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1 Introduction

The goal of this minicourse will be to present a proof of the following theo-
rem:



Theorem 1.1 ([CP12]). Let G = Gy x Gy where Gy is a simple higher rank
connected Lie group with trivial center, and Go is a simple p-adic Lie group
with trivial center, and let A < G1 x Gy be an irreducible lattice. Then
for any ergodic, probability measure preserving action on non-atomic space
AN(X,v) is essentially free.

As an example, consider a prime p, and n > 3. Take G; = PSL,(R),
Go = PSL,(Qp), and A = PSL,(Z[1/p]) embedded diagonally in G; x Ga.

The above theorem is a special case of the results in [CP12], however, the
proof in this special case already contains most of the intricacies of the more
general situation. The theorem complements results of Stuck and Zimmer
from [SZ94] where they obtain the same conclusion under the assumption
that both G; and G2 are connected and higher rank.

The proof of the above theorem can be seen as a measurable general-
ization of the proof of the normal subgroup theorem from [CS12] (see also
[Crell]). The strategy of proof fits into the general framework of normal
subgroup rigidity techniques developed by Margulis. We refer the reader
to [Mar78, Mar79, Zim84, Mar91) [SZ94], and [BS06] for other other re-
sults in a similar vein. We also refer the reader to [Tho64) [Kir65l Ros89,
OvcTll Bek07, DM12] and [PT13] for some similar rigidity results in the
non-commutative situation, which follow from different methods.

2 Lattices and induced representations

Let G be a second countable locally compact group. A lattice in G is
a discrete subgroup I' < G, such that the quotient G/T" has a finite G-
invariant measure. If I' < GG is a lattice then there exists a finite measure
Borel fundamental domain F' C G, i.e., F'is a Borel subset of finite measure
such that G = U,erFy. Given such a fundamental domain we may consider
the map a : G X ' — I' uniquely defined by the condition

gfa(yg, f) € F.

Note that the map f — fI' gives a Borel isomorphism between F' and
G/I', and that under this isomorphism the action of G on G/I" becomes
g-f = gfa(g,f)~'. Note also that for g,h € G and f € F we have
ghfa(h, fla(g,h-f) € F, and from this it follows that « satisfies the cocycle
identity
Oé(gh, f) = Oé(h, f)a(ga h - f)

If I'(X,v) is a quasi-invariant action, then we obtain the induced

action of G on F' x X by the formula

g- (f,fL') = (gfaa(g7 f)ilx)‘

The fact that this is an action follows easily from the cocycle relation.



Similarly, if 7 : I' — U(#H) is a representation, then we obtain the in-
duced representation on L?(F,H) by the formula

(7(9)€)(f) = m(alg™", )))E(g™ )

Again, the fact that this is a unitary representation is an easy exercise.
Induced actions and representations defined in this way depend on the

fundamental domain F'. However, it is not hard to see that taking different

fundamental domains gives equivalent induced actions and representations.

3 The Howe-Moore property

Let G be a second countable locally compact group. Recall that a represen-
tation 7 : G — U(H) is mixing if for every £, € H, the matrix coefficient
g — (m(g)&,n) is in Cp(G). Equivalently, the representation is mixing if for
any sequence g, € G such that g, — oo, we have that the unitary opera-
tors m(g,) converge in the weak operator topology to 0. A group G has the
Howe-Moore property if every representation without invariant vectors
is mixing.

Theorem 3.1 ([HMT79]). Let G be a simple connected Lie group, then G
has the Howe-Moore property.

We will only prove the Howe-Moore property here for SL,,(R). Recall
that any matrix a € SL,,(R) has a polar decomposition a = ub where u is
an orthogonal matrix and b is positive definite and symmetric. Since b is
positive definite and symmetric, it can be diagonalized as b = ugdu, ! where
d is a positive diagonal matrix with non-increasing entries, and ug is an or-
thogonal matrix. Thus any matrix a € SL,,(R) has an expression a = udus
where w1 and u9 are orthogonal and d is diagonal with non-increasing posi-
tive entries. We thus obtain the Cartan decomposition SL,,(R) = KA K,
where K = SO,,(R) and A is the semi-group of positive diagonal matrices
with non-increasing entries.

Proof of the Howe-Moore property for G = SLa(R). Suppose G = SLy(R),
and that 7 : G — U(H) is a (strong operator topology) continuous repre-
sentation which is not mixing, then we will show that there are G-invariant
vectors. Since the representation is not mixing, there exists a sequence m(g,,)
such that g, — oo, and 7(g,) does not converge to 0 in the weak operator
topology. By taking a subsequence we may assume that 7(g,) converges
weakly to a non-zero operator S € B(H). Using the Cartan decomposition
we may write g, = knank], where ky, k], € K, and a,, € A;. Since K is
compact we have a, — oo, and we may take another subsequence so that
7(ky,) and 7(k},) converge in the strong operator topology to unitaries v and



w respectively. If we set T' = v*Sw* # 0 then we have that 7(a,) converges

in the weak operator topology to T'.

0

Write a,, = (Tg ,—1 ), where r, — 0o, and consider the subgroup N C G

consisting of upper triangular matrices with entries 1 on the diagonal. Note
that the conjugation action of A = (A;) on N is given by

(6, G (") =57
thus, for *+ € N we have a,'za, — e € G. Hence n(a,'za,) — 1 in
the strong operator topology, and so 7(za,) = w(a,)w(a, za,) — T in
the weak operator topology. But we also have that 7(za,) — 7(z)T in
the weak operator topology, and so we conclude that w(z)T = T for all
x € N, and hence m(x)TT* = TT* for all x € N. Note that TT™* # 0 since
|TT*|| = ||T||* # 0. Replacing a,, with a,;! then shows that 7 (y)T*T = T*T
for all y € N*, where N' is the transpose of N consisting of lower triangular
matrices with 1’s down the diagonal.

