Delaunay Configurations and Multivariate Splines:
A Generalization of a Result of B. N. Delaunay

Marian Neamtu®)

Abstract. In the 1920s, B. N. Delaunay proved that the dual graph of the
Voronoi diagram of a discrete set of points in a Euclidean space gives rise to a
collection of simplices, whose circumspheres contain no points from this set in
their interior. Such Delaunay simplices tessellate the convex hull of these points.
An equivalent formulation of this property is that the characteristic functions
of the Delaunay simplices form a partition of unity. In the paper this result
is generalized to the so-called Delaunay configurations. These are defined by
considering all simplices for which the interiors of their circumspheres contain a
fixed number of points from the given set, in contrast to the Delaunay simplices,
whose circumspheres are empty. It is proved that every family of Delaunay
configurations generates a partition of unity, formed by the so-called simplex
splines. These are compactly supported piecewise polynomial functions which
are multivariate analogs of the well-known univariate B-splines. It is also shown
that the linear span of the simplex splines contains all algebraic polynomials of
degree not exceeding the degree of the splines.

§1. Introduction

Let K be a discrete set of points in the s-dimensional Euclidean space IR®,s > 1. In
the 1920s, B. N. Delaunay proved that the dual graph of the Voronoi diagram of K,
now called the Delaunay triangulation of K, can be obtained by considering special
subsets of K of size s + 1. The convex hulls of such subsets, called Delaunay sim-
plices, have the characteristic property that their circumspheres contain no points
from K in their interior. Moreover, the Delaunay simplices are known to tessellate
the convex hull [K] of K [6]. Voronoi diagrams and Delaunay triangulations are
fundamental concepts in computational geometry and have many applications. We
refer the reader to [11,12], for more information and references on this subject.

To explain the main result of this paper, we will give an alternative interpreta-
tion of the fact that Delaunay simplices triangulate the convex hull [K]. To avoid
technical complications in our presentation, we first make some assumptions about
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the set K. Throughout the paper, K will be an infinite set of points such that
[K] = R®. Moreover, K will be assumed to be locally finite, i.e., such that K N Q
is finite for every compact Q C IR®. Lastly, the points in K will be assumed to be
in generic position in the sense that every subset of size s+ 1 can be circumscribed
a unique s-dimensional sphere and no s + 2 points in K are co-spherical, i.e., lie
on a common sphere in R®. The first of these two assumptions is equivalent to the
property that all collections of s + 1 points are affinely independent i.e., do not lie
in a common hyperplane. In the bivariate case, the above conditions mean that no
four points in K should be co-circular and no three points collinear.

Let A be the Delaunay triangulation of K. We will view A as a collection of
subsets X of K of size s + 1, whose circumspheres have no points from K in their
interior. Note that the assumption that the points in K are in generic position
guarantees that A is well defined. The mentioned fact that Delaunay simplices
triangulate [K] = IR® can be restated by saying that the characteristic functions of
these simplices form a partition of unity. That is,

Y xxl@) =1, ae zeR’ (1)
XeA

where x4 denotes the characteristic function of a set A C IR°.

In this paper, we generalize this result by considering a fixed number of points
from K to be inside the circumspheres of s + 1 points, as opposed to no points in
the case of Delaunay simplices. We say that a closed ball €2 in IR® is circumscribed
to a set A, if A C 0€). As usual, int{2 and 02 will denote the interior and the
boundary of €2, respectively. If A is a finite set, we denote its size by #A.

Definition 1. Let k € ZZ%. The ordered pair X = (Xp, X;) such that Xp, X1 C
K, #Xp = s+ 1,#X; = k, and such that the closed ball 2 C R® circumscribed
to Xp contains Xj in its interior and no other points from K, i.e., such that
Xp=00NK and X7 =int QN K, is called a Delaunay configuration of degree k.
For k = 0, the set X is understood to be empty. The family of all Delaunay
configurations of degree k associated with the set K will be denoted by Ay.

