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The field with one element

Finite geometries (¢ = p*, p prime)

#(A"(Fy) ~ {0)) _ ¢"— 1
#Gm(Fq) q—1

#pr—1 (Fq) =

— [n]q

#Gr(n, j)(Fg) = #{P (Fy) C P"(Fq)}

. [n]q! _m
 [lgn —lg <j>q

[n]g! = [n]gln — 1]g---[1]g,  [0]g! =1

J. Tits: take g=1

P~ 1(F,) := finite set of cardinality n

Gr(n,j)(IF1) := set of subsets of cardinality j

Algebraic geometry over 17



Extensions [q» (Kapranov-Smirnov)
Monoid {0} U upn (n-th roots of unity)

- Vector space over Fqn: pointed set (V,v) with
free action of up on V ~ {v}
- Linear maps: permutations compatible with

the action

Fin ®p, Z := Z[t,t~1]/(t" — 1)

Zeta functions (Manin) as variety over Fyq:

S—MN

Z(T",s) = with T" = G,

2T
= [F1-geometry and infinite primes (Arakelov)

re(s) = (@m () = [ 1"

n>0 27

like a “dual” infinite projective space &> ,T™" over I,

Note: Spec(Z) not a (fin. type) scheme over
Fi1: what is Z ®p, 277

More recently: Soulé, Haran, Dourov, Toen—
Vaquie, Connes—Consani, Borger




Focus on two approaches:
Descent data for rings from Z to Fy:
e by cyclotomic points (Soulé)
e by A-ring structure (Borger)

Gadgets over [y
C. Soulé, Les varietées sur le corps a un éleément, Mosc.
Math. J. Vol.4 (2004) N.1, 217-244.

(Xa AX) eZC,O')

e X : R — Sets covariant functor,
R finitely generated flat rings

o Ay complex algebra

e evaluation maps: for all x € X(R), 0 : R — C
= ez o . Ax — C algebra homomorphism

€f(y),c — Cy,o0f
for f: R' — R ring homomorphism

Affine varieties V; = gadget X = G(Vy) with
X(R) =Hom(O(V),R) and Ax =0(V)®C
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Affine variety over 1 (Soulé)
Gadget with X (R) finite; variety Xy and mor-
phism of gadgets

X — G(Xy)
such that all X — G(Vy) come from X, — V5
Should think: R =Z[Z/nZ] = X(R) cyclotomic points

A-rings, endomotives, and [
J. Borger, A-rings and the field with one element, preprint
2009

- Grothendieck: characteristic classes, Riemann—
Roch

- NA-ring structure: “descent data’ for a ring
from Z to IFq

Torsion free R with action of semigroup N by
endomorphisms lifting Frobenius

sp(z) —a2P € pR, Vxr €R
Morphisms: fosp=spof

Q-algebra A = A-ring
iff action of Gal(Q/Q) x N on X = Hom(A,Q) factors
through an action of Z



NCG of Q-lattices
Alain Connes, M.M., Quantum statistical mechanics of

Q-lattices in “Frontiers in number theory, physics, and
geometry. I, 269—-347, Springer, Berlin, 2006.

Definition: (N, ¢) Q-lattice in R®
lattice A C R"™ + labels of torsion points

o Q7L — QN/N

group homomorphism (invertible Q-lat if isom)

o o—e—0
o O O o ¢
o O o o ¢
"

invertible case
(p\’V

Commensurability (A1, ¢1) ~ (Ao, ¢o)
iff QA1 = QA5 and ¢1 = ¢o mod Ay + Ao

Q-lattices / Commensurability = NC space

5



1-dimensional case

(N, ¢) = (AZ,Ap) A>0
p € Hom(Q/Z,Q/Z) = |im Z/nZ =17

Up to scaling X\: algebra C(Z)

Commensurability Action of N =7Z-+¢

an(f)(p) = f(n~1p)  zero otherwise

(partially defined action of Q)

1-dimensional Q-lattices up to scale / Commens.

= NC space C(Z) x N

Crossed product algebra

fixfa(rp)= 3 fi(rs 1 sp)fa(s, p)

SEQi,spEZ

f*(r,p) = f(r=1,rp)




Bost—Connes algebra

J.B. Bost, A. Connes, Hecke algebras, type III fac-
tors and phase transitions with spontaneous symmetry
breaking in number theory. Selecta Math. (N.S.) Vol.1
(1995) N.3, 411-457.

