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INTRODUCTION

Recall a free m-generator Burnside group B(m, n) of exponent 7 is the
quotient F,, /F;, where F, is a free group of rank m and F, is the
subgroup of F,, generated by all nth powers of elements of F,,.

The Burnside problem (see [2, 3, 7, 14]) asks whether or not the free
Burnside group B(m, n) is finite. It was proven by Novikov and Adian [17,
1] that, whenever m > 1, n is odd, and n > 665, the group B(m, n) is
infinite and all of its finite and Abelian subgroups are cyclic. Much simpler
proofs of these results were later given by the second author [18, 19].

However, the case of even exponent n, being especially interesting for
n = 2¥, remained open until recently and looked much more complicated
in view of noncyclicity of centralizers of elements in B(m, n) and non-
cyclicity of finite subgroups in B(m, n). For example, Held [8] had proved
that any infinite 2-group contains infinite Abelian subgroups. This sug-
gested that finite subgroups of B(m, n) with even exponent n > 1 might
be large, possibly large enough to ensure finiteness of the entire group
B(m, n).

The main result of the first author’s article [11] (see also [10]) is the
infiniteness of a free m-generator Burnside group B(m, n) of even expo-
nent n for m > 1 and n > 2% However, finite subgroups of B(m, n)
turn out to be so important in proofs that at least a third of the article [11]
is an investigation of their various properties and another third is a
preparation of necessary techniques to conduct this investigation. The
central result relating to finite subgroups of the B(m, n) is the following:
Let n = n,n,, where n, is the maximal odd divisor of n, n > 2* and
n, > 2% Then any finite subgroup G of B(m,n) is isomorphic to a
subgroup of D(2n,) X D(2n,)" for some [, where D(2k) denotes a dihe-
dral group of order 2k. The natural question on whether this description is
complete [i.e., every subgroup of D(2n,) X D(2n,)' can actually be found
in B(m, n)] is not directly addressed in [11] because it is not required in
proofs.

As was implied by results of [11], this is a complete description as follows
at once from Theorem 1(a). Theorem 1 deals with basic properties of
centralizers in B(m, n). These properties will be the base of subsequent
investigation of locally finite subgroups in B(m, n).

Before stating Theorem 1, recall a group G is called locally finite if every
finitely generated subgroup of G is finite.

'Note added in proof. Note this estimate n > 2 has been improved in 1. G. Lysenok,
Infinite Burnside groups of even period, Izv. Ross. Akad. Nauk Ser. Mat. 60 (1996), 3-224.
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THEOREM 1. Let B(m, n) be a free m-generator Burnside group of expo-
nent n, where m > 1 andn > 2*8, n = n,n,, ny is odd, n, is a power of 2,
n, > 2° Then the following hold:

(@) Suppose G is a finite 2-subgroup of B(m, n). Then the centralizer
Cym.n(G) of G in B(m,n) contains a subgroup B isomorphic to a free
Burnside group B(w, n) of infinite countable rank such that G N B = {1}. In
particular, {G, B) = G X B.

(b)  The centralizer Cg,, ,(H) of a subgroup H of B(m, n) is infinite if
and only if H is a locally finite 2-subgroup. In particular, Cg,, ,(H) is finite
provided H is not locally finite.

(©) If G is a finite 2-subgroup of B(m, n), then Cg,, ,(Cg,, ,(G)) =
G.

COROLLARY 1. A finite group G embeds in B(m, n) if and only if G is
isomorphic to a subgroup of the direct product D(2n,) X D(2n,)" for some
[ > 0, where D(2k) is a dihedral group of order 2k.

COROLLARY 2.  Every infinite locally finite subgroup of B(m, n) belongs to
the quasivariety qvar D(2n,) of groups generated by D(2n,) and, being so, is
isomorphic to a subgroup of the Cartesian product D(2n,)* of countably
many copies of D(2n,).

Recall a group G is called locally normal if every finite subset of G is
contained in a finite normal subgroup of G. A group G is termed an
FC-group if every conjugacy class in G is finite. It is well known [5, 22] (and
easy to show) that a periodic group is locally normal if and only if it is an
FC-group.

COROLLARY 3.  Suppose a countable subgroup G of the Cartesian product
DQ@n,)” is locally normal. Then G embeds in B(m, n).

To give a complete description of infinite groups that are embeddable in
B(m, n) as locally finite subgroups, let us introduce the following notation.
Let D,, i =1,2,..., be groups isomorphic to D(2n,), D be the Cartesian
product of D,, i =1,2,...,C; be the normal cyclic subgroup of D, of
order n,, and b, € D, be an element of order 2 that together with C;
generate D, = {C,, b;)>. By B denote the subgroup of D that consists of
all elements whose projection on every D, is either b, or 1. By C denote
the direct product of groups C; naturally embedded in D. At last, let
E = (B, C). Clearly, E = BC is a semidirect product of B and C.

THEOREM 2. Let B(m, n), m, and n be defined as in Theorem 1. Then an
arbitrary infinite group G embeds in B(m, n) as a locally finite subgroup if and
only if G is isomorphic to a countable subgroup of E.
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The following becomes obvious from Theorem 2.

COROLLARY 4. The group B(m, n) contains locally finite subgroups that
are not FC-groups.

Nevertheless, locally finite subgroups of B(m, n) are rather close to
FC-groups.

COROLLARY 5. Suppose a locally finite group G embeds in B(m, n). Then
the square g% of every element g € G lies in a finite conjugacy class of G and
every finite subset of G* = {g?|g € G) is contained in a finite normal
subgroup of G.

Several natural questions about the inclusion relation on the set of finite
and locally finite subgroups of B(m, n) are answered subsequently.

THEOREM 3. Let B(m, n), m, and n be defined as in Theorem 1. Then the
following are true:

(@)  An infinite locally finite subgroup L of B(m, n) is contained in a
unique maximal locally finite subgroup. That is, the intersection of two distinct
maximal locally finite subgroups of B(m, n) is always finite.

(b) Given a finite 2-subgroup G of B(m, n) there are continuously
many pairwise nonisomorphic maximal locally finite subgroups that contain G.

(¢) If a finite subgroup G of B(m, n) contains a nontrivial element of
odd order, then G is contained in a unique maximal finite subgroup. In
particular, the intersection of two distinct maximal finite subgroups of B(m, n)
is always a 2-group.

A description of maximal locally finite subgroups in B(m, n) will be
derived from Theorem 2 by making use of the following definition and
Theorem 4. Let A4, B be some subgroups of a group G. The subgroups A,
B of G are called locally conjugate if there is an isomorphism «: A — B
such the restriction aly of a on every finite subset M of A4 equals the
restriction 7|, where 7 is an inner automorphism of G depending on M.
Note this property is weaker than that of local conjugacy in the sense of
Kurosh’s book [13]. (For example, if « is a locally inner automorphism of
G such a(A) = B, then the maximality of locally finite subgroup A4
implies that of B, but this is not the case for our definition in which « is
an arbitrary isomorphism between 4 and B.)

THEOREM 4. Let B(m, n), m, and n be defined as in Theorem 1. Then an
infinite locally finite subgroup L of B(m, n) is locally conjugate to a maximal
locally finite subgroup.

A description of infinite maximal locally finite subgroups of B(m, n) is
now immediate from Theorem 2.
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COROLLARY 6. An infinite group G embeds in B(m,n) as a maximal
locally finite subgroup if and only if G is isomorphic to a countable subgroup
of the group E of Theorem 2.

Section 1 contains several technical lemmas whose terminology and
proofs depend heavily upon those of [11]. In Section 2, we will prove
Theorems 1-4 and Corollaries 1-6 on the basis of lemmas in Section 1
and lemmas of [11].

Let us conclude with several remarks. First, the mutual disposition of
infinite maximal locally finite subgroups stated in Theorem 3(a) and (b) is
reminiscent of a known puzzle-type problem: Find, in a countably infinite
set, continuously many subsets whose pairwise intersections are all finite
(note this is impossible if the cardinalities of the intersections are bounded).

A theorem of Mal’cev (see [15, Sect. 11.V]) claims that the quasivariety
gvar G of groups generated by a finite group G (i.e., the class of groups
that satisfy the quasi-identities that hold in G) consists of subgroups of
Cartesian products of copies of G. Hence Corollary 1 means that a finite
2-group embeds in B(m, n) if and only if it satisfies all quasi-identities of
D(2n,). So it would be of interest to express this condition in terms of
quasi-identities, that is, to find a basis of quasi-identities of qvar D(2n,).
Note that, according to a result of the second author [20], the quasivariety
gvar G, where G is finite, has a finite basis of quasi-identities if and only if
all Sylow subgroups of G are Abelian. In particular, gvar D(2n,) has no
finite basis of quasi-identities provided n, > 2.

Let us emphasize that the class of finite 2-subgroups in B(m, n) may not
be described by identities, since it is not closed under taking homomorphic
images. For example, any free group in the variety var D(2n,) belongs to
gvar D(2n,) by the Birkhoff theorem on varieties (see [15, 16]). In particu-
lar, by Corollary 1, a free group F(r, D(2n,)) of any finite rank r in the
variety var D(2n,) embeds in B(m, n). However, the quaternion group Q,
of order 8, being a homomorphic image of F(2, D(2n,)), is not embed-
dable in the group B(m, n) of Theorems 1-4, because Q4 does not satisfy
the following quasi-identity which holds in D(2x,):

x2=yr=[xy] = [xy]=1

It is also of interest to point out that the free group F(e, D(2n,)) of
countable rank in var D(2n,) is not embeddable in the group B(m, n) of
Theorems 1-4 either, because, otherwise, it would follow from Corollary 5
that the set [x{, x;] € F(e, D(2n,)) was finite, whence [x? y] =1 were
identity in F(e, D(2n,)). However, this identity does not hold in D(2n,)
when n, > 2.

Finally, Corollaries 2—-5 suggest a conjecture that for a countable sub-
group G of the Cartesian power D(2n,)” the condition that G? consists of



246 S. V. IVANOV AND A. YU. OL’SHANSKII

FC-elements might be sufficient for embedding of G in B(m, n). However,
there is an example showing that this is not the case.

1. SEVERAL LEMMAS

Let us fix an alphabet A ={a,,...,a,}. A word W in A*! will be
called an A-word. As in [18, 11], define the group B(i) = B(m, n)(i) by a
presentation which is constructed by induction on i as follows. Let B(0) =
F(A), where F(A) is the free group over A. Suppose B(i — 1), i > 1, is
already given by defining relations and A, is a shortest A-word (if any)
such that its image has infinite order in the group B(i — 1). Then B(i) is
the quotient group of B(i — 1) by the normal closure of the image of A’.
Clearly, B(i) has the presentation

B(i) =( Al A;,..., AY.

It is shown in [11] (and for odd exponents n > 10% in [18]) that if m and
n are as in Theorem 1, then A, exists for every i > 1 and

B(m,n) =( Al AL,..., A%, ...).

The terminology of statements and proofs of Lemmas 1-12 are those of
[11] (see also [18, 19]), and all undefined terms and notions are found in
[11]. The proofs will involve many references to lemmas in [11]. When
making these references we will often drop “[11]" providing only lemma
numbers from [11].

Recall a k-aperiodic word is a word with no nonempty subwords of the
form E*.

LEMMA 1. Let A be a reduced diagram of rank i and let p be a section of
A such that ¢o(p) is a reduced 9-aperiodic word. Then the degree of
contiguity of any cell 7 in A to p does not exceed B and p is geodesic in A.

Proof. The first claim easily follows from the definition of a contiguity
subdiagram and the 9-aperiodicity of ¢(p) (for details see the proof of
Lemma 18.1 [11]). Assume that p is not geodesic. Then there is a
subdiagram T in A with ¢T" = pq, where |g| <|p| and ¢ is geodesic in T
Since ¢(p) is reduced, I" contains cells. Then, by Lemmas 5.7 and 9.2 [11],
there is a 6-cell 1I in T'. Denote contiguity subdiagrams of II to p and g
by T, and T,, respectively. By Lemma 3.3, |, A Il < «|d1I|, whence
I, AT > (60 — a)ld11| > Bloll|. A contradiction to the first claim com-
pletes the proof. ||
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LEMMA 2. Suppose A is a reduced diagram of rank i with JA = p,tp,q,
where ¢o(p,), ¢(p,) are 9-aperiodic words, the path p,qp, is reduced, t is
geodesic in A, q is geodesic or a smooth section of rank j < i, and there are no
0-bonds between p, and p, in A. Then |p,l, |p,| < 1.04|t] and |q| < 4tl.