Since T and T™ are both weak limits of unitaries from A, and since A is
abelian, we have TT* = T*T, and since N and N' generate SLz(R) we then
have that 7(g)TT* = TT* for all g € SLy(R), thus any non-zero vector in
the range of 7T gives a non-zero invariant vector for SLa(R) O

Proof of the Howe-Moore property for SLy,(R). For the case when G = SL,,(R),
with m > 2 we first note that again if 7 is not mixing then there exists a
sequence a, € Ay such that m(a,) — T # 0 in the weak operator topology.
where the upper left entry of a,, is tending to oo, and that the lower right
diagonal entry is tending to O.

For i # j, let N;; C SLy(R) denote the subgroup with 1’s down the
diagonal and all other entries zero except possibly the (i, 7)-th entry, then
exactly as above we conclude that any non-zero vector in the range of 77 is
fixed by the copy of SL2(R) generated by Ni,, and N, 1, and in particular,
is fixed by the subgroup A;,, consisting of those diagonal matrices with
positive entries which are 1 except possibly in the first or mth diagonal
entries.

If we let K denote the set of Ay ,,-invariant vectors, then to finish the
proof it is enough to show that K is G-invariant. Indeed, if this is the case
then Ay ,, is contained in the kernel of the representation restricted to K
and since G is simple this must then be the trivial representation.

To see that K is G-invariant note that N; ; commutes with Ay ,,, whenever
{i,7}n{1,m} = 0, in which case N; ; leaves K invariant. On the other hand,
if {7,7} N{1,m} # 0 then A, ,, acts on B; ; by conjugation, and this action
is isomorphic to the action of A on N described above for SLy(R). Thus,
as above we must have that any vector which is fixed by A, is also fixed
by B;; and in particular we have that B; ; leaves K invariant in this case as
well.



Since G is generated by B; j, for 1 <4, j < m this then shows that K is
indeed G-invariant. O

We remark that the proof above also works equally well for SL,,(K)
where K is any non-discrete local field.

4 Property (T)

Let G be a locally compact group and let 7 : G — U(H) be a representation.
The representation 7w has almost invariant vectors if there exists a net
&, € H, such that ||&,]| = 1, and ||7(9)&, — &n|| — O, for all g € G. If
H < G is a closed subgroup, then the pair (G, H) has relative property
(T) if every representation of G which has almost invariant vectors, has
H-invariant vectors. The group G has property (T) if the pair (G, G) has
relative property (T).

Theorem 4.1. The pair (SL2(R) x R?,R?) has relative property (T).

Proof. Suppose m : SLy(R) x R? — U(H) is a representation which has
almost invariant vectors &, € H. Restricting 7 to R? we obtain a unitary
representation of R?, and hence this extends to a representation of the C*-

algebra C*(R?) = C’O(@). The sequence {&,} then defines a sequence of
states ¢, on Cp(R2) by the formula ¢, (f) = (7(f)&n,&n). Since &, are R%-

almost invariant it then follows that ¢, (f) — f(e), for all f € Cy(R?). And
since &, are SLy(R)-almost invariant, it also follows that for g € SLa(R),

and f € Cp(R?) we have

en(fo gt) —n(f) = (7 (f)m(9)én; m(9)&n) — (m(f)n,sn) — 0.

By the Reisz representation theorem we may associate ¢, to a sequence
of Radon probability measures v, € Prob(R?), which then satisfy v,(B) — 1
for any neighborhood of e, and vy, (gB) — v, (B) — 0 for any g € SLa(R).
Taking a weak*-accumulation point we obtain a mean (i.e., a finitely additive
probability measure) m on R? such that m(B) = 1 for any neighborhood of
e, and m(gB) = m(B) for all g € SLy(R).

A~

Identify R? with R? and set
A={(z,y) €ER* |2 >0,—z <y <z}
B={(z,y) eR? |y >0,—y <z <y}
C={(z,y)

D={(z,y) eR?|y<0,y<z<—y}

Yy
Y eR?|z<0,z<y<—z}

A simple calculation shows that for £ > 0 the sets A = (21k (1)) A are pairwise
disjoint. Thus, we must have that m(A) = 0. A similar argument also shows



that m(B) = m(C) = m(D) = 0. Hence we conclude that m({(0,0)}) =
m(R?\ (AUBUCUD)) = 1.
Thus, we have supfeco(ﬂ@),”fngl{]gon(f)—f(e)|} — 0, and hence sup,cp2 [1—

(m(a)én, &) — 0. In particular, for some fixed n we have R((7(a)én,&n)) >
1/2 for all a € R2. If we set K = co{m(a), | a € R?}, then K is a closed
convex set and hence has a unique element of minimal norm &, € K. Note
that & # 0 since R((&o,&n)) > 1/2. Also note that R? acts on K and
preserves the norm, hence must also preserve the unique element of mini-

mal norm. Hence, we have produced a non-zero R?-invariant vector, and so

(SL2(R) x R? R?) has relative property (T). O

Theorem 4.2 ([Kaz67]). Let G be a simple higher rank Lie group. Then G
has property (T).

Proof for SL,,(R), m > 3. We consider the group SLy(R) < SL,,(R) em-
bedded as matrices in the upper left corner. We also consider the group
R? < SL,,(R) embedded as those matrices with 1’s on the diagonal, and
all other entries zero except possibly the (1,n)th, and (2, n)th entries. Note
that the embedding of SLs(R) normalizes the embedding of R?, and these
groups generate a copy of SLy(R) x R2,

If #: SL,(R) is a representation which has almost invariant vectors,
then by Theorem we have that the copy of R? has a non-zero invariant
vector. By the Howe-Moore property it then follows that 7 has an SL,, (R)-
invariant vector. O

Theorem 4.3. [Kaz6'] Let G be a second countable locally compact group,
and I' < G a lattice, then G has property (T) if and only if ' has property

(T).
Proof. O

Recall that a group G is amenable for any compact Hausdorff space K
on which G acts, there exists an invariant probability measure.