The subscript “B” in the definition stands for “boundary”, since the points
Xp lie on the boundary of €2, whereas the subscript “I” signifies that X; are
“interior” points. In the theorem below, a partition of unity will be obtained using
piecewise polynomial functions of arbitrary degree n. In particular, the role of A
will be played by the family of Delaunay configurations A,, and the characteristic
functions in (1) will be replaced with the so-called normalized simplex splines of
degree n, denoted by N(:|X), whose precise definition will be given in Section 3.
These are compactly supported piecewise polynomials, defined by a collection X of
n+s+1 points in IR?, called knots. Such functions are generally smooth, as opposed
to the characteristic functions, which are only piecewise constant and are therefore
discontinuous along the boundaries of the Delaunay simplices. In fact, if the knots
are such that all subsets of X of size s + 1 are affinely independent, which will be
our case, the simplex splines N (-|X) are optimally smooth, or N(-|X) € C*~1(IR?).
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Theorem 1. Let A, ,n € IN, be the family of Delaunay configurations of degree n
of K. Then
Y N@X)=1, zeR’.
XeA,

Note that this is indeed a generalization of (1) since Ay = A and also since
for n = 0, the functions N(-|X) are just the characteristic functions of [X]. To
prove the theorem, in the next section we will be first concerned with some basic
combinatorial properties of Delaunay configurations and in Section 3, we will review
some needed facts about simplex splines. Theorem 1 will be a special case of a more
general result that the linear span of the simplex splines N(-|X), X € A,,, contains
all polynomials of degree at most n. The remainder of the paper is devoted to the
proof of this more general result and its discussion.

§2. Delaunay Configurations

In this section we establish a useful structural property of Delaunay configurations,
which is a consequence of the following elementary observation. For a set A and
elements u € A,v ¢ A, we employ the abbreviated notation ,A := A\{u}, A :=
AU{v}, A := (A\{u}) U {v}, and aff A denotes the affine hull of A.

Proposition 1. Let k € Z:)L and Fg,F; C K,#Fp = s,#F; = k, be such that
Fr = int QN K, for some ball ) circumscribed to Fg. Then there exist precisely
two distinct points v, € K\Fpg such that the balls circumscribed to "Fg and Fy
contain the points "FgUF; and °FgUF}, respectively, and no other points from K.
Moreover, there are only three mutually exclusive possibilities:

(a) # ({v,0} N Fr) =0 and v, v are separated by the hyperplane aff Fp;

(b) # ({v,9} N Fr) =1 and v, v are on the same side of aff Fi;

(c) # ({v,9} N Fr) =2 and v, ¥ are separated by aff Fi.

Figure 1 shows the three possibilities (a)—(c) in two dimensions. The notation
in this figure is defined in the proof of the proposition and the terminology used in
the caption will be explained in Definition 2 below. The dots represent the points
in K, where it is understood that the remaining points of K are outside the union of
the depicted disks. We remark that for £ = 0, only the case (a) can occur, whereas
for k =1, only (a) and (b) are possible.

Fig. 1. (a) Non-essential, (b) essential, and (c) phantom faces of degree two.
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Proof: Let H := aff Fg. By our assumption that all collections of s+1 points in K
are affinely independent, so is every subset of s points, hence H is a hyperplane
in IR°. Let H™ and H~ be the open halfspaces determined by H. Consider the
set of all closed balls circumscribed to Fp. It is easy to see that this set is a
continuous one-parameter family. We denote this family by {Q2*} and coordinatize
it by the straight line traced out by the centers of these balls, parametrized by a
parameter ¢ € IR. Note that this line is perpendicular to H and passes through the
circumcenter of the points Fp in H. We let the circumcenter be the origin of the
coordinate system along this line and choose the orientation of this line such that
HT corresponds to positive values of ¢, in the sense that the center of Q% ¢ > 0,
isin HT. Also, let T := {t € R|F; C Q', K NintQ* C Fr}. Since H* C U o
and H™ C U2, it follows from the assumption [K] = R’ that T is bounded.
Moreover, it can be shown that T is a closed interval, which we denote by |7, 7]. We
will dispense with the proof of this simple observation. The fact that 7 < 7 follows
from Q € {Qf}seine . Lastly, it is not difficult to show that Q*\H C int Q7 Uint Q7
and Q" N Q7 C int QY U H, whenever t € (7, 7).

