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Quadrat ic  isoperimetric inequalities for Heisenberg groups 7/2'~+~ have been announced in [2] and [4] and 

proved in [1]. The proof in [1] uses techniques and facts from topology and differential geometry. Here we 

present a completely combinatorial proof. The problem of finding such a proof was mentioned in [I 1. 

Notice that  7i 2"+1 is not an automatic group [2]. Therefore it is not hyperbolic, and so it does not have 

a subquadrat ic  isoperimetric function ([3], [5]). 

T h e o r e m  1. The 5-dimensional Heisenberg group 7-l 5 = ( x , y , u ,  vl[x,u] = [x,v] = [y,u] = [y,v] = 
[x, y][v, u] = 1) has a quadratic isoperimetric function.  

This theorem and its proof can be easily extended to any Heisenberg group 7/2"+x with n > 2 and some 
other 2-nilpotent groups which are central products.  

The following lemma contains some well-known and obvious facts about  7i 5. These facts will be used 
later without  reference. 

L e m m a  2.  1. 7/s is nilpotent of  class 2. 
2. The derived subgroup (7/5) ' is infinite cyclic. 
3. The factor group 7{5/(7{5) ' /s free Abelian of  rank 4. 
4. For every two elements a, b E 7{ 5 and any two integers m,  n, we have [a m, b n] = [a, b]'n'L 

D e f i n i t i o n  3. A word w is called a commutator  word if it belongs to the derived subgroup of the free group. 
The notation w(a, b) will mean that  the word w depends on a, b only. If  we subst i tute  a --+ p, b --+ q (where 

p, q are words), then the result of the substi tut ion will be denoted by w(p, q). 

L e m m a  4. In 7-l 5, we have (xu) u+' = (xu) ~+', that is, [xu, y4"lv::F1] = 1. 

(We assume that a b = b-lab, [a, b] = a-lb-lab.)  

P r o o f .  (xu)Y = x~u = z[x, y]u = x[u, v]u = xu[u, v] = xu  ~ = (xu) ~. This implies that  (xu)U-' = (xu) "- '  

since [y,v] = 1. [] 
The next lemma immediately follows from Lemma 4. 

L e m m a  5. Every word of the form y+lw(zu ,  v)y =~1 can be transformed into the word v+iw(xu,  v)v =~1 by 
using O(]w[) applications of relations. 

Proof. w(zu, v) ~1 = w((zu) ~• v ~1) = wC(zu) v• v v~l) = w(zu,  vF ~1. [] 

L e m m a  6. Every commutator word w(x,  y) can be transformed into t h e  word w(u,  v) by using at most 

Colwl = applications of  defining relations of T-I 5 for  some Co > O. In particular, w(x ,  y) = w(u, v) in 7"l s. 

P r o o f .  Let n be the number of occurrences of the letter x in w(x,  y). Then the number of occurrences of x -x 
is also n since w is a commutator  word. Then we have 

w(~, y) = w(~, y)u"~-" = ~(xu, u). 
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The last transformation requires O(nlwl) = O(Iw[ 2) applications of commutation relations [x, u] = [y, u] = 1. 

Our goal is to replace the letters y+t in w(xu, y) by v el by replacing subwords of the form y+tp(xu, v)y ~t 

by velp(xu, v)v "~1 using Lemma 5 and the fact that the numbers of occurrences of y and y- t  in w(x, y) 
~oincide. Note that although w(xu, y) does not contain v, this letter will appear in it after the first application 
of Lemma 5. 

The number of such transformations is the number of occurrences of y in w(x, y). Each transformation 

requires O(Iwl) relations, so the total number of relations needed is o(Iw12). [] 

L e m m a  7. Let a, b e {x, x - t ,  y, y-i}.  Then any word w(a, b) of the form 

$ 

wowt...w, II[a, bl q' 
i----t 

where wi, qi are words and Iqil < Q for some number Q, can be transformed into the word 

wo[x, y]wt [x, y]...w, 

by using O((Iwl § q)s)  applications of relations. 