Proof. This lemma is obvious if A has no cells. So assume A has cells.
Recall p_ and p. denote the initial and terminal vertices, respectively, of
a path p. Let s; be a simple path in A such that (s,)_=1¢_, (s;), € ¢, and
s, is minimal. Let us show that

s, < 1.04]¢]. (1)

By Lemmas 5.7 and 9.2, there is a 6-cell 11 in A. Let I',,[}, I, I, be
contiguity subdiagrams between II and p,, ¢, p,,q, respectively, and
Uy, ¥, ¥y, Y, denote the degrees of contiguity of II to p,, ¢, p,, q, respec-
tively. By Lemma 1, ¢, ¢, < B, whence ¢, + ¢, > 6 — 2.

By Lemmas 3.3 and 3.4, ¢, i, < a, whence ¢, , > 6 — a — 2. Then,
by Lemmas 3.1 and 6.1 applied to I, we have

p(6—a—2B)0Il| < pIl, A | < [t + 2yl011].

Therefore,

0TI < (p(0— a —2B) = 2y) 'l (2)

Considering the bond between ¢ and g consisting of II, T, I';, we see
that there are vertices o, €, o, € q and a simple path u = o, — o, such

that

1—60+28+2y
lul < (1 -6+ 2B+ 2y)lolll < |t] < 0.04]¢],
p(0—a—2B) -2y

following from Lemma 3.1 and (2). The existence of such u obviously
implies inequality (2).

Let ¢ = ¢q,q, be the factorization of ¢ defined be (s;).. Consider a
subdiagram A; of A given by JA, = p;s,q,. If A; has no cells, then
|pil < s, < 1.04[¢| for g, p, is a reduced path.

Assume A, has cells. Applying Lemmas 5.7 and 9.2, we find a 6-cell 11,
in A, Let I, I}, I, be contiguity subdiagrams of II, to py, s;, q,, respec-
tively, and 4, ¢, ¢, denote the contiguity degrees of II, to py, s, q,,
respectively. By Lemma 1, ¢, < 8. By Lemmas 3.3 and 3.4 applied to
L, ¥, <a Hence > 60— B —afory, + y + ¢, > 6. Therefore, by
Lemmas 3.1 and 6.1 applied to I',, we have

T, A syl > (o, — 2y)|a11,] > 0.3[011,].
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On the other hand, considering the bond consisting of II,, T}, T, , we

can construct a path s’ with s_=¢_ and s, € g such that s’ =s,u’,
where s,, is a beginning of s, not containing I'; A s, and

'l < (1= 6+ B+ 2y)|all,] < 002411,

following from Lemma 3.1.

However, the existence of such a path s’ contradicts the choice of s,.
Hence, A, contains no cells and inequality |p,| < 1.04]¢| is proven. Quite
analogously, | p,| < 1.04[¢|.

Finally, by Lemma 6.1 applied to A,

lgl < p™ (I 1l + 1ol + l2l) < 4lt]
and Lemma 2 is proven. |

Let 7; be aword in the alphabet A (with no occurrences of a; *,...,a, ")
such that |T;| =i and 7, is 3-aperiodic (e.g., see Lemma 1.5). Let us

l

construct words S,, S,,... as follows:
S, =a,ala,T,, ,a,a3a,T, a,ada,T - a,ada,T a,ala
k 21% 28 k%212 kL QO+ 1212 kL O+ 2 2¥1Y 28 kL Q+h“2%1% 2
(3)
where Q > 0 is a fixed integer, 7 = g~ = 2 and L = 2h2

Recall by writing X = YZ we mean the graphical (letter-by-letter)
equality of words.

LEMMA 3. (&) Suppose S, = XYZ, where Y > 2h~S,|, and S, =
X'YZ' . . Thenk=land X=X',Y=Y".
(b) For every k the word S, is 5-aperiodic.

Proof. (@ Note [S,| > (h + DkLQ. Hence
2h7YS, > 2(1 + R~ Y)AKLQ > 2(kLQ + h) + 15,

following from choice of L and A. Consequently, Y has a subword of S, of
the form

3 3
aya1a,Ty; g4 ;a,07a;.

Now part (a) becomes obvious from the inequality kL Q + & < (k + 1)LQ.

(b) Suppose E® is a subword of S, and E° has a subword 43. For
E® # a3, E® has a subword F* so that F starts with 3. Then there are two
different subwords of F* both equal to a3Ta3, where T has no subwords
a3. This, however, is a contradiction. Hence, a3 does not occur in E®. This
means that E° is a subword of afa,T}, , a,ai and the equality E =1
follows from the 3-aperiodicity of 7y, o, ;. |
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LEMMA 4. Let A be a reduced diagram of rank i, ¢(9A) be a cyclically
reduced word, and JA = s,t;5,t, -+ s;t;, where | >0, s; is a subword of
some S with |s;] > (1 — 5h*1)|Skj|, and |t| < Q forallj=1,...,1 Also
suppose that for every j (mod 1) there are no 0-bonds between any s; and s ,,
and s;t;s; . is geodesic in A. Then there exists a cell 11 of rank rin A such
that |A,] > 0.2372Q and 911 contains an arc a with the following properties:
lal > (B — 30n " YIdl| and a™* = uw, - upv,u, , ,, where ' > 0, each
u, j=1,...,1'"+1, is a subpath of s,.; [indexes (mod )] for some d
independent of j such that if s, ; = siu;sj, then |s}|, IS}’I < 2Q, and |Uj| <40
forallj=1,...,1'. In particular, every IujI > |sd+j| —4Q.

Proof. First let us show that there are a cell II in A and a contiguity
subdiagram T of II to /A such that |I' A II| > B|dII] and T A JA
contains at least one of the sections s, ..., s;.

By Lemmas 5.7 and 6.2, there are a cell II and a contiguity subdiagram
I' of I to /A such that [T A II| > 0|11 > B|JII|. If p =T A JA con-
tains one of the sections s,, ..., s;,, we are done. Otherwise, p is obviously
a subpath of s;t;s;,, for some j. Then, in view of Lemma 3.3, s;7;s;,, is
not geodesic in A, contrary to the lemma’s hypothesis.

Picking such II, T" with minimal (T"), we can assume that T' has no cell
IT" and contiguity subdiagram I'"" with the foregoing properties.

Let dI' = bpcq be the standard contour of I', where p =T A JA,
q =T' A 1. Assume there is a cell II; in I" that has a contiguity subdia-
gram Iy to p with [Ty A T1,| > BlaT1,l.

Lemvma 4A. (@) Ty Apis a subpath of s;t;s;. for some j that has
edges in common with ;.

() Ty A pl<3.1Q and |d11,| < 4871Q.

Proof. (a) This follows from the definition of a bond, choice of II, T’
and Lemma 1.

(b) Let 9Ty, = byp,ceq, be the standard contour of T, where
Po=To Api gy =T, Al

Keeping in mind part (a), we can write p, = v,tv,, Where v, t,v, are
subpaths of s;,¢;, s, 1, respectively. (If p, is a subpath of, say, s;t;, then we
assume |v,| = 0 and so on.)

Proceeding by induction on r(I1,), let us first show that
lv,l, lv,] < 1.05Q). (4)

Suppose E,, E, are the bonds that define I,.
Suppose first that E; = E,. Then it follows from |E; A TI,| > Bn|dTl,|
>1 that E; is not a 0-bond and, in view of Lemma 3.2, we have
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r(m) < r(Ily), where = is the principal cell of E,. By the induction
hypothesis applied to 7 and its contiguity subdiagram to p,, part (b) is
proven.

From now on assume E, # E,. There are four cases to consider:

1. Both E, and E, are 0-bonds.

2. Precisely one of bonds E;, E, is a 0-bond and for the other bond
E the path E A p does not entirely contain ¢.

3. Precisely one of bonds E,, E, is a 0-bond and for the other bond
E the path E A p entirely contains t.

4. Neither E, nor E, is 0-bond.

Case 1. Consider a subdiagram I of I’y with 9@ = v’ q,, where
vy, v, are some end, beginning of v,,v,, respectively, g; is a subpath of
q,, and the path v, g is reduced. It follows from hypotheses of Lemma 4
and Lemma 3(b) that Lemma 2 applies to T}, and yields that

[v],105] < 1.04[¢], lgol < 4lz. (5)

By Lemma 3(b),

log| = 101l [v,| = |05 < 514 |,
where j, = r(I1,). Then
|90l < Igpl + 1014, | < g5l + 10( Bn) " lgq.

Hence it follows from (5) that

_y 1
BnlA; | <lgol < 4(1—10(Bn)"") i

and so

-1

514, | < 20( Bn) (1 —10( Bn) ") ltl.
Now we see from (5) that
0], |v,] < 1.04]¢] + 5] 4, | < 1.05]¢| < 1.05Q,

as required in (4).

Case 2. For definiteness, let E, be a 0-bond. Denote the principal cell
of E, by m,. By induction hypothesis applied to 7, and its contiguity
subdiagram to p,, we have |v,| < 1.05().
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Let g, = 90190, be the factorization of g, defined by the vertex
(E; A qo)_. By Lemma 3.2, |qq,| < (1 + &)l 4, |, where j, = r(II,). Hence

|gos| > (Bn — 1 — 8)|A/0|-

To estimate |v,], consider a subdiagram I’y of Ty such that 917 = zvqy,,
where v, and ¢qg, are some beginning and end of v, and g,,, respectively,
the path v)qyg, is reduced, and z = (v,)_—(qq,), is geodesic in Tj. By
Lemma 3(b),

lgo1l > 1qo,] — 5|Aj0| > (Bn—6-— ‘9)|Ajo|v

051 > [v,| = 514 |. (®)
Note it follows from Lemma 3.1 applied to E, that
lzl <2874, | + tl <2874, | + Q.
Hence, by Lemma 2 (in which |p,| = 0) applied to T}, we have
lgo,| < 4lz] < 83*1|Aj0| +4Q,
(7)

)] < 1.04]z] < 2.1B‘1|A}-0| + 1.04Q.
It now follows from estimates (6) and (7) that
|4; | <4(Bn -8B —6—5)Q <58 'n"'Q,
lv,l < (21871 +5)14, | + 1.04Q.
Therefore,
vl < (1.04 + (21871 + 5)-58"'n"1)Q < 1.050Q,

as required.

Case 3. For definiteness, assume that E, is a 0-bond. By 7, denote the
principal cell of E,. Let

Po =Po1Po2s 90 = 901902

be factorizations of p, and g, defined by the vertices (E; A py), and
(E; A qo)_, respectively.
Arguing as in Case 2, we can get estimates

e < (1 + &)14, |, lgo,l < 88714, | + 5|4, |
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following from Lemmas 3.2, 3.1, 3(b), and 2. Therefore,
lgol < (887 + 6 + &)lA4, | < BnlA4,|.
A contradiction to the inequality |g,| > BnlA; | shows that this case is
impossible.

Case 4. Let 7, and 7, denote the principal cells of bonds E, and E,,
respectively. According to part (a), both paths E; A p, and E, A p, have
edges in common with ¢. Applying the induction hypothesis to =, 7, and
their contiguity subdiagrams to p,, we have

lv,l, lv,] < 1.05Q,
as required.
Thus inequality (4) is proven. Now the inequality
[pol < 3.1Q

becomes obvious from [7| < Q.
To estimate |911,| we apply Lemmas 3.1 and 6.1 to I, to get that
pBnldTL| < plgol <pol + 2y[d1L,l.
Hence
|aIl, < (pBn — 2y) '-3.10 < 4871Q.
Lemma 4.A is proven. |

LEMMA 4.B.  Suppose a section s; of dA is a subpath of p. Then there is a
0-bond between s; and q.

Proof. Arguing on the contrary, consider a maximal system C of
disjoint bonds E, E,, ..., E,. in T between p and ¢ (where E, and E, are
the bonds that define T'; see Figs. 9.1 and 9.2 in [11]).

