Non-polynomial Polar Forms

Dan Gonsor and Marian Neamtu

Abstract. We begin by defining the polar form for a special type of
function, namely a trigonometric polynomial, in order to illustrate
the similarities between trigonometric polar forms and polynomial
polar forms. After deriving properties and developing some results
concerning trigonometric polar forms, we consider the generaliza-
tion to functions that are elements of certain null spaces of constant
coefficient differential operators.

§1. Introduction

The concept of a polar form or blossom, while known for quite some time in an
algebraic context, has been introduced into the spline theory by de Casteljau
and independently by Ramshaw (see [6], for a comprehensive introduction).
Polar forms have proven to be a convenient mathematical tool for describing
(piecewise) polynomial functions and for analyzing various spline algorithms
such as recurrence relations and knot insertion [3,6,8].

A generalization of polar forms to non-polynomial functions has been
given in [5]. There, a geometric approach to polar forms has been developed,
whereas our generalization is based on the fact that polynomials form a trans-
lation invariant space. Since translation invariant spaces are the null spaces of
constant coefficient differential operators, it follows that the polar forms de-
fined here are multivariate exponential polynomials. Hence, these polar forms
are not multi-affine functions in the classical sense. Nevertheless, they have a
similar structure to polynomial polar forms and therefore could be useful in
a context of a general non-polynomial spline theory.

We begin our presentation by considering polar forms for trigonometric
functions in Section 2. This will motivate our approach in the more general
situation described in Section 3.
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§2. Trigonometric polar forms

In this section we will define trigonometric polar forms and discuss some of
their properties. First we recall some basic definitions and notations. We will
let 7,, denote the following space of trigonometric polynomaials of order n+ 1,

(n>0):
[
—‘7

where, for the sake of shortening the notation, we defined

[ span{l, [2z]
Tn = {span{txj, x

2z], |
I

, 4z, [4x], ..., |nz], [nz]}, n even
3z, [

bl bl n bl
3z],..., nz], [nz]}, n odd,

|z] :=sinz, [z] :=cosz.

As is well known ([7]), the space 7, can be identified with the kernel of the
differential operator D,,, defined by

D . D(D2 + 22)(D2 —|—42) e (D2 + n2), n even
L (D2+12)(D2—|—32)---(D2—|—n2), n odd,

where D := d/dx. Another equivalent way of defining the space 7, is

7, = span { () o)~ }: |

which justifies the term degree used in the context of trigonometric polyno-
mials for the number n. It should be remarked that in the definition of the
space 7,, we have deviated slightly from the convention used in the literature
on trigonometric splines. It is common to define spaces of trigonometric poly-
nomials using trigonometric functions with halved arguments. For example,
the space 73 is most often taken to be the space, span{l,sinz,cos z} rather
than the above defined, span{1,sin 2z, cos 2z}. However, the convention fol-
lowed in this paper reflects the results in [1], suggesting that the definition of
the space 7,, given here is more natural.
We are ready to introduce the polar form of a trigonometric function.

Theorem 1. For every F € T,,n > 0, there exists a unique function
flz1,...,2,) of n variables, x1,...,x, € R, called the trigonometric polar
form of F, which satisfies the following properties:

(a) f is symmetric with respect to x1,..., 2y,
(b) fis equal to F on the diagonal i.e., f(z,...,2) = F(z), for all x € R,
(c) for all m > 1 and all real numbers y, y1, ..., ym, the function f satisfies

in each variable the relation

f(...,y,...):Z/\jf(...,yi,...), (7)
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whenever the numbers Ay,..., \,, are chosen so that
Nilyi) = Lyl and Y Ayl = [yl (8)
— j=1

1=1

Proof: Let o := (ai,...,ay) be a multi-index, where o; € {0,1},7 =
L...,nyand 1 —a:=(1 —ay,...,1 — ay). Moreover, for X := (21,...,2,),
we denote | X |® := |z | - |2, |?". First observe that the function

se(r,. . wn) = Y (XX,
|e|=k

is a polar form of the function (Z) |z|"~*[2]* € T,. This is easily proved by
verifying all three defining properties (a)—(c). While the proofs of the first
two properties are straightforward, the third property follows from the fact
that the functions | X |'~*[X]“ satisfy relation (7). This becomes clear when
one observes that these functions are each a product of one of the univariate
functions |z;] or [x;], and both of these functions trivially satisfy (7) under
assumption (8).

Next, since the functions (Z) lz|"~*[z]* k = 0,...,n, form a basis for
7., we conclude that the function

7

flag, ... xn) = ZCiSk(JCl,---,l‘n), co,...,cn € R, (9)
k=0
is a polar form of F' € 7,,, given by

n n

F(z) = cisk(x,...,:ﬂ):Zcit,ﬂ"—kﬁﬂk.