Proposition 4.4. A locally compact group G is compact if and only if it is
amenable and has property (T).

Proof. O

5 Boundaries

5.1 Harmonic functions on the unit disk

Recall that given a Dirichlet boundary condition on the unit disk f € L>°(T),
integration with respect to the Poisson kernels

1+ re
1—ret

P.(0) = Re , 0<r<1
=



yields a bounded harmonic function f on the unit disk D = {e | -7 < 6 <
7}, given by the Poisson integration formula

. 1 (7 .

Flrei®y = L / Po(0 — 1) (et
2 J_,

Every bounded harmonic function arrises in this way and from f we can

recover f by the formula

7'y = lim f(re®).

Thus, the map f — f gives a positivity preserving Banach space isomor-
phism between L>°(T) and the space of bounded harmonic functions on D.

If G denotes the group of fractional linear transformations which preserve
the disk (i.e., G = PSLy(R)), then G acts both on L>°(T) as well as the space
of bounded harmonic functions on D, and the isomorphism f — fis G-
equivariant. The action of G on the unit disk is a homogeneous space G/K
where K is a maximal compact subgroup, and so for a harmonic function f
on D we can lift this to a function f on G by the formula f(g) = f(g(0))
and this function will also be harmonic in the sense that it will be in the
kernel of the corresponding differential operator A on G. In this setting the
Poisson integration formula has a particularly nice form

flg) = / F(g0)dm(¢)

where m is the normalized Lebesgue measure on the circle T.

5.2 Poisson boundaries

In order to generalize the above situation to other locally compact groups,
Furstenberg introduced in [Fur63] the notion of an abstract Poisson bound-
ary. The starting point for this construction is to note that the differential
operator A generates a 1-parameter semi-group under convolution of prob-
ability measures ; € Prob(G) (JHunb6]), and a function f € L®(G) is
harmonic if and only if it is stationary with respect to convolution for some
L, 1.e, 3 3
Frm=Ff. (1)

Consider a second countable locally compact group G, and a probability
measure f € Prob(G) which is in the same measure class as Haar measure.
We define a function f € L*°(G) to be p-harmonic if it satisfies equation (1),
ie., fxu=f.

Consider the Borel space Qy = [[{° G, which we endow with the product
probability measure []{° p. We define the map 7" : Qg — Qg by

T($1,£L’2,$3, .o ) = (xlxg,xg,a:4, - )



The group G acts on )y as

g(l‘1,l‘2,$3, .- ) - (g$17$271"37 .. )

and as this action commutes with 1" we obtain a quasi-invariant action of G
on the algebra L>(Q, [[;° #)T of T-invariant functions. By Mackey’s point
realization theorem [Mac62] we may realize this action of G as a quasi-
invariant action on a probability space G (B, n). We refer to this action as
the p-boundary of G. Note that this action is p-stationary, i.e., p*n = .

Given a function in the p-boundary f € L*>°(B,n) we can define a func-
tion f € L®(G), the Poisson transform of f, by the formula

- [ flgm)inta)
Note that we have

(f*up)(g /fghfﬂdn )dpu(h /fgrr (1 xm)(x) = f(9),

thus f is p-harmonic (and hence f is continuous since L>®(G) x LY(G) C
Cy(G)). Conversely, if we are given a p-harmonic function f € L*(G),
then we can consider the sequence of functions fn € L>(Qp) given by
fn(xl,xz,...) = fo(z129---2y). Each f, is measurable with respect to
the o-algebra generated by the first n copies of GG, and if we denote E the
conditional expectation onto this o-algebra then since f is p-harmonic we
have

E(fur) (w1, 22,...) = / Fust (@1, 2, ) dp(nsn)

= /f(x1$2 o T Tpg1)Ap(Tn 1) = fn($17a72» ce)

Thus, the sequence { fn}n forms a martingale and hence by the martingale
convergence theorem converges strongly to a function f € L>*([1° G), which
is clearly T-invariant, hence f € L™ (B,n).

We have thus constructed a positivity preserving Banach space isomor-
phism f — f from L>(B,n) to Har(G, ), the space of bounded p-harmonic
functions. Moreover, this isomorphism is G-invariant.

6 Contractive actions

Definition 6.1 ([Jaw94]). A quasi-invariant action G~(B,n) is contrac-
tive if for every E C B, we have inf,cqan(gE) € {0,1}.

Note that we could also replace the infimum above with a supremum.
Also note that by considering simple functions it’s easy to see that an action
G (B,n) is contractive if and only if for every f € L°°(B,n) we have
supyeq | [ f dgnl = || flloo, i.e., the Poisson transform is isometric.



Proposition 6.2 (|[Jaw94]). Let G be a second countable locally compact
group, and let p € Prob(G) be a probability measure which is absolutely
continuous with respect to Haar measure. Then the action of G in its u-
boundary (B,n) is contractive.

Proof. Identifying L°(B,n) with the space of bounded p-harmonic func-
tions via the map f — f defined above, we see that ffdn = f(e), and

thus [ fdgn = f(g), for each g € G. Therefore, SUPge | [ fdgn| = |Iflle =
| flloo. Thus, the action is contractive. O

Lemma 6.3. Let G be a second countable locally compact group, suppose
G acts continuously on a compact metric space B, and n € Prob(B) is a
Radon measure such that G~.(B,n) is contractive. Then for each y € B
there exists a sequence g, € G such that g,n — 0, in the weak*-topology.