Algebra Ag pc = Q[Q/Z] x N generators and
relations

Hntm — HUnm
Pnfly = Embn  When (n,m) =1
Pppn = 1

e(r+s)=e(r)e(s), e(0)=1

on(e(r)) = lune(r),uf,i — % Z

ns—

e(s)

C*-algebra C*(Q/Z) xN=C(Z) » N

Time evolution

ot(e(r)) = e(r), o(pn) = nit/in
Hamiltonian Tr(e PH) = ¢(B)



Quantum statistical mechanics
(A, 0;) C*-algebra and time evolution

State: ¢ : A — C linear (1) =1, p(a*a) >0

Time evolution o; € Aut(A)
rep. on Hilbert space 'H = Hamiltonian H =

d
§0t|t:0
Equilibrium states (inverse temperature g8 = 1/kT)
1
——Tr (a e_ﬁH) Z(B)=Tr (e_ﬁH)

Classical points of NC space

KMS states p E Kl\/lsﬁ (0 < B < )
Va,b € A 3 holom function F,;(z) on strip: Vt € R

Fap(t) = ¢(aoi(b))  Fop(t +iB) = ¢(oi(b)a)




More on Bost—Connes

e Representations m, on £2(N):

Hn€m — €nm, Wp(e(r))@m — Clnem

¢r = p(e(r)) root of 1, for p € Z*

e Low temperature extremal KMS (8 > 1)

Tr(mp(a)e P -
w3 pla) = Tr(e-BH) pEL

High temperature: unigue KMS state

e Zero temperature: evaluations g ,(e(r)) = ¢
poo,p(a) = (€1, mp(a)er)
Intertwining: a € Ag gc, ¥ € 7*
poo,p(va) = 0~(poo,p(a))
0:7Z* = Gal(Q*/Q)

Class field theory isomorphism



Bost—Connes endomotive

A.Connes, C.Consani, M.M., Noncommutative geome-
try and motives: the thermodynamics of endomotives,
Adv. in Math. 214 (2) (2007), 761-831

abelian semigroup action S =Non A = Q[Q/Z]

Endomotives (A, S) from self maps of algebraic
varieties s : Y — Y, s(yg) = yo unbranched,
Xs =s"1(yo), X = lim X; = Spec(A)

£S,S/ : XS/ — XS? 63’5/(y) — r(y)a S/ =Tsc S

Bost—Connes endomotive:
Gy, With self maps u — u¥

sp i Pt D) — PP %), keN, PeQ[tt 1]
po(u(®) = uw(@Ft,  w(@) =t modit -1
X, = Spec(Q[t,t~1]/(tF — 1)) = s 1(1) and
u(l) — e(1/0) € Q[Q/Z], C(X(Q)) = C(Z)
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Integer model of the Bost—Connes algebra
A.Connes, C.Consani, M.M., Fun with F;, to appear in
J.Number Theory, arXiv:0806.2401

Az pc 9enerated by Z[Q/Z] and puy, fin

/jnﬁm — ﬁnm
/L;I;,/f;lfn — /L;I;,m
Pnbin =T

fnfly = fmbin (n,m) = 1.
pn® = on()py,  and  ziin = finon ()

where op(e(r)) = e(nr) for r € Q/Z

Note: pn(x) = punzp), ring homomorphism but
not pn(x) = pnxw;, (Correspondences ‘‘crossed
product” Az o = Z[Q/Z] x;N)
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NCG and Soulé’'s F{-geometry:

Roots of unity as varieties over [Fy:

pF)(R) = {z € R|zF = 1} = Homy (A, R)
A = 7Z[t,t71]/(tF — 1)

e Inductive system Gy, over [Fq:

ﬁ(n)(R) C E(m)(R), nlm, Am — An

Axy = C(SH)

e Projective system (BC): &mn @ Xn = Xm
éman : pU(R) — pl™(R),  nlm
p®(R) = Homz(Z[Q/Z], R)
= projective system of affine varieties over [y
Emn i Fin Qp, Z — Fim Qp, Z

