ABRAHAMSE’S INTERPOLATION THEOREM
AND FUCHSIAN GROUPS

MRINAL RAGHUPATHI

ABSTRACT. We generalize Abrahamse’s interpolation theorem from the setting
of a multiply connected domain to that of a more general Riemann surface.
Our main result provides the scalar-valued interpolation theorem for the fixed-
point subalgebra of H*° associated to the action of a Fuchsian group. We rely
on two results from a paper of Forelli. This allows us to prove the interpo-
lation result using duality techniques that parallel Sarason’s approach to the
interpolation problem for H°°. In this process we prove a more general dis-
tance formula, very much like Nehari’s theorem, and obtain relations between
the kernel function for the character automorphic Hardy spaces and the Szego
kernel for the disk. Finally, we examine our interpolation results in the context
of the two simplest examples of Fuchsian groups acting on the disk.

1. INTRODUCTION

1.1. Motivation. Our objective in this paper is a generalization of Abrahamse’s
interpolation theorem [1, Theorem 1]. Let R C C be a bounded, multiply connected
domain of genus g. Let H*°(R) be the Banach algebra of bounded holomorphic
functions on R. Abrahamse considered a natural class of Hilbert modules { H3(R) :
A € T9} over the algebra H°(R). Each of the spaces H3(R) is a reproducing
kernel Hilbert space with kernel function K*. Abrahamse’s solution to the Pick
interpolation theorem for the region R is the following:

Theorem 1.1 (Abrahamse). Let z1,...,2, € R and wy,...,w, € D. Then there
exists a holomorphic function f : R — D such that f(z;) = w; if and only if the
matrices

A,\ = [(1 - wZWJ)KA(zZ,z])] 2 0,
forall X € T9.

There are several proofs of Abrahamse’s theorem in the literature: see Ball [8], for
the matrix-valued generalization; Fedorov and Vinnikov [15], for a careful analysis of
the scalar-valued problem; and McCullough [22], and McCullough and Paulsen [23],
for the operator algebraic viewpoint.

In this paper we take a viewpoint that in some sense predates all the above proofs.
Let p: D — R be the universal covering map. Associated to this covering map is
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the group of deck transformations, that is, the group I'" of Mobius transformations
such that poy = p. Note that the map p* : H*(R) — H*(D) given by p*(f) = fop
is an isometric embedding of H*(R), and the range of p* is precisely the fixed-
point subalgebra for the action of I'; that is, the set of functions f € H*>(D)
such that f o~ = f for all v+ € I'. Therefore, function theoretic problems on
the domain R can be lifted to the disk. This idea, known as uniformization, is a
fundamental tool in the theory of Riemann surfaces [14]. If " is the group of deck
transformations associated to p, then I' is a discrete subgroup of the group of all
Mbobius transformations on the disk. In addition, I' is torsion-free, I acts without
fixed points and the action is properly discontinuous. Further, the quotient space
D\I" is a Riemann surface that can be identified with R, and T" & 7y(R), the
fundamental group of R.

A discrete group of Mobius transformations is called a Fuchsian group. Let T’
be a Fuchsian group. We will consider the analogue of Abrahamse’s theorem for
HP, the associated fixed-point subalgebra of H*°. From comments in the previous
paragraph we see that this includes the study of the interpolation problem on a
Riemann surface.

Our approach in this paper owes a great deal to the elegant results obtained
by Forelli [17]. Forelli initiated the study of function theory in these fixed-point
algebras, and in the special case where I' is a group of deck transformations asso-
ciated to a covering of a finite bordered Riemann surface, he constructs a bounded
projection from P : H* — Hp° that is also a bimodule map over Hp°. The projec-
tion is obtained by modifying the natural conditional expectation from H° onto
HP®. An explicit formula for the conditional expectation was obtained by Earle
and Marden [12] and this was generalized by Ball [8].

Another approach to function theory on multiply connected domains through
the use of holomorphic vector bundles was initiated by Abrahamse and Douglas [4]
using the results in [17]. More recently Ball and Vinnikov [9] have obtained a
great deal of information about Hardy spaces on finite bordered Riemann surfaces
by further developing the theory of holomorphic vector bundles and through the
viewpoint of complex algebraic curves. Fedorov and Vinnikov [15] carried out a
deep analysis of the scalar-valued interpolation problem for finite open Riemann
surfaces using complex analytic methods.