Proof .  First we transform in lI~=l[a,b] q' each [a,b] into [u+l,v+l], then move the commutator number 

i = 1, 2, ... to its spot between wi-1 and wi (this requires O(Q + Iw]) commutativity relations for each i 

since ql,..., qi-x disappear when we start moving the ith commutator), and then transform each commutator 
[u • v +1] back into [a, b]. [] 

Def ini t ion 8. For every integer m , n , l ,  0 _< t < m, m,n  > 0, let R ( m , n , l )  be the following word 

Ix r", y~][x l, y]Y". If we draw this word on the plane R z (x-edges are horizontal, y-edges are vertical), then 
the image will be a rectangle with sides m and n with a horizontal l by 1 rectangle on top. We define the area 
of the word R(m, n, ~) as mn  + L Note that by Lemma 2 R(m, n, i) = [x, y]mn+t in 7{ 5 and that the length 

of R(m, n, ~) in the free group is 2(m + n) + 2. 

The following statement is obvious. 

L e m m a  9. For every integer m,n ,e ,  0 < ~ < m, the word R(m,n,O) I]ti=i[x,y] q', where the length of the 
words qi does not exceed some number Q, can be transformed into R(m,  n, l) if  ~ < m or R(m, n + 1, O) if  

= m. The number of applications of relations used in this transformation is C1(rn + n + Q)g for some 
constant C1 > O. 

Proof .  Indeed, it is enough to divide R(m, n, 0) into ~ + 1 subwords w0, ..., wt as 

( z -"y-"z"~- t+l ) ,  z ,  z ,  ..., z ,  y" 

and use Lemma 7. The resulting word will be equal to R(m, n, e) (if e < m) or R(m, n + 1, O) (e = m) in the 
free group. [] 

Lemma 10. Let a, b E {x, x -1, y, y - l} .  Then in the free group, [a k, b] k - .,k-, = 1-Ii=l [a, b] , [a, b k] ~'x = l-[i:0 [a, b] ~', 

L e m m a  11. If  m > 3n, then the word R(m,n ,e )  can be transformed into a word R(m' ,n ' ,e ' )  of the same 

area with m' < m/2  and n' < 3m' by using < C~m 2 defining relations for some constant C2 > O. In addition~ 
17~ ~ + n ' < ?Tz q -  n . 
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The idea of the proof is simple: we cut  the rectangle approximately  into two halves by a vertical line, 
then using Lemma 6 replace letters x and y in the right par t  by u and v, then move the  right par t  on top of 
the left part using the commuta t iv i ty  relations, then replace u and v back into x and y, and finally distr ibute 
the small amount  of extra squares to obtain a word of the form R(m' ,  n', s 

Let m'  = [m/2], t = m - 2m'. Note tha t  t = 0 or 1. We have tha t  

R(m,  n, s = (definition) 
[x m, y'~][x l, y]*~ = (in the free group) 

[xm_,e ' y,,],m' [z,n, ' y,,][xt ' y]~, = (by Lemma  6, O( (m + n) 2) = O(m  ~) relations needed) 
[Urn_rrl  f ~ ~. Xm I ~1 v ] [x , yn][xt, y]~" (O(m 2) commuta t iv i ty  relations) 
Ix m' , y"] [u m- ' e  , v n] [x l, y]~" = (O (m s ) commuta t iv i ty  relations) 
[z m', yn][um'm', vn]~[xt, y]Y" = (by Lemma 6, O ( m  2) relations) 
Ix m' , y'*][x "~-m' , y"]~" [x l, y]~" = (in the free group) 
z-'Vy-'~x2'~'-my-"x'~-'~'y2'*[xt, y]Y" = (in the free group) 

rr-  r,,-1 .~tl~ -("-o and [y-X, x t] = [x t, y]y-' in the free group. Again By Lemma 10, [y -" ,x  t] is equal to 11i=1t~ , -  J 

by Lemma 10, [x l, y] --- l-lit__1 [x, y] xt-~. Therefore 
$ 8 

m I t , ~ - m l y  2 n  [" ~ l y  n [~ , y ~ ] [ y - " , ~  J t~ ,yJ = [ ~ , , y ~ n ]  i I [~ ,y}~ ,  R(m',2~,o) H [ ~ , y ]  ~, 
i = l  i = l  

vr Iq~l = O(m),  s < n + t. Note that 

s < n + t < m / 3  + 2m' < (2m' + 1)/3 + 2m' < 3m'. 

Since s <_ 3m', using Lemma 9 at most  three times, one can t ransform the word R(m' ,  2n, 0)lI~=l[x, y]q' into 
~ where m'n  ~ E' n ~ a word R(m' ,  n', ~') for some n ~, + = m n  + t and < 2n + 2. 