Proof. Consider y € B and take O, a sequence of open neighborhoods of
y such that N, 0, = {y}. For each n € N there exists g, € G such that
v(gnOn) > 1 — % Thus, if O C B is an open set which contains y, then O
will contain O, for large enough n and hence v(g,0) — 1. Conversely, if O
does not contain y then we have that O N O,, = () for large enough n and
hence v(g,0) — 0. Thus, for this sequence we have that g,n — J, in the
weak*-topology. O

Note that, by a result of Varadarajan, every quasi-invariant action of G
on a separable measure space has a model where the space B is a compact
metric space (see, e.g., Theorem 2.1.19 in [Zim84]). Also note that the
preceding proposition has a converse. That is to say if G (B, n) such that
every compact model has the above property then the action is contractive,
[FGI10].

The next lemma follows trivially from the definitions.

Lemma 6.4. Let G be a second countable locally compact group and suppose
that G~(B,n) is contractive, and © : (B,n) — (Z,() is a G-map of G-
spaces, then G(Z,() is contractive.

6.1 Boundary actions restricted to lattices

Proposition 6.5 (The random ergodic theorem [Kak51]). Let G be a sec-
ond countable locally compact group, with p € Prob(G) a Radon probability
measure in the same measure class as Haar measure. If G (X,v) is an
ergodic, probability measure preserving action then for every f € L'(X,v),
and for Hyp-almost every sequence (gn)n, and v-almost every x € X we
have

Jim. Nngngnl ) = [ fav.



The proof of the random ergodic is obtained by applying Birkhoff’s er-
godic theorem to the ergodic transformation T : Q x X — Q x X given by
T((gn)n, ) = ((gn—1)n, g12). We omit the details.

Proposition 6.6 ([CS12]). Let G be a second countable locally compact
group, with p € Prob(G) a Radon probability measure in the same measure
class as Haar measure, and suppose that T' < G is a lattice. If G (B, n) is
the Poisson boundary action with respect to u, then the restriction to I' is
again contractive.

Proof. Fix a compact set K C G such that KT' C G/T" has positive measure.
By the random ergodic theorem we then have that

n
Jim 5 tir(gugns-g12) = (KT)
for IIyp-almost every sequence (gy),. In particular, for some z € G, we have
that for almost every sequence (g, )n, the sequence intersects K«I' infinitely
often.

Suppose E C B, such that 0 < n(E) < 1. By the discussion in Section
we have that

Hn({(gn)n | 7(gngn-1---g1E) = 0}) =1 =n(E) >0,

hence there exists a sequence (gp), such that n(gngn—1---91F) — 0, and
hyp = gngn_1---g1 meets KzI' infinitely often. Taking a subsequence we
may then write h,, = k,x7v, where k, € K converges to an element k € K.

Since n(h,E) — 0, and z7'k;! — 2 'k~! we have that n(y,E) =
n((z7 kY )hnE) — 0. Thus I'~(B,n) is contractive. O

6.2 Rigidity of contractive actions

Proposition 6.7 ([CS12]). Let G~(B,n) be a contractive action, and sup-
pose 7 : (B,n) — (Z,¢) is a factor map. If ' : (B,n) = (Z,(') is also a
factor map, where ¢ < (', then we have m = 7'.

Proof. We may assume that B and Z are compact metric spaces such that
7 and 7’ are continuous. By Lemma for each y € B there exists a
sequence g, € G such that g,n — J, in the weak*-topology. Since 7 is
continuous we have that m, : Prob(B) — Prob(Z) is weak*-continuous and
hence g,{ = gnmen = Tu(gnn) — 7T«(dy) = Or(y) in the weak™*-topology.
Similarly we have g,¢" — d./(y)-

If 7(y) # 7'(y) then there would exist an open set O C Z such that
7(y) € O, and 7'(y) ¢ O. Thus ((g,0) — 1 while ¢'(g,O) — 0. Taking a
subsequence we may then assume that ((g,0) > 1/2, while {'(g,0) < 1/2™,
for each n € N, and hence

lim CI(Un>NgnO) =0,
N—oo -

10



while
lim C(Un>NgnO) = 1/2'
N—oo -

Thus if we consider the Gs-set B = Nyen(Un>ngnO) then we have ('(B) =0
while ¢(B) > 1/2 contradicting the fact that ¢ < ¢’. O

7 Amenable actions

Recall that a group G is amenable if and only if whenever F is a Banach
space, @ : G — Isom(FE) is an isometric action, and K C E7 is a compact
convex subset which is invariant under the dual action of G, then there exists
a G-fixed point in K. Motivated by this characterization, Zimmer defined
the notion of amenability for actions which we will now describe.

Suppose G (B, 1) is a quasi-invariant action of G on a standard prob-
ability space. If E is a separable Banach space, then a cocycle o : G x B —
Isom(F) is a Borel map, such that a(gh,b) = a(g, hb)a(h,b) for every g, h, b.
A cocycle induces a adjoint cocycle a* given by a*(g,b) = (a(g,b)~1)*. Sup-
pose for each b € B we have a compact convex subset K; C ET, such that
K, varies in a Borel fashion, i.e., {(b, K3)} C B x Ej is a Borel subset. If
for all g € G, and almost every b € B we have that a*(g,b) K, = Ky, Then
F(B,{Kp}) ={p: B — Ef | p(b) € K}, for almost every b € B} defines a
compact convex subset of L (B, E*) which is invariant under the action of
G. We will call F(B,{K}}) an affine G-space over B.

The action G~ (B,n) is amenable if for any affine G-space over B,
F(B,{Kp}) there exists an invariant section, i.e., there exists a Borel map
m : B — EY such that 7(b) € K3, and o*(g,b)w(b) = 7m(gb) for all g € G,
and almost every b € B.