Ax = ClQ/Z]
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Bost—Connes and [
A.Connes, C.Consani, M.M., Fun with F1, arXiv:0806.2401

Affine varieties M(”) over 1 defined by gadgets
G(Spec(Q[Z/nZ])); projective system

Endomorphisms oy, (Of varieties over Z, of gad-
gets, of Fi-varieties)

Extensions [F1»: free actions of roots of 1

(Kapranov—=Smirnov)

(— (", neN and ¢(—(*—elalr)), aeZ

Frobenius action on i

In reductions mod p of integral Bost—Connes
endomotive = Frobenius

Bost—Connes = extensions Fq» plus Frobenius
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Characteristic p versions of the BC endomotive

Q/Z = Qp/Zyp X (Q/Z)(p)

denom = power of p; denom = prime to p

K[Qp/Zp] > PZ+

endomorphisms o, for n = pt, £ € Zt

gon(x) = zP Frobenius of K char p

(0,0 ® b )(f) = '
f e KlQ/Z]
(00006 Ye(r) ) = e(pr) @a” = (e(r) @)

= BC endomorphisms restrict to Frobenius on
mod p reductions: . Frobenius correspon-
dence on pro-variety p*° ®7 K
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NCG and Borger’'s [Fi-geometry
M.M., Cyclotomy and endomotives, preprint arXiv:0901.3167

Multivariable Bost—Connes endomotives

Variety T = (G,)" endomorphisms o € Mn(Z) T
Xo={t=(t1,...,tn) € T"|sa(t) = to}
€np: Xg— Xa, t—1t1, a=pye M(Z)T

t—t) =0y (t) = (t{"t3 -, .t t))

X = li_ma Xqo With semigroup action

C(X(Q)) =2 Q[Q/Z])®™ generators e(r1) ® - @ e(ry)
An = QIQ/Z]®™ xp Mn(Z)T
generated by e(r) and pqa, p,

pale(r)) = pae(r)pg = 1 > els)

det o o(8)=r
oa(e(r)) = ppe(r)ma = e(a(r))
Endomorphisms:

oale(r)) = ppe(r)pa
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The Bost—Connes endomotive is a direct limit
of A-rings

Rn = Z[t,t 1]/ (t"—1) sp(P)(t,t71) = P(t",t7F)
Action of Z:

ac€Z: ((:x—C(x)— (C:az— %)
Z = Hom(Q/Z,Q/Z)

= Frobenius over [F1c (Haran)

Embeddings of A-rings (Borger—de Smit)

Every torsion free finite rank A-ring embeds
in Z[Q/Z]®™ with action of N compatible with
Sn,dz'ag C MH(Z)—I_

BC systems as universal A-rings

= multivariable Bost—Connes endomotives as
universal A-rings
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Quantum statistical mechanics
of multivariable Bost—Connes endomotives

Representations on ¢2(Mp(Z)T): ¢ = [T, ¢

C — (Cla o 7Cn) — P(f); p € GLn(Z)

Hp €a = €3

Wp(e(ﬁ))eoz — H C?Téa

Time evolution:

or(e(r)) = e(r), o1(pa) = det(a)® uq
Hamiltonian:
Heq = logdet(a) e

Problem: Infinite multiplicities in the spectrum:
SLp(Z)-symmetry
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Groupoid and convolution algebra

Similar to: A.Connes, M.M. Quantum statistical me-
chanics of Q-lattices, in “Frontiers in Number Theory,
Physics, and Geometry, I' pp.269—350, Springer, 2006.