For the uniqueness of representation (9), it suffices to notice that the n-variate
functions sg(z1,...,2,),k =0,...,n, are linearly independent since they are
linearly independent on their diagonal z; = ... =z,. B

Remark 1. On account of the symmetry of f, the above recursion (7) could
be called a trigonometric multi-affineness of f.

Remark 2. It is possible to relate polynomial polar forms to trigonometric
polar forms. Let F € 7,,,n > 0, and let P be such that

()~ 5 e

Then P € 11,,, II,, the space of (algebraic) polynomials of order n + 1, and so
it has a polar form, say p. The function

Flay, ... ap) = (:cﬂ---(onPOfElJ L:‘M)
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coincides with the trigonometric polar form of F, for all z4,...,z,, such that

Remark 3. Let og(21,...,x,) be the k-th elementary symmetric polynomial
of n arguments. Recall that oy (zy,...,2,) is the (polynomial) polar form of
the monomial (Z)xk Therefore, by Remark 2, we have

se(@1, -y an) = [21] - [en] ok G;H E:D

and hence si(x1,...,2,) can be viewed as an elementary symmetric trigono-
metric polynomaual. It follows from the proof of Theorem 1 that the trigono-
metric polar form of any trigonometric polynomial is a linear combination of
the elementary symmetric trigonometric polynomials.

As a consequence of Theorem 1, we have the next three-term recurrence
relation for polar forms.
Corollary 1. Let f be the trigonometric polar form of F € T,,. Then

| v~y | ly — 1] |
Py = IS )+ e S ), (10

for all y,y1,y2 € R, such that |ys —y1| # 0.

Proof: Setting m = 2, the two equations in (8) represent a linear system for
the unknowns Ay and Az, which by elementary algebra leads to

A = Lyz—yj A ——Ly—ylj m

L‘yz - ‘y1J ’ L‘yz - ‘y1J '

Remark 4. Relation (10) could be considered as an alternative to (7). In-
deed, it is not difficult to show that if a function f satisfies (10) for all ad-
missible choices of y,yy,y2, then it also satisfies the more general recursion

(7).
Next, we present an analog of a property of polynomial polar forms [6].

Theorem 2. (Polar Interpolation) Let ag,a; € R, 0 < |a; — ag| < w. For
n—k k

k=0,...,n, let ¢t € R and ty := (ag,...,a0,a1,...,a1). Then there exists a
unique trigonometric polynomial F' of degree n whose polar form f satisfies

flty) =ck,k=0,...,n.

Proof: Let us first assume that |ay — ag| # 7/2. We define the functions by
and by by
_ Lo — ] _ |z —ao
bo(z) : = — and b(z) = — (11)

la1 — ao] lar —ao]
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Clearly,
bjlag) =0k, 7.,k=0,L. (12)
Next, let

F(z):=) cBy(x), (13)
k=0

where B} (z) := (Z) b2 *(2)bk (). Tt is not difficult to prove that the functions,
B,k =0,...,n,arelinearly independent. This can be done e.g., by induction
on n. It is clear from (12) that the assertion is true for n = 1 since in
this case, tx = ap,k = 0,1. For n > 1, let >, _,d;B(z) = 0, for all
z € R. In particular, this equality must hold for * = ag. Therefore, by
(12), dg = 0. However, the remaining sum is now a product of the function
by with a linear combination of functions BZ_I, k=0,...,n—1, which are
linearly independent by the induction hypothesis. Therefore, the remaining
coefficients dg, for & = 1,...,n must be zero. Hence, the B} are linearly
independent and thus the representation of F' in (13) is indeed unique.

Next, let f be the polar form of F. We show that the function f sat-
isfies the interpolation conditions f(tx) = cx. Observe that for an arbitrary
but fixed number z, the value F(z) = f(x,...,2) can be expressed as a lin-
ear combination of the values f(tx). For example, applying (10) to the first
argument of f leads to

fla,...,x) =bo(x)f(ag,z,...,x) + bi(x)flar,x, ..., x).

7

F(e) = f(e,....0) = 3 f(t) B (a), (14)

k=0

which, in combination with (13), gives the desired result. The uniqueness
of the function F' satisfying the interpolation conditions follows from repre-
sentation (14), since ¢ = 0,k = 0,...,n, clearly forces F' to be the zero
function.

The proof for the remaining case |a; — ag| = 7/2 is almost identical with
the above proof except that now the definitions of the functions by and b,
have to be modified. Assuming, without loss of generality that a; > ag, we
can set

bo(z):= a1 — x| and bi(x):= |z —ag] =[az —z|. N (15)
Corollary 2. The functionals p; : 7, = R, j =0,...,n, defined by
w; F = f(t;), Fe€T,, f—thepolarform of F,
form a dual basis for {B}}7_, i.e.,

;B =968, J,k=0,...,n.
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Remark 5. The above results suggest that the trigonometric functions B}
associated with the interval [ag,a,] may be viewed as analogs of classical
Bernstein polynomials. These trigonometric Bernstein polynomials have been
studied in greater detail in [1]. In that paper they have been coined circular
Bernstein polynomaials since the functions by and by defined by (11) and (15)
can be considered as circular analogs of barycentric coordinates. From Corol-
lary 2 it follows that, as in the polynomial case, the coefficients ¢y, k =0,...,n
of a trigonometric polynomial of the form (13) can be obtained by evaluating
the trigonometric polar form f of F' at the points ty.