Theorem 7.1. Suppose G(B,n) is a quasi-invariant action. Then G~(B,n)
is amenable if and only if there exists a G-equivariant conditional expectation

E:L®(BxG) = L®(B).

Proof. Let us first suppose that G(B,n) is amenable. Let Cy(G) denote
the C*-algebra of all bounded left uniformly continuous functions on G.
For each G-invariant separable C*-subalgebra A C Cy(G), we may consider
the cocycle a : G x B — Isom(A) given by a(g,z) = Ay. Clearly « is a
cocycle, and hence since G B is amenable there exists an invariant section
m: B — S(A), where S(A) C A* denotes the state space of A.

We thus obtain a conditional expectation E4 : L(B,n)®A — L>®(B,n)
given by E4(f1 ® f2)(b) = w(b)(f2)f1(b). Since the section 7 is invariant we

11



have

Ea(f1® f2)(gb) = m(gb)(f2)f1(gb)
= (a(g,b)*m(b))(f2) f1(gb)
=7(b)(Ag(f1)) f2(gb)
= Ea((f1® f1) o g)(b).

If we let E be a cluster point of the net {E4}4 then we see that F is a
G-invariant conditional expectation E : L>(B,n) ® Cy(G) — L*>*(B,n).

To produce a mean on L*(B,n)®L>*(G) we start by taking an approx-
imate identity {¢} C C.(G). Specifically, we want that each v, € C.(G)
is a non-negative function, ||¢y|1 = 1, supp(v) — {e}, and |[¢, * oy —
dg ¥ Yplli = 0 for each g € G. If f € L>®(B,n)®L>*(G), then taking con-
volution pointwise we have ¥, x f € L>®(X,u) ® UCy(G) for each n, and
|(ton s £ 09— (fog)lloe — 0 for cach g € G, and f € L(B, )BL*(G).
If we set &, : L%(B, n)@L®(G) — L=(B,7), by ®u(f) = ®(¢y * f), then
it follows that any accumulation point of {®,} gives a G-equivariant condi-
tional expectation.

Now suppose that there exists a G-equivariant conditional expectation
E : L®(B,n)®L>*(G) — L*(B,n), and let F(B,{Kp}) be an affine G-
space over B. Fix any section 7y : B — Ej such that mo(b) € K. We
set KP = {a*(g,971b)mo(971b) | g € G} C Kp. Let A be the C*-algebra
consisting of all essentially bounded Borel functions f : Lpeg K} — C such
that k — f(b, k) is continous for almost every b € B. Then we have a G-
equivariant homomorphism ¢ : A — L (B, n)®L>(G) given by ¢(f)(b,g9) =
fla*(g,g7'b)mo(g~tb)). If we restrict the condition expectation E to ¢(A),
then we may interpret this as a G-equivariant map p : B — Prob(K, 19) such
that we have the formula E(¢(f))(b) = [ f(b, k) dp(b)(k).

If we then let m(b) be the barycenter 7(b) = [ kdp(b)(k) then a simple
calculation shows that 7 is an invariant section for F'(B,{K3}). O

Proposition 7.2 ([Zim77]). Let G be a second countable locally compact
group, and H < G a closed subgroup. If the action G~(B,n) is amenable,
then the action H~(B,n) is also amenable.

Proof. 1f we fix a right Borel fundamental domain F' for H, then we obtain a
H-equivariant homomorphism ¢ from L>(S,n)®L*(H) to L*(S,n)@L>*(G),
by ¢(f)(b,hsg) = f(b,h) whenever sy € F. If E : L>®(S,n)QL*(G) —
L*>°(S,n) is a G-equivariant conditional expectation, then E o ¢ defines a H-
equivariant conditional expectation, showing that H~(B,n) is amenable.
O

Proposition 7.3 ([Zim77]). Let G be a locally compact group and p €
Prob(G) a probability measure which is absolutely continuous with respect to
Haar measure. Then the action of G in its u-boundary (B,n) is amenable.
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Proof. As above, we identify L>°(B,n) with the space of bounded p-harmonic
functions Har(G, u) C L>°(G). Let w be a non-principle ultrafilter on N and
consider the G-invariant positivity preserving map & : Cy(G) — Har(G, p)
given by E(f) = limy,—y, % 227:1 fxpm™

Since the action of G on Cy(G) is continuous it follows that the action
of G on £(Cy(Q)) is also continous and hence so is the action on the dense
C*-subalgebra A of L°°(B,n) which the range of £ generates.

Thus by replacing B with the Gelfand spectrum of A we may assume
that B is a compact Hausdorff space on which G acts continuously, and
E:Cy(G) — C(B) C L*=(B,n). Hence we obtain a G-invariant map = from
B to the state space ¥ of Cy,(G) given by m(b)(f) = E(f)(b).

We then have a G-equivariant conditional expectation E : L>(B,n) ®
Cy(G) = L>(B,n) given by E(fi1 ® f2)(b) = fi1(b)m(b)(f2). The proof then
finishes as in Theorem [.1] O

8 The amenability half of the Creutz-Shalom nor-
mal subgroup theorem

Theorem 8.1 ([CS12]). Let G be a locally compact group with a lattice
I' < G, suppose A < G is a countable dense subgroup which contains and
commensurates I'. Suppose that for every closed normal subgroup No < G
we have either [No N A| < oo, or [I': NgNT'| < o0, (e.g., if G is simple). If
N < A such that |[N| = oo, then T'/(T' N N) is amenable.

Proof. Suppose I'/('NN)~ K is a continuous action on a compact Hausdorff
space, which we view as an action of I such that (I' N N) acts trivially.
By Propositions and there exists a quasi-invariant action
G (B,n) such that the restriction of this action to I' is amenable and
contractive.