We study the interpolation problem from the perspective of classical Hardy space
theory with an additional element: the action of a Fuchsian group. Although we
do not provide a complete geometric or topological description of which Riemann
surfaces are included in our result, our results will apply to any Riemann surface
that has a finitely generated fundamental group. This includes the class of finite
bordered Riemann surfaces and finite open Riemann surfaces. In addition, we allow
the possibillity that the group I' may act with fixed points or possess torsion. We
will need neither the full strength of Forelli’s results nor the extensions obtained
in [8] and [12]. We also do not require a knowledge of function theory on multiply
connected domains or the theory of holomorphic vector bundles. However, our
proof does rest on two lemmas in [17].

1.2. Notation. We will denote the open unit disk in the complex plane by . The
circle will be denoted T and the m-torus will be denoted T™. By an automorphism
we mean a Mobius transformation, that is, a holomorphic map of D onto D with
a holomorphic inverse. An automorphism is the composition of a simple Blaschke
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factor and a rotation, that is, an automorphism ¢ is of the form

a—2z
=A
0z) = A,
where @ € D and A € T. The derivative ¢ is easily computed to be
#() =2t
(1 —az)?’

Hence, given an automorphism ¢, the constants a and A\ are determined by the
equations

a=¢"(0),A= (la|* = 1)"'¢'(0).
The set of all automorphisms of the disk is a group under the composition of maps.
This group is naturally identified with PSL(2,R).

We will use the term automorphism group to mean a subgroup of the group of
all automorphisms of the disk and we will usually denote an automorphism group
by I'. An automorphism of the disk is a well-defined holomorphic map on the open
set {z : |2z| < |a|™'} D DUT. Therefore, the action of I on the disk extends to the
boundary circle and defines an action of I' on the circle T.

Given a group I' of automorphisms and a point w € D we denote the stabilizer
of the point w by Fix(I", w), that is,

Fix(Tyw) :={y €T : y(w) = w}.
We denote the orbit of the point w under the action of I by I'(w), that is,

I'w) :=={y(w) : vy €T}
We will call two groups I'; and I's conjugate if and only if there exists an automor-
phism ¢ such that ¢I'y = T's¢p. We denote by [I',T'] the commutator subgroup of
.

The group I' acts, by composition, on the Lebesgue spaces LP := LP(T), for
1 < p < oo, with respect to normalized Lebesgue measure p. Since a Mobius
transformation is analytic this action restricts to the Hardy spaces HP.

If X C L? we denote by [X], the smallest closed subspace of L? that contains
X. If p = 2, then we write [X]; = [X]. When p = 0o we take closures with respect
to the weak™* topology.

The character group, or dual group, of I is the set of continuous homomorphisms
from the group I' into the circle T. Let X C LP be a set that is closed under
composition by elements of I'. If ¢ € I, then we define

Xo:={feX: foy=0(f}

We call this the character automorphic space associated to o. We call elements of
X, character automorphic.

1.3. Outline of our work. Since our focus is on function theoretic results, we
are interested in the cases where the group I' fixes some nonconstant function in
Hp°, that is, when Hp° is nontrivial. If f € HR° is nontrivial, then we can, after
subtracting a constant, assume that f(0) = 0. Therefore, f(y(0)) =0 for all y € T
and so the points in the orbit of the origin I'(0) must satisfy the Blaschke condition

(1) Yo (=) < oo

¢er(o)



4 MRINAL RAGHUPATHI

In this case > (1 — |y(w)|) converges for any point w € D. An elementary
calculation shows that the sum in (1) converges if and only if the Poincaré series
> ver [V (w)| converges for any point w € D. Automorphism groups for which
either, and hence both, of these series converges are said to be of convergence type;
see Tsuji [30, Theorem XI.3]. It is straightforward to see that if T' is a group of
convergence type, then I' is Fuchsian.

If the series in (1) converges, then we can form the Blaschke product with zero
set I'(0) and this Blaschke product is character automorphic. In Section 2, we will
use these Blaschke products to construct orthonormal bases for the character spaces
HZ2. In Section 3 we review some of the results from Forelli [17]. In particular, we
revisit the defect space N. We assume, as did Forelli, that the space N is finite-
dimensional. We recall some duality results for the Hardy spaces HF. These duality
results are a generalization of Forelli’s original result [17, Lemma 3], and the result
of Earle and Marden [12, Proposition 5]. The proof we provide is purely functional
analytic.