If C contains a bond E, such that E, A p is a subpath of s;, then, by
Lemma 4.A(), E, is a 0-bond. Hence, we may suppose that no £, A p nor
E, € C is a subpath of s;. Then, keeping the notation of Lemma 9.1
relating to the system C, we can consider a diagram A, (sitting between E,
and E,,, in I') such that, by Lemma 4.A(a), r, is a subpath of ¢, _,s; -
ti_18ptp, where j' <j <j". It follows from Lemmas 3.1 and 4.A(b) that

jr =15
lx, 4l 1y, < (1 + 2y) -4871Q.
On the other hand, it follows from Lemma 4.A(b) that
|E, AplLIE,,; A pl <3.1Q,
whence

Il = Is) = 620 > (1 - 5h71)IS, | — 620> ((1 - 5471) B2 — 6.2)Q.
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Note it follows from the choice of I', the geodesity of s;¢;s;,,, and
Lemma 3.3 that if a cell I1" of I" has a contiguity subdiagram I'’ to p, then
IT" A TI'| < a|dI1'|. This property of the section p of 4T ensures that if
A’ is a subdiagram of I' with A" = b'p’c’q’, where p’, q’ are subpaths of
P, q, respectively, then the analog of Lemma 6.5 applies to A’ (for the
geodesity or smoothness of either p’, g’ is used in proving Lemma 6.5 only
to refer to Lemmas 3.3 and 3.4). By the analog of Lemma 6.5 applied to A,

and the maximality of C, we have |r,| < u(lx,, ;| + |y,). However,
p(lxggql +1yl) <2p(l+2y) 471 < ((1 = 5h 1) B2 - 6.2)Q.

A contradiction completes the proof of Lemma 4.B. ||

As before, consider a maximal system C of disjoint bonds E,, E,, ..., E,
between p and g in T

Let s; ., be the first section of JA that is entirely contained in p and
let E, be the bond in C such that E, is the first 0-bond between s; .,
and gq.

Put p = p, p, and g = q,q, are factorizations of p and ¢ defined by the
vertices (E, A p)_ and (E; A q)., respectively. Let us estimate | p,|. First
notice that, by choice of s; ., and Lemma 4.B, p, is a subpath of s, s; , ;.
Therefore, if E, is a 0-bond, then the estimate

|p,l < 3.08]¢,| +514,| <5(Q +14,]),

where r = r(II), follows from Lemmas 2 and 3(b).
If E, is not 0-bond, then, by Lemma 4.A, E; A p has edges in common
with L and so

|E, Apl<31Q,  |om| <4710, (8)

where 7, is the principal cell of the bond E,.

Consider the subdiagram A, _, of I' “sitting” between E; _, and Ekl.
By maximality of C, there are no bonds between p and g in A, _
Hence, applying Lemma 4.Ato E; _, to obtain the analogs of (8), we have
from Lemmas 6.5 and 3.1 that the end Py, Of p, given by

(Pr)-= (Ekl—l /\P),
can be estimated as
|pol < w((1+2y)-4871 +1)Q + Q <5387 '0.
Now it follows from Lemma 4.A and (8) that

|pl <IEy Apl+18 ] + [p,l <310 + Q + 538710 < 54871Q.
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Hence, in any case, it is proven that
|p,l < max(5(Q +14,]),5.4871Q). 9)
It follows from Lemma 3.1 and inequalities (8) that
bl < (1 + 2y)|dm, | < 4B871(1 + 2y) Q.

Then, by Lemma 6.1 applied to a subdiagram of I" whose contour is
bp,q,, we have

lg,! < p~*(Ipyl + 1bl) < p~*max(514,| + 5871Q,1087 Q). (10)

Analogously, let s; ., be the last section of JA that is contained in p
and let £, be the last 0-bond in C between s, ., and g (perhaps, j, = j,
and k, = k,). Put p = p,p, and g = g,q, are factorizations of p and ¢
defined by the vertices (E, A p), and (E, A q)_, respectively. Then, as
before, we get

| pyl < max(5(Q +[4,1),5.487*Q),

(11)
g5l < p~tmax(54,| + 5871Q,10871Q).

Now let us make a couple of remarks.

First, if £’ and E” are 0-bonds in I" between some section s; of p and
g and A’ is a subdiagram of T" with dA" = p’q’, where p’, g’ are subpaths
of p,qg sothat p” = (E' A p), and p+ (E’ A p)_, then, by Lemmas 5.7,
3.4, and 1, A’ has no cells, that is, p’ = (¢’)"*. In particular, lg’l < 5|4,
following from Lemma 3(b).

Second, if p entirely contains two consecutive sections s; and s, of
JA, E, € C is the last 0-bond between s; and ¢, E, < C is the first
0-bond between s, ; and q (E, , E; exist by Lemma 4.B), and A’ given by
dA" = p'q’ is defined as before, then, by Lemma 2, [p'l,1g'| < 4Q.

Assume that p entirely contains exactly /, sections s; .q,...,s; ., Of
JA, where s; ., =s; ;. Making use of the preceding remarks and in-
equalities (10) and (11), we can estimate |g| as

lgl < 3max(5l4,| +58710Q),1087 Q) + [,(4Q + 5|4,l).  (12)
If [, <2, we have
BnlA,| <lql < 5max(5/4,| + 10871Q),10871Q).
Therefore,

4,1 < 5max(5871( fn — 5) "Q,1087 2 1Q) < Q.
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Now we see from (9), (11), and the foregoing remarks that s; ., ; contains
a subpath u such that u ! is a subpath of p with
lul > Is;| = | psl — max(| p,l, 4Q)
> (1 —5h71)IS, |~ 208710 > 50 > 5[4,
A contradiction to Lemma 3(b) shows that [, > 2. Thus, s, ,, is differ-

ent from s; ,, and s; ., ,, and so, by the foregoing remarks, s; . , contains a
1 J2 . 3 J1
subpath u such that z~! is a subpath of p with

lul > Isj | =80 > (1 —5a71)IS, | —80> B 2Q.

For |ul < 5|A,| we have
14,1 > 028720, (13)

Hence, p~!- 108710 < 608]4,| and so inequalities (10) and (11) imply
that

|QQ|1 |q:5| < 6|Ar|

Let E, < C be the first 0-bond between s, ,, and ¢, and let E, € C
be the last 0-bond between s;, and gq. Con5|der the contiguity subdlagram
I'" between p and g that is defmed by E, and E, . Let I = p,q; and
q = 419595 Then, similar to (12), we have “from (13) that

g1l + g5l < 3max(514,| + 10871Q,14871Q) + 2(4Q + 54,[) < 30/4,.

It is now clear that

lgsl > (B — 30n~1)|a11], (‘]'2)71 = Uy UpDpUpy g

with all of the properties of the lemma’s statement. In view of inequality
(13), Lemma 4 is completely proven. |

From now on we will be denoting the free Burnside group B(m, n) of
exponent n over the alphabet A = {a,,...,a,} by B(A n).

Let us introduce a countably infinite alphabet X = {x,, x,,...} for use
throughout the rest of the article. (We assume that A and X are disjoint.)

By B(X, n) denote the free Burnside group over X of exponent n.

As before, a word in X ** is also referred to as an X-word.
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LEMMA 5. Suppose G is a finite subgroup of B(A, n). Then there are
A-words S, S,,... such that the subgroup {G,S,S,,...> of B(An) is
isomorphic to the subgroup G, x, x,,...) of BLA U X, n) under ¥(T) =T
ifTeGand V(x) =8, ¥(x,)=S,,....

Proof. Let G also stand for the set of all reduced in B(A, n) words that
represent elements of G. Put

Q' = max |T|.
TeG

Consider the words S, S,, ... defined by formulas (3) for Q = 4Q’ and
denote the set of all such S by S.

By W(G, S) denote aword G U S with no subwords of the form G,G,,
where G,,G, € G are nonempty. The image of W(G, S) under a — a,
a €A S, — x, is denoted by W(G, X).

By 7,(A) denote a truncated type of a diagram A over B(A, n): 7o(A) =
;. 1; +1,-- ), where j, is the first rank for which |4, | > 028720, and
[; 1s the number of cells of rank j in A.

By induction on 7,(A), we will be proving that if A is a reduced diagram
over B(A, n) such that ¢(dA) is a word of the form W(G, S) and W(G, X)
is freely reduced, then W(G, X) = 1in B(A U X, n).

Put dA =q,p, - q;p;, where ¢(g) €S, o(p) €G, j=1,...,1 For
each p pick a reduced diagram A; over B(A, n) such that aA 1=
x;p;y;ti t, where ¢(x;) is an end of (p(q/) e(y)isa beglnnlng of go(qﬁl)
the Word @(t)) is reduced in B(A, n), the word o(y;t; x ) is freely
reduced, and AJ with preceding properties is maximal relatlve to ;| + 1yl

Suppose there is a 0-bond between x;* and y;* in A, Then we
consider a maximal contiguity subdiagram F between X; o1 and ¥ “Lin A;
relative to [T A x| + [T Ay Itis easy to see from Lemmas 1 and 5. 7
that I" has no ceIIs Since ¢;, p; are geodesic in A, it follows from Lemmas
57 33 and 1 that the entire A, has no ceIIs either Then [t/ =0 for
y;ti 'x; is reduced. If, say, |x;|>2h~ 1IS,{I +1pl, then [T Ax;t>
2K *1S, | and, by Lemma 3(a), we conclude that o(x) = o(y;, 7" - How-
ever, then, by ¢(t) = 1, W(G, X) is not reduced, contrary to the hypothe—
sis. Analogously,

vl < 2h M8, |+ Ipl < 21h7HS, .

Now suppose there is no 0-bond between x;l

Lemma 2 applied to A; yields that

and y;* in A, Then

Lyl < 1.04lp), 15l < 4lpl < Q.
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Hence, by Lemma 6.2, if 7 is a cell in A;, then
lom| < (14 3.08/4)p Q2 <20Q

and so r(m) < jg.

Let us attach each A; to A along x;p;y; producing a diagram A’. Let s;
be a subpath of g; so that g, =y;_;s;x; in A’. Clearly, JA" = st,5,1, -
s;t;, where, by the preceding estimates, [¢,| < Q, [s;] < (1 — 5h‘1)|Skj| and
To(A") = 74(A). It is readily seen from the maximality of each A; relative
to |x;| + [yl that ¢(9A") is reduced. Removing reducible pairs of cells in
A’ results in a reduced diagram A° which satisfies all of the assumptions of
Lemma 4. [Note that s;¢;s,,, is geodesic follows from the choice of A;
also, 7(A%) < 74(A).] Let II be a cell of rank r in A® with an arc a,
where |a| > (Bn — 30)|4,| and a~' = ww, -+ uvpu, ., as described in
the conclusion of Lemma 4. Note it follows from Lemma 4 that we can
consider a subdiagram I' of A defined by 4I" = ab, where b is a subpath of
dA, and if 7r is a cell in T', then

lom] < p~1(4Q + 20 + Q) < 8Q

following from Lemma 6.2. Consequently, we have from 1 — 547! > 247!
and Lemma 3(a) that if A is a cyclic permutation of 4** beginning with
u, and S = Co(u,)D [we assume ¢(g,) = S;F1], then CAC™? is equal
in rank < j, to a word V(G, S). Now it is clear that we can take IT and a
part of I out of A° and, making use of cells of rank < j,, get a reduced
diagram A" with 7o(A) < 74(A%) < 7,(A°) and ¢(9A”) is a word in
G U S. Using diagrams of rank < j,,, we can also assume that cyclic word
©(dA") has no subwords of the form G,G, with nonempty G,,G, € G,
that is, ¢(dA") = W.(G, S) and W,(G, X) is reduced. By construction, we
have in the group B(A U X, n) that W.(G, X) = W(G, X)T" with some
word T. By the induction hypothesis, W.(G, X) = 1 in B(A U X, n) and so
W(G,X)=1in B(AU X,n)aswell. 1

LEMMA 6. The subgroup {x3(?,x3(* 1k =1,2,...) of B(X,n) is iso-
morphic to B(X, n) under the map x5/% ,x3(*> = x,, k =1,2,....

Proof. Denote the word x5/?,x3/? by Y, and put Y ={Y,,Y,,...}. It
suffices to show that if W(Y) = 1in B(X, n), then W(X) = 1 in B(X,n)
as well.

We will say that a nonempty cyclically reduced X-word U is an almost
Y-word provided a finite sequence of replacements of the form x*"/? —
x, "/? of some subwords x;/*"/? in U yields a reduced Y-word.

Assume W(Y) is a nonempty cyclically reduced (as a Y-word) word with
[W(Y)l > 0and W(Y) =1 in B(X, n).

By W(Y ) denote any word obtained from W(Y ) by a finite sequence of
replacements of the form x;*"/2 — x,7"/2 where x/"/? is a subword of
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W(Y). Clearly, any such W(Y) is also cyclically reduced and is an almost
Y-word.