Ur = {(a, p) € I_\GLn(Q)+ xr 2" | a(p) € 7™
Quotient U by SL,(Z) x SL(Z)

(71,72) : (@, p) = (y1av5 ,72(p))
Convolution algebra

(f1 % f2)(a,p) = Z fi(a, p1) f2(a2, p2)

(aap)z(al 7p1)o(a2 ,pQ)Eur

f(a,p) = flaT,a(p)) and oi(f)(a,p) = det(a)i f(a, p)
(mo(£E) (@) = > flap™, B(p))E(B)

BEM\GL.(Q)* : Bpel:

On 2(N\G,). If p € (Z*)™:

G, = {a € GL,(Q)T |a(p) € Z"} = Mn(Z)T

ZB)= Y det(m)””
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Why QSM?
A.Connes, C.Consani, M.M., The Weil proof and the ge-
ometry of the adeles class space, arXivimath/0703392

For original BC system = dual system
A = A x,R. Restriction map:

. AA% — Su(Qﬁ)
Cyclic module: cokernel HCo(D(A, p))

= Spectral realization of zeros of Riemann
zeta function and trace formula

Multivariable case:

Manin (1994): problem of Z Qp, Z =777
cf. Weil’s proof for function fields C xp, C

Zeta function viewpoint: Kurokawa
tensor product zeta function: summing over zeros

[TG-me [[6—mm:=[]G-x-mmt
Ae= peES (A1)
as zeta-regularized infinite products

Question: Kurokawa zeta functions from mul-
tivariable dual systems?
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Thermodynamics of endomotives and RH
A.Connes, C.Consani, M.M., Noncommutative geome-

try and motives: the thermodynamics of endomotives,
Adv. in Math. 214 (2) (2007), 761-831

Dual system: A= Apgc %o R

Scaling action: o0\(Jz(¢) Urdt) = [Nt z(t) Usdt
Classical points: €3~ Q3 x R% low T' KMS states
Restriction map: (morphism of cyclic modules)

e Cokernel (abelian category) D(A, p) = Coker(d)
e Cyclic homology (with scaling action) HCy(D(A, ¢))
e Galois action4 scaling Cp = 7* x R

Weil explicit formula as trace formula
on H! = HCo(D(A, ¢)):

flu™?) .
Y 1) = NeA
T ) = FO)+(1)-Aeaf(1)- Z/ .
9(f) = i f(@)vyd’g [ e S(Co)
Self inters of diagonal A e A = log|a| = —log|D|

(D = discriminant for #-field, Euler char x(C) for F,(C))
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Note:

e Connes’ 1997 RH paper: Tr(RAU(f)):
- only critical line zeros

- Trace formula (global) & RH

o Tr(9(f)]y1):
- all zeros involved
- RH < positivity
Tr (9(f * fDln) 20 Vf € S(Cg)

where
(f1# f2)(g) = / A f2(k g)d"g

multiplicative Haar measure d*g and adjoint

A lg) =g (g™ 1)

= Better for comparing with Weil's proof for
function fields
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Weil's proof in a nutshell
K = F,(C) function field, Xx = places deg n, = # orbit
of Fr on fiber C(F,) — Xk

Q=g ) (1 —ql79)
P(T) =[](1 —\,T) char polynomial of Fr* on H(C,Qy)

C(Fy) D Fix(Fri) =Y (=1)*Tr(Fr|HE(C,Q0))
k

() = [[A gt = WD
2K

RH < eigenvalues A\, with |X\;] = ¢1/2

Correspondences: divisors Z C C x C; degree, code-
gree, trace:

d(Z)=Ze(PXxC) d(Z)=Ze(CxP)

Tr(Z) = d(Z2) + d(Z) — Z e A

RH < Weil positivity Tr(Z+«Z") >0

= Dictionary between NCG and Alg Geom:
C'xy, C < NCG version of Spec(Z) Xy, Spec(Z)

22



A possible intermediate step: Witt vectors

Affine ring scheme of big Witt vectors

Z[Al,)\z, .o .,)\n, .. ]
symmetric functions \;, ghost coordinates

d|n
W(R) = I,>1 R addition/multipl of ghost coords

Truncated Witt schemes with Z[u1,...,un] =
gadgets WéN) over 1 (Manin)

Also A-ring structure given by the ¥,

Borger’s suggestion: Witt schemes related to

Spec(Z) xg, -+ Xp, Spec(Z)

= Realize inside multivariable BC endomotives
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Other aspects of [i-geometry:

Analytic geometry

Yu.l. Manin, Cyclotomy and analytic geometry over [Fq,
arXiv:0809.1564.

T he Habiro ring
K. Habiro, Cyclotomic completions of polynomaial rings,
Publ. RIMS Kyoto Univ. (2004) Vol.40, 1127—1146.