Proving the first part of the proposition is equivalent to showing that there are
precisely two points v € K\ Fg such that v € 9Q¢, for some ¢ € [, 7]. Clearly,v ¢ H
for then the points in “Fg would be affinely dependent. The above observations
now imply that we cannot have t € (r,7), for then v € Q*\H C intQ7 U int Q7
and hence v € Fr C Q" N Q7 C int Q* U H, which would contradict the fact that
v € Q. Thus, t can only be one of the endpoints of the interval [7,7]. Therefore,
let t = 7 and let v € Q™ N K\ Fp. Such a point exists for otherwise K N9Q™ = Fp
and hence F7 C int 7. Consequently, 7 € int T, which is a contradiction. The
uniqueness of v follows from the fact that no s + 2 points from K are co-spherical.
By a similar argument, there exists a unique point 9 € 02" N K\ Fp.

To prove the remaining part of the proposition, suppose that v and ¢ are not
separated by H and assume without loss of generality that v,o € H~. It is not
difficult to show that Q7 N H~ C int Q7, which implies ¢ € Q" N H~ C intQ7, i.e.,
o € Fr. Moreover, this also means v ¢ Fr since otherwise v € Ff C Q' N H~ C
int 27, which would contradict the fact that v € 9Q2”. This shows that if v and v are
not separated then only case (b) can occur. Conversely, we show that if precisely
one of the points v,? is in Fj, then both v and ¥ must be on the same side of
H. To see this, assume without loss of generality that v € H~ and 9 € H™ and
consider first the case where v € F; and © € F;. Then v € F; C Q7 and therefore
v e QT NH™ CintQ", which contradicts the fact that v € Q7. In a similar way
one can arrive at a contradiction in the case where v ¢ Fr and v € Fr. Thus, we can
conclude that v and ¢ must be on the same side of H, which finishes the proof. O

The above proposition suggests the following definition.

Definition 2. Let k € ZSL, F = (Fp, Fr) be an ordered pair of subsets of K
satisfying the assumptions of Proposition 1, and let v,? be the associated points
whose existence is guaranteed by this proposition. We say that F' is a non-essential
face of degree k if v, v are not contained in Fr, and an essential face of degree k if
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precisely one of the points v, v belongs to Fr. Otherwise, if v,v € Fr, F is called a
phantom face of degree k. The set of all essential faces of degree k will be denoted
by .7:,: If X = (XB,X[) € Ak and F = (FB,F[) = (UXB:XI); for some v € XB,
we say that F' is a face of X.

A few remarks on this definition are in order. The definition says that the
pair F' is a non-essential, essential, and phantom face if the properties (a),(b),
and (c) of Proposition 1 are satisfied, respectively. Also, essential and non-essential
faces can be interpreted as faces of Delaunay configurations. In particular, since
for such faces at least one of the points v, v, say v, does not belong to Ff, it
follows that X := (“Fp, F1) € Ag, i.e., F is a face of X. The difference between
essential and non-essential faces is that for non-essential faces F', the configuration
X := (°Fp, Fy) is also of degree k, while X is of degree k — 1 if F is essential. For
phantom faces of degree k, both X and X are of degree £ — 1. This means that
a face of a Delaunay configuration of degree k£ can only be either essential or non-
essential, i.e., it cannot be a phantom face, hence the denomination “phantom”
since it is not a face of an actual configuration. We can conclude that essential
faces correspond to a pair of Delaunay configurations of different degrees and that
non-essential and phantom faces are associated with a pair of configurations of the
same degree.

63. Simplex Splines

Having defined a generalization of a Delaunay triangulation, we also need an analog
of the characteristic function of a simplex. For our purpose, such suitable analogs
are the so-called simplex splines. These are multivariate generalizations of the well-
known univariate B-splines of Schoenberg [3]. They were defined by de Boor in
1976 [2], who was inspired by a suggestion of Schoenberg, see [9]. The origins of
simplex splines can also be traced back to statisticians [4].