Since the action '~ (B, n) is amenable, there exists a I-invariant map
m: B — Prob(K). We may then consider this as a I'-factor map with the
push forward measure 7 : (B,n) — (Prob(K), m.n).

If A € ANN then we may consider the map 7’ : (B,n) — (Prob(K), m,n)
defined by 7'(y) = m(\y). Note that since An ~ n we have that m.n ~ 7.

If y € TNATITA, and we write v = A~ 'yg\ for 79 € T’ then we have that
Y10 = A (75" M) € N NT hence yok = vk for each k € K. Thus, we
have

m'(vy) = T (AN 0A)y) = Y01’ (y) = 17 (y),
for each y € B and hence 7’ is (I' N A~'T'\)-invariant. Since this group
has finite index in T, the action (I' N A™ITCA\)~(B,n) is also contractive by

Proposition Thus from Proposition it follows that 7' = =, i.e.,
m(Ay) = w(y) for almost every y € B.

13



But the action G~ (B, n) is weakly continuous and hence the map \ —
7o )\ is also weakly continuous. Thus, for every g € N we have that m =
mog. Since |[N| = oo it follows from the hypothesis of the theorem that
[[: NNT] < oo, thusyor =moy=m for vy € g = NNT. It then follows
that T'g acts almost everywhere trivially on (Prob(K), m.n), but as this is a
factor of a contractive space, this space is again contractive and hence must
be the trivial one point space. Thus, 7 is almost everywhere constant, and
the essential range provides a I'-invariant probability measure on K showing
that I'/(I' N N) is amenable. O

Corollary 8.2 ([BS06]). Let G = G1 x Ga be a product of locally compact
second countable simple groups, and let A < G1 X Ga be an irreducible lattice.
Suppose that G has property (T), and G is totally disconnected, then any
non-trivial normal subgroup of A has finite index.

Proof. Suppose A < GG1 x (G5 is as above, and N <1 A is a non-trivial normal
subgroup. Let K < (G5 be a compact open subgroup, and set I' = AN
(G1 x K). Since K is open it follows that I' < Gy x K is a lattice which is
commensurated by A.

For i = 1,2 we set I'; (resp. A;, N;) to be the projection of I" (resp. A,
N) into G;. Note that since A is an irreducible lattice, and since G and G2
are simple we have that these projections are injective, so that A; = A, and
I'; 2 T. Moreover, A; is dense in G;, while I'y < G is a lattice.

Note that since A; is dense in (;, and since G; is simple, we have that
N; = G;. In particular, N is not finite. Applying the previous theorem to
't < Ay < Gy then gives I'1/(I'; N Np) is amenable. Since G has (T), so
does I'1/(I't N N1). We therefore conclude that I'/(I'N N) = I'; /(I'1 N Ny)
is finite.

Note that we have a natural bijection between the countable sets A/I" and
G9/K which is given by AI' — po(A') = pa(A) K, where ps is the projection
onto Go. Moreover, the inverse of this bijection is given by gK + py *(gK).
Take F' C T finite so that I' C FN. From this bijection we then see that
FN =AnNpy (p2a(FN)) D ANpy (pa(N)) = A, hence [A : N] < oo. O

The previous corollary actually holds in a much more general situation.
In particular, the hypothesis that G is totally disconnected can be dropped,
and the hypothesis that G has property (T) can be significantly relaxed. We
refer the reader to [BS06], and [CS12] for details.

9 Stabilizers for actions restricted to dense sub-
groups

Theorem 9.1 (|Zim87], Lemma 6). Let G be a locally compact second count-
able connected simple group with the Howe-Moore property, and let A < G
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be a countable subgroup. If G (X,v) is a non-trivial ergodic probability
measure preserving action, then the restriction A~(X,v) is free.

Proof. Suppose G (X, v) is a non-trivial ergodic probability measure pre-
serving action. For each z € X let K, be the connected component of the
stabilizer subgroup G, and let k(z) denote it’s dimension.

Note that for g € G we have k(gz) = dim(K ;) = dim(gK,g~ ') = k(z).
Thus, k is G-invariant and hence must be constant by ergodicity. Since G
has the Howe-Moore property, and G acts ergodically on (X, p) it follows
that the action of G on X is mixing, and so the action of G on X x X is
again ergodic.

By ergodicity, we again have that k(z, y) = dim(K,,)) = dim (K, N Ky)
is constant. If k = k > 0 then we would have that K = K, = K, for almost
every (z,y) € X x X. But then gKg~! = K for every g € G, and hence K
is a non-trivial normal subgroup of G contradicting that G is simple.

Thus, either k = 0, or else k < k. Applying induction it then follows
that the action of G on X™ has discrete stabilizers almost everywhere, for
some m > 1.

Suppose now that A < G is a countable dense subgroup and A € A\ {e}
such that £ = {z € X | Az = x} has positive measure. We then have that
Em = {Z € X™ | Az = z} also has positive measure. By continuity we
have limg_,. v(E™AgE™) — 0, and hence there exists a sequence g, € G
such that g, — e, {gnAg, ' }n are pairwise distinct, and v(Npengn E™) > 0.
But then for € N,engn E™ we have that g,\g; ' € Gz, and gy Ag, ' — A,
contradicting the fact that G is discrete for almost every & € X, O

Corollary 9.2 ([CP12]). Let G be a locally compact second countable con-
nected simple group with the Howe-Moore property, and let A < G be a
countable dense subgroup. If A~(X,v) is an ergodic probability measure
preserving action, then either this action is essentially free, or else A, is
dense in G for almost every x € X.

Proof. Let An(X,v) be an ergodic probability measure preserving action,
and suppose that this action is not free. Let Sub(G) denote the space of
closed subgroups of G, which we view as a closed (and hence compact)
subspace of 2¢. Note that G acts on Sub(G) by conjugation, and that this
action is continuous. The map 7 : X — Sub(G) given by 7(z) = A, defines
a Borel map, and we have m(Az) = Ax(z)A~!. Thus, if we consider the
push-forward measure 7, on Sub(G) then we have that this measure is
A-invariant.

