded we then have convergence on the closed linear
span. �

Corollary 6.3.3. Let A be a unital C∗-algebra, then the set of contractive
completely positive maps from E to B(H) is compact in the topology of point-
wise weak operator topology convergence.

Proof. First note that it is easy to see that the space of contractive completely
positive maps from E to B(H) is closed in this topology. Since B(H) is a dual
space, and on bounded sets the weak operator topology is the same as the
weak*-topology, the result then follows from Alaoglu’s theorem, together with
the previous two lemmas. �

If A is a C∗-algebra and φ : A→Mn(C) is a linear map, then we define the

linear functional φ̂ ∈Mn(A)∗ by

φ̂([ai,j ]) =
1

n

n∑
i,j=1

φ(ai,j)i,j .

Where φ(ai,j)i,j denotes the i, jth entry of [φ(ai,j)]. Note that the corre-

spondence φ 7→ φ̂ is bijective and the inverse can be computed explicitly as
φ(a)i,j = nφ̂(a⊗Ei,j) where Ei,j is the standard elementary matrix, and a⊗Ei,j
is the matrix with a in the i, jth entry, and zeros elsewhere.

Lemma 6.3.4. Let A be a unital C∗-algebra. A map φ : A→ Mn(C) is unital

completely positive if and only if φ̂ is a state.

Proof. Let {ei}, 1 ≤ i ≤ n denote that standard basis for Cn, and let η =

[e1, . . . , en]T ∈ Cn2

, then for [ai,j ] ∈Mn(A) a simple calculation shows

φ̂([ai,j ]) =
1

n
〈φ(n)([ai,j ])η, η〉.

Thus, φ̂ is a state if φ is unital completely positive. Conversely, if φ̂ is a state
then consider the GNS-construction L2(Mn(A), φ̂) with cyclic vector 1φ̂. If we
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define V : Cn → L2(Mn(A), φ̂) by V ej = π(e1,j)1φ̂ then for a ∈ A it follows
easily that

φ(a) = V ∗π(aI)V,

Hence φ is completely positive. �

Lemma 6.3.5. Let A be a unital C∗-algebra, and E ⊂ A an operator system.
If φ : E → Mn(C) is a completely positive map then there exists a completely
positive extension φ̃ : A→Mn(C).

Proof. If φ : E → Mn(C) is completely positive then the same argument as

in Lemma 6.3.4 shows that φ̂ defines a state on Mn(E). By the Hahn-Banach
theorem we can then extend this to norm 1 linear functional on Mn(A) which
then must also be a state and so by Lemma 6.3.4 this corresponds to a unital
completely positive extension φ̃ : A→Mn(C). �

Theorem 6.3.6 (Arveson’s extension theorem). Let A be a unital C∗-algebra,
and E ⊂ A an operator system. If φ : E → B(H) is a completely positive map
then there exists a completely positive extension φ̃ : A→ B(H).

Proof. For each finite rank projection P ∈ B(H) we may consider the compres-
sion E 3 x 7→ Pφ(x)P and by Lemma 6.3.5, this has a completely positive
extension φ̃P : A → P B(H)P ⊂ B(H). If we consider the net {φP } which is
ordered by the usual order on projections, then by Corollary 6.3.3 this net must
have a completely positive cluster point φ̃. Since φ̃P (x) = Pφ(x)P for all x ∈ E
it is then easy to see that φ̃ is an extension of φ. �

An operator system F is injective if for any C∗-algebra A and any operator
system E ⊂ A, whenever φ : E → F is completely positive then there exists a
completely positive extension φ̃ : A → E. Arveson’s extension theorem states
that B(H) is injective.

Corollary 6.3.7. Let F ⊂ B(H) be an operator system, then F is injective
if and only if there exists a completely positive map E : B(H) → F such that
E|F = id. In particular, the existence of such a completely positive map does
not depend on the representation F ⊂ B(H).

Proof. If F is injective, then the identity map from F to F has an extension
E to B(H). Conversely, if E : B(H) → F is completely positive such that
E|F = id, and if A is a C∗-algebra and F ′ ⊂ A is an operator space, such that
φ : F ′ → F ⊂ B(H) is unital completely positive, then by Arveson’s extension
theorem there exists an extension φ̃ : A→ B(H), and E ◦ φ̃ : A→ F then gives
an extension of φ showing that F is injective. �

Let M be a von Neumann algebra, and N ⊂ M a finite von Neumann
subalgebra with normal faithful trace τ . A hypertrace for the inclusion N ⊂M
is a state ϕ on M such that ϕ|N = τ , and ϕ(xA) = ϕ(Ax) for all x ∈ N , A ∈M .
A finite von Neumann algebra N with normal faithful trace τ is hyperfinite if
there exists a hypertrace for the inclusion N ⊂ B(H). This does not depend on
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the representation N ⊂ B(H), nor on the normal faithful trace τ , as we see from
Corollary 6.3.7, and the following non-normal analogue of Umegaki’s theorem.

Theorem 6.3.8. Let M be a von neumann algebra, and N ⊂ M a finite von
Neumann subalgebra with normal faithful trace τ . Then there exists a hyper-
trace for N ⊂M if and only if there exists a (possibly non-normal) conditional
expectation E : M → N . In particular, considering M = B(H), N is hyperfinite
if and only if N is injective.

Proof. First suppose there exists a conditional expectation E : M → N . If we
consider ϕ ∈M∗ given by ϕ(T ) = τ(E(T )) then for T ∈M and x ∈ N we have

ϕ(Tx) = τ(E(Tx)) = τ(E(T )x) = τ(xE(T )) = ϕ(xT ),

thus ϕ is a hypertrace.
Conversely, suppose ϕ ∈ M∗ is a hypertrace. If we consider the GNS-

construction L2(M, 1ϕ), then since ϕ|N = τ the map x 7→ x1ϕ extends to give
an isometric embedding L2(N, τ) ⊂ L2(M,ϕ). We denote by eN the orthogonal
projection onto this subspace, and we denote by E : M → B(L2(N, τ)) the
unital completely positive map E(T ) = eNTeN . A simple check shows that
E|N = id, and if T ∈M , and x, y, z ∈ N then we have

〈E(T )(JxJ)y1τ , z1τ 〉 = 〈zeMTeMyx∗1ϕ, 1ϕ〉
= 〈eMzTyx∗eM1ϕ, 1ϕ〉
= ϕ(z∗Tyx∗)

= ϕ(x∗z∗Ty)

= 〈eMx∗z∗TyeM1ϕ, 1ϕ〉
= 〈E(T )y1τ , zx1τ 〉 = 〈(JxJ)E(T )y1τ , z1τ 〉.

By Proposition 4.7.12, (JNJ)′ = N , and hence E : M → N is a conditional
expectation. �

Example 6.3.9. Let Γ be a countable group which is locally finite, i.e., ev-
ery finitely generated subgroup is finite. Then we can write Γ = ∪n∈NΓn
where Γn forms an increasing sequence of finite subgroups. For each n ∈
N we define the unital completely positive map φn : B(`2Γ) → B(`2Γ) by
φn(T ) = 1

|Γn|
∑
g∈Γn

ρgTρg−1 . By Corollary 6.3.3 there exists a cluster point

E : B(`2Γ) → B(`2Γ) for this sequence in the topology of point-wise weak
convergence.

Note that E|LΓ = id since this holds for each φn. Also, for each n ∈ N,
h ∈ Γn and T ∈ B(`2Γ) we have ρhφn(T )ρh−1 = φn(T ), and since the sequence
Γn is increasing we then have that the range of φm is in ρ(Γn)′ whenever m ≥ n.
Since ρ(Γn)′ is closed in the weak operator topology we have that the range of
E is in ρ(Γn)′ for every n ∈ N. However, ρ(∪n∈NΓn)′ = LΓ and hence E is a
conditional expectation from B(`2Γ) to LΓ showing that LΓ is injective.
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Chapter 7

Group representations and
approximation properties

To motivate our investigation into finite von Neumann algebras, as well as to
provide us with examples, we will make a detour into approximation properties
for representations of discrete groups.