I t  is clear tha t  m' <_ m / 2  and n' < 3m' since n ' < m / 3  + 2. Finally m ~ + n ~ < m / 2  + 2n + 2 < m + n: 
this.; is clearly true if m > 10 (since m > 3n) and can be easily checked for every m < 10 (for example, if 
m = 7 ,  n = 2 ,  g = 6 ,  t h e n m ' = 3 ,  n ' = 6 ,  l ' = 2 ,  a n d m ' + n ' = m + n = 9 ) .  [3 

The following lemma has exactly the same proof. 
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L e m m a  12. If n > 3m, then the word R(m,n,g)  can be transformed into a word R(m',n',g') of the same 

area with n' <_ n/2 and m' <_ 3n' by using < Cen ~ defining relations/or some constant Ce > O. In addition, 
m ' + n '  < m + n .  

We call the word R(m, n, g) thick if both m < 3n and n < 3m. 

L e m m a  13. Every word R(m, n, g) can be transformed into a thick word R(mo, s0, go) o/the same area by 

using at most C3(m + n) 2 defining relations/or C3 = 4C In addition, mo + no < m + n. 2. 

Proof .  Without loss of generality, assume that m > 3n. Then by Lemma 11 we can transform the word 
R(m, n, g) into the word R(m', n', g') of the same area with m' <_ m/2, n' < 3m' by using at most Cem 2 defining 

relations. If m' > 3n', we can apply Lemma 11 again and get a word R(m' ,  n',  l") with m" < m'/2 < m/4, 

n" _< 3m" by using at most C2(m') 2 < C2m2/4. Continuing in this manner, we finally get the desired thick 

word R(mo, no, go) by applying less than Cem:(1 + 1/4 + 1/16 + ...) < Cam e defining relations. The last 
statement of the lemma follows from Lemmas 11 and 12. [:3 

L e m m a  14. Every two thick words ~1 = R(ml,  hi, gl) and R2 = R(m2, n2, g2) of the same area A can be 
transformed into one another by using at most C4A defining relations/or some constant C4 > O. 

Proof .  We use induction on the area A. Note that if ml = m2, then the words R1 and R2 are graphically 
equal since they have the same area A = mlnl  + tl  = men2 + ge, gl < ml,g2 < me. 

So without loss of generality, assume that ml > me. Then nl _< he. Since both words R1 and Re are 
thick, it is easy to check that each of the numbers rnl, hi, me, n2 is at least 1/3 of any other number in this 

list. This implies that each of these numbers is at most 2v/-A. 
We have that in the free group 

R1 = R(mx - me, nl, O) ~'" R(me, nl, O)Ix t' , ylU",. 

By Lemma 6 we can change the letters in R(me, hi, 0) from x, y to u, v, commute the resulting word 

with R(ml - me, hi, 0) ="~2, and then convert the letters u, v back to x and y by applying at most 8C0(m2 + 

nl) 2 + 4(me + nl)(ml + nl) <_ D1A (for some constant D1) defining relations. We get the word 

R(m2, hi, 0)R(ml -- me, hi, 0) xm' [x lI, y]Y"'. 

Now applying Lemma 6 to R(ml - m e ,  hi, 0), commuting with x me, then replacing u, v with x, y (Lemma 6 

again), we can remove the conjugation by x "~2 by using at most D2A defining relations for some constant 
De > 0. The word we get will have the form 

R(m2,  n , ,  0 ) R ( m l  - me, n l ,  

Let g~ = (ml - m2)r + g', where 0 < g' < ml - m2. Applying Lemma 10 to [x t~, y] and then applying 

Lem.ma 9 r or r + 1 times (depending on whether g' = 0 or not), one can transform the word R ( m i -  

m2, nl, 0)[x t', y]U"' into R(mx - m e ,  n', g'), where n' = nl + r < nl + ml, by using at most 

Cl(ml - m2 + nl + ml + nl)((ml  - me)r + g') = Cl(ml - me + nl + ml + nl)gl leDzA 

applications of defining relations. The resulting word has the form 

n(me, nl, 0)R(ml - me, n', e). 

Now by Lemma 13 we can transform the second factor of this product into a thick word R(m3, n3;g3:) 

with the same area and m3 + n3 _< ml - me + n' by using C3(ml - m2 + n') e <_ D4A defining relations for 
~ome constant D4. 
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5 1 The area of R(m3, n3, ~)  is A - msn~ = m~n~ + ~ - msn~ < ~A since rag_ > _ ~m~ and ~ < m~n~. 