We call a group I' admissible if and only if I is a Fuchsian group of convergence
type for which the defect space is finite dimensional. In Section 4, we look more
closely at the reproducing kernel function for the space H2? and show how it is
related to the Szegd kernel. These results imply that HZ° is dense in the space
HP. In section 5, we examine more closely the structure of the operator algebra
H& C B(HE). The main results of our paper are proved in Section 6. In particular,
we prove a distance formula, Theorem 6.1, which implies the following analogue of
Nehari’s theorem:

Theorem 1.2. Let I' be Fuchsian group of convergence type with finite-dimensional
defect space N, that is, let I' be admissible. Let f € LY. The distance of f from
HEe is given by
If + H®|| = sup |(I — Prz) My Ppz |
el
By specializing to the case where f € Hp°, this distance formula leads to a
generalization of Abrahamse’s theorem.

Theorem 1.3. Let I' be admissible. Let z1,...,z, € D and wq,...,w, € C. There
exists a function f € HR® with || f||., <1 such that f(z;) = w; if and only if

Ap = [(1 = wwy) K7 (21, 25)]i =1 2 0
for all o € I.

Finally, in Section 7 we illustrate our ideas in the context of the two simplest
examples of Fuchsian groups.

2. FACTORIZATION AND BLASCHKE PRODUCTS

2.1. Factorization results. The first step in our work is to establish the ana-
logues of the two main factorization theorems for Hardy spaces: the inner-outer
factorization and the Riesz factorization. The inner-outer factorization appears in
one form or another in Abrahamse [2, Theorem 1.12], Hasumi [18, Lemma 1], and
Voichick and Zalcman [32]. A version of the Riesz factorization is in Abrahamse [1,
Lemma 5]. As we will make frequent use of these results we state and give a short
proof of them.
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Let ' be an automorphism group. Recall that an element f € LP is called
character automorphic if and only if there exists a character o € I’ such that
foy=o(y)f for all y € T. A function f € L? is said to be modulus automorphic
if and only if |f| € LE. The absolute value of a character automorphic element of
LP is modulus automorphic. A function v € HP is called outer if and only if the
closed linear span in H? of {z"u : n > 0} is all of HP. The following result shows
that a modulus automorphic outer function is character automorphic.

Proposition 2.1. If u € H? is an outer function and |u| € LY, then there exists
o €T such that u € HP.

Proof. If u is outer, then u o 7y is outer for all v € T', since composition by = is
continuous and invertible on HP. Two outer function u and v have equal modulus
if and only if there exists a scalar A € T such that u = v, see [13, Corollary 6.23].
We have |u o y| = |u] oy = |u] and so there exists o(7y) € T such that uoy = o(y)u.
We need to show that o € T, If v1,72 € I, then

o(y1y2)u=wuo (my2) = (uoy1) oy = o(m)(uor2) = a(v)o(ye)u.

Since w is nonzero, o is a character. ([l

We can now state the two factorization theorems that we need. We refer the
reader to [19, Chapter 4.4] for a statement and proof of these factorization results
in the classical situation.

Proposition 2.2. Let o € I, let f € HP, and let f = Bsu be the canonical
factorization of f into a Blaschke product B, a singular inner function s, and an
outer function u. Then there exist characters o1,09,03 € ' such that o = 010503,
BecHYX uEH;2 and s € HG.

o1’

Proof. Note that if f(z) = 0, then f(v(z)) = 0 and so the zeros of f are made up
of the union of countably many disjoint orbits. The Blaschke product B vanishes
precisely on the zero set of f. Since 7 permutes the orbit of a point, we see that
B o v also vanishes on the zero set of f and so B o~y = BC where C' is inner. A
similar argument shows that B o~y~! = BD with D an inner function. We have,

B=Boyoy ! =(BC)oy~' = (Boy !)(Coy™')=BD(Con™").

Since H* has no zero divisors we get that D(Coy~1) = 1andso D = Coy~! € H*.
This shows that D and C are constant and so B oy = o1(y)B for some scalar
o1(y) € T. We now proceed as in the proof of Proposition 2.1 to check that oy € I.