Zlql = limZ[g)/((¢)n)

(@n=10-¢)(1—q¢*) - (1—4q")

Zlql/((@)n) = Z[q]/((q)x) Tor k < n since (q)x|(¢)n
Evaluation maps at roots of 1: surj ring homom

eve : Zlg) — Z[¢)

give an injective homomorphism:

ev: Zlgl — [] ZI¢]

(eZ
Taylor series expansions

7+ Zlg] — Z[¢[[g — <))

injective ring homomorphism
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Ring of “analytic functions on roots of unity”
= Another model for the NCG of the cyclo-

tomic tower, replacing Q[Q/Z] with Z/[E]

Multivariable Habiro rings (Manin)

Z[Qla s 7qn] — MZ[Q]J T ,Qn]/If,%N
N

where I, n is the ideal

(@ —1)(F-1) - (¢) = 1)y (@n—1)(2— 1) (g} — 1))

Evaluations at roots of 1

—_—

ev(cl,...,cn) : Z[CI]_, S 7Qn] — Z[C]_, cee Cn]

Taylor expansions

e~

Ty :Zlg1,- - an]l — Z[C1, -+, Calllar—C1s - - - gn—Cnl]
Z = ((1,---,¢n) In 2"
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Endomotives: Habiro ring version
M.M., Cyclotomy and endomotives, preprint arXiv:0901.3167

One variable:

on(f)(q) = f(¢")

liftts P(¢) — P(¢™) in Z[{] through ev

Action of N = group crossed product
AZ,q — ZI:q:loo X Qj-
Az , = 9generated by Z[q] and pn, wh
pnon(f) = fun, pin S = on( )y,
Z[E]oo = UnAn with Ay gen by un fuy

Zlgloo = lim(on : Zlg] — Z[q])

n

injective = automorphisms o, : Z/[E]OO — Zf[g]OO
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Pz = polyn in Q powers ¢"
752 = |Im'Pz/jN
Jy = ideal gen by (¢ )y =(1—¢")---(1—¢"), reQ}

Zlqle ~ Py, pnful — f(gH™)

pr(f)(q) = f(q")

Multivariable:

Z[qla“'aqn] — MZ[Ql,...,qn,QIl,...,q;l]/jn’]\f
N

Jn.n ideal generated by the (¢ —1)--- (¢ — 1), for i =
1,...,n and the (q;1—1)~-~(q2-_N—1)

Torus T™ = (Gm,)™, algebra Q[t;,t; ]

t* = (tM)i=1,.n With t&=T]]¢."
J

Semigroup action a € M,(Z)7:

q— 0a(q) =0alq1,...,qn) =

A2 A1p (67%1

(g1 - gy, ..., qy

an2..

d;
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Question: 3-manifolds and [F;-geometry?

Universal Witten—Reshetikhin—Turaev invariant
K.Habiro, A unified Witten—Reshetikhin—Turaev invari-
ant for integral homology spheres, Invent. Math. 171
(2008) 1-81

- Chern—=Simons path integral (Witten)
- quantum groups at roots of 1 (Reshetikhin—Turaev)

(M) : Z — C, TC(M)
- Ohtsuki series

M) =14 M(M)(g—1)"

n=1

Unified view (Habiro): Jys(q) = Jr.(q)

Jn(q) € Zlq]
function in the (one-variable) Habiro ring:

eve (I (q)) = 7¢(M)
1 (Ja(9)) = 79 (M)

Using: 3-dimensional integral homology sphere M
surgery presentation M = Sg, algebraically split link
L=ILiU---UL;in 83 framing £+1

S? 2 53 o L ~ L' Fenn—Rourke moves
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Integral homology 3-spheres

Zhs = free ab group generated by orientation-
preserving homeomorphism classes of integral
homology 3-spheres

Ring with product M#M> connected sum

It #0,(q) = I (@I, (), Jg3(q) =1

J_n(q) = Jy(a™h)
= WR'T ring homomorphism
J : Zhs — Z/[E]
Ohtsuki filtration
Zhs = Fg D F1 D Fp D ---
Fi. Z-submodule spanned by
M, Ly, L) = > (—D)Flmy,
L'C{Ly,....Ly}
L; = alg split links +=1-framed