By 7,(A) denote a truncated type of a diagram A now defined as
follows: 7,(A) = (I, [;,4,...), where [; is the number of cells in A of rank
j and k is the first rank for which |A4,| > 1 (this means that we do not
count cells 7 with 97| = n).

Consider a reduced diagram A over B(X, n) with ¢(JdA) = W(Y) [this
means that we pick A over such B(i) = B(X’, n)(i), where X' c X is
finite, that W(Y) = 1 in B(i)] and A is minimal relative to 7(A) over all
such W(Y).

By induction on 7,(A), we will prove that W(X) = 1 in B(X, n).

By Lemma 18.1, there is a cell II of some rank j in A such that
Il = uv, u > Bn|dTl|, and u~" is a subpath of JA. If |A4,] =1, then we
have o(u) = A*”/2 and a contradiction to choice of A is immediate.
Hence |A4;[ > 1 In this case, it is easy to see from Bn > 1 that some
cyclic permutatlon A of A]*1 is an almost Y-word. Therefore, we may
take I and a part of u whose label is an almost Y-word out of A and get
a diagram A’ such that 7,(A") < 7,(A) and @(dA") = W' with W' an
almost Y-word. It is easy to see that we can obtain a reduced almost
Y-word W” from W' by making all possible cancellations in cyclic W’ and
using relations x} = 1. Performing corresponding surgery on A’ (and
removing reducible pairs) results in a reduced diagram A” such that
m,(A") < 7,(A) and @(JA") = W". Changing W" by another W" as before
if necessary, we may further assume that A” is minimal relative to 7(A").
Now the induction hypothesis applies to the pair A”, ¢(JA”) = W" and, in
view of our construction, yields the required equalities. I

LEMMA 7. Suppose G is a finite 2-subgroup of B(A, n). Then the central-
izer Cgaux.(G) of G in B(AU X,n) contains a subgroup H =
(H, H,,.. > such that H is isomorphic to the subgroup (xp72 x57%,..0) of
B(X, n) under the map H, - x}/% k =1,2,... . In addition, G N H = {1}
and CB(AUX,n)(H) =G

Proof.  We will say that a word W in (A U X)*?! strongly depends on
xeX if Wis a word in (AU {xD*!, W=1 in B(AUX,n), and
ma(W) = 1, where m,: B(A U X, n) - B(A, n) is the natural projection.

LEMMA 7.A. For every x, € X there is an A -word H,, where
A, =AU {x;}, such that H strongly depends on x, Hk =1in B(AU
X,'n), and H; € Cyip i x. 0 G).

Proof. If G is trivial we put H, = x}/?. Proceeding by induction on
|G|, denote by G, a normal subgroup in G of index 2 and put G = (G, T,
where T' € G is an A-word. By the induction hypothesis, there is a word H
such that H has all of the properties stated in the lemma relative to G,.
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Consider the subgroup G, = G, H ). Clearly, G, is normal in G, and the
images of H and T have order 2 in the quotient G, /G,.

It follows from 7,(HT) = T and the assumptions that G is a 2-group
and T & G, that the images of H, T generate a dihedral group modulo G,
of some order 2d, where d is even. Therefore, we can consider H' =
(HT)?/*>T~4/2, Clearly, the order of H' in G,/G, is 2, H' commutes with
T in G,/G,, and H' strongly depends on x,. Hence, raising H' to a
suitable power, we will get a word H, such that H, strongly depends on
x,, has order 2 in B(AU X, n), and H, normalizes G. However, then
H, also centralizers G following from m,(H,) =1 and Lemma 7.A is
proven. |

LEMMA 7.B.  Suppose
- H =1 (14)

in BLA U X, n). Thenx,’jl/2 x,’jl/z = 1in B(X, n).

Proof. Let A be a diagram over B(A U X, n) (with the same meaning
as in proving Lemma 6). By 7,(A) denote an X-fype of A defined as
follows: 7, (A) = (1}, 1,,...), where [; is the number of cells II of rank j in
A provided A7 is not A-word for any x € X (e, Aj contains at least
two distinct x*1, y*! € X); otherwise, put [, =0. "

Let us associate with Eq. (14) a reduced dlagram A over B(A U X, n)
such that ¢(dA) is a word of the form

B,C,B,C, -+ B,C,, (15)

where for every ¢ (mod ) the following are true: C, is a word in A{ and
B, is a word in A*! such that there are words B,l,B,2 in A*! so that
B, =B,B,, in B(A,n) and B,,C,B,,,, = H, in B(A , n). Note it is
p055|ble that for every ¢ the word B, is empty, C, =H, and then o(dA)
turns into (14).

For such diagram A, by induction on 7, (A), we prove that x;/% -+ x}/
=1in B(X,n).

First notice that if C, contains no occurrences of xk+l then H, equals
in B(A U X,n)to an Aword However, then H, = 11in B(A U X, n) for
H, strongly depends on x; [recall WA(Hk) — 1in B(A, n)]. Hence every
C, ‘does contain occurrences of xi

Second, making use of relators of groups B(A, ,n), t=1,...,1, we can
bring A with ¢(dA) of the form (15) back to A’ With o(dA") of the form
(14) and 7 (A") = 7 (A).

Also, note that H? = 1 in B(A( n) obviously follows from H? = 1 in
B(A U X, n).

2
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These remarks, in particular, mean that we can assume that for every ¢
(mod D), k, # k,, , in (15).

Third, changing B,, C, if necessary, we can suppose that the Word (15) is
cyclically reduced and every C, both begins and ends with x;

Fourth, we can assume that A contains no cell 7 such that (p(r?'iT) is an
A-word and Jm has an edge e with e™! € JA and that A has no cell II
such that gp(aH) isan A_-word and JII has an edge e with e e s
and (e) = x;* [for othenwise, we would take such 7 or II along with e
out of A changmg B,,C, but not changing =(A); note this is the main
reason for replacing (14) by (15)].

To have the right to suppose that A (after all of the foregoing described
transformations) is still reduced, we need to show that removal of re-
ducible pairs in A does not increase the X-type 7,(A). To do this, we first
make a change in the definition of j-compatibility of sections ¢,, ¢, (see
[11, p. 13]: In addition to (Al) and (A2), we require that there is a
contiguity subdiagram E between g, and g, such that E contains ¢,

IE A qul,|E A gyl > NIA,| = 484 4],

(E) is a reduced diagram of rank j — 1, and E A g, and |E A g,| are
smooth sections of rank j of JE. In particular, |yl |g,| > N|4,| (other-
wise, ¢, g, may not be compatible).

The definition of weak j-compatibility remains unchanged.

It is not difficult to check [see first Lemmas 18.5(c) and 19.1] that proofs
of all lemmas [11] are retained. Taking advantage of the new definition of
reducible pairs, we can prove the following lemma.

LEMMA 7.C. It is possible to remove a reducible pair of cells in a diagram
A over B(A U X, n) so that the X-type 7, (A) does not increase.

Proof. Let II,,11, be cells of rank j in A and let ¢ be a path that
makes I1,, IT, be j-compatible. Assume that ¢(J11,), ¢(911,) are A -words
for some x € X. It follows from Lemma 18.4.3 and the definition of a bond
that the contiguity subdiagram E, between II, and II, that contains ¢(¢)
has the contour JF labelled by an A,-word. Then, by a routine argument
based on Lemma 18.1, for every cell = in E, ¢(d) is an A-word. Then
o(t) and so

e(dT) o(1) o(T1,) " o(t)

are A-words. Therefore, a reduced diagram of rank j; for the equality

e(aTl)) o(t) (T1,) () =
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contains only such cells 7 that ¢(d7) are A -words following from the
same argument as before based on Lemma 18.1. This proves Lemma 7.C.

Thus, by Lemma 7.C, we still can assume that A is a reduced diagram.

There is nothing to prove if / = 0. Let [ > 0; that is, let the word (15) be
nonempty. Since such A has cells, we can apply Lemma 18.1 to A and get
a cell II so that ¢I1 = uv, where u~?! is a subpath of JA and |u| > B|dA|.
Denote 7(IT) = j and ¢(dII) = A*". Since ,Bn > 1, it follows from choice
of A that A4; contains at least two distinct x **, y*! € X. Therefore, there
is a cyclic permutation A of A+1 such that A4°, where s > [ Bn] — 2 > 3,
is a subword of cyclic word (15) such that

s

A = (Ct1Btl+1 Cll‘*'tth‘Hz"'l) ! (16)

meaning that C, ., ., =C,, B, ., ,, = B, .1, and so forth.

Taking the subpath of aA N 911 labelled by A°"2 (located in the
“middle” of the path labelled by 4°) and II out of A, we will get a diagram
A, such that ¢(dA,) has the form (15) and 7, (A;) < 7 (A). It remains to
note that, by the induction hypothesis, the word (14), that corresponds to
o(dA,) and is rewritten in x7/2, equals 1 in B(X, n) and differs from the
word (14), that corresponds to ¢(JA) and is rewritten in x7/2, by a word
conjugate in B(X, n) to (x”/2 ”/2 )” This implies that x;'/? -+ x}/?
=1in B(X,n) and Lemma 7B is proven |

Now the main claim of Lemma 7 becomes obvious from Lemma 7.B.
Clearly, G N H = {1} for each H, strongly depends on x,. Lemma 7 is
proven. |

LEMMA 8. Suppose K is a finite 2-subgroup of B(A, n), G is a subgroup
of index 2 in K, and D is an A-word so that K = {G, D). Then the
centralizer Cp o, x.,,(G) of G in B(A U X,n) contains a subgroup H =
(H,, H;,...) such that the quotient group { K, H) /G, where {H, K) < B(A
U X, n), is isomorphic to the subgroup <x”/2 x2/2,...) of B(X,n) under
the map D — x'/?, H, —» x}/? k = 2,3,... . In addition, G N H = {1}.

Proof. We will repeat the proof of Lemma 7 with necessary changes,
keeping most of the notation and terminology introduced there.

Suppose W is a word in (A U X)*!, We will say that W is G-regular
provided for every maximal A-subword V' (relative to [V]) of the word W
we have VV € G in B(A, n). We will also say that W is cyclically G-regular
if W=1 provided W is an A-word or, otherwise, for every maximal
A-subword V' (relative to |V]) of the cyclic word W we have IV € G in
B(An).
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LEMMA 8.A.  For every x € X there is an A -word H,, where A, = A
U {x,}, such that H, strongly depends on x,, Hk — 1 in B(AUX,n),
H, € Cgiaux, (G, and Hy is G-regular.

Proof. Repeating the proof of Lemma 7.A, we note that the extra
property of H, is ensured by its explicit construction. |

To unify notation, put H, = D and let H,, H,,... be unchanged.
LEmmA 8.B.  Suppose

H, =G, (17)

in B(A U X, n), where G, € G is an A-word. Then x}}/* -+ x}/? =1 in
B(X, n).

Proof. Let us modify the definition of X-type =,(A) of a diagram A
over B(A U X, n) as follows: 7,(A) = (I;,1,,...), where [; is the number
of cells IT of rank j in A provided either A7 is not A-word for any x € X
or A7 is an A-word for some x € X such that A} is not cyclically
G-regular; otherwise, put /; = 0.

As before, associate with Eq. (17) a reduced diagram A over B(A U X, n)
such that ¢(dA) is a word of the form

B,C,B,C, -+ B,C,, (18)

where for every ¢ (mod /) the following are true:

(1) C, is a G-regular word in Afl provided k£, > 1 and C, is an
A-word prowded k, =1

(2) B, isawordin A*!such that there are A-words B,;, B,5, B,, SO
that B, = B,,B,;B,, in B(A, n) and either B,,C,B,.,; = H, modulo all
cyclically G-regular relators of B(A,, n), provided k, > 1, or B,,C,B,, ;
= H,, in B(A, n), provided k, = 1.

(3) The words B,;, B,;, B,, introduced in part (2) have the following
additional properties: For every ¢, B,,, B,, are G-regular; B,; = Gy i
B(Ajn)ift=1and B;=1if t # 1.

For such diagram A, by induction on 7,(A), we prove that x;/? -+ x}/?

= 1in B(X,n).

As before, every C, does contain occurrences of x,}fl, provided ¢ > 1,
following from strong dependence of C, on xk

Suppose there is a ¢ (mod /) such that k, =k, , in(18). If k, = 1, then
using only cells that correspond to relators of B(A, n), we can brmg A to
A" with ¢(JA’) having form (18) with [’ = [ — 2. Clearly, 7, (A") = 7, (A).
To consider the case k, > 1 we need
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LEMMA 8.C. Suppose W is a cyclically G-regular word in (A U X)*?!,
W =1in B(AU X,n) and A is a reduced diagram over B(A U X, n) for
this equality. Then for every cell T1 in A the word (dII) is cyclically
G-regular.