Since G acts continuously on Sub(G) and since A is dense, we then have
that m.v is also G-invariant. Note that as a A action (Sub(G),m.v) is a
factor of (X, r), and since A does not act freely on (X, v) it follows that A
does not act freely on (Sub(G), w,v) either. Therefore, by Theorem (9.1| the
action of G on (Sub(G), m.v) must be the trivial action, i.e., m,v is supported
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on the space of normal subgroups, which is {{e}, G} since G is simple. Since
the action of A is non-free and ergodic, it follows that {e} cannot be in the
support of m,v, and so m,v = dg. Or in other words A, = G for almost
every x € X. O

10 Weakly amenable actions

Let I be a countable group, and suppose that I'»(X, v/) is a quasi-invariant
action. An affine I'-space F'(B, {K}}) over X is said to be orbital if a(g,b) =
id whenever g € T',. The action I'»(X,v) is weakly amenable if every
orbital affine I'-space over X has an invariant section.

Given an action of I' we consider the orbit equivalence relation R =
Rr~x given by xRy if and only if 'y =T'z. If # : X — X is a measurable
bijection such that (0(z),z) € R for all x € X, then we may obtain a map
a: X — I' such that 6(z) = a(z)z for all x € X. We may assume that the
map « is measurable by choosing an enumeration of I', and letting a/(z) be
the first element in I" such that 6(z) = a(x)x. Since the I' action is measure
preserving it is then easy to check that 6 is also measure preserving. The set
of all such 6 is the full group of the equivalence relation R, and is denoted
by [R].

Consider on R the measure v given by 0(E) = [|{(z,y) € E}| dv(z).
Note that we have an embedding L*°(X,v) C L>*(R,7) as functions which
are supported on the diagonal A = {(z,z) | x € X}. If 6 € [R] then we may
consider the diagonal action on R given by 6 - (z,y) = (6(z),y). Note that
this action preserves the measure o.

Similar to Theorem (and with a similar proof which we will not
present here), we have the following characterization of weakly amenable
actions.

Proposition 10.1 ([Zim77)). If (X, v) is a quasi-invariant action and
R = Rr~x. Then I'(X,v) is weakly amenable if and only if there exists
a conditional expectation E : L°(R,v) — L (X,v) such that E(f o) =
E(f)o@ forall f € L*°(R,v) and 0 € [R].

Corollary 10.2. Let I’ be a countable group with property (T), and suppose
that T~ (X, v) is a measure preserving action. Then R = Rp~x s amenable
if and only if almost every I'-orbit is finite.

Proof. If almost every I'-orbit is finite then it is an easy exercise to see
that R is amenable, thus we will only focus on the converse. Suppose that
‘R is amenable. Then there exists a I'-equivariant conditional expectation
E : L*(R,v) — L*(X,v). Composing F with the integral on L*(X,v)
then gives a [-invariant state ¢ on L°°(R, 7). Since L}(R, ) is weak* dense
in L>®(R,7)*, there exists a sequence 1, € L'(R,7), such that ||n,]1 = 1,
and ||, —ynu|l1 — 0, for all y € T.
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If we set &, = /1, then &, forms a sequence of almost invariant vectors
for the representation of I' on L?(R, ), as I has property (T) it then follows
that there is a non-zero I-invariant vector & € L?(R,7). But as & €
L?(R, D) is constant on T-orbits it follows that for almost every (z,y) € R
such that &(x,y) # 0, we have |I'z| < co. Since &y # 0 it follows that there
is a positive measure set Fy C X such that the I'-orbit of x is finite whenever
x € Ey. This property also holds for F = I'Fy, and E is [-invariant.

A simple maximality argument then finishes the corollary. O

11 Relatively contractive actions

Theorem 11.1 ([CP12]). Let T~(B,n) be a contractive action, and let
'~ (X, v) be probability measure preserving. Suppose that Z is a Borel space,
on which T' acts, and we have a T'-equivariant Borel map 60 : Z — X.
Suppose also that m: X X B — Z, and 7 : X x B — Z are two I'-equivariant
maps such that ¢ = m,(v x ) ~ Tu(v x n) = ¢, and the following diagram
commutes:

XxXB———> X

Then we have ™ = 7.

Proof. We’ll show that m = 7 by showing that for every Borel set £ C
Y we have (v x n)(7~}(E)A71(E)) = 0. So, arguing by contradiction
suppose that this is not the case and E C Y is Borel such that (v x
n)(7m Y(E)AT~Y(E)) # 0. With out loss of generality we may assume that
if £ =7"1(E)\ 7 (E), then we have (v x n)(E) > 0.

Write E = UpepFp x {b}, and let co = supyep v(Ep) which must be
positive by Fubini’s theorem. Fix ¢ > 0 and set Fy = {b € B | v(Ep) >
co — €}. If we consider the map Fy 3 b — Ep C X, then by separability of
L'(X,v) there exists a set F' C Fy such that n(F) > 0, and v(E,AEy) < ¢
for all b,b' € F. Fix one such by € F and set Xy = Ep,.

Since I'v(B, 1) is contractive there exists v € I" such that n(vF) > 1—e,
and hence (v x n)(y(E N (Xo x B))) > v(vEq) — 2 > ¢o — 3e.

It then follows that

CV(ENIY(X0))) > ((v(n(E) N~ (Xo)))
> (v xn)(v(EN(Xo x B))) > co — 3¢,
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while

V(BN (X0)) = v(vX0) — (v
( 0) — C(v
Xo) — (v

Since £ > 0 is arbitrary and independent of ¢ it then follows that ¢ 24 . O

(B°N67(X0)))
(7(E ) 07 (X0)))
x 1) (v(EN (Xo x B))) < 4e.