7.1 Almost invariant vectors

Let Γ be a group, a unitary representation π : Γ → U(H) contains invariant
vectors if there exists a non-zero vector ξ ∈ H such that πgξ = ξ for all g ∈ Γ.
The representation contains almost invariant vectors if for each F ⊂ Γ, and
ε > 0, there exists ξ ∈ H, such that

‖πgξ − ξ‖ < ε‖ξ‖, for all g ∈ F.

Proposition 7.1.1. Let Γ be a group, and π : Γ → U(H) a unitary represen-
tation. If there exists ξ ∈ H and c > 0 such that Re(〈πgξ, ξ〉) > c‖ξ‖2 for all
g ∈ Γ, then π contains an invariant vector ξ0 such that Re(〈ξ0, ξ〉) ≥ c‖ξ‖2.

Proof. Let K be the closed convex hull of the orbit π(Γ)ξ. We therefore have
that K is Γ-invariant and Re(〈η, ξ〉) ≥ c‖ξ‖2 for every η ∈ K. Let ξ0 ∈ K be the
unique element of minimal norm, then since Γ acts isometrically we have that for
each g ∈ Γ, πgξ0 is the unique element of minimal norm for πgK = K, and hence
πgξ0 = ξ0 for each g ∈ Γ. Since ξ0 ∈ K we have that Re(〈ξ0, ξ〉) ≥ c‖ξ‖2. �

Corollary 7.1.2. Let Γ be a group, and π : Γ→ U(H) a unitary representation.
If there exists ξ ∈ H and c <

√
2 such that ‖πgξ − ξ‖ < c‖ξ‖ for all g ∈ Γ, then

π contains an invariant vector.

Proof. For each g ∈ Γ we have

2Re(〈πgξ, ξ〉) = 2‖ξ‖2 − ‖πgξ − ξ‖2 ≥ (2− c2)‖ξ‖2.

105
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Hence, we may apply Proposition 7.1.1. �

Lemma 7.1.3. Let Γ be a group, and π : Γ → U(H) a unitary representation.
Then π contains almost invariant vectors if and only if π⊕n contains almost
invariant vector, where n ≥ 1 is any cardinal number.

Proof. If π does not contain almost invariant vectors then there exists c > 0,
and S ⊂ Γ finite, such that for all ξ ∈ H we have

c‖ξ‖2 ≤
∑
g∈S
‖πgξ − ξ‖2.

If I is a set |I| = n, and ξi ∈ H for i ∈ I, such that
∑
i∈I ‖ξi‖2 <∞, then

c‖
⊕
i∈I

ξi‖2 =
∑
i∈I

c‖ξi‖2

≤
∑
i∈I

∑
g∈S
‖πgξi − ξi‖2 =

∑
g∈S
‖π⊕n(g)(

⊕
i∈I

ξi)−
⊕
i∈I

ξi‖2.

Hence, π⊕n does not contain almost invariant vectors. The converse is trivial
since π is contained in π⊕∞. �

If Γ is a group and µ ∈ Prob(Γ) ⊂ `1Γ, then for a representation π : Γ →
U(H) the µ-gradient operator ∇µ : Γ→ H⊕Γ is given by

∇µξ =
⊕
g∈Γ

µ(g)1/2(ξ − πgξ).

Note that by Hölder’s inequality we have ‖∇µ‖ ≤
√

2. The µ-divergence
operator divµ : H⊕Γ → H is given by

divµ(
⊕
g∈Γ

ξg) =
∑
g∈Γ

µ(g)1/2(ξg − πg−1ξg).

If ξ ∈ H, and η = ⊕g∈Γηg ∈ H⊕Γ then we have

〈∇µξ, η〉 =
∑
g∈Γ

µ(g)1/2〈ξ − πgξ, ηg〉

=
∑
g∈Γ

µ(g)1/2〈ξ, ηg − πg−1ηg〉

= 〈ξ,divµη〉,

hence divµ = ∇∗µ. The µ-Laplacian is defined to be ∆µ = divµ∇µ, which we
can compute directly as

∆µ =
∑
g∈Γ

µ(g)(2− πg − πg−1) = (2− π(µ)− π(µ∗)).

Note that if µ is symmetric, i.e., µ∗ = µ, then we have ∆µ = 2(1−
∑
g∈Γ µ(g)πg) =

2(1− π(µ)).
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Proposition 7.1.4 (Kesten). Let Γ be a group, and π : Γ → U(H) a unitary
representation. Then the following conditions are equivalent:

(i) π contains almost invariant vectors;

(ii) For every µ ∈ Prob(Γ) we have 0 ∈ σ(∆µ);

(iii) For some µ ∈ Prob(Γ) with support generating Γ we have 0 ∈ σ(∆µ);

(iv) For every µ ∈ Prob(Γ) we have ‖π(µ)‖ = 1;

(v) For some µ ∈ Prob(Γ) with support generating Γ, and e ∈ supp(µ), we
have ‖π(µ)‖ = 1.

Proof. If π contains almost invariant vectors then there is a net {ξi} ⊂ H such
that ‖ξi‖ = 1, and ‖ξi − πgξi‖ → 0 for all g ∈ Γ. If µ ∈ Prob(Γ) then we see
that

‖∇µξi‖2 =
∑
g∈Γ

µ(g)‖ξi − πgξi‖2 → 0,

and hence also ‖∆µξi‖2 → 0. Thus, 0 ∈ σ(∆µ) showing that (i) =⇒ (ii).

Clearly, (ii) =⇒ (iii), and (iv) =⇒ (v). We next show, (ii) =⇒ (iv), and
(iii) =⇒ (v). If µ ∈ Prob(Γ) such that 0 ∈ σ(∆µ) then for some net {ξi} ⊂ H
with ‖ξi‖ = 1 we have

‖π(µ∗)ξi‖+ ‖π(µ)ξi‖ ≥ ‖(π(µ∗) + π(µ))ξi‖
≥ 2− ‖∆µξi‖ → 2.

Since ‖π(µ)‖, ‖π(µ∗)‖ ≤ 1 we then have ‖π(µ)‖ = ‖π(µ∗)‖ = 1. Note that
by replacing µ with µ̃ = δe+µ

2 then we again have 0 ∈ σ(∆µ̃), and supp(µ̃) =
supp(µ) ∪ {e}.

It remains to show (v) =⇒ (i). For this just notice that if µ ∈ Prob(Γ)
such that ‖π(µ)‖ = 1, then there exists some net {ξi} ⊂ H such that ‖ξi‖ = 1,
and ‖π(µ)ξi‖ → 1. We then have

1− ‖π(µ)ξi‖2 =
∑
g,h∈Γ

µ(g)µ(h)(1− 〈π(g)ξi, π(h)ξi〉)

=
∑
g,h∈Γ

µ(g)µ(h)(1− Re〈π(g)ξi, π(h)ξi〉)

Since ‖π(µ)ξi‖ → 1, and |〈π(g)ξi, π(h)ξi〉| ≤ 1 we then have 〈π(g)ξi, π(h)ξi〉 → 1
for all g, h ∈ supp(µ).

If e ∈ supp(µ) then this shows ‖π(g)ξi− ξi‖2 = 2(1−Re〈π(g)ξi, ξi〉)→ 0 for
all g ∈ supp(µ) and since supp(µ) generates Γ it then follows that π has almost
invariant vectors. �
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7.2 Amenability

A (left) invariant mean m on a discrete group Γ is a finitely additive proba-
bility measure on 2Γ, which is invariant under the action of left multiplication,
i.e., m : 2Γ → [0, 1] such that m(Γ) = 1, if A1, . . . , An ⊂ Γ are disjoint then
m(∪nj=1An) =

∑n
j=1m(An), and m(gA) = m(A) for all g ∈ Γ. If Γ possesses

an invariant mean then Γ is amenable. We can similarly define right invariant
means, and in fact if m is a left invariant mean then m∗(A) = m(A−1) defines a
right invariant mean. Amenable groups were first introduced by von Neumann
in his investigations of the Banach-Tarski paradox, the term amenability was
later coined by Day.