Proof.  Without loss of generality, we may assume W to be cyclically
reduced. However, then the claim can be obtained by a routine argument
based on Lemma 18.1. i

Coming back to the case k, > 1, we see from Lemma 8.C that it suffices
to use only the cells that correspond to cyclically G-regular relators of
B(A, ,n) to bring A to A" with ¢(JA") of the form (18) where /' =1 — 2.
Again (A" = 7 (A).

Therefore, we can assume that for every ¢ (mod ), k, # k,, , in (18).

As before, by changing B,, C, if necessary, we can assume that the word
(18) is cyclically reduced and every C, both begins and ends with x;*
provided k, > 1.

We can also suppose that A contains no cell 7 such that ¢(d#) is an
A-word and g7 has an edge e with e™! € gA; neither does A have cell II
such that ¢(4TD) is a G-regular A_-word and JII has an edge e with
et €Il and g(e) = xj* [otherwisé, we could take such = or I along
with e out of A and swtably change B,, C, without changing 7, (A)].

At last, we change the definition of j- compatibility as was done in the
proof of Lemma 7 to be able to prove

LEmMA 8.D. It is possible to remove a reducible pair of cells in a diagram
A over B(A U X, n) so that the X-type 7 (A) does not increase.

Proof. First let us prove three auxiliary lemmas (8.D.1-8.D.3).

LEMMA 8.D.1. Suppose A is a reduced diagram over B(A U X, n) such
that dA = qt, where q is either smooth of some rank j or q is geodesic in A
and ¢(t) is G-regular. Then ¢(q) is also G-regular.

Proof.  Without loss of generality we can assume that ¢ is a reduced
path. Arguing as in the proof of Lemma 18.1, we can get from Lemmas 5.7,
3.3, and 3.4 that there is a cell II in A such that ¢Il = uv, u™ ' is a
subpath of ¢, and |u| > Bnr|dII|. It follows from the inequality Bn > 2 that
o(d1I) is cyclically G-regular. It remains to take IT and u out of A and
apply the induction hypothesis. I

LEMMA 8.D.2. Suppose A is a reduced diagram over B(A U X, n) such
that dA = bpcq, where b, ¢ are geodesic in A and if U € {¢o(p), ¢(q)}, then
U has the following properties: U is G-regular; if U = Vin B(A U X, n), then
Vis not A-word and |V'| > 3 max(|b|, |c]). Then for every cell TI in A the word
o(dT1) is cyclically G-regular.
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Proof. Proceeding by induction on 7(A), first note that, without loss of
generality, we may assume ¢(p), ¢(q) to be reduced words. If A contains
no cells, i.e., 7(A) = 0, then the claim follows from the assumption that
o(p), ¢(gq) are not A-words.

Suppose A contains cells. By Lemmas 5.7 and 9.2, there is a 6-cell in A.
Denote the contiguity subdiagrams of II to b, p,c,q by T}, I, T,
respectively, and their contiguity degrees by s, ¢, ¥., ¢,.

Suppose , > B (the case W, > B is analogous). Then it follows from
the definition of contiguity subdiagrams that there is a cell « in I, such
that g7 = uv and u~? is a subpath of p with |u| > B|dw|. It is clear from
Bn > 2 that ¢(d) is cyclically G-regular. It remains to take 7 along with
u out of A and apply the induction hypothesis.

Therefore, we can assume that ¢,, ¢, < 8. Then ¢, + ¢, > 6 — 2.
Applying Lemmas 3.1, 3.3, and 6.1 to I', I'., we have

p e
(p(6—2B) — 4y)loTl] < bl + |cl,

whence

19T1] < (p(0 — 28) — 4y) (16l + lel) < 1.2(1b] + lcl).

By Lemma 3.3, ¢, . < a. Hence ¢, . > 6 — 28 —  and we can
consider a bond E between b and c consisting of II,I',,I.. Then, by
definitions and Lemma 3.1, there is a path s in A homotopic to p such
that

[s| < bl +lcl + (1 — 6 + B)laIl] < 1.02(|b] + [cl).

Since ¢(s) = ¢(p) in B(A U X, n), it follows from the lemma’s hypo-
thesis that [s| > 3max(|b|,|c). A contradiction completes the proof of
Lemma 8.D.2. 1|

LEMMA 8.D.3. Suppose A is a reduced diagram over B(A U X, n) with
dA = bpcq, p, q are smooth A-periodic sections, where A is a period of some
rank i, so that | pl,|q| > N|Al, A" is cyclically G-regular and not A-word, A
itself is a contiguity subdiagram between p and q, and o, = (e,). and
0, =(e,) ., where e, € p and e, € q are some edges so that ¢(e,), ¢(e,) €
X *1 Then there is a path r = 0, — 0, in A such that ¢(r) is G-regular.

Proof.  Applying Lemmas 9.1 and 5.4 to A if necessary and keeping
their notation, we can assume that A = A(1, k) is rigid and, by Lemma 9.5,

lg(k, 1) > (N — 4.4)| 4],
lq(k,1)| < 2N|4], (19)
|b|| |C| < 0-003|A|y |x['|i |y[”| < §|A|| (20)
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where ¢" and ¢" satisfy 1 <t¢' <k and 1 <¢" <k, and JE, = x,p,y,4,,
t=1,... k.

Suppose b is a geodesic in A that is homotopic to b. Consider a
subdiagram A, of A given by dA, = (b)~'h. Assume that A, contains a
vertex of a bond E; € C = C(A) with / > 1. Then we have the following
estimates from Lemma 6.1 and the inequality |b| < |bl:

dis,((E; A q),,q.) < p~*(Ibl + Ix,) < 0.004]Al.

In view of inequalities (19) and Lemmas 9.3 and 9.5, there is a subdia-
gram of A = A(1, k) of the form A(m,, k) so that

lg(k, 1)l = lq(k, my)l < (1 + &+ 3&+ 0.004)| 4] < 1.1| A

and A(m, k) has no vertices in common with A,.

Quite analogously, consider a geodesic path ¢ homotopic to ¢ and a
subdiagram A, of A given by 9A, = ¢(¢)~*. As before, there is a subdia-
gram A(1, m,) of A = A(L, k) such that

lg(k,1)| = lq(m,,1)| < 1.1 Al

and A(1, m,) has no vertices in common with A_. _
_Hence the diagram A(m,, m,) is contained in the diagram A given by
dA = bpcgq and

lg(m,, my) > lq(k, 1)l — 2.214] > (N — 6.6)| 4],

(21)
lg(m,, my)| < 2N|Al.

It follows from inequalities (19) and Lemmas 6.1 and 18.4.1 that Lemma
8.D.2 applies to the diagram A’'(m,, m,), where A’'(m,, m,) is obtained
from A(m,, m,) by A**-extensions of p(m,, m,) and g(m,, m,) on both
sides of length < [A| (and corresponding lengthening of x,, and y, ) in
order to get

IA (my,m,) = x,mlp,(mli mz)y,’nzq’(mz ,my),

where o(p'(m,, m,)) and ¢(q'(m,, m,)) are G-regular words.

By Lemma 8.D.2, for every cell 7 in A and hence in A'(m,, m,) we
have that the word ¢(d#) is cyclically G-regular.

To simplify notation, rename A’(m;, m,) by A’ and the sections
x’ml,p'(ml, m,), Yoy q'(m,, m;) of dA'(m;, m,) by b',p’,c',q’, respec-
tively. Thus JA" = b'p'c'q’.
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Note that if JA’ has an edge e, so that ¢(e,) € X*! and ¢, € p’,
eyt €q’, then Lemma 18.D.3 is true following from G-regularity of

o(p"), ¢(q’). Assume there are a sequence of cells 7, m,,...,m in A’
and a sequence of edges e f € dm, j= .1, so that <p(e) o(f) €
X*leteq, e, =f"1.. =f1, fl Ep _Then it is easy to see that

Lemma 18.D.3 is again true followmg from cyclic G-regularity of words
o(dm,), ..., ¢(dm;) and G-regularity of ¢(p’), o(q").

Therefore, we can assume that there are no such edges ¢, and se-
quences of cells 7; and edges e;, f; in A’.

Consider an edge e € dA’ with o(e) € X*1. By A(e, X) denote a
subdiagram of A’ such that A(e, X) has the following properties [(1P) and

(2P)] and A(e, X) is maximal relative to 7(A(e, X)):

(1P) If 7 is a cell in A(e, X), then there are sequences of cells
Ty, Ty, ..., iN Ale, X) and edges ey, fi, .. e,,f, such that e, f; € om,
ele), o(f) € X+ and et =e, ez=ffl,-- =i it € om.

(2P) The contours of A(e, X) are cyclically reduced paths.

It is immediate from the definition of A(e, X) that the following are
true: A(e, X) is connected (but need not be simply connected); if s is a
contour of A(e, X) that bounds a bounded hole in A(e, X), then ¢(s) is an
A-word; if s is the contour of A(e, X) that does not bound a bounded hole
in A(e, X), then for every edge e € s with ¢(e) € X *! we have e € JA'.

Let g, be a subpath of g’ such that |gyl = | 4| and g; is a “middle” of

! ! !

q', that is, if ¢’ = q1q,q5, then

N —-10
lg4l 1g51 = (lg'l = 1A4l) /2 = 1 > > | Al (22)

following from (21) and construction of A’.
Let ¢’ be an edge of g, with ¢(e’) € X £* (recall A4 is not A-word).
Consider a diagram A(e’, X) and denote its contour that bounds the
unbounded component of the complement to A(e’, X) by s’. Note that if
(et eb or (e))"P ec’, then we can get an easy contradiction to
inequalities (22) by making use of Lemma 6.1 and estimates

[b'],|c’| < 2.003|A|

that follow from (20) and construction of A’.

Hence it follows from the foregoing assumption (about some edges and
sequences of cells and edges) that A(e’, X) contains cells and s’ has no
edge e such that ¢(e) € X*! and e € p'.

Suppose s’ has no edge e with ¢(e) € X*! and e € b’ or e € ¢’. Then
there is a disk subdiagram I' in A’ such that dI" = g5¢, where g5 is a
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subpath of g’ containing e’ and ¢(¢) is an A-word. Since g5 is smooth in
" and the word ¢(g3) contains ¢(e’) € X *1, we have a contradiction to
Lemma 18.4.2.

Therefore, we may assume that there is an edge e, € s’ such that
o(e,) € X1 and e, € b’. First suppose that there is no e, € s’ such that
o(e,) € X*! and e, € ¢’. (The case when such e, exists and e, does not
is analogous.) Then there is a disk subdiagram T in A(m,, m,) given by

Il = q,(my, my)byt,

where q(mz, my) = q,(m,, m)q,(m,, m,), the path g,(m,, m;) contains
the edge ¢', x,, = b,b,, and ¢t is a reduced path in A(m,, m,) with ¢(z)
an A-word. It follows from (19), (22), and construction of A’ from
A(m,, m,) that

14
lg,(my, my)| > | Al |b'| < Ixmll < 0.003| A|. (23)

Picking such T" with minimal 7(T"), we have that if 7 is a cell in T with
o(9mw) an A-word, then g7 ! has no edges in common with ¢ [for
otherwise, we could decrease 7(I') by changing ¢]. Note it follows from
Lemma 18.4.3 that if I1" isa cell in I" and I'' is a contiguity subdiagram of
I’ to ¢ with [T’ AII'| > BlaIl’|, then @(dT"), (9I1') are A-words.
Then, by a routine argument based on Lemma 18.1, T’ consists of cells 7
with @(d7) an A-word. A contradiction to choice of T" shows that there
are no such IT',T’ in T. Then, as in proving Lemma 1(b), it follows from
Lemma 5.7 that ¢ is geodesic in I'. By Lemma 6.5 applied to I', we have
from (23) the existence of a bond E between ¢ and g,(m,, m,). Since any
bond between ¢ and ¢,(m,, m,) is a 0-bond, we can assume that

dis, i, mpy((E A q(my,my)) ., qy(my,my), ) < u-0.003/4| < 0.1]A4]

following from the second inequality in (23). Now we see from the first
inequality in (23) that there is a subdiagram T, in T such that ¢T, = ¢4,
where ¢} is a subpath of g,(m,, m,) containing ¢’ and ¢(¢’) an A-word. A
contradiction to Lemma 18.4.2 completes this case.