Since |f| = |u| € L{., we see by Proposition 2.1 that u € H,, for some character
o3. It now follows from the uniqueness of the factorization that s € HZ;, where
o9 = o(0103)7 L. O

One consequence of the proof of Proposition 2.2 is the following: if the zero set
of the Blaschke product B is the orbit T'(z), then B € HZ® for some ¢ € I'. This
fact has been observed many times in the literature [1] and we will make this formal
later on in this section.

Proposition 2.3 (Riesz factorization). Let I' be an automorphism group and let
oel. If f € H}, then there exists characters 01,09 € I' with 0 = o103, an inner
function ¢ € H°, and an outer function u € ng such that f = ¢u.

o1’
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Proof. Tt is well known [19, Theorem 19] that f has a factorization of the form

¢u?, where ¢ is inner and u € H? is outer. Note that |f|'/* = |u| € L2 and so

by Proposition 2.1, v € H §2 for some o2 € T'. Tt follows easily that ¢ € HS with
_ -2

o1 =005 °. O

2.2. Character automorphic Blaschke products. If T' is of convergence type,
then there is an associated class of character-automorphic Blaschke products. These
Blaschke products occur naturally when we carry out the inner-outer factorization
for elements of Hf. For us, the primary use of these Blaschke products is in
constructing an orthonormal basis for H2. It is easy to check that a Blaschke
product B is character automorphic if and only if its zero set is an at most countable
union of orbits. We begin by analyzing the convergence of the Blaschke sum (1).

Proposition 2.4 ([21, Theorem 2.3.5]). Let I be a group of automorphisms. If
Fix(T,0) is finite, then Fix(T',0) is cyclic.

Proposition 2.5. Let I' be a group of automorphisms of the disk. Assume that the
algebra H® is nontrivial, that is, contains a nonconstant function. The following
are true:

(1) For every w € D the stabilizer Fix(I', w) is a finite, cyclic group.

(2) For every w € D, the Blaschke sum > _ (1 — |y(w)]) converges.

Proof. Let w € D. Choose an automorphism ¢ that maps w to 0. Let IV = ¢I'¢p~*
and note that Fix(I"”,0) = Fix(T', w) and I(0) = ¢(T'(w)). Also note that the spaces
HPY and HE° are isometrically isomorphic. Therefore, it is enough to consider the
case w = 0.

(1) Every element v € Fix(I',0) fixes the origin. Hence, 7 is a rotation of the
disk and there exists a constant A € T such that v(z) = Az. Let f be
a nonconstant function in HE® and let ai, k # 0, be a nonzero Fourier
coefficient of f. For every v € Fix(I',0) we have f(v(z)) = f(z) and so
Aeay, = ag. This yields, \* = 1 and so Fix(T,0) is finite. The claim about
Fix(T",0) being cyclic follows from Proposition 2.4.

(2) If f € HY is nonconstant, then by subtracting a constant we may assume
that f is nonzero and vanishes at 0. Since f o~y = f we see that f(v(0)) =
f(0) =0 for all vy € I' and s0 3 cpgy(1 — [¢]) < oo. If a € T, then the
cardinality of Fix(T',0) is equal to the cardinality of Fix(T", «(0)). In fact,
the two stabilizers are isomorphic via the map v — aya~!. Therefore,

(1= 0)]) = [Fix(T,0)] Y (1—[¢]) < oo.

Yyer ¢eT(0)
U

Note that if the series > (1 —[v(0)[) does converge, then the argument above
shows that Fix(T",0) is finite and T is discrete.

If the stabilizer Fix(I',w) is finite, and the series > (1 — |y(w)]) converges,
then we define two Blaschke products B,, and Br, that arise naturally. First
consider the Blaschke product B,, whose zero set is I'(w). We call B,, the Blaschke
product for the orbit T'(w). Let m = |Fix(I',w)| and define Br ,, = Bj’. We call
Br the Blaschke product associated to the pair (I',0). If it is the case that only
the identity map fixes w, then m =1 and Br,, = By,. If v € I, then B,, 0y is a
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Blaschke product whose zero set is the same as the zero set of B,,. It follows, just
as in Proposition 2.2, that B, oy = 04,(7)B,, for some character o,,. We call o,,
the character associated to the pair (I';w). We will most often be interested in the
case where w = 0, in which case we denote Br g by Br.