Now let us deal with R(ms, n2, ~).  We can rewrite it in the free group as follows: 

R; = R(mg_, n~, O)R(m2, n~ - n~, e~) ~"~ 

if n2 > nl,  or R2 = R(m2, nl, 0) if nl = ns. 
By using Lemma 6 we can remove (as before) the conjugation by ym using at most  DsA defining relations. 

After that  we can transform the word R(ms, n2 - nl, g2) into a thick word R(m4, n4, g4) of the same area by 
using at most D4A defining relations. 

The area of R(m4, ha, ga) is equal to A - msnl, so it is equal to the area of R(m3, n3, g3) and is at most 
"_5 A 
o6 " 

Now let us denote the constant 6(D1 + 2D~ +/93 + 2D4) by C4 and assume by induction tha t  every two 
thick words of area B < A can be transformed into one another by applying at most  C4B defining relations. 

5 Then we can transform the word R(mz, n3, gz) into R(m4, n4, g4) by using at most  gC4A defining relations. 

This implies that  we can transform R1 into Rs by applying at most DaA + D~ A + D3A + D4A + D2A + DaA + 

~C4A = C4A defining relations.~ 

L e m m a  15. For any two words R(ml,  nl, s and R(ms, ns, t9_) of the same area, one can transform one 

word into another by using at most C6(mx + nl + m2 + ns) 9 defining relations for some constant Cs > O. 

P r o o f .  This follows immediately from Lemmas 13 and 14: first we transform both words into thick words of 
the same area, then transform one thick word into another; we use the fact that  when we transform a word 
R(m, n, s into a thick word R(m', n', s then m' + n' < m + n (Lemma 13) and the trivial observation that  

the area of a word R(m, n, l) does not exceed (m + n) s. [] 

L e m m a  16. For every two words R~ = R(m~, nx, f~) and Rs = R(mg, ns, es) of areas A~ and As, their 
product R1Rs can be transformed into a thick word R(rn3, n3, e3) with area A1 + As by using at most C6(ml + 

n:f+  m2 + n2) 2 defining relations for some constant C8 > O. 

P r o o f .  We shall consider only the case where A1 > As. The other case is similar. By Lemma 15 we can 

transform R2 into a word R ~ where either R ~ = R(ml,  n', s (if As > rex) or R ~ = R(As, 1, 0) (if A2 < ml)  by 

using at most O((ml + nl + ms + n2) 2) defining relations. 

As before, we consider only the most difficult case where A2 > mx (in the other case the number of 

transformations will be smaller). We have 

R1R' = R(ml,  nx, 0)[x t~ , y]Y"' R(mx, n', 0)[x e, y]Y"'. 

Using Lemma 6 we can permute Ix t~, y]y,1 and R(ml,  n ~, 0), and replace R(ml ,  n ~, 0) by R(ml ,  n', O) ~"~ 

(~e.:lift the second rectangle onto the top of the first rectangle). Note that  R(ml ,n l ,0 )R(ml ,n ' ,O)  y"~ = 
R(ml;nx § n', 0) in the free group. Then, using Lemmas 9 and 10, we convert the word 

n, + n', t', y]""' [x y]" '  

into the word R(ml,n3,~3) for some n~ and ~3- Now we can make this word thick by using Lemma 13. All 

these transformations require application of O( (mx + nl + ms + ng_) s) defining relations. [] 

L e m m a  17. For every two words R1 = R(ml ,n l , e l )  and R2 = R(m2, ns, es) of areas A1 and As, their 

product R1R2 -1 can be transformed into an empty word or a word R +1 = R(m3, n3, ~3) +1 such that R is thick 

a ncl::the area of R is IA~ - A21 by using at most C7(ml + n~ + ms + n2) s defining relations for some constant 

CT>C6. 
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P r o o f .  If At = A~_, then we apply Lemma 15. So let A1 ~ As. Wi thout  loss of generality assume that  
.A~ > A2. Consider a thick word R3 = R(ma, n3, g3) of area A1 - A2. Then m3 + n3 = O(ml + nl + m2 + n2) 
(since R3 is thick). By Lemma 16, we can transform R3R: into a thick word R' = R(m',n',g') with area 
Ax and m' + n' = O(ml + nl + m2 + n2). By Lemma 15, we can transform R' into R1. The total number 

of applications of defining relations in all these transformations is O((ml + nl + m2 + n2)2). Thus, one can 

transform R~R2 -1 into RaR2R2 -1 = R3 by using O( (ml + nl + m2 + n2) 2) defining relations. [] 

L e m m a  18. Every commutator word of the form W = x~w(x, y)yb can be transformed either into the empty 

word or into a word R(m, n, g)• for some m, n, g such that R(m, n, g) is a thick word and its area, m n +  g, 

is at most [w[ 2 by using Cs[w[ 2 defining relations, where Cs = 250(70 + 70Cz. 