Given a right invariant mean m on Γ it is possible to define an integral
over Γ just as in the case if m were a measure. We therefore obtain a state
φm ∈ (`∞Γ)∗ by the formula φm(f) =

∫
Γ
f dm, and this state is left invariant,

i.e., φm(f ◦ g) = φm(f) for all g ∈ Γ, f ∈ `∞Γ. Conversely, if φ ∈ (`∞Γ)∗ is a
left invariant state, then restricting φ to characteristic functions defines a right
invariant mean.

Example 7.2.1. Let F2 be the free group on two generators a, and b. Let A+

be the set of all elements in F2 whose leftmost entry in reduced form is a, let
A− be the set of all elements in F2 whose leftmost entry in reduced form is a−1,
let B+, and B− be defined analogously, and consider C = {e, b, b2, . . .}. Then
we have that

F2 = A+ tA− t (B+ \ C) t (B− ∪ C)

= A+ t aA−

= b−1(B+ \ C) t (B− ∪ C).

If m were a left-invariant mean on F2 then we would have

m(F2) = m(A+) +m(A−) +m(B+ \ C) +m(B− ∪ C)

= m(A+) +m(aA−) +m(b−1(B+ \ C)) +m(B− ∪ C)

= m(A+ t aA−) +m(b−1(B+ \ C) t (B− ∪ C)) = 2m(F2).

Hence, F2 is non-amenable.

An approximately invariant mean on Γ is a net µi ∈ Prob(Γ) such that
‖g∗µi − µi‖1 → 0, for all g ∈ Γ.

A Følner net is a net of non-empty finite subsets Fi ⊂ Γ such that
|Fi∆gFi|/|Fi| → 0, for all g ∈ Γ. Note that we do not require that Γ = ∪iFi,
nor do we require that Fi are increasing, however, if |Γ| =∞ then it is easy to
see that any Følner net {Fi}i must satisfy |Fi| → ∞.

Theorem 7.2.2. Let Γ be a discrete group, then the following conditions are
equivalent.

(i) Γ is amenable.
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(ii) Γ has an approximate invariant mean.

(iii) Γ has a Følner net.

(iv) The left regular representation λ : Γ → U(`2Γ) has almost invariant vec-
tors.

(v) For any µ ∈ Prob(Γ) we have 0 ∈ σ(λ(∆µ)).

(vi) Any µ ∈ Prob(Γ) satisfies ‖λ(µ)‖ = 1.

(vii) There exists a state ϕ ∈ (B(`2Γ))∗ such that ϕ(λ(g)T ) = ϕ(Tλ(g)) for all
g ∈ Γ, T ∈ B(`2Γ).

(viii) The continuous action of Γ on its Stone-Čech compactification βΓ which is
induced by left-multiplication admits an invariant Radon probability mea-
sure.

(ix) Any continuous action ΓyK on a compact Hausdorff space K admits an
invariant Radon probability measure.

Proof. We show (i) =⇒ (ii) using the method of Day: Since `∞Γ = (`1Γ)∗, the
unit ball in `1Γ is weak∗-dense in the unit ball of (`∞Γ)∗ = (`1Γ)∗∗. It follows
that Prob(Γ) ⊂ `1Γ is weak∗-dense in the state space of `∞Γ.

Let S ⊂ Γ, be finite and let K ⊂
⊕

g∈S `
1Γ be the weak-closure of the

set {
⊕

g∈S(g∗µ − µ) | µ ∈ Prob(Γ)}. Since Γ has a left invariant state on
`∞Γ, and since Prob(Γ) is weak∗-dense in the state space of `∞Γ, we have that
0 ∈ K. However, K is convex and so by the Hahn-Banach separation theorem
the weak-closure coincides with the norm closure. Thus, for any ε > 0 there
exists µ ∈ Prob(Γ) such that ∑

g∈S
‖g∗µ− µ‖1 < ε.

We show (ii) =⇒ (iii) using the method of Namioka: Let S ⊂ Γ be a
finite set, and denote by Er the characteristic function on the set (r,∞). If
µ ∈ Prob(Γ) then we have∑

g∈S
‖g∗µ− µ‖1 =

∑
g∈S

∑
x∈Γ

|g∗µ(x)− µ(x)|

=
∑
g∈S

∑
x∈Γ

∫
R≥0

|Er(g∗µ(x))− Er(µ(x))| dr

=
∑
g∈S

∫
R≥0

∑
x∈Γ

|Er(g∗µ(x))− Er(µ(x))| dr

=
∑
g∈S

∫
R≥0

‖Er(g∗µ)− Er(µ)‖1 dr.
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By hypothesis, if ε > 0 then there exists µ ∈ Prob(Γ) such that
∑
g∈S ‖g∗µ−

µ‖1 < ε, and hence for this µ we have∑
g∈S

∫
R≥0

‖Er(g∗µ)− Er(µ)‖1 dr < ε = ε

∫
R≥0

‖Er(µ)‖1 dr.

Hence, if we denote by Fr ⊂ Γ the (finite) support of Er(µ), then for some r > 0
we must have∑

g∈S
|gFr∆Fr| =

∑
g∈S
‖Er(g∗µ)− Er(µ)‖1 < ε‖Er(µ)‖1 = ε|Fr|.

For (iii) =⇒ (iv) just notice that if Fi ⊂ Γ is a Følner net, then 1
|Fi|1/2 1Fi ∈

`2Γ is a net of almost invariant vectors.
(iv) ⇐⇒ (v) ⇐⇒ (vi) follows from Proposition 7.1.4.
For (iv) =⇒ (vii) let ξi ∈ `2Γ be a net of almost invariant vectors for λ. We

define states ϕi on B(`2Γ) by ϕi(T ) = 〈Tξi, ξi〉. By weak compactness of the
state space, we may take a subnet and assume that this converges in the weak
topology to ϕ ∈ B(`2Γ)∗. We then have that for all T ∈ B(`2Γ) and g ∈ Γ,

|ϕ(λgT − Tλg)| = lim
i
|〈(λgT − Tλg)ξi, ξi〉|

= lim
i
|〈Tξi, λg−1ξi〉 − 〈Tλgξi, ξi〉|

≤ lim
i
‖T‖(‖λg−1ξi − ξi‖+ ‖λgξi − ξi‖) = 0.

For (vii) =⇒ (i), we consider the usual embedding M : `∞Γ → B(`2Γ) by
point-wise multiplication. For f ∈ `∞Γ and g ∈ Γ we have λgMfλg−1 = Mf◦g−1 .
Thus, if ϕ ∈ B(`2Γ)∗ is a state which is invariant under the conjugation by λg,
then restricting this state to `∞Γ gives a state on `∞Γ which is Γ-invariant.

(i) ⇐⇒ (viii), follows from the Γ-equivariant identification `∞Γ ∼= C(βΓ),
together with the Riesz representation theorem.

For (viii) ⇐⇒ (ix), suppose Γ acts continuously on a compact Hausdorff
space K, and fix a point x0 ∈ K. Then the map f(g) = gx0 on Γ extends
uniquely to a continuous map βf : βΓ→ K, moreover since f is Γ-equivariant,
so is βf . If µ is an invariant Radon probability measure for the action on βΓ
then we obtain the invariant Radon probability measure f∗µ on K. Since βΓ
itself is compact, the converse is trivial. �

The previous theorem is the combined work of many mathematicians, in-
cluding von Neumann, Følner, Day, Namioka, Hulanicki, Reiter, and Kesten.

Note that if LΓ is injective, then by Theorem 6.3.8, and part (vii) of Theo-
rem 7.2.2, we see that Γ is amenable (we will see later that the converse holds
as well). In particular, when we combine this with Examples 6.3.9 and 7.2.1
then we see that LS∞ and LF2 are non-isomorphic II1 factors. In fact, we see
that LF2 is also not isomorphic to any subfactor of LS∞.
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Example 7.2.3. Any finite group is amenable, and from part (iii) of Theo-
rem 7.2.2 we see that any group which is locally amenable (each finitely gen-
erated subgroup is amenable) is also amenable. The group Zn is amenable
(consider the Følner sequence Fk = {1, . . . , k}n for example). From this it then
follows easily that all abelian groups are amenable.