We now construct an orthonormal basis for H2 from the Blaschke product By
and the kernel functions for the spaces H2. Our purpose in the next few lemmas is
to show that it is enough to construct an orthonormal basis in the case where H?2
contains at least one function that does not vanish at the origin.

Lemma 2.6. Let v € T be a generator of the cyclic group Fix(T',0) and let v(z) =
Az, where A\ € T. Let ~,(0) be an enumeration of the distinct nonzero elements of
I'(0). Then Byo~y = ABy and Br o~y = Br.

Proof. The Blaschke product By can be written

n=1
Hence,
N I~ _
_ 2, (0 L (0) —
() H\%OI% 0) — Az :’\ZHU()| Mn(0) — =
" (0) 1—7,(0)Az aei Am(0) 1=, (0)A2

We have, My, (0) = 7~ (7,(0)) and so Ay, (0) is another enumeration of the nonzero
points in the orbit I'(0). Hence, By(Az) = )\BO( ) If \le (I',0)| = m, then v(z) =

e (2) is a generator for Fix(I,0) and so Br(e*s z) = (e By(z))™ = By for all
z € D. g

Lemma 2.7. Let f € H! be a character automorphic function. Let m = |Fix(T, 0)
and let p(z) = €2™/™ 2 be the generator of Fix(T,0). Then o(p) = 2™"/™ 0 <r <
m—1. If r #0, then f(0) =0. If r =0 and f(0) =0, then Br|f.

Proof. Let T'; = (p) and let w = €2>7¥/™. Since p has order m, we see that there
exists an integer 7, 0 < r < m —1, such that o(p) = w". Since fop=oc(p)f =w"f,
we see that the Fourier expansion of f has the form f = Z;io Qe 2™ IE
r # 0, then f(0) = 0. On the other hand if » = 0, then z™|(f — f(0)). Hence,

Br|(f — £(0)). O
The Hardy space H? is a reproducing kernel Hilbert space, and the kernel func-
tion for H? is the Szegd kernel

1
1—wz

K5(z,w) =

If M is a subspace of H?, then M is also a reproducing kernel Hilbert space and we
denote its kernel function K. We denote the kernel function for H2 by K° and
the kernel function for H2 by K'. Given a point w € D and a kernel function K we
denote by k., the kernel function at the point w, that is, k,, is the unique element
of M such that (f,k,) = f(w) for all f € M. It follows that |[k,|* = K(w,w).
If k, # 0, then we define the normalized kernel function by r, = K (w,w)~Y?k,,.
Otherwise, we set k,, = 0. Recall that ' is of convergence type if the sum in (1)
converges.
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Proposition 2.8. Let I' be a Fuchsian group of convergence type. Let m =
[Fix(T,0)|. Assume that x € T' and that there exists a function f € H2 with
f(0) £ 0. Formn >0, let x, = xo, ™", let H> = Hf(n and let H((Jn) denote the
normalized kernel function for H2. Then the nonzero elements of the set

&y = {B{ing") : n >0},
is an orthonormal basis for H>2<

Proof. Since By is an inner function and mén) is the normalized kernel function we
see that the nonzero elements of £, have norm 1. Since By(0) = 0, we see that the
nonzero elements of £, are orthogonal.

If p is the generator of Fix(T",0), then x(p) = 1, by Lemma 2.7. Combining this
with Lemma 2.6 we see that x,(p) =1 for n > 1.

Now let f € ch with f L &. Note that Kjén) = 0 implies that every element of

H?2 vanishes at the origin. Since f L n(go), we see that f(0) = 0 and so Br|f, by

Lemma 2.7. Therefore, f = Br fi and by composing with elements of I we see that

fi€ Hi - H>2<1' If kél) = 0, then every element of H12 vanishes at the origin
%0

and so Br|fi. If kél) # 0, then the fact that f L Bpn(()l) gives f1(0) = 0 and Br|f1.
Repeating this process we see that Bp* divides f for all n > 0. Hence, f = 0. O

3. THE FORELLI PROJECTION

3.1. The conditional expectation. To begin this section we review some ideas
from the work of Forelli [17]. Let I be an automorphism group. Let 9t denote
the collection of Lebesgue measurable subsets of T. For E € 91, define E to be
[-invariant if and only if u(EAy~1(E)) = 0 for every v € I'. Forelli proved the
following fact: the collection of I'-invariant sets 9ir is a sub-sigma-algebra of 9,
and the subspace LP(T, My, p1) is equal to L.