P r o o f .  Induction on the length of w. The base ([w[ = 1) is obvious. 
Let us write w as wlw2, where [wl[ = []w[/2]. Let p (resp. q) be the sum of exponents of x (resp. y) in 

wl. Then in the free group, we have 

w = (x~ 

Note that  ]a + p[ does not exceed the number of occurrences of x in w~ and [q[ does not exceed the number  

of occurrences of y in wl. Therefore [a + p[ + [q[ < [w[. 

Note that  z-Pwly -q and xa+Pw2y b+q are commuta tor  words by the definition o f p  and q. By the induction 

hypothesis these words can be converted to the empty word or words of the form Ri +1 = R(si, ti, gi) +1 for some 

si, ti, gi, i = 1, 2, where Ra is a thick word of area at most [wi[ 2. The number  of defining relations needed for 

these transformations is Cs([wl] 2 + IT2[ 2) ~ 5C8[w[2 (the worst case here is when [w[ = 3, [wll -- 1, iT2[ = 2). 

Since P~, i = 1, 2, is a thick word, s, + ti <_ 3]w~[ (indeed, 3s~ > t,, 3ti > s,, and siti <_ Iwi[2). 

Therefore, by using Lemma 6 we can remove conjugations by x a+p and y-q. The number of defining 

relations needed for these transformation is at most  100C0[w] 2 (the length of R~ is at  most 2-3[wil + 2  < 8[wi]; 
we need to replace x, y by u, v, then commute resulting words with the conjugating elements, then convert 
x, y back to u, v). 

The commuta tor  x~+Pyqx-(~+P)y -q is conjugated in the free group to a word of the form R~IR([a + 

p[, [q[, 0) +1, and the conjugating word has length at most  [w I. This conjugating word can be removed by 

using a e m m a  6, which takes at most 10C0[w[ 2 defining relations. The area of R3 is [a +p[[q[ < [w[2/4 since 
la + pl + Iql -< 

R1 R3 R~ . Applying Lemmas 16 and 17, we can combine The resulting word is a product  of three words • • • 

these words into a word R(m, n, g)• This operation takes at most 30C71w] 2. 

The area of R(m, n, g) is at  most  the sum of the areas of R1, R2, and Ra (by Lemmas 16 and 17). 
11 ? < 2 (as desired). Therefore, the area of R(m, n, g) is at most ~ + ~ _ 

The total number of defining relations needed in order to get R(rn, n, s177 is at most 

(~C~ + 110C0 + 30C~)lwl ~ _< Cslw[ ~. 

P r o o f  o f  t h e  T h e o r e m .  Let w = w(x, y, u, v) be any word in x, y, u, v which is equal to 1 in 7"/s. Using 

O(lwl 2) commutat iv i ty  relations, we can transform w into a word of the form wl(x, y)w2(u, v) which has the 
same length as w. By par t  3 of Lemma 2, both Wl and w2 are commuta tor  words. Therefore, by Lemma 
6 we can transform w2(u,v) into w2(x,y) by using O([wl:) defining relations. Thus we can assume that  

w = w ( z ,  y) .  

By Lemma 18, for a = b = 0 we can transform the word w into a word R • = R(m, n, g)• or the empty  

word by using O(]wl 2) defining relations. By Lemma 2, the word R is equal to [x,y] m"+t r 1 in 7/5 because 

[z, y] is an element of infinite order and m, n > 0, g > 0. Therefore, our transformation changes w into the 
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empty word. Therefore, w can be transformed into the empty word by using O(Iw[ ~) defining relations. Thus, 
7-/5 has a quadratic isoperimetric function. [] 

R e m a r k .  The method used in this paper can be employed to find isoperimetric functions of other nilpotent 
groups. For example, one can prove that the central product of 1 > 2 copies of any finitely generated free 
nilpotent group of class 2 with derived subgroups identified in the natural way has a quadratic isoperimetric 
function. We can also prove that  such a central product of two copies of any finitely generated nilpotent 
group of class 2 has an isoperimetric function equivalent to n ~ log n. So far, we have been unable to prove 
that these groups always have quadratic isoperimetric functions. 
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