It is also easy to see from Lemma 7.1.3 and part (v) in Theorem 7.2.2 that
subgroups of amenable groups are amenable (hence any group containing F2 is
non-amenable). If Γ is amenable and Σ C Γ then it follows directly from the
definition that Γ/Σ is again amenable.

From part (ix) in Theorem 7.2.2 it follows that if 1 → Σ → Γ → Λ → 1 is
an exact sequence of groups then Γ is amenable if both Σ and Λ are amenable.
Indeed, if ΓyK is a continuous action on a compact Hausdorff space, then if we
consider K̃ ⊂ Prob(K) the set of Σ-invariant probability measures, then K̃ is
a non-empty compact set on which Λ = Γ/Σ acts continuously. Thus there is a
Λ-invariant probability measure µ̃ ∈ Prob(K̃) and if we consider the barycenter
µ =

∫
ν dµ̃(ν), then µ is a Γ invariant probability measure on K.

From the above we then see that all nilpotent groups, and even all solvable
groups are amenable.

7.3 Mixing properties

Let Γ be a discrete group, a unitary representation π : Γ → U(H) is weak
mixing if for each finite set F ⊂ H, and ε > 0 there exists g ∈ Γ such that

|〈πgξ, ξ〉| < ε,

for all ξ ∈ F .
The representation π is (strong) mixing if |Γ| =∞, and for each finite set

F ⊂ H, we have
lim
g→∞

|〈πgξ, ξ〉| = 0.

Note that mixing implies weak mixing, which in turn implies that there are
no invariant vectors. It is also easy to see that if π : Γ → U(H) is mixing
(resp. weak mixing) then so is π⊕∞, and if π is mixing then so is π ⊗ ρ for any
representation ρ. We’ll see below in Corollary 7.3.3 that weak mixing is also
stable under tensoring.

Lemma 7.3.1. Let Γ be a group, a unitary representation π : Γ → U(H) is
weak mixing if and only if for each finite set F ⊂ H, and ε > 0 there exists
γ ∈ Γ such that

|〈πgξ, η〉| < ε,

for all ξ, η ∈ F .
The representation π is mixing if |Γ| =∞ and for each finite set F ⊂ H, we

have
lim
g→∞

|〈πgξ, η〉| = 0,

for all ξ, η ∈ F .
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Proof. This follows from the polarization identity

〈π(γ)ξ, η〉 =
1

4

3∑
k=0

ik〈π(γ)(ξ + ikη), (ξ + ikη)〉. �

Theorem 7.3.2 (Dye). Let Γ be a group, and π : Γ → U(H) a unitary repre-
sentation. The following are equivalent:

(i) π is not weak mixing.

(ii) π ⊗ π contains invariant vectors.

(iii) π ⊗ ρ contains invariant vectors for some unitary representation ρ : Γ →
U(K).

(iv) π contains a finite dimensional sub-representation.

Proof. To show (i) =⇒ (ii) suppose π ⊗ π does not contain invariant vectors.
If F ⊂ H is finite, and ε > 0, then setting ζ =

∑
ξ∈F ξ ⊗ ξ it then follows from

Proposition 7.1.1 that there exists g ∈ Γ such that∑
ξ,η∈F

|〈πgξ, η〉|2 =
∑
ξ,η∈F

〈πgξ, η〉〈πgξ, η〉 = Re(〈(π⊗π)(g)ζ, ζ〉) < ε.

Thus, π is weak mixing.
(ii) =⇒ (iii) is obvious. To show (iii) =⇒ (iv) suppose ρ : Γ → U(K) is

a unitary representation such that π ⊗ ρ contains invariant vectors. Identifying
H⊗K with the space of Hilbert-Schmidt operators HS(K,H) we then have that
there exists T ∈ HS(K,H), non-zero, such that πgTρg−1 = T , for all g ∈ Γ.
Then TT ∗ ∈ B(H,H) is positive, non-zero, compact, and πgTT

∗πg−1 = TT ∗,
for all g ∈ Γ. By taking the range of a non-trivial spectral projection of TT ∗

we then obtain a finite dimensional invariant subspace of π.
For (iv) =⇒ (i), if π is weak mixing then for L ⊂ H any non-trivial finite

dimensional subspace with orthonormal basis F ⊂ H, there exists g ∈ Γ such
that |〈πgξ, η〉| < 1/

√
dim(L), for all ξ, η ∈ F . Hence, if ξ ∈ F then

‖[L](πgξ)‖2 =
∑
η∈F
|〈πgξ, η〉|2 < 1 = ‖ξ‖2

showing that L is not an invariant subspace. �

Corollary 7.3.3. Let Γ be a group and let π : Γ → U(H) be a unitary repre-
sentation. Then π is weak mixing if and only if π ⊗ π is weak mixing, if and
only if π⊗ρ is weak mixing for all unitary representations ρ.

Corollary 7.3.4. Let Γ be a group and let π : Γ → U(H) be a weak mixing
unitary representation. If Σ < Γ is a finite index subgroup then π|Σ is also weak
mixing.

Proof. Let D ⊂ Γ be a set of coset representatives for Σ. If π|Σ is not mixing,
then by Theorem 7.3.2 there is a finite dimensional subspace L ⊂ H which
is Σ-invariant. We then have that

∑
γ∈D πgL ⊂ H is finite dimensional and

Γ-invariant. Hence, again by Theorem 7.3.2, π is not weak mixing. �
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7.4 Cocycles and affine actions

If π : Γ→ U(H) is a unitary representation, then a 1-cocycle for the represen-
tation is a map c : Γ → H such that c(gh) = c(g) + πgc(h) for all g, h ∈ Γ. A
cocycle c is inner if it is of the form c(g) = ξ − πgξ for some ξ ∈ H. Note that
the space of cocycles is a linear space which is closed in the topology of point-
wise convergence. Also note that the inner cocycles form a linear subspace and
a cocycle is constant 0 if and only if it is 0 on some generating set of Γ. Two
cocycles c1 and c2 are cohomologous or are in the same cohomology class if
c1 − c2 is inner.

We denote by Z1(Γ, π) the space of cocycles (for a fixed representation π),
and by B1(Γ, π) the space of inner-cocycles. We also denote by H1(Γ, π) =
Z1(Γ, π)/B1(Γ, π), the space of cohomology classes. The space of inner-cocycles
need not be closed in general and so we denote by B1(Γ, π) its closure, and
H1(Γ, π) = Z1(Γ, π)/B1(Γ, π). A cocycle c ∈ B1(Γ, π) is approximately in-
ner.

In the sequel we will have occasion to restrict our attention to real Hilbert
spaces and we use the same definitions as above when considering orthogonal
representations.

If H is a real Hilbert space we let Isom(H) be the group of isometric (but
not necessarily linear) bijections. Note that if α ∈ Isom(H) such that α(0) = 0,
then α preserves the Hilbert space norm since for ξ ∈ H we have ‖α(ξ)‖ =
‖α(ξ)− α(0)‖ = ‖ξ − 0‖ = ‖ξ‖. In this case for ξ, η ∈ H we have

2〈α(ξ), α(η)〉 = ‖α(ξ)− α(η)‖2 − ‖α(ξ)‖2 − ‖α(η)‖2

= ‖ξ − η‖2 − ‖ξ‖2 − ‖η‖2 = 2〈ξ, η〉,

showing that α preserves the inner-product. Thus, for ξ, η ∈ H and λ ∈ R we
have

〈α(λξ), η〉 = 〈λξ, α−1(η)〉 = λ〈ξ, α−1(η)〉 = λ〈α(ξ), η〉.

Therefore α is a linear orthogonal operator.
In general, if α ∈ Isom(H) then from above we see that ξ 7→ α(ξ)−α(0) is an

orthogonal operator, and hence α consists of an orthogonal operation followed
by a translation. This shows that the natural inclusion O(H) nH → Isom(H)
is surjective.

An affine isometric representation of a discrete group Γ on a real Hilbert
space H is given by a homomorphism α : Γ→ Isom(H). From above we see that
every affine isometric representation gives rise to an orthogonal representation
π : Γ → O(H), together with a map c : Γ → H. Note that since α is a
homomorphism we have that c is a cocycle. Indeed, for g, h ∈ Γ, we have

c(gh) = αgh(0) = αgαh(0) = πgαh(0) + c(g) = πgc(h) + c(g).

Conversely, if π : Γ→ O(H) is a representation and c : Γ→ H is a cocycle,
then we see just as easily that we obtain an affine isometric representation
α : Γ→ Isom(H) by the formula αgξ = πgξ + c(g).
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Lemma 7.4.1. Let H be a real or complex Hilbert space. If X ⊂ H is a bounded
set, then there exists a unique element ξ̂ ∈ H which realizes the infimum of the
function ξ 7→ supη∈X ‖ξ − η‖.

Proof. Let d be the infimum of the above function and take {ξn} ⊂ H a sequence
such that supη∈X ‖ξn − η‖ < d + 1/n. For η ∈ X, the parallelogram identity
gives ∥∥∥∥ξn + ξm

2
− η
∥∥∥∥2

=
1

2
‖ξn − η‖2 +

1

2
‖ξm − η‖2 −

∥∥∥∥ξn − ξm2

∥∥∥∥2

.

Thus,

d2 ≤ sup
η∈X

∥∥∥∥ξn + ξm
2

− η
∥∥∥∥2

≤ sup
η∈X

1

2
‖ξn − η‖2 + sup

η∈X

1

2
‖ξm − η‖2 −

∥∥∥∥ξn − ξm2

∥∥∥∥2

≤ (d+ 1/n)2 −
∥∥∥∥ξn − ξm2

∥∥∥∥2

.

Hence, it follows that {ξn} is Cauchy and so must converge to a vector ξ̂ which
then realizes this infimum.

Since the sequence {ξn} realizing this infimum was arbitrary it then follows

that ξ̂ is the unique such vector. �

The vector ξ0 in the previous lemma is called the Chebyshev center of X.

Proposition 7.4.2. Let Γ be a discrete group, and α : Γ→ Isom(H) an affine
representation with linear part π : Γ → O(H), and affine part c : Γ → H. The
following conditions are equivalent.

(i) α has a fixed point.

(ii) c is inner.

(iii) c is bounded.

(iv) All orbits of α are bounded.

(v) Some orbit of α is bounded.

Proof. For (i) =⇒ (ii), if ξ ∈ H, is fixed by α then for g ∈ Γ we have
ξ = αgξ = πgξ + c(g) showing that c is inner.

(ii) =⇒ (iii) is obvious. For (iii) =⇒ (iv), if c is bounded and ξ ∈ H, then
for g ∈ Γ we have ‖αgξ‖ = ‖πgξ + c(g)‖ ≤ ‖ξ‖+ ‖c(g)‖.

(iv) =⇒ (v) is also obvious so only (v) =⇒ (i) remains. For this, suppose

that ξ ∈ H such that X = {αgξ | g ∈ Γ} is bounded. If ξ̂ ∈ H is the Chebyshev
center of X then for h ∈ Γ we have

sup
g∈Γ
‖αhξ̂ − αgξ‖ = sup

g∈Γ
‖ξ̂ − αh−1gξ‖ = sup

g∈Γ
‖ξ̂ − αgξ‖

and so αhξ̂ = ξ̂ by uniqueness of the Chebyshev center. Thus ξ̂ is a fixed point
for α. �
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If Γ is a discrete group, µ ∈ Prob(Γ) is a symmetric probability measure with
finite support, and π : Γ→ U(H) is a representation, then a cocycle c : Γ→ H
is µ-harmonic if

∑
g∈Γ µ(g)c(g) = 0. Note that if c is a harmonic cocycle then

for all h ∈ Γ we have∑
g∈Γ

µ(g)c(gh) =
∑
g∈Γ

µ(g)(π(g)c(h) + c(g)) = π(µ)c(h),

and ∑
g∈Γ

µ(g)c(hg) =
∑
g∈Γ

µ(g)(π(h)c(g) + c(h)) = c(h).

Theorem 7.4.3. Let Γ be a finitely generated group, let µ ∈ Prob(Γ) be a
symmetric probability measure with finite support wich generates Γ, and let π :
Γ → U(H) be a representation. Then for each cocycle c ∈ Z1(Γ, π) there is a
unique µ-harmonic cocycle c̃ ∈ Z1(Γ, π) such that c− c̃ ∈ B1(Γ, π).

Proof. We endow Z1(Γ, π) with the inner-product

〈c1, c2〉 =
∑
g∈Γ

µ(g)〈c1(g), c2(g)〉.

Note that Z1(Γ, π) is complete with respect to this inner-product, and that this
inner-product has no kernel since the support of µ generates Γ.

If we have a cocycle c̃ : Γ→ H then we can compute its inner-product with
respect to an inner cocycle as:∑

g∈Γ

µ(g)〈c̃(g), ξ − π(g)ξ〉 =
∑
g∈Γ

µ(g)〈c̃(g)− π(g−1)c̃(g), ξ〉

=
∑
g∈Γ

µ(g)〈c̃(g) + c̃(g−1), ξ〉

= 2〈
∑
g∈Γ

c̃(g), ξ〉.

It follows that the space of µ-harmonic cocycles is precisely B1(Γ, π)⊥. In
particular, if a µ-harmonic cocycle c̃ is approximately inner then c̃ = 0.

Given c ∈ Z1
µ(Γ, π) we let c̃ be the orthogonal projection of c onto B1(Γ, π)⊥.

Then c − c̃ ∈ B1(Γ, π), and c̃ is µ-harmonic. If c′ is another harmonic repre-
sentative in the reduced cohomology class then c̃ − c′ = (c̃ − c) + (c − c′) is
approximately inner and also harmonic, hence c̃− c′ = 0. �

7.5 Functions of conditionally negative type

A kernel of positive type on a set X is a function ϕ : X ×X → C such that
for all x1, . . . , xn ∈ X the matrix [ϕ(xi, xj)] is non-negative definite, i.e., for all



116 CHAPTER 7. APPROXIMATION PROPERTIES

α1, . . . , αn ∈ C we have

n∑
i,j=1

αiαjϕ(xi, xj) = 〈[ϕ(xi, xj)][α1, . . . , αn]T , [α1, . . . , αn]T 〉 ≥ 0.

The space of positive type kernels is clearly closed under convex combinations
and under pointwise limits. Note that for a group Γ, a function ϕ : Γ → C
is of positive type if and only if (g, h) 7→ ϕ(h−1g) is of positive type. The
GNS-construction can also be applied to kernels of positive type:

Proposition 7.5.1. Let X be a set, and ϕ : X ×X → C, then ϕ is of positive
type if and only if there is a Hilbert space H and a function ξ : X → H such
that for all x, y ∈ X we have

ϕ(x, y) = 〈ξ(x), ξ(y)〉.

Proof. First note that if ξ : X → H, then for all α1, . . . , αn ∈ C, and x1, . . . , xn ∈
X we have

n∑
i,j=1

αiαj〈ξ(xi), ξ(yj)〉 = ‖
n∑
i=1

αiξ(xi)‖2 ≥ 0,

and hence (x, y) 7→ 〈ξ(x), ξ(y)〉 is of positive type.
For the converse we define an inner-product on CX by

〈
n∑
i=1

αiδxi ,

n∑
i=1

βiδxi〉 =

n∑
i,j=1

αiβjϕ(xi, xj).

Since ϕ is of positive type, this inner-product is non-negative definite and hence
we obtain a Hilbert space H by separation and completion. If we let ξ(x) be
the equivalence class of δx in H then we have 〈ξ(x), ξ(y)〉 = ϕ(x, y). �

Corollary 7.5.2. If ϕ1, ϕ2 : X ×X → C are of positive type then so is ϕ1ϕ2.