At last, suppose that there are edges e,, e, € s’ such that ¢(e,), ¢(e,.)
e X*! and e, €b’, e, € ¢'. Then we can consider a disk subdiagram T
in A(m,, m,) given by

&F = bltczq(mzyml)!

where x,, = b;b,, y, =cic,, and ¢ is a reduced path in A(m,, m,) with
(1) an A-word. Picking such T' minimal relative to 7(I"), we can repeat
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the preceding argument to prove the existence of two distinct 0-bonds in I"
between ¢ and g(m,, m,) such that the contiguity subdiagram defined by
the bonds contains e’. A contradiction to Lemma 18.4.2 completes the
proof of Lemma 8.D.3. |

Let us prove Lemma 8.D. Suppose some cells II,, I, form a reducible
j-pair in a diagram A, E is a contiguity subdiagram between II, and II,
that contains the path ¢ with [¢| < 8|4,/ which makes II,, IT, be j-compat-
ible.

If (9I1,) is A-word, then ¢(JE) is also A-word and so, by the same
argument as in proving Lemma 8.C, ¢(¢) is A-word. Now it remains to
refer to Lemmas 18.4.2 and 8.C to draw the required conclusion.

Assume ¢(d11,) is cyclically G-regular but not A-word. Cyclically per-
mutting A; if necessary, suppose that A; begins with a letter x € X 1
Then, by Lemma 8.D.3, we can replace ¢ by a homotopic to ¢ path ¢’ (for
t_,t, are phase vertices of JII,, JI1,, respectively) such that (') is
G-regular. Now Lemma 8.D follows from Lemma 8.C. |

Coming back to proving Lemma 8, we still can assume A to be reduced
following from Lemma 8.D.

Assuming [ > 0 (otherwise the claim is obvious), we apply Lemma 18.1
to A to get a cell IT with I = uv, where u~* is a subpath of JA and
lul > BloAl. Put r(II) =j and @(dA) = AF". Since Bn > 2, it follows
from choice of A that A4; contains at least one x*l e X and, if A;
contains occurrences of precisely one x*! € X, A7 is not G-regular. Then
it is not difficult to see that there is a cyclic permutation A of Ajil such
that A°, where s > [ Bn] — 2 > 3, is a subword of cyclic word (18) such
that 4 begins with some x** € X and

A= (CtlBt1+l Czl+tth1+zz+1)s’

meaning that C, ., ., =C,, B, ., ,, =B, .1, and so forth. Then it is
clear that A4 begins with xkfl, t; > 1, and A" is not G-regular by the
properties of (18). '

If the subword (C, B, ., - C, ., B, ., .,)’ of (18) contains no B,, then
we can repeat the corresponding argument in proving Lemma 7.B to get
the required conclusion from the induction hypothesis [note 7 (A,) <
7x(A) now follows from the fact that A7 is not G-regular]. Otherwise, we
put A* = A1 4%, where |s; — s,| < 1 and pick that 4° which contains no
B,. Since [[ Bn] — 2]/2 > 3, it is possible to argue as previously to finish
the proof of Lemma 8.B. |

The first claim of Lemma 8 becomes obvious from Lemma 8.B. Clearly,
KN H={1} for each H,, k > 2, strongly depends on x,. Lemma 8 is
proven. |
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LEMMA 9. Let X=X, U X, be a disjoint union of nonempty subsets
X;, X,. Suppose X is an X;-word, X # 1 in B(X;, n), and Y, Z are X,-words
suchthatY # 1, Z # 1, andY # Z in B(X,, n). Then the subgroup (X, Y, Z)
of B(X, n) is infinite.

Proof. By Lemma 1.7, for every j > 0 we can consider a 3-aperiodic
word D,(ay, a,) in the alphabet {a,, a,} whose length is j. By D;(a,, a,, a;)
denote a word in {a,, a,, a;} of length 2j + 1 such that if Di(ay,a,) =
Ay, then

Di(ay,ay,a3) = aza; asay, - azay,a;.
Consider the word D].(Y, Z, X). Assume that
-1
D(Y,Z,X) 'Dy(Y, Z,X) =1 (24)

in B(X, n) with j, <j,.

Assuming that D,(a,, a,) is a beginning of D,(a,, a,) let us make all
possible cancellatlons in the cyclic word D,(Y, Z, X) lD (Y, Z, X) regard-
ing it as a word in {Y, Z, X}*! and denote thus obtalned cycllcally reduced
word by

U, - U, (25)

where U; € {Y, Z, X}. It follows from definitions that U, € {Y, Z} and U,
is an X; . , mod2"Word.

Consider a reduced diagram A over B(X, n) such that ¢(dA) is the
word (25). If II is a cell in A such that ¢(d1II) is X;- or X,-word and d11
has an edge e so that e~! € JA, then we take II and e out of A, thereby
decreasing 7(A).

Therefore, we can assume that

(b)) = U - U,

where U/ = U; in B(X; ;1 mod2 ) and A has no cell IT such that (1) is
X;- or X, -word and I has an edge e with e~* € gA. Clearly, we may
suppose the words U/, V/ to be reduced.

Arguing as in the proof of Lemma 18.1, we can find a cell IT of rank j in
A such that 911 = uv, where u~! is a subpath of dA of length > Bn /2
(the coefficient 1,/2 shows up because of possible cancellations in U.U;).
In addition, ¢(u)~! is a subword of the (noncyclic) word U; -+ Uj.

Since @(d1II) is neither X;- nor X,-word and Bn/2 > 1, we can find a
cyclic permutation 4 of 4! such that A4 begins with a letter in X;*!,
ends with a letter in X,**, and A4* with s > Bn/2 — 3 > 5 is a subword of
U/ --- U.. It follows from these properties of A4° that the “middle”
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subword A%~ of A° = AA4° %4 regarded as a subword of U] --- U] has
the form (U, --- U/, ,))* "% meaning that U/, ,., = U/, U/, ;,, = U/, ,, and
so forth. However, then the word D, (al, a,) obviously contains a nonempty
subword E*~2 with s — 2 > 3. Thls ‘contradiction proves that equality (24)
is impossible and therefore the subgroup (Y, Z, X) is infinite. ||

LEMMA 10. In conditions of Lemma 8, the subgroup Hy = (H,, H,; ,, |
k=1,2,...) of Cgaux n(G) is isomorphic to B(X,n) under the map
H,, H,, ., — x, and the following is true: Suppose E,, E, € H, and E, # 1,
E, # 1, E, # E, in BLA U X, n). Then the subgroup {D, E,, E,) of B(A U
X, n) is infinite.

Proof. The first claim is immediate from Lemmas 6 and 8. Further-
more, in view of Lemmas 6 and 8, it suffices to show that if X = x//? and
Y, Z are X-words that are nontrivial and distinct in B(X, n) and have no
occurrences of x{ !, then the subgroup (X,Y, Z) of B(X,n) is infinite.
This, however, follows from Lemma 9. |

LEMMA 11.  Suppose G is a finite subgroup of B(A, n) and G contains a
nontrivial element of odd order. Then

(@ G is contained in a unique maximal finite subgroup F(G), and
F(G) contains Cyp ,,(G).

(b)  Either Cya,,(G) is a 2-group or, otherwise, Cyp ,(Cy(a ,,(G)) is
contained in F(G).

Proof. (@) Suppose G has height j. By Lemma 15.2, we can assume
that G is a subgroup of K(A;) and contains A with some [ # 0
(mod n;). Suppose K(A)) is contained in a finite subgroup G, of B(A, n).
By Lemma 15.2, G, is conjugate in B(A,n) to a subgroup of K(4,),
where j, = h(G,). Since the word A/:' € G has odd order > 1 by Lemma
10.3(a), we have from Lemma 152 (applied to G;) that j, =j and so
G, = K(4)), that is, K(A,) is a maximal finite subgroup of B(A, n), as
required.

Let us show that

CB(A,n)( G) - K(Aj)

Suppose X € Cya ,,(G) and A is a disk diagram of rank i > j for the
equality

XA;‘ZIX*AJT”ZI =1
so that dA = xq, yq,, where

o) =) =X (@) = plan) = A
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Let A, be an annular diagram obtained from A by gluing x and y~*. By
Lemma 10.3(a), ¢(gq,) = A}?' has odd order > 1 in B(A, n). On the other
hand, by Lemma 10.4(b), any word A" U’, where U’ is an F(A;)-involu-
tion, has order 2> 1 in B(A n). Consequently, we have from the
definition of a reducible cell that A, may not contain reducible cells and
that any diagram obtained from A, by removal of reducible pairs may not
contain reducible cells either. It now follows from Lemma 10.8(a) that
X € K(4)), as required.

(b) Keeping the notation introduced previously, first assume that
there is an F(A)-involution U in G. Let us show that in this case
Cpa, ,,)(G) is a Zgroup Arguing on the contrary, note that A4"/2 €

Cp(a n(G) following from Lemma 15.10. Hence, A(Cy, ,(G)) = j and, by
part (@) and Lemma 15.2, Cyn ,(G) contains A72"" with some I’ # 0
(modn,). Then

UA' U™ = A;"'F

in B(A, n) with some F € F(A,). However, A:":''F # A" by Lemma
10.1(a). This contradiction proves that Cy, ,,(G) is a finite 2-group.

Suppose there are no F(A))-involutions in G, that is, G < (A4;, F(4))).
It follows from Lemmas 15.7 and 15.8 that A2 € Cp, ,(G), whence

A2 € Cyep (€A} F(4;))),
A% € Cyipn(6G).
Now we can apply the argument of proving part (a) to Cp, ,(G) and

obtain that Cp A ,\(Cp(a »(G)) is also a subgroup of K(A)), as desired. 1

LEMMA 12. Suppose S is not a locally finite subgroup of B(A, n). Then
its centralizer Cy ,(S) is finite.

Proof. Arguing on the contrary, assume CB(A,n,(S) is infinite and so
contains distinct and reduced in B(A,n) words W,, k=1,2,.... By
Xy, ..., X, €S denote some words such that the subgroup (X, ..., X, )
of B(A, n) is infinite. Let A, be a reduced diagram over B(A, n) so that

e(dAy) = XszXl_ka_la
I=1...,1,k=12....
Denote the strict rank r(A,,) by r,. First assume that the set {r, |/ =

1,...,4y, k=1,2,...} is unbounded. Put

s = max{h(X,), h(X, X, ) |1 <11, <)
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and j, to be the first rank for which the following inequalities hold:

|4, | > 1(n/2 + 28)|A4,l,

|A4.]> 2% max | X
h 7151510 !

Let A, be a diagram such that [4, |=>14;|and

jO = max rlkr,

1<i<ly
Jo =T
By definitions,

4,1 > 3(n/2 + 28)14,],
(26)

4. > % max | X,
Jo 7131310 !

Taking the diagram A;,. as the diagram A(1) in the hypothesis of
Lemma 13.2 and any A, as A(2), in view of inequalities (26), we have, by
Lemma 13.2, that the subgroup (X, ..., X, ) is conjugate [by e(x)7in
notation of Lemma 13.2] to a subgroup of K(A;). However, K(A4,) is
finite, contrary to the infiniteness of (X,,..., X, ).

Hence, it is proven that for all k, / we have r(A,) <i for some i.
Then the centralizer Cp,(S’), where B(i) = B(A,n)i) and S'=
(X, ..., X,0>, contains the words W, k = 1,2,... .

Consider the subgroup W' = (W, | k = 1,2,...) of B(i). Assume that
W' has no elements of infinite order. Then W’ is an infinite periodic
subgroup of B(i) following from the infiniteness of the subset {W, | k =
1,2,...} € B(A, n). On the other hand, B(i) is hyperbolic by Lemma 21.1
and it is known (see [6, 4] or [12, Lemma 17 and the remark following
Lemma 18]) that a hyperbolic group contains no infinite periodic sub-
groups. This contradiction proves that W' has an element, say V, of
infinite order. Consider the centralizer C' = Cp; (V). Clearly, S’ c C'.
By [4, Theorem 38], the index [C’: (V)] is finite. Hence, the quotient
C’/(C’")" is also finite. Note the subgroup S of B(i)/B(i)" = B(A, n)
embeds in C’'/(C’)" and so is also finite. A contradiction completes the
proof of Lemma 12. |

2LEMMA 13.  Suppose G is a finite subgroup of B(A, n) and X,,..., X, €
G*. Then

h({Xy, ..., X)) = max(h(X,),...,h(X})).