We briefly recall some basic facts about simplex splines. For a more detailed
explanation, see [9] and references therein. Let X = {z'}7%7 be a set of n + s+ 1
points in IR®, called knots in spline theory. The simplex spline with knots X can
be defined as a distribution, denoted by M (-|X), satisfying the identity

n—+s
M(z|X) f(z)dz = n!s!/ f (Z tia:i> dty...dtnys,
Sn+s i=0

RS

for all f € Ly(IR?), where

Snts = {(to, U

n+s
Y ti=1,t0>0,... tnts 20}
=0

denotes the standard simplex in IR"™*. If the knots X do not all lie in a single
hyperplane, the simplex spline is known to be a nonnegative piecewise polynomial
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function of degree n, supported on the convex hull [X] of X. For s = 1, M is
the familiar univariate B-spline. If the knots are in general position, in the sense
that any subset of s + 1 knots from X are affinely independent, M is n — 1 times
continuously differentiable, i.e., it is of optimal smoothness. Moreover, for n = 0
or #X = s+ 1, M is just a renormalized characteristic function of the simplex [X].
Specifically, @)
_xix)z) [ 1/voly[X], =z e€[X],

M(z|X) = vol,[X] {0, otherwise, (2)

where vol; A denotes the s-dimensional volume of a set A.

The numerical evaluation of a simplex spline can be facilitated by a recurrence
relation, first established by Micchelli in 1979 [8]. The recurrence allows to compute
a simplex spline as a linear combination of lower-degree simplex splines. Here, we
only describe a special case of this recursion. To this end, for a nondegenerate
simplex in R” with vertices V', we denote by d(V') its oriented s-dimensional volume.

In particular, if the elements of V are vY,...,v%, we can write
v? s 0§
1 : :
d(V):= = det | - -,
s! 1)2 s 08
T |

where v; denotes the jth coordinate of the vertex v*. The mentioned special case
of Micchelli’s recursion now reads as follows.

Proposition 2. Let n € IN and V C X be such that #V = s+ 1 and d(V) # 0.
Then

d xz

M(z|X) = Z ;(’{/‘;)M(ﬂ +X), ae xR’ (3)
veV

where *V denotes the (ordered) set obtained from V by replacing its element v

with the point x.

The reason why we wrote that the above identity holds for almost every x,
instead of every x, has to do with the definition (2) of lowest-degree (piecewise
constant) simplex splines on the boundary of their support. More precisely, if x
is strictly inside or outside of every s-simplex whose vertices are elements of X,
then (3) holds. Otherwise, the point z lies on a lower-dimensional face of a simplex
formed by vertices of X. As a result, (3) may not hold unless the characteristic
function of that simplex is defined appropriately on its boundary, as is done, for
example, in [16]. However, we will refrain from delving into this point, since the
precise way that this can be done is of little consequence for us in this paper.

We also remark in passing that the coefficients d (ZV) /d(V') in the recursion
are just the barycentric coordinates of x with respect to the knots V. The nota-
tion IV suggests that at times it will be important for us to view a given symbol
as a set and other times as an ordered collection. For example, if X = (Xpg, X7)
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is a Delaunay configuration, it is essential to view X as an ordered pair, whereas
in the context of the simplex spline M (:|X), X can be viewed simply as the set of
knots Xp U X;. On the other hand, as we shall see, the ordering of the knots X
will become important when we consider a different normalization of M (-|X). Since
it would be very burdensome to keep separate symbols for ordered and unordered
sets, our notation will not distinguish between the two types. However, it will be
clear from the context whether the ordering is relevant or not.

§4. Reproduction of Polynomials

As follows from their definition and from the above discussion, Delaunay configu-
rations of degree n can be viewed as collections of point-sets of size n + s + 1. At
the same time, an s-variate simplex spline with n + s + 1 knots is also of (polyno-
mial) degree n. This suggests that we consider the linear space S, spanned by the
simplex splines, whose knot-sets are Delaunay configurations, that is

Sy := span {M(-|X)|X € A,},

where, as before, M (-|X) is understood as a short-hand notation for M (| XpUX7).
We will show in this section that such a space has the interesting property that it
contains all polynomials of degree n, which is the highest possible degree attainable
by splines of degree n. The proof of this result will be constructive. We will express
any given polynomial explicitly as a linear combination of appropriately normalized
simplex splines. Theorem 1 will then be a direct consequence of this more general
result.

Let X = (Xp,X1) € A,. We will assume throughout that the sets Xp are
always ordered in such a way that d (Xg) > 0. We now define a normalized simplex
spline of degree n as

N(-|X):=d(Xp) M(:|X).

Thus, the above ordering convention guarantees that the normalized simplex splines
are nonnegative functions. Also note that for n = 0, the normalized simplex spline
is just the characteristic function of the simplex [X ], i.e., N(-|X) = x[x,](-), since
clearly d(Xp) = vols[ X g].

To formulate the main result, we recall the notion of a polar form of an alge-
braic polynomial. Polar forms, while well known in an algebraic context for quite
some time, have been introduced into the spline theory only relatively recently
by de Casteljau and independently by Ramshaw (see [13], for a comprehensive
introduction). Given an s-variate polynomial p of total degree at most n, i.e.,
p € 11,,, the polar form P of p is defined as the unique function of n vector variables

z',..., 2™ € IR, that is symmetric, multi-affine (i.e., affine in each of the n vari-
ables), and such that for every z € R® the value p(x) is equal to P on the diagonal
' =...=2" ==z, 0or P(z',...,2") = p(x). If n =0, then p is a constant and P

is defined to be this same constant function.
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We point out that the mentioned multi-affine property can be expressed ex-
plicitly as

iy dEY)
P(...,x,...)—g i) P(...,v,...), (4)

where the equality must hold whenever i € {1,...,n} is a fixed index and V is any
set of s+ 1 affinely independent points in IR®*. The dots in the above identity mean
that the corresponding vector variables 7,5 # 4, are held fixed on both sides of
the equation. Thus, identity (4) shows that P is affine in the ith variable, since
the fractions on the right-hand side are just the barycentric coordinates of z* with
respect to the points in V.

Theorem 2. Let p € 1I,,, n € IN, and let P be the polar form of p. Then

plx)= ) PXDN(z|X), zeR". (5)
XeA,

Setting p = 1 or, equivalently, P = 1, we see that Theorem 1 follows imme-
diately as a special case of Theorem 2. Note that using recurrence (3), the proof
of this theorem would be straightforward if all “faces” of the normalized simplex
splines IV, i.e., all simplex splines whose knots are the faces of X, corresponded to
lower-degree configurations in A, _; and, at the same time, if all simplex splines
associated with A,,_; corresponded to faces of configurations of degree n. This is
precisely the property that can be used to prove the univariate analog of (5) and
can be attributed to the fact that in one spatial dimension all faces are essential.
However, for s > 2, the simplex splines no longer have this property. Namely, as
follows from Section 2, non-essential faces do not give rise to lower-degree configu-
rations and lower-degree configurations associated with phantom faces do not beget
higher-degree configurations. Nonetheless, these cases can be handled well since,
as we have seen, non-essential and phantom faces are associated with configura-
tions that come in pairs. Owing to this fact, the cumulative effect of these pairs
in representing polynomials will be null. This will allow us to employ an inductive
argument in the proof.

Proof: We divide the proof into several parts. First we prove that for every k € IN,
the following identity holds

Y QXNN@IX)= Y QXLz)N(=X'), ae z€R’, (6)

XeNA, X'eAg_1

where () is the polar form of an arbitrary polynomial g € II;. The proof will then
be completed by induction. For the remainder of the proof, unless said otherwise,
all equalities will be understood to hold for a.e. x.
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(1) Using recurrence (3), we obtain

d(3XB)

Y QX)N@=X)= ) Q(X1)d(Xs) M(z|,X)
= Y. QX1 Y d(;Xp)M(z|,X).