Proof. If for i = 1, 2 we have ξi : X → Hi such that ϕi(x, y) = 〈ξi(x), ξi(y)〉,
then we have ϕ1(x, y)ϕ2(x, y) = 〈ξ1(x)⊗ ξ2(x), ξ1(y)⊗ ξ2(y)〉. �

A kernel of conditionally negative type on a set X is a function ψ :
X ×X → R such that ψ(x, x) = 0, and ψ(x, y) = ψ(y, x), for all x, y ∈ X, and
such that for all x1, . . . , xn ∈ X and α1, . . . , αn ∈ C with

∑n
i=1 αi = 0, we have∑n

i,j=1 αiαjψ(xi, xj) ≤ 0. A function of conditionally negative type on a

group Γ is a function ψ : Γ→ R such that (g, h) 7→ ψ(h−1g) is of conditionally
negative type. There is also a GNS type construction for kernels of conditionally
negative type:

Proposition 7.5.3. Let X be a set, and ψ : X × X → R, then ψ is of con-
ditionally negative type if and only if there is a Hilbert space H and a function
ξ : X → H such that ψ(x, y) = ‖ξ(x)− ξ(y)‖2, for all x, y ∈ X.
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Proof. First, suppose that ξ : X → H. Then ‖ξ(x) − ξ(x)‖ = 0 for all x ∈ X,
and if x1, . . . , xn ∈ X and α1, . . . , αn ∈ C such that

∑
i=1 αi = 0 then we have

n∑
i,j=1

αiαj‖ξ(xi)− ξ(xj)‖2 = −
n∑

i,j=1

αiαj2Re(〈ξ(xi), ξ(xj)〉)

= −‖
n∑
i=1

αiξ(xi)‖2 − ‖
n∑
i=1

αiξ(xi)‖2 ≤ 0.

Conversely, if ψ : X×X → R is of conditionally negative type, then consider
the vector space C0X consisting of all finitely supported functions f : X → C
such that

∑
x∈X f(x) = 0. On C0X we define the inner-product

〈
n∑
i=1

αiδxi ,

n∑
i=1

βiδxi〉 = −
n∑

i,j=1

αiβjψ(xi, xj), (7.1)

which is non-negative definite since ψ is of conditionally negative type. Hence
we obtain a Hilbert space H by separation and completion.

Fix x0 ∈ X and define the function ξ : X → H by letting ξ(x) be the
equivalence class of 1√

2
(δx0
− δx). Then for x, y ∈ H we have

‖ξ(x)− ξ(y)‖2 =
1

2
‖δx − δy‖2 = ψ(x, y). �

Corollary 7.5.4. If ϕ : X × X → C is of positive type, then the function
(x, y) 7→ ϕ(x, x) + ϕ(y, y)− 2Re(ϕ(x, y)) is of conditionally negative type.

Proof. If ϕ : X × X → C is of positive type then by Proposition 7.5.1 there
exists a Hilbert space H, and a map ξ : X → H such that ϕ(x, y) = 〈ξ(x), ξ(y)〉.

We then have that ϕ(x, x) + ϕ(y, y) − 2Re(ϕ(x, y)) = ‖ξ(x) − ξ(y)‖2 is of
conditionally negative type by Proposition 7.5.3. �

If we have a function of conditionally negative type on a group then we have
a similar characterization as in Proposition 7.5.3.

Proposition 7.5.5. Let Γ be a group, and suppose ψ : Γ → R, then ψ is of
conditionally negative type if and only if there is a representation π : Γ→ U(H)
and a cocycle c : Γ→ H such that ψ(g) = ‖c(g)‖2 for all g ∈ Γ.

Proof. If we have such a representation and cocycle, then for g, h ∈ Γ we have

‖c(h−1g)‖2 = ‖c(h−1) + π(h−1)c(g)‖2 = ‖c(g)− c(h)‖2.

Hence, ψ is of conditionally negative type by Proposition 7.5.3.
Conversely, if ψ : Γ → R is of conditionally negative type, then so is the

kernel (g, h) 7→ ψ(h−1g) and so we may consider on C0Γ the inner-product
described by (7.1), and we let H be the corresponding Hilbert space.
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We define a representation π : Γ→ U(H) by extending the left multiplication
structure on the group. Note that

‖π(g)

n∑
i=1

αiδxi‖2 = ‖
n∑
i=1

αiδgxi‖2

= −
n∑

i,j=1

αiαjψ(x−1
j g−1gxi) = ‖

n∑
i=1

αiδxi‖2,

hence π is indeed a unitary representation.
The map c(g) = 1√

2
(δe− δg) is then a cocycle for this representation and we

have ψ(g) = ‖c(g)‖2. �

Lemma 7.5.6. Let ψ : X ×X → R be a kernel of conditionally negative type
on a set X, and fix x0 ∈ X. Then the function ϕ : X ×X → R defined by

ϕ(x, y) = ψ(x0, x)− ψ(x, y) + ψ(y, x0)

is of positive type.

Proof. By Proposition 7.5.3 there exists a Hilbert space H and a function ξ :
X → H such that ψ(x, y) = ‖ξ(x)− ξ(y)‖2. We then have

ϕ(x, y) = ‖ξ(x0)− ξ(x)‖2 − ‖ξ(x)− ξ(y)‖2 + ‖ξ(y)− ξ(x0)‖2

= 2Re(〈ξ(x)− ξ(x0), ξ(y)− ξ(x0)〉).

Hence ϕ is of positive type by Proposition 7.5.1. �

Theorem 7.5.7 (Schoenberg). Let X be a set, and let ψ : X × X → R be a
function such that ψ(x, x) = 0, and ψ(x, y) = ψ(y, x), for all x, y ∈ X. Then
ψ is of conditionally negative type if and only if ϕt(x, y) = exp(−tψ(x, y)) is of
positive type for all t > 0.

Proof. If exp(−tψ) is of positive type for all t > 0, then by Corollary 7.5.4
we have that 1

t (1 − exp(−tψ)) is of conditionally negative type for all t > 0,
and hence taking a limit as t approaches 0 it follows that ψ is of conditionally
negative type.

Conversely, if ψ is of conditionally negative type, and if we fix x0 ∈ X, then
by Lemma 7.5.6 the function ϕ(x, y) = ψ(x0, x)−ψ(x, y)+ψ(y, x0) is of positive
type. Since the space of kernels of positive type is preserved under products and
pointwise limits it then follows that exp(ϕ) is also of positive type.

Also, the kernel

(x, y) 7→ exp(−ψ(x0, x)) exp(−ψ(y, x0))

is of positive type, (just consider ξ(x) = exp(−ψ(x0, x)) as a map into the one
dimensional Hilbert space). Hence

exp(−ψ(x, y)) = exp(ϕ(x, y)) exp(−ψ(x0, x)) exp(−ψ(y, x0))

is of positive type. By considering tψ instead we see that exp(−tψ) is of positive
type for all t > 0. �
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Corollary 7.5.8. If Γ is a group and ψ : Γ → R, such that ψ(e) = 0, and
ψ(g−1) = ψ(g) for all g ∈ Γ. Then ψ is of conditionally negative type if and
only if exp(−tψ) is of positive type for all t > 0.

7.6 Kazhdan’s property (T)

Let Γ be a discrete group, and Σ < Γ a subgroup, the pair (Γ,Σ) has relative
property (T) if every representation of Γ which has almost invariant vectors
has a non-zero Σ-invariant vector. The group Γ has Kazhdan’s property (T)
if the pair (Γ,Γ) has relative property (T). Finite groups of course have property
(T) but to provide examples of infinite groups with property (T) we will first
build some equivalences. We first note that infinite amenable groups cannot
have property (T), i.e., a group is finite if and only if it is amenable and has
property (T). Perhaps surprisingly, this simple observation has been used quite
successfully, first by Margulis, to prove a number of striking rigidity results in
geometric group theory.