SUBGROUPS OF FREE BURNSIDE GROUPS 273

Proof. This is deduced from Lemmas 15.7 and 15.8 by induction on
h(G) in the same manner as Lemma 16.1. |

LEMMA 14.  Suppose G is a finite 2-subgroup of B(A, n) and X € G? has
positive height j. Then there is a homomorphism

01 G - D(2n,)

such that o(Y) # 1 for every Y € G* with h(Y) = j and o(Z) =1 for
every Z € G2 with h(Z) < j.

Proof.  First suppose h(G) = j. By Lemma 15.2, we may assume that G
is a subgroup of K(A,). It follows from the definitions of subgroup F(A;)
and F(A))-involutions that every Z G? with A(Z) < j belongs to F(A).
Hence, applying the homomorphism «, of Lemmas 15.7 and 15.8 to
K(A4,), we see that the restriction of «; on G is a desired o;.

Suppose A(G) =i > j. By Lemma 15.2, we may assume that G < K(A)).
As before, by definitions of F(A,) and F(A,)-involutions, for every Z € G2
with A(Z) <i we have Z € F(A,). Applying the homomorphism «, to
K(A,) whose restriction on F(A,) is identical, we get that

Kky(G) C Ky(K(A4,y)),

the subgroup «,(G) has height i’ < i, and «,(Z) = Z for every Z € G?
with A(Z) < j. Since k,(G?) C k,(G)?, it remains to refer to the induction
hypothesis. i

2. PROOFS OF THEOREMS AND COROLLARIES

Proof of Theorem 1. (a) This immediately follows from Lemmas 5, 7,
and 6.

(b) First suppose that G is a locally finite 2-group. If G is finite,
then the infiniteness of its centralizer Cp 5 ,,(G) follows from part (a).
Assume that G is infinite. Then G = U;_, G,, where G, are finite 2-sub-
groups of B(A,n), t =1,2,.... By [11, Theorem A(c)], every G, is
isomorphic to a subgroup of D(2n,)" for some [,. Hence, G belongs to the
quasivariety qvar D(2n,) of groups generated by D(2n,). By Mal'cev
theorem (see [15, Corollary 9, Chap. V.11]), a group of qvar D(2n,)
embeds in a Cartesian product of copies of D(2n,). (Another, independent
from this result from model theory, proof of such an embedding for G will
be given in the proof of Theorem 2.) This implies that G is residually
finite. Suppose the center C(G) of G is finite and Z,,..., Z, are all
distinct nontrivial elements in C(G). Since G is residually finite, there are
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normal subgroups N;,..., N, in G of finite index such that Z, &
Ni,....Z, & N.. Then the intersection N= N, N - N N, trivially inter-
sects with C(G) and has finite index in G, in particular, N # {1}. However,
G is nilpotent [for D(2n,) is a finite 2-group] and so every nontrivial
normal subgroup of G must have nontrivial intersection with C(G) (e.g.,
see [21, Theorem 5.41]). A contradiction proves the following:

CLAIM 1. The center C(G) of an infinite locally finite 2-subgroup G of
B(A, n) is infinite.

Now it becomes obvious that the centralizer Cg, ,(G) is infinite as
required.

Conversely, suppose that the centralizer Cy 5 ,,(G) is infinite. Then it
follows from Lemma 12 that G is locally finite. That G is a 2-group is
obvious from Lemma 11(a).

(c) By parts (b) and (a), the subgroup Cp p ,(Cpa ,(G)) is a finite
group. Since

CB(A, n)(CB(A, n)(CB(A,n)( G)))

contains Cg A ,,(G) and so is not locally finite, we have from Lemma 11(a)
that

CB(A,n)(CB(A, n)( G))

is a finite 2-group.

Assume G # Cgia ,(Cyea (G)). Since G € Cyp ,(Cpa ,n(G)), there
is a finite subgroup K in CB(A,n)(G) that contains G as a subgroup of
index 2. By definition, K centralizes Cy, ,,(G). However, the existence of
such K obviously contradicts Lemmas 5 and 8. |

Proof of Corollary 1. By [11, Theorem A(c)], every finite subgroup G of
B(A, n) is isomorphic to a subgroup of D(2n,) X D(2n,)" for some L.

Note that, by Lemma 6, the subgroup {a}/? a3/?) of B(A, n) is
isomorphic to D(2n) and so B(A, n) contains subgroups isomorphic to
D(2n,) and D(2n,). Now the converse obviously follows from Theorem

1@. 1

Proof of Corollary 2. This easily follows from the Mal’cev theorem cited
in the proof of Theorem 1(b) and Lemma 11. |

Proof of Corollary 3. A theorem of Gorchakov (see [5, Theorem 2.6] or
[22, Theorem 2.13]) claims that an FC-subgroup of a Cartesian power of a
finite group F embeds in a direct product of finite groups of bounded
exponents. However, it seems to have gone unnoticed that Gorchakov’s
proof (which is rather involved) actually yields more: Any FC-subgroup of
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a Cartesian power of a finite group F embeds in a direct power of F. To
see this, it suffices just to follow proofs in [22] (or [5]): In [22, Lemmas 2.17
and 2.18] the groups G(J) and G are embeddable in a direct power of F
because they embed in the direct product of finitely many copies of F and
an Abelian group whose exponent divides that of the center of F. In the
definition of a reducing subset J, require that G(J) is embeddable in a
Cartesian product of finite subgroups each of which is isomorphic to a
proper subgroup of F. Then the proof of the central Lemma 2.19 [22] is
retained.

Putting together this version of Gorchakov’s theorem and the Mal’cev
theorem cited in the proof of Theorem 1(b), we have the following rather
interesting proposition:

PrRoPOSITION.  Any FC-group of the quasivariety qvar F, where F is a
finite group, embeds in a direct power of F.

Now Corollary 3 becomes obvious from Theorem 1(a). |

Proof of Theorem 2. Suppose L is an infinite locally finite subgroup of
B(A, n). It follows from Lemma 11(a) that L contains no nontrivial
elements of odd order, that is, L is a 2-group.

Recall by D we denote the Cartesian product of groups D,, i = 1,2, ...,
isomorphic to D(2n,). Denote the projection D — D, by ;. Recall if
x € D, then supp x = {i | m;(x) # 1}.

CLAIM 2. There is a monomorphism : L — D such that supp z is finite
for every z € L2,

Proof. Let L; denote the subgroup of L generated by all elements of
L2 whose heights do not exceed j. It follows from Lemma 13 that
h(L) <j. Hence, by Lemma 15.2, L; is finite. Let j;,j,,... be the
subsequence of 1,2,... of all js with A(L;) = j. Clearly,

Consider some finite subgroups G, t = 1,2,..., of L sothat L, C G2,
G cG,,, and U;_; G = L. Fixing j, > 1, we have from Lemma 14 that
the set 3.(j,) of all homomorphisms o: G, - D(2n,), where s > j,, such
that o(X) # 1 for every X € G? with h(X) =j, and o(Y) = 1 for every
Y € G? with h(Y) <j, is nonempty. Since the restriction of any o €
3..4(j,) on G; belongs to 3 (j,), we have, by standard “compactness”
argument, the existence of a sequence o, 0,., ..., Where o €
2,() o1 €2, ..., such that the restriction of o,,,,, on G, is
0,,- It follows from definitions that such a sequence defines a homomor-
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phism o;: L — D(2n,) such that o;(X) + 1 for every X € L? with h(X)
=J and 0;(Y) =1 for every Y € 'L2 with h(Y) <j,. Itis clear that for
given Z € L2 almost all 0(2),t=1.2,..., are Is.

Suppose U & L2 Then the existence of a homomorphism g,: L —
D(2n,) such that £,(U) # 1 and e,( L?) = 1 is obvious.

Now we see that the homomorphisms o;, ¢t = 1,2,..., and &, U & L?,
define a system of residualizing homomorphisms L — D(2n,) so that for
every IV € L almost all o;(V?), &,(V'?) are 1s. This proves Claim 2. 1

Recall

D, = (b, c;|I1b? =c!' = 1,b,c;b, = ¢ '),
B, =<b;>,and C; = {c;), where i = 1,2,..., Band D are the Cartesian
products of groups B; and D,, respectively, C is the direct product of
groups C;, the groups B and C are naturally embedded in D, and
E = BC.

In view of Claim 2, it suffices to prove that a countable subgroup H of
D such that supp x is finite for every x € H? is isomorphic to a subgroup
of E.

Without loss of generality, we may assume that C C H. Let Ay, h,,...
be a system of generators for H modulo C. Since supp 47 is finite, every h,
has only finitely many projections =,(4,) such that m,(h,) € C; and m7,(h,)
is not central in D,. Hence, multiplying #, by an element of C, we can
eliminate all such projections of #,. In particular, we can assume h? = 1.

Suppose [hy, h,] # 1. It follows from [h,, h,] € H? that supplh,, h,] is
finite. Note that if x,y € D, are such that x> =y? =1 and [x, y] # 1,
then, by x € yC;, there is z € C, so that yz = x. This remark enables us to
multiply #,, t > 2, by an element of C so that for the resulting element 7,
we get (1))> =1 and [h,, W] = 1.

Rename hy, i, Hy, ... back to hy, h,, hy, ... . Suppose [, h,] # 1. Then
for every i € supplh,, &,], the element ,(h,) is central in D,. Hence, as
before, multiplying 4, h,,... by elements of C, we can achieve that
h? =[hy,h,]1=1[h,, h,]1=1forall ¢t. If we keep on doing this, we will have
a generating set h,, h,,... for H modulo C so that 4> = [h,, h,] = 1 for
all ¢, s.

Since the intersection {4, h,,...) N C is a direct factor of (A, h,,...),
we may change h,, h,, ... if necessary and assume that

Chy,hy,...) N C={1}. (27)
Let us further change 4,, h,,... sothat N ={1,2,...} =T, U T},

(h, 1t € Ty = {hy, hy,...) N C,
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where C is the Cartesian product of groups C; and <Ay, h,,...) is the
direct product of <(h,|te T,) and {h, |t € T;). It is clear that no
nontrivial element of (A, | t € T,) centralizes C and that every element of
(h,|t € T,) centralizes C.

Since {h, |t € T, is a direct factor of H, it follows from (27) that we
can embed H in H' < D’ so that the index set for D" is 7' = N U T} (N
and T} are disjoint), the subgroup H' of D’ contains C’, H' is generated
modulo C’ by h,, t € T;, and no nontrivial element of <k, |t e T,
centralizes C'.

Finally, rename everything back (note 7, will be empty) and consider
the elements &, such that m,(h,) = b/(h,) if 7,(h,) is not central in D, and
w(h,) = 1 otherwise. It follows from the preceding properties of &, h,, ...
that the subgroup H of D generated by 4, 4,,... and C is isomorphic to
H under the map which is identical on C and sends #, to &,. Clearly, H is
a subgroup of E, as required.

Let us show the converse, that is, every countable subgroup H of
E = BC is embeddable in B(A, n). Without loss of generality, we may
assume that C € H, H is generated modulo C by A4, 4,,... € B, and
b, € B for all .

It is not difficult to see that the standard process of bringing a matrix
over a field to a row echelon form also applies to w-infinite matrices. (To
see this it suffices to mark the rows of the original matrix A that will
contain leading elements in the process and note that each row of A4 will
be involved in no more than N + 1 elementary transformations, where N
is the number of the marked rows located above that row.) Hence, we may
also assume that the elements /4., h,,... are in row echelon form, that is,
the first element, j,, in supp #, is ¢ (recall all b, € H).

By H, denote the subgroup of H generated by C,,...,C; (which are
identified with the factors of C € D) and A, ..., h,. By induction on i > 1,
we will construct monomorphisms

WV, 1:H; g » B(A,n)

such that the restriction V¥, |y, equals ¥, (H, = {1}). Since H, is the
dihedral group D,, the existence of ¥, is obvious.

Assume that W;: H; — B(A,n), i > 1, with V|, = W¥,_,, already con-
structed. By Lemmas 5 and 7, there is a word X € Cy, ,(V,(H))) of
order 2 which is not in W¥,(H,). Put

q’i+1(hi+1) =X.

Consider a subgroup G in K= (¥(H,), X) of index 2 such that
W.(h,) € G if and only if A, commutes with c,,, [i.e, (k) =1]
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Clearly, X ¢ G. Hence it follows from Lemmas 5, 8, and 6 that Cp, ,,(G)
contains a word Y of order 2 such that XY has order n. To define ¥, ,
put

Woa(ciny) = (XY)" and Wl = ¥,

i

It follows from definitions that for every h, € H; , one has

\I,i+l(hz)\1,i+l(ci+l)\I’i+1(ht)_l =V, 1(Ci+1)g(t)’

where &(t) =1 if =, ((h,)=1 for ¥, (h,)e G and &(r) = —1 if
it 1(hz) = b, for \Ifi+1(ht) & G.