XGAk vEXEB

Thus, the linear combination on the left-hand side of (7) is written as a combination
of lower-degree simplex splines of the form M (-|F), where F = , X := (,Xp, X71)
are the faces of configurations X € Aj. Proposition 1 asserts that if a face of
degree k of the form F' = ,X is non-essential then there exists exactly one other
Delaunay configuration X € Ap and a 9 € Xp on the opposite side of the hyper-
plane aff Fip = aff , Xpg = aff ; XB as v, such that F' is also a face ofX or F' = ~X
Thus, the contribution of X and X to (7) is

Q(X1)d (5Xp) M(w|F) + Q(X1)d ($X5) M(a|F),

which is zero since X; = X; and d (2Xp) = —d(%Xp), a consequence of v and ¥
being separated by aff Fig, and by the ordering convention d(Xp),d(Xg) > 0. Thus,
only essential faces can contribute nontrivially to (7). Moreover, each essential face
F = ,X appears in (7) exactly once since by Proposition 1, there exists only one
point v such that “F € Ag. Therefore, denoting this point by vg := v, (7) can be
rewritten as

Y. QXDN(2X)= Y QUNd(}.(""Fp)) M(a|F), (8)

XeAy FeFg

where we follow the convention that the orderings of the collections Xp and "*Fp,
which are identical as sets, are the same, so that d ("*Fg) > 0.

(2) We now consider the right-hand side of (6). Using the multi-affinity (4) of the
polar form (), we can write

Y. QXpo)N@X)= )  N(X) Z Q(Xz, v)

XleAkfl XleAk 1 EX’ (9)
= Y M@@X) ) d(5Xp)Q(X7,v).
X'eAg_1 veEXy

Let F/ = ,X',v € Xp, be any face of X’ and let F' := (Fp, "Fj). Clearly, F
cannot be a non-essential face of degree k since X' = (“Fp, ,Fr) is contained in
Ajg_1, rather than Ay. Next suppose that F' is a phantom face of degree k. By
Proposition 1, there exists a unique point v € ,Fr = F] on the opposite side of
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aff Fg = aff F; as v, such that X' = (°Fp, Fr) € Ag_1. Thus, the contribution
to (9) of the simplex splines with knots X’ and X' is

M (2| X')d (5("Fp)) Q(X},v) + M(2|X')d (5(Fh)) Q(X}, ) = 0.

This is because X’ and X' are identical as sets, d (%(“Fj)) = —d (2(°Fp)), since v
and v are separated by aff Fj;, and Q(X},v) = Q(XI, ), by the fact that XjU{v} =
X} U{9} and by the symmetry of Q. Note also that above we invoked the convention
that “Fj and °Fj are ordered such that d (“Fjg),d (°Fj) > 0.

The above reasoning leads to the conclusion, similar to part (1) of the proof,
that only essential faces F' of degree k contribute to (9). More precisely, if F' is an
essential face of the form F' = (, X}, "X}), for some X' € Ag_; and some v € X},
then such X’ and v are determined uniquely by F', for otherwise F' would be a
phantom face. Consequently, denoting by v} the above unique point v determined
by F, the sum (9) can be rewritten as

> QXLoNEX) = > Q) (4, (FFp)) M(zlF).  (10)
X'€Ap_1 FeFe

Finally, since F' is essential, we know by Proposition 1 that there also exists a
unique vp € K\F such that (Y*Fg, Fr) € Ag. Moreover, the points v and vp are

on the same side of aff Fg. Hence, one has d (2%(U%FB)> = d (% (“rFp)), which
shows that

> QUFN (5" Fp)) M@|F) = 3 Q(Fr)d (%,(**F3)) M(z|F).

FeFy FeFy

This completes the proof of identity (6).

(3) We now return to the assertion of the theorem. Let n € IN. We note that for
any 1 < k <n and any fixed x, the function

Q(yl,...,yk) ::P(yl,...,yk,x,...,x), yl,...,yk € R?,

Thus, employing identity (6) repeatedly (with k =n,...,1), we obtain

Y PX)N(@[X)= )  P(Xjz)N(z[X')
XEAn XleAn—l
== z,...,z)N(z|X™).