Proposition 7.6.1. A group Γ is finite if and only if Γ is amenable and has
property (T).

Proof. Since Γ is amenable the left-regular representation has almost invariant
vectors, by property (T) this implies the left-regular representation has a non-
zero invariant vector. This trivially implies that Γ is finite. �

Note that a property (T) group is necessarily finitely generated since if we
consider the family F of finitely generated subgroups then it is easy to see
that the representation on ⊕Λ∈F`

2(Γ/Λ) has almost invariant vectors, and this
will have an invariant vector only if [Γ : Λ] < ∞ for some Λ ∈ F , in which
case we have that Γ is finitely generated. Also, note that quotients of property
(T) groups again have property (T) since we may view a representation of the
quotient as a representation of the whole group. In particular, a property (T)
group Γ has finite abelianization Γ/[Γ,Γ].

Theorem 7.6.2. Let Γ be a countable group, and let µ ∈ Prob(Γ) be a symmet-
ric probability measure with support generating Γ, and such that e ∈ supp(µ).
Suppose Σ < Γ is a subgroup. For a representation π : Γ → U(H) we de-
note by PΣ the projection onto the space of Σ-invariant vectors. The following
conditions are equivalent:

(i) The pair (Γ,Σ) has relative property (T).

(ii) Every representation π : Γ → U(H) with almost invariant vectors has a
finite dimensional Σ-invariant subspace.

(iii) Every function ψ : Γ→ C of conditionally negative type is bounded on Σ.

(iv) For every representation π : Γ → U(H), and every c ∈ Z1(Γ, π) we have
c|Σ ∈ B1(Σ, π).
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(v) Every affine isometric action of Γ on a real Hilbert space has a Σ-fixed
point.

(vi) For every sequence ϕn : Γ→ C of functions of positive type which converge
pointwise to 1, we must have that ϕn converges uniformly to 1 on Σ.

(vii) There exists a constant 0 < c < 1 such that for any representation π : Γ→
U(H) we have ‖π(µ)(ξ − PΣξ)‖ < c‖ξ − PΣξ‖.

(viii) There exists a constant K > 0 such that for any representation π : Γ →
U(H), we have ‖ξ − PΣξ‖ ≤ K‖∇µ(ξ − PΣξ)‖.

Proof. (i) =⇒ (ii) is trivial. For (ii) =⇒ (iii) we proceed by contraposition.
Suppose ψ : Γ → C is a function of conditionally negative type, and hn ∈ Σ
such that ψ(hn) → ∞. By Proposition 7.5.5 ψ is of the form ψ(g) = ‖c(g)‖2,
where c is a cocycle for some representation π. Since

c(g1hng2) = c(g1) + π(g1)c(hn) + π(g1hn)c(g2)

it then follows that ψ(g1hng2)→∞ for any fixed g1, g2 ∈ Γ.
By Schoenberg’s theorem we have that ϕn = exp(−ψ/n) is of positive type

for all n ∈ N, and hence by the GNS-construction there exists a sequence of
representations πn : Γ → U(Hn), with unit cyclic vectors ξn ∈ Hn, such that
ϕn(g) = 〈πn(g)ξn, ξn〉 for all g ∈ Γ, n ∈ N. Since

lim
k→∞

〈πn(gk)π(g2)ξn, π(g−1
1 )ξn〉 = lim

k→∞
ϕn(g1hkg2) = 0

for all n ∈ N, and since ξn is a cyclic vector for Hn it then follows that πn(gk)ξ
converges weakly to 0, for all ξ ∈ Hn, and thus πn is weakly mixing when
restricted to Σ, hence so is ⊕n∈Nπn. Therefore by Theorem 7.3.2 we have that
⊕n∈NHn has no finite dimensional Σ-invariant subspace.

However, for all g ∈ Γ we have

‖πn(g)ξn − ξn‖2 = 2− 2Re(ϕn(g))→ 0,

and thus ξn is a sequence of almost invariant vectors for ⊕n∈Nπn.
The equivalence between (iii), (iv), and (v) follow easily from Propositions

7.5.5 and 7.4.2.
To show (iv) =⇒ (vi) suppose that there is a sequence of positive defi-

nite functions ϕn : Γ → C, which converge pointwise to 1, but such that no
subsequence converges uniformly on Σ. By replacing ϕn with ϕn(e)−1ϕn we
may assume that ϕn(e) = 1. Let πn : Γ → U(Hn) be the corresponding GNS-
representations, and ξn ∈ Hn unit cyclic vectors such that ϕn(g) = 〈πn(g)ξn, ξn〉
for all g ∈ Γ. Since ϕn converges to 1 pointwise it follows easily that ξn is a
seqnece of almost invariant vectors in ⊕n∈NHn.

If we enumerate Γ as {gn}n∈N, then taking a subsequence we may assume
that ‖ξn − π(gk)ξn‖ < 2n for all 1 ≤ k ≤ n.
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We define the cocycle c : Γ→ ⊕n∈NHn by

c(g) = ⊕n∈N(ξn − πn(g)ξn).

Since ‖ξn − π(gk)ξn‖ < 2n for all 1 ≤ k ≤ n, it follows that c is well defined.
Note that

sup
h∈Σ
|1− ϕn(h)| = sup

h∈Σ
|〈ξn − πn(h)ξn, ξn| ≤ 2‖ξn − PΣξn‖,

and so since ϕn does not converge uniformly on Σ we must have
∑
n∈N ‖ξn −

PΣξn‖2 =∞.
It follows from Corollary 7.1.2 applied to the representation ⊕nk=1πk, that

there exists hn ∈ Σ such that

‖ ⊕nk=1 (ξk − πk(hn)ξk)‖2 > ‖ ⊕nk=1 (ξk − PΣξk)‖2,

hence we have ‖c(hn)‖ → ∞ and so c|Σ 6∈ B1(Σ, π).
For (vi) =⇒ (vii) suppose there exists a sequence of representations

πn : Γ → U(Hn), and unit vectors ξn ∈ H such that PΣξn = 0, and ‖ξn‖2 −
‖π(µ)ξn‖2 → 0. Then as in the proof of (v) =⇒ (i) from Proposition 7.1.4,
we have that ξn is a sequence of almost invariant vectors for ⊕∞n=1πn. Thus
ϕn(g) = 〈πn(g)ξn, ξn〉 is a sequence of functions of positive type which converge
pointwise to 1. If ϕn converges uniformly to 1 on Σ, then for some n ∈ N we
have

sup
h∈Σ

Re(〈πn(h)ξn, ξn〉) = sup
h∈Σ

Re(ϕn(h)) ≥ 1/2.

By Proposition 7.1.1 we then have ‖PΣξ‖ 6= 0 giving a contradiction.
(vii) =⇒ (viii) follows easily since for any representation π : Γ → U(H),

and any vector ξ ∈ H, we have

‖ξ‖ − ‖π(µ)ξ‖ ≤ ‖∆µξ‖ ≤ ‖∇µξ‖.

Hence, if c < 1 such that ‖π(µ)(ξ−PΣξ)‖ < ‖ξ−PΣξ‖, then settingK = (1−c)−1

shows (viii).
To see (viii) =⇒ (i) suppose that π : Γ → U(H) is a representation

which does not have Σ-invariant vectors. Then from (viii) there does not exists
a sequence of unit vectors ξn such that ‖∇µξn‖ → 0. Hence it follows that
0 6∈ σ(|∇µ|) and so 0 6∈ σ(∆µ) since ∆µ = |∇µ|2. By Proposition 7.1.4 it then
follows that π does not have almost invariant vectors. �

The previous theorem, like Theorem 7.2.2, is the combined work of many
mathematicians, including Kazhdan, Delorme, Guichardet, Akemann, Walters,
Bates, Robertson, and Jolissaint.