§3. Polar forms for certain translation invariant spaces

In this section we briefly describe how the results of Section 2 can be carried
over to a larger class of functions. Let us first observe that the equations (8)
are equivalent to

Ailyj =t = ly =], (16)

1

]:
which must hold true for all £ € R. This equation suggests the following
generalization of (8). Let d be a real-valued function. In accordance with
(16), we require that every y € R can be associated with numbers Aq,..., A\,

such that

ijd(yj —t) =d(y — 1), (17)

for all t € R, provided equation (17) is solvable. In particular, we require
that it be solvable for m = 2, whenever the two functions d(y; —-),7 = 1,2
are linearly independent. This requirement imposes strong restrictions on
the function d. To explain this, it will be convenient to introduce the space
D :=span{d(-—t),t € R}, i.e., the linear span of all translates of the function
d. Setting m = 2 and keeping y,y1,y2 fixed, equation (17) implies that
every function from D can be expressed as a linear combination of two fixed
functions. Hence, the dimension of D can be at most two. Another restriction
on D is that it must be a translation invariant space, that is, such that d € D
implies d(- — t) € D, for all t € R. The translation invariance is clearly a
consequence of the definition of D. The case, where the dimension of D is
one, is trivial since the only translation invariant one dimensional space is
the space of constant functions. In the remainder of this section we will only
consider the case where the dimension of D is two. The space D is completely
characterized by the following

Proposition 1. A two dimensional space of continuous real-valued functions
is translation invariant if and only if it is the null space of a linear second
order constant coefficient differential operator.

Proof: The crux of the proof is in treating the elements of the space D un-
der consideration as distributions. It is easily seen that a two dimensional
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translation invariant space D of distributions is also invariant under differ-
entiation ie., f € D implies f' € D. Next, let f € D such that f and f’
are linearly independent. The existence of such an f can be proved as fol-
lows. Suppose, on the contrary, that there is no such function. Let fi, fo
be two linearly independent elements of D and let ay,as be real numbers
such that f{ = ay f1, fy = azfa. Moreover, let f € D and let a be such that
f" = af. Thus, f = by fi + by f2 for some real coefficients by, by. By combin-
ing these equalities and by the linear independence of fi, fo it follows that
a = a; = ay. Therefore, since f was arbitrary, D is the solution space of the
equation f' — af = 0, which is a one dimensional space. This contradicts the
assumption that D is two dimensional. Therefore, let f be such that f and
f' are independent i.e., such that they span D. Since f” is an element of
D, there exist two coefficients a,b such that f” = af’ + bf. Thus, f solves
a constant coefficient differential homogeneous equation. However, then f’
must also solve the same equation which can be easily seen by differentiating
both sides of this equation. Since f and f’ are independent it follows that all
elements of D must solve this equation. To finish the proof, it is sufficient to
realize that the null space of a second order constant coefficient differential
operator is translation invariant. W

Remark 6. The assertion of Proposition 1 also follows from [2, Thm. 1.3 (a)].
In fact, the assumption of continuity of the functions in D is unnecessarily
strong. It is sufficient to assume that D is a space of distributions.

In the sequel, let D be the null space of a second order constant coefficient
differential operator and let D,, := span{d”,d € D}. In particular, Dy is the
space of constant functions. We are ready to define a D-polar form of a
function F' € D,,.

Theorem 3. For every F' € D,, n > 0 there exists a unique function
flz1,...,2,) of n variables, called a D-polar form of F, satisfying the fol-
lowing properties:

(a) f is symmetric with respect to x1,..., 2y,

(b) fis equal to F on the diagonal i.e., F(z) = f(z,...,z), for all x € R,

(c) for all m > 1 and all real numbers y, y1, ..., ym, the function f is D-affine
i.e., it satisfies in each variable the relation

FCony ) = Ny ) (20)
j=1
whenever the coefficients A\, ..., A\, are chosen such that
> Aid(y;) = d(y), (8)
j=1

for all d € D.
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Proof: The proof can be done along the same lines as the proof of Theorem 1.
Here, the functions |x] and [z] should be replaced by two arbitrary linearly
independent functions from D. W

Remark 7. The space D,, arises in a different context also in [4]. There,
spline spaces are considered whose elements can be locally identified with
functions from D,,. The associated B-splines turn out to satisfy recurrence
relations which are similar to the classical ones for polynomial B-splines.
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