X eAyp n
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By the diagonal property of P, identity (1), and the fact that N(-|X (™) is just the
characteristic function of the simplex [X (")], the above sum equals

p(z) Z Xixm)(2) = p(z).

X eAy

Thus, we have shown that identity (5) holds true for a.e. x. However, since for
n > 1 both sides of (5) are continuous functions, by the assumption that the set K
contains points in generic position, it follows that the identity is in fact true for all
x € R®. This finishes the proof. O

It will be interesting to discuss the special situation s = 1. Suppose that
K C R is an increasing bi-infinite sequence of distinct values {x;};cz such that
[K] = R. Clearly, in this case Delaunay configurations X of degree n are of the
form X = (X, X1) := ({@is Titnt1}, {Tit1,- -y Titn}), ¢ € ZZ, which means that
they are associated with collections of n 4+ 2 consecutive knots from K. For such
configurations the normalized simplex splines are easily seen to be

N(-|X)=N(|ziy ..., Tignt1) = @Tignt1 — T)M(-|2i, - - -, Tigny1)-

This shows that N is just the classical normalized B-spline of degree n [15]. Hence,
our construction reduces to the familiar univariate construction of B-splines. In the
univariate setting, the formula (5) also has a familiar counterpart, see [13]. Namely,
identity (5) becomes

p(z) = Z P(ziy1,.. s Tign) N(x|Tiy ..., Tivny1), = €IR,
i€Z

where p is a univariate polynomial of degree n and P is its polar form.

§5. Discussion

Our interest in the subject of this paper was sparked by the intriguing question
of finding multivariate generalizations of univariate splines and, in particular, the
problem of defining spline spaces using collections of simplex splines. The motiva-
tion for the approach presented here came from an idea of Sabin [14] who suggested
that the so-called higher-order Voronoi diagrams, introduced in 1976 by Shamos and
Hoey [17], might be utilized in defining appropriate knot-sets for simplex splines.
While, as it turned out, such Voronoi diagrams do not lead directly to a suitable
construction of spline spaces [10], they are closely related to the Delaunay configu-
rations introduced in this paper. Indeed, the results of this paper show that there is
an intimate connection between Delaunay configurations and simplex splines. This
connection suggests, on the one hand, that simplex splines are natural geometrical
objects and, on the other, that Delaunay configurations and related concepts from
computational geometry should be given serious consideration by spline theorists.
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The notion of a Delaunay configuration as a separate object of study seems
to be new, even though it is implicit in papers concerned with the computation of
higher-order Voronoi diagrams. In particular, it has been observed (see e.g. [7,1]
and the books [11,12]) that collections of points whose circumspheres contain a
fixed number of points in their interior play an important role in algorithms for
generating higher-order Voronoi diagrams. For example, the notion of a Delaunay
tree [1] can be viewed as a hierarchy of Delaunay configurations of varying degrees.
The paper [1] in fact contains the observation in the first part of Proposition 1,
concerning the existence of the points v and 9.

The construction of the spline space S,,, as defined in Section 4, is by no means
the only possibility of defining a space using simplex splines. In fact, several mean-
ingful constructions of such spaces have been proposed in the literature, notably
the construction [5], see also the survey [10]. Unlike in our case, however, these
alternative constructions generally do not reduce to the familiar splines in one di-
mension. This means, in view of the discussion following the proof of Theorem 2,
that our construction is strictly different from these earlier constructions.

In this paper we also demonstrated that polynomials of optimal degree can
be represented as linear combinations of simplex splines. As is well known in
approximation theory, this so-called polynomial reproduction property is the sine
qua non in the consideration of approximation order of spline spaces. Without
being able to represent polynomials, the spline space cannot be expected to have
optimal approximation properties. We postpone a discussion of this and other
related issues, including the connection between higher-order Voronoi diagrams and
Delaunay configurations, the efficient computation of Delaunay configurations, and
approximation-theoretic questions pertaining to the new spline space, to another
occasion.
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