We also have further equivalences of property (T) which do not adapt as eas-
ily to the relative case. For this we first introduce another tool. An ultrafilter
ω on a locally compact Hausdorff space X is a point in the Stone-Čech compact-
ification βX.1 The ultrafilter is principal if ω ∈ X ⊂ βX, and non-principle

1This is not the usual definition, but it is equivalent and will be easier to work with for
our situation.
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otherwise. By the universal property of the Stone-Čech compactification any
bounded continuous function f : X → C has a unique continuous extension to
βX. Thus, by considering the Gelfand transform, an ultrafilter ω corresponds
uniquely to a norm 1 multiplicative linear functional on Cb(X) which we denote
by f 7→ limx→ω f(x). We will usually be interested in the case when ω is a
non-principal ultrafilter on N endowed with the discrete topology.

Constructions with non-principle ultrafilters give a convenient way to exploit
compactness properties without having to restrict ourselves to subsequences.
As an example, if Hn is a sequence of Hilbert spaces then we may consider the
Banach space `∞(Hn) of all bounded sequences (ξn)n with ξn ∈ Hn for each n ∈
N. If ω ∈ βN \N is a non-principal ultrafilter, then for each pair (ξn)n, (ηn)n ∈
`∞(Hn) we obtain a bounded function on N by n 7→ 〈ξn, ηn〉, and hence we may
apply our linear functional to this function to obtain a non-negative definite
inner product on `∞(Hn) given by 〈(ξn)n, (ηn)n〉 = limn→ω〈ξn, ηn〉. The kernel
of this inner-product is a closed linear subspace and hence taking a quotient
we obtain a Hilbert space Hω which is the ultraproduct of the sequence of
Hilbert spaces Hn.

If Tn ∈ B(Hn) for each n ∈ N and we have a uniform bound ‖Tn‖ ≤ K,
then we obtain a bounded operator Tω ∈ B(Hω), with ‖Tω‖ ≤ K, by setting
Tω(ξn)n = (Tnξn)n. Note that since ω is non-principle, many properties which
are approximate for the sequence become exact in the limit. As an example, if
vn, un, wn ∈ U(Hn) for each n ∈ N, such that limn→ω ‖vnun − wn‖ = 0, then
we have vωuω = wω.

If Γ is a discrete group, and µ ∈ Prob(Γ). Then for any map π : Γ→ U(H)
(not necessarily a homomorphism), we again define ∇µ : Γ→ H⊕Γ by

∇µξ =
⊕
g∈Γ

µ(g)1/2(ξ − πgξ).

We also define ∆µ, as before

∆µ = ∇∗µ∇µ =
∑
g∈Γ

µ(g)(1− π(g)∗ − π(g) + π(g)∗π(g)).

Theorem 7.6.3 (Shalom). Let Γ be a finitely generated group, and let µ ∈
Prob(Γ) be a symmetric finitely supported probability measure with support S
generating Γ, and such that e ∈ supp(µ). The following conditions are equiva-
lent:

(i) Γ has property (T).

(ii) H1(Γ, π) = {0} for any representation π : Γ→ U(H).

(iii) For all ε > 0 there exists n ∈ N, and 0 < κ < ε, such that for all δ ≥ 0,
if π : Sn → U(H) such that π(g−1) = π(g)∗, and ‖π(gh)− π(g)π(h)‖ ≤ δ
whenever g, h, gh ∈ Sn, then σ(∆µ) ∩ (δ/κ, κ] = ∅.
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(iv) There exists n ∈ N, and κ > 0 such that if π : Sn → U(H) such that
π(g−1) = π(g)∗, and π(gh) = π(g)π(h), for all g, h, gh ∈ Sn then σ(∆µ)∩
(0, κ] = ∅.

(v) There exists a constant κ > 0 such that for any representation π : Γ →
U(H) we have σ(∆µ) ∩ (0, κ] = ∅.

Proof. (i) =⇒ (ii) follows Part (iv) of Theorem 7.6.2. Also note that (iii) =⇒
(iv) by setting ε = 1 and δ = 0 in Part (iii), and clearly we have (iii) =⇒ (iv).
Also, since for a representation π : Γ→ U(H) we have that ker(∆µ) is the space
of invariant vectors, it then follows from Part (viii) of Theorem 7.6.2 that (v)
=⇒ (i).

Thus, most of the effort in the proof will go into establishing (ii) =⇒ (iii),
which we will achieve by contraposition. So suppose that (iii) does not hold.
Then there exists a sequence δn > 0, and a sequence πn : Sn → U(Hn), such
that π(g−1) = π(g)∗, and ‖π(gh)− π(g)π(h)‖ ≤ δn whenever g, h, gh ∈ Sn, and
such that σ(∆µ) ∩ (nδn,

1
n ] 6= ∅, for large enough n ∈ N.

If we let ξn ∈ Hn be a non-zero vector in the range of 1(nδn,
1
n ](∆µ), such

that ‖∇µξn‖2 = 〈∆µξn, ξn〉 = 1, then we have ‖ξn‖2 ≤ 1
nδn

, and ‖∆µξn‖2 ≤ 1
n .

Let ω ∈ βN \N be a non-principal ultrafilter, and consider the ultraproduct
representation πω : Γ → U(Hω). Note that this indeed gives a unitary repre-
sentation since δn ≤ 1/n2 → 0. Consider the map cn : Sn → Hn given by
cn(g) = ξn − πn(g)ξn. For g, h, gh ∈ Sn we have

‖cn(g) + πn(g)cn(h)− cn(gh)‖ = ‖(πn(gh)− πn(g)πn(h))ξn‖
≤ δn‖ξn‖ ≤ 1/n.

Hence, for each g ∈ Γ we have

lim sup
n→∞

‖cn(g)‖ ≤ |g|S lim sup
n→∞

∑
s∈S
‖cn(s)‖

≤ (|S|+ |g|S) lim sup
n→∞

‖∇ξn‖2 = |S|+ |g|S .

Thus, the sequence (cn(g))n is bounded and so defines a vector cω(g) in the
ultraproduct Hilbert space Hω. Moreover, we see that g 7→ cω(g) is a cocycle.

The cocycle cω is µ-harmonic since

‖
∑
s∈S

cω(s)‖ = lim
n→ω
‖
∑
s∈S

cn(s)‖ = lim
n→ω
‖∆µξn‖ ≤ lim

n→ω

1

n
= 0,

and is non-zero since∑
s∈S
‖cω(s)‖2 = lim

n→ω

∑
s∈S
‖cn(s)‖2 = lim

n→ω
|S|‖∇µξn‖2 = |S|.

Thus, cω 6∈ Z1(Γ, πω) by Theorem 7.4.3, showing that (ii) does not hold. �
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The above proof is based on ideas of Gromov, Kleiner, Shalom, and Tao.
Note that in (ii) of Theorem 7.6.3 the assumption of finite generation is nec-
essary. Indeed, it’s not hard to see that any locally finite group Γ satisfies
H1(Γ, π) = {0}, for every representation.

Corollary 7.6.4 (Shalom). Every property (T) group is a quotient of a finitely
presented property (T) group.

Proof. Let Γ be a property (T) group generated by a finite symmetric set S, with
e ∈ S, and let µ ∈ Prob(Γ) be a symmetric probability measure with support
S, e.g., µ = 1

|S|
∑
s∈S δs. By Part (iv) in Theorem 7.6.3, there exists κ > 0 and

n ∈ N such that if π : Sn → U(H) with π(g−1) = π(g)∗, and π(gh) = π(g)π(h)
for all g, h, gh ∈ Sn then σ(∆µ) ∩ (0, κ] = ∅.

Consider the group Λ with presentation 〈S0, R〉, where S0 is a copy of S,
and R is the set of relations of the form s1s2 · · · sk = e if si ∈ S0, this relation
holds in Γ, and k ≤ 3n. Then R is a finite set since Sn is finite and Γ is a
quotient of Λ by considering the canonical map which takes elements in S0 to
their corresponding elements in S.

For any representation π : Λ → U(H), we may also view this as a mapping
from Sn0 into U(H), and since the Γ-relations in Sn also hold in Λ we may then
view it as a map from Sn into U(H) and so we must have σ(∆µ) ∩ (0, κ] = ∅.
Thus Λ has property (T) by Theorem 7.6.3. �
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