Therefore, the definition of ¥,, , is correct.

To complete the proof it remains to note that H = U7_, H; and so the
map V: H — B(A, n) given by ¥|y = W, is an embedding. Theorem 2 is
proven. |

Proof of Corollaries 4 and 5. They are immediate from Theorem 2. ||

Proof of Theorem 3. (a) It suffices to show that the intersection of two
distinct maximal locally finite subgroups K and L of B(A, n) is finite.
Arguing on the contrary, assume that K and L have an infinite intersec-
tion. Then, by Lemma 11, K and L are 2-groups. First let us prove:

CLAaM 3. The intersection U = K N L is an FC-group.

Proof. To prove this we will make use of some of quasi-identities that
hold in D(2n,) and the fact that any locally finite 2-subgroup of B(A, n)
belongs to qvar D(2n,) (see Corollary 2).

Note the proposition “Every element of a group G that is a product of
squares and has order < 2 is in the center of G’ can be written as an
infinite system of quasi-identities that hold in D(2r,) and, therefore, holds
inU, K, L.

Suppose Z € U has an infinite conjugacy class. Then the subgroup
V =([Z,T]1I T € U) is infinite. Since V c U?, the subgroup U? is also
infinite. By Claim 1, the center C(U?) of U? is infinite. Then, by Pruffer’s
theorem (e.g., see [21, Corollary 10.37]), the maximal subgroup 7(U?) of
C(U?) of exponent 2 is also infinite. By the preceding proposition applied
to K and L, we have that T(U?) centralizes both K and L. However,
then the subgroup (K, L) has an infinite centralizer in B(A, n) and, by
Lemma 12, is locally finite. This contradiction to the maximality of K, L
proves Claim 3. |

Consider a central series

K=K >K > 25K = {1}
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in K whose factors have exponent 2 and K,_, is infinite. Such a series
exists by Claim 1. Let g be the minimal index so that K, c L. Without loss
of generality we may assume that there is no maximal locally finite
subgroup L' in B(A, n)suchthat L' # Kand K_; c L’ (otherwise, we
would consider L' instead of L; note K N L’ would still be infinite).

Pick X € K,_; so that X & U. Also, pick Y € L so that Y normalizes
U,Y? e U,and Y & U (the existence of such Y follows from nilpotency of
L; see [21, Theorem 5.41]).

Assume that the set {ZXZ~!|Z € U} is infinite. Note that (X,Y)
generate a dihedral subgroup modulo U. Hence the subgroup {X,Y,U) is
locally finite. Consider a maximal locally finite subgroup P of B(A, n)
that contains (X,Y,U). Then P = K for Y € P and the intersection
K N P, containing (X, U ), is not an FC-group. A contradiction to Claim 3
proves that the set {ZXZ ' | Z € U} is finite.

Quite analogously, the set {ZYZ~! | Z € U} is also finite. Consequently,
the centralizer Cy(X) of any X € K,_;\ U in U has finite index in U and
the index of C,(Y) in U is also finite.

Let X;,..., X, € K,_;. Then the intersection

Uy = Cy(Xy) NN Cy(X)) NCy(Y)

also has finite index in U. Therefore, the intersection U, N C(U) is
infinite by Claim 1. This implies that the subgroup {X,..., X,,Y,U) has
an infinite centralizer in B(A, n) and hence, by Lemma 12, is locally finite.
Consequently, the subgroup (K, _;,Y) is locally finite. Consider a maxi-
mal locally finite subgroup L, of B(A,n) that contains (K _,,Y). It is
clear that L, # K for Y& K and that KN L, contains K, _;. This
contradiction to the choice of g completes the proof of part (a).

(b) Let G be a finite 2-subgroup of B(A, n), G be a group isomor-
phic to G, and ®,: G — G an isomorphism. Suppose M = M; X M, X -
is the direct product of finite nontrivial groups M;, M,,... and M, is
isomorphic to a subgroup of D, X -+ X D, ,, where Dy,,..., D, , are
dihedral groups of order 2n,. First let us show that there is a monomor-
phism

®:G X M — B(A,n)

such that the restriction of ® on G is ®, and (G X M) is a maximal
locally finite subgroup of B(A, n). Without loss of generality, we may
assume that [M,| > 2, k = 1,2,... . Identifying M, with the corresponding
factor of M, denote

P=GXM X XM,cCcGXM,
where P, = G.
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To embed G X M in B(A, n) we will construct monomorphisms ®,: P,
— B(A,n), i > 0, so that the restriction @/, of &, on P,_, is &, ,,
where i > 1.

Let B = (B, B,,...) be a list of A-words that represent all nontrivial
elements of B(A, n). Recall ®,(G) = ®(P;) =G

Proceeding by induction on i > 0, suppose a monomorphism

®;: P, > B(A,n)
so that @, , = ®, ;, where i > 1, is already constructed for i > 0. Let

B, be the first word in B such that k; > k,_, (ky =0 by definition),
Bk & ®,(P,), and the subgroup

K = <Bk,»q)i(Pi)>

is a finite 2-subgroup of B(A, n). By Theorem 1(a), such B, does exist. By
G, denote a subgroup of index 2 in K; that contains ®,(P). 1t follows from
Lemmas 5, 8, 6, and 10 that Cy ,,(G) contains a subgroup D,
isomorphic to Dy, X == X D, ;.4 such that

(®,(P), Dy1) = P(P) XDy,

and if X,Y € D,,, are distinct and nontrivial elements in B(A, n), then
(X,Y, B, ) is an infinite subgroup of B(A, n). Now we are able to define
®,,: Put @, \|p =D, and D, [y, , is an isomorphism between M, ,
and a subgroup of D, ;.

The inductive construction of monomorphisms @, for all i = 1,2,... is
now complete and hence a monomorphism ®: G X M — B(A, n) given by
®|p, = ®, is also constructed.

Let us prove that ®(G X M) is a maximal locally finite subgroup of
B(A, n). Arguing on the contrary, assume the existence of a word B &
®(G X M) such that the subgroup (B, ®(G x M)) of B(A, n) is locally
finite. Then, by Theorem 2, { B, ®(P))) are finite 2-subgroups for all j > 1,
whence B = B, for some i > 1. However in view of |M,, ;| > 2, we have
that (B, ®(M,, ) is infinite. A contradiction completes the proof of the
maximality of ®(G X M).

It remains to show that there are continuously many nonisomorphic
groups of the form G X M; X M, X --- . It is known due to Hirshon [9]
that an isomorphism of the direct products H X A and H X B, where H is
finite and A, B are arbitrary groups, implies that 4 and B are isomorphic.
Hence it suffices to prove that there are continuously many nonisomorphic
groups of the form M, X M, X --- .
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Let
Gj=<alj"" ajjy /“bz_ak; [akjlalj] =1,
biagbt =at 1<kl<)),

where j > 1. It is easy to see that G; is isomorphic to a subgroup of
D(@2n,)’.

Suppose J = (j,, j,,...) is a strictly increasing infinite sequence of
positive integers greater than 1 and G(J) = G, X G; X --- is the direct
product of groups G;,G, ,... . By m, denote the projection G(J) - G, .

Suppose g € G(J) and there is a k such that 7,(g) € N,, where
N, =<{ay,...,a;; . Then the elments aj} --- a7, where &,,..., & €
{0, 1}, belong to distinct cosets of G(J) by Cg (&) Hence
[GU): CG(,)(g)] > 2/« Quite analogously, if m,(g) & N, for all k,,

1,...,s, then

[G()):Ch(8)] = 2/m™ ks, (28)

Assume J = J', J' = (ji, j5,...), and ¥:G(J) — G(J') is an isomor-
phism. Note

[G(I): Cou(by)] = 27 (29)

By the Hirshon result cited previously, we can assume j, < ji. Consider
W(b,). It follows from (29) and (28) that m,(W(b,)) € N, for every /. Since
b? = 1, we have that W¥(b,) is a central element of G(J ). A contradiction
proves that G(J) and G(J ) are not isomorphic when J # J'. Since the set
of such Js is continuous, part (b) is proven.

(c) This is shown in Lemma 11. |
Proof of Theorem 4. Let us begin with proving:

CLAIM 4. Suppose L is an infinite locally finite subgroup of B(A, n), G is
a finite subgroup of L, and B is a word, B & L. Then there is an X €
Cya n(G) such that the subgroup {XBX~*, L) is not locally finite.

Proof.  Arguing on the contrary, assume that (XBX !, L) is locally
finite for every X € Cy(, ,,(G).

By Theorem 3(a), there is a uniqgue maximal locally finite subgroup
M(L) that contains L and, therefore, contains all XBX ™!, where X €
CB(A,n)(G)-

Consider the subgroup

S=(G,XBX*| X € Cypn(G)) cM(L).
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Note Cpa n)(G) normalizes S. Hence, picking any finite subgroup F in
Cpa n(G) of order > 4, we have that (S, F) is a locally finite subgroup.
On the other hand, we can find a finite subgroup K € S that contains G
as a subgroup of index 2. Let K = (D, G), where D is a word. Then it is
immediate from Lemmas 5, 8, and 10 that one can pick F so that (D, F)
is not locally finite. Since D € S and (S, F) is locally finite, we have a
contradiction that proves Claim 4. |

Let L = U;_, L, be an infinite locally finite subgroup of B(A, n), L,,
k=1,2,..., be finite subgroupsso that L, c L, ,,and B ={B;, B,,...}
be a list of all elements of B(A, n).

Proceedings by induction on i > 1, we will construct a sequence of
words X; and a sequence of indexes k;, i = 1,2,..., to obtain a maximal
locally finite subgroup M of B(A, n) that is locally conjugate to L.

Rename L = L(0), L, = L,(0) and, to unify notation, put that k, = 0,
Xo=1and L, (0) = {1}.

Suppose i >1 and assume that the words X, ..., X, ;, indexes
kg, ..., k;_,, and subgroups L(i — 1), L,(i — 1), where

L(i-1) = kL=Jl Le(i = 1), L(i = 1) € Lya(i = 1)

are already defined.
First assume B, € L(i — 1) = Uj_; L,(i — 1). Then there is a ¢ such
that ¢ > k;_, and B, € L(i — 1). In this case, define k;, = ¢t and X, = 1.
Assume B; & L(i — 1). It follows from Claim 4 that there is a word

Ye CB(AY”)( Lki—l(i - 1))

[recall L, (0) ={1}] such that the subgroup (YB,Y ', L(i — 1)) is not
locally finite. Then there is an s > k,_, so that the subgroup
(YB;Y™!, L(i — 1)) is not locally finite either. Define k, =s and X, =
Y~ 1. Note that, by definitions, the subgroup

<Bi’ Xi Lk,(i - 1)Xfl> (30)

is not locally finite [provided B; & L(i — 1)].
Thus, in either case, X; and k; are defined. At last, put

L(i)=X,L(i - D)X, L) =X L(i—-1)xXx"
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Clearly,
L(i) = kL:Jl L(i =1, L) € Lisa(i).

The inductive definition is now complete and so we have sequences of
words X, X,,... and indexes k; < k, < --- such that

L(i) =X X,y X, L(O) X" - X X
Lk(i) =X, X;_1 X, Lk(o)Xil Xf—llel1

and X; € Cpp (L (0 = 1)
Let us show that the subgroup

M= -L—Jl L. (i)

is locally conjugate to L in B(A,n) and M is a maximal locally finite
subgroup of B(A, n).
Note that the map ®;: L, (0) = L, — L, () given by

O,(Z) =X, X, | - X, ZX;* - X7 4L X1

is an isomorphism and the restriction CDILk of &, on L, is &,
following from X, € Cp s (L, (i — 1)). Hence the map ®: L — M given
by ®|_, = P, isan |somorph|sm that makes L be locally conjugate to M.

Suppose M is not maximal. Then there is a B; € B such that B, € M
and the subgroup (B;, M) is still locally finite. Since L, (i) M, the
subgroup {B;, Lk(z)> is also locally finite. Hence it follows from Lk(z) =
X; L, (i — DX and defintions of X; and k; [see also (30)] that B; €
L, (i) € M. A contradiction completes the proof of Theorem 4. 1

Proof of Corollary 6. This follows from Theorems 2 and 4. ||
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