/\/\

Theorem 11.2 ([CP12]). Let G be a locally compact second countable group
with the Howe-Moore property and having no compact normal subgroups,
I' < G a lattice, and A < G a countable dense subgroup which contains and
commensurates I'.

If An(X,v) is an ergodic probability measure preserving action, then
either A~(X,v) is free, or else '(X,v) is weakly amenable.

Proof. Suppose A~(X,v) is an ergodic probability measure preserving ac-
tion which is not free. Suppose F(X,{K.}) is an orbital affine I'-space,
with orbital cocycle action « : I' x X — Isom(FE). By Propositions
and there exists a quasi-invariant action G~(B,n) such that the
restriction of this action to I' is amenable and contractive.

Consider the cocycle 8 : B x I' — Isom(L'(X, F)) given by (v,b)(z) =
a(v,x). Since I'(B,n) is amenable there exists a I'-equivariant map 7 :
B — L*(X, EY) such that m(b)(z) € K, for almost all (x,b) € X x B.
Consider the I'-equivariant map 7 : X x B — X x EY given by 7 (z,b) =
(x,mo(b)(x)), and let § : X x E} — X be the natural projection map. Then
setting (Y,¢) = (X x Ej,m(n x v)), and p : X x B — X the natural
projection map, we have a commutative diagram of I'-equivariant maps:

X><B—>X

WA

Fix A€ A,and let B\ ={z € X | x ~ Az}. Choose a measurable map
¢ : E\ — I so that Az = p(x)x for each x € F).

We define a new map 7 : X x B — Y by 7(x,b) = p(x) " tn(\(z,b)) for
x € By, and 7(x,b) = w(z,b) for z € E).

We again have p = o 7, and if v € T N AT\, then for z € E we have

F(y(x, b)) = o(yx) "' r(Ay(x, b)) = e(yz) T AyAT w(A(x, b)).

Since p(x)x = Az we have (p(yz) PAyA" ) Az = yo(z) " Az, Hence, 7(y(z,b)) =

ve(z) "t (Ma, b)) = 7 (x,b).
Thus, we have a commutative diagram of (I' M A~!T'\)-equivariant maps:
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Note that since A action on X x B is quasi-invariant, it follows that
(v x ) ~ 7 (v x n). By Theorem it then follows that 7 = 7. In
particular, for almost every (z,b) € X x B we have n(z, A\b) = w(A(z,b)) =
m(x,b) for all A € A,.

However, for almost every x € X, the map b — 7(x,b) is measurable,
and since G~ (B, n) weakly continuously, and since almost every A, is dense
in G by Corollary we then must have that w(x, gb) = m(x,b) for almost
every (z,b) € X x B and every g € G. Since G (B, n) is ergodic it then
follows that 7 is independent of the second variable, i.e., 7 is a I'-equivariant
map from X to EY, such that n(z) € K, for almost every x € X. Thus
'~ (X, v) is weakly amenable. O

Corollary 11.3 ([CP12]). Let G be a locally compact second countable group
with the Howe-Moore property, property (T), and having no non-trivial com-
pact normal subgroups, I' < G a lattice, and A < G a countable dense
subgroup which contains and commensurates I'.

If Av(X,v) is an ergodic probability measure preserving action, then
either Am(X,v) is free, or else [I' : I'y] < oo for almost every x € X.

Proof. If Anv(X,v) is not free then from the previous theorem we have that
'~ (X, v) is weakly amenable. Since I" has property (T) we then have from
Corollary that the orbits of T" are finite, and so [[" : T';] < oo for almost
every ¢ € X. ]

We are now in position to prove the theorem stated in the introduction.

Theorem 11.4 ([CP12]). Let G = Gy x Ga where Gy is a simple higher
rank connected Lie group with trivial center, and Go is a simple p-adic Lie
group with trivial center, and let A < G1 X G2 be an irreducible lattice. Then
for any ergodic, probability measure preserving action on non-atomic space
An(X,v) is essentially free.

Proof. Suppose that A~(X,v) is not free. If K < G5 is a compact open
subgroup then we may consider I' = AN (G x K), and I'y the projection of
I" to G1. Then as in Corollary we have that I'; < 1 is a lattice and the
projection of A to 1 is dense and commensurates I'.
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By Corollary we then have that [I'y : (I'1),] < oo for almost every
x € X. Let pa denote the projection from G x G2 to G2 and note that pa(Ay)
contains po(I';) which is compact and finite index in K, hence open. Thus
p2(A;) is also open since it contains a compact open subgroup. Since Ga
has Howe-Moore we have that the only open subgroups are either compact

or all of Gy. If pa(A,) were compact for a positive measure subset of X,
then by ergodicity it would then follows that pa(A,) is compact for almost
every x € X. Since there are only countably many compact open subsets of
G5 it would then follow that there is a positive measure subset £ C X such
that Ko = p2(A,) does not depend on x € E. But since AKgA™! = pa(Ay,)
for A € A, and since An(X,v) is measure preserving , we then have that
K has finite conjugacy class in GGo, which implies that G5 has a compact
open normal subgroup contradicting the fact that Go is simple. Hence, we
conclude that pa(A,) = Go for almost every x € X.

We have a natural bijection between A/I' and Ga/K given by AI' —
p2(AI') = p2(A\)K. For each z € X let F, C I' be finite such that I' C
F,T';. From the above bijection we have F,A, = AN p;l(pQ(Fxe)) D
AN pyt(pa(As)) = A, hence [A : A,] < oo for almost every = € X. By
ergodicity it then follows that A has a single orbit, and hence (X,v) is a
finite atomic probability space. ]
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