Habiro conjecture
J : Zhs — Z/[E]

Zhs = lim ,Zhs/F; with d : N — Z~
«—d =
d(n)-components of link have framing +n
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Integral homology spheres and [F17

Xzps(R) == {¢ : Zhs — R|3$ : Z[q) — R, ¢ = GoJ}

J : Zhs — Z/[E] WRT invariant;
Xyzns(R) = set of “coarser” R-valued invariants

Ax = Zhs®@C WRT evaluations as cyclotomic
points: oo ¢ . Zhs — C factors through some
evaluation ev

= X7ns 9adget over [y

Question: Using Habiro conjecture Xi\hs induc-

tive limit of affine varieties over [f{ 7 (finiteness)
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Question: 3-manifolds and endomotives?

Semigroup action? Is it possible to construct

M=, 0n W) = 7,

mn)

(inv. under Fenn—Rourke moves)

on(M1#Mo) = on(M1)on(M>)

Question: 37 Ty € Z[q]

Tan(M) — Uﬂ(TM)

Is it possible to use endomotives (eg multivari-
able BC) to construct 3-manifold invariants 7

Zhs XN — A=A xN

Quantum statistical mechanics?
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Categorical approach:

- Reidemeister moves

(link diagrams: same ambient isotopy class)

- Hoste moves (admissible links)
(same Zhs: trivial linking #s and frames 1/m)

component 1/m-framing replaced by —m full
twists

1/m -m full twists
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2-category:
- Objects: (D,t) admissible framed link diagrams
- 1I-morphisms: (D,t) E2A (D’, ") Hoste moves

- 2-morphisms: R = (R, R") Reidemeister moves

H
(D1,t1) = (DY, th)
[R . |R
(D27t2)—2>(D/ 7t/2)

Convolution algebra: A, . o) functions with finite
support on 2-Mor

- vertical convolution product

(fiocf)(R)y= Y  f1i(R1)f2(R2)

R=R1oR>

- horizontal convolution product

(fief2)(R)= >  f1(R1)f2(R2)

R:Rl ORQ
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For compositions of 2-morphisms:

- horizontal RieR> with R1 = (R, R') and R> = (R, R")
(Dl,tl) (Dlatl)—>(D”7t/1/

LR lR/ H’ lR”
(D27t2) (D/7t2>_>(D”7t )

- vertical R1o0Rz with R1 = (R1, R}) and Ro = (Rz, R})

H
(D1,t1) = (DY, *7)

Ry R}
(Do, t2) =2 (D5, 1)
Ro R,

(D3,t3) 22 (D! ,13)
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Involution: f*(R) = f(R—1)

H;*
(D5, 1t5) = (D2, t2)

o e

H*
(D}, t)) —(D1,t1)

- Horizontal time evolution: o¢(f1 0 f2) = o¢(f1) o
ot(f2)

or(F)(H) = ™ f(H), with m=~0¢-1/

Hoste move between L = L U---UL;, and L' = LjU---UL),
- Vertical time evolution: o(fief2) = ot(f1)eo(f2)

self-linking number with respect to the black-
board framing of the link diagram

(changed by Reidemeister moves)
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Variant: only oriented Hoste moves (semigroupoid)
Cabling: Ln, = cn(L) withn=1(n,...,n)

(L,t) admissible and n|m;: if oriented Hoste
move

(L,¢v) = (L’ )

then n|m; also for L’ and cabled oriented Hoste
move

(Ln, nt) 2 (L], nt)

Action:

on(F)(H) = {

endomorphisms of A

0 otherwise,

cL(1)
(after collapsing 2-morphisms to equiv rel)
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Similar to case of

M.M., A.Zainy al-Yasry, Coverings, correspondences, and
noncommutative geometry, J.Geom.Phys. Vol.58 (2008)
N.12, 1639—-1661

2-category with Obj—=embedded graphs,
1-Mor=3-manifolds as branched coverings,
2-Mor=4-dim cobordisms

Horizontal and vertical time evolutions
(multiplicity of coverings, index theorems, Hartle—Hawking

gravity)
Further questions: Relation of the Habiro

rings and (semi)group actions to Zagier’'s quan-
tum modular forms 7
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