It follows, from standard arguments in probability theory, that there is the unique
conditional expectation ¥, : LP(T, M, u) — LP(T, M, u). The conditional expec-
tation ¥, is weak*-continuous for 1 < p < oo, and ¥,|L? = ¥, for p < ¢. Therefore,
we omit the subscript p and denote ¥, by ¥. Note that the map ¥ is a projection
(U2 = ), and is selfadjoint (I* = ¥) when p = 2. The map ¥ has the property

that
/ U(f)dp = / fdu,
E E
for E € Mrp. Given f € LP(T, M, du) and g € LI(T,Mp, dp) we have

V(fg) =¥(f)g.

In the classical setting, the space L? decomposes as a direct sum of the Hardy
space H? and the space HZ, that is, the set of complex conjugates of functions in H 2
that have mean value 0. In our setting we must contend with the fact that the direct
sum HZ ® Hg,r may not be all of LZ. The orthogonal complement of H2 @ H&F in

L3 is called the defect space. If T is the group of deck transformations that arise
from a covering map of a g-holed region, then the defect space is a g-dimensional
subspace. Forelli captures the defect space without reference to multiply connected
domains. We now outline these ideas, as they are central to our work. We also feel
that our presentation is sufficiently different from [17] to merit inclusion.
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Let k, € H? denote - the Szegd kernel for the Hardy space. To begin with let
feLlandlet f=g+h+c, where g, h € HZ and ¢ = f fdm. While the functions
g, h are not I'-invariant, they are “nearly” so. We have

g+htc=f=foy=goy+hoy+tec
Rearranging this last equation gives
goy—g=Th—hon.
Since v € T is analytic we see that go~ and ho+ are both in H? and so goy—g =

h—ho~y = c(f,v), where ¢(f,7) is a constant that depends on f and . The
constant is easily computed by integrating

c(f,y) = /g oy —g=9(0) —g(0) = (g, ky0)) -

Similarly, ¢(f,v) = <E, k,y(o)>. Combining these two equations, we get

2¢(£,7) = (9 + h by(0) = Fr0))
= <\I’ ky(0) — ’v(0)> = <f"I/(kv(0) - kv(O))>'
If we set vy, = =iV (k) — ]4:7(0)), then v, is a positive element of Lp® with the

property that
[ o= 2iets )

for all v € I'. Note that —i(ky) — ky(0)) = P73y, the conjugate of the Poisson

kernel at the point v(0). Following Forelli we define the defect space N by
N :=span{v, : vy €T}
If f € L3 is orthogonal to v,, then goy—g =0 = h — ho~. Hence, g and

h € Hip and we get that L = HE ® H§ 1 © [N].
If 41,72 € T, then

c(fimoy)=go(mor)—g=go(rroy)—gov+goy—g
=(gom—g)ove+ (902 —g) =c(f,m) +c(f,72)
It follows that

/fv'ho’}/z _QZC(fa 10’72)_27’( (f771)+cf7’>/2 /fU’Y]+U72

Since this is true for all f € L% we get Uy 0y, = Uyy + Unype

What all of this shows is that the map v+ v, is a homomorphism from I' into
the additive group N. This homomorphism must factor through the commutator
subgroup [I',T'] to give a homomorphism from I'/[I",T] into N.

Given a set of generators {7, : s € S} C I'/[I',T] the vectors v, := v,,, for
s € S, span the space N. If the group I is finitely generated, then the space N is
finite dimensional and the dimension of IV is smaller than the minimal number of
generators of I'/[I", I']. Note that if an element v € I' has finite order, say m, then
muy = vym =0 and so v, = 0. If I'/[I",T'] is generated by elements of finite order,
then N is trivial.

In the case where I is the group of deck transformations associated with a univer-
sal covering map of a multiply connected domain, Forelli showed that the dimension
of N is equal to the minimal number of generators of I'/[T", T']. Many results follow
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from this equality, including a corona theorem for Hp°, the key stepping stone being
the construction of a bounded projection P : H* — HE°. We do not assume, and
do not need, this stronger condition.

We are now in a position to state what kind of groups we will deal with in this
paper. We will call a group I' admissible if and only if " is of convergence type and
the defect space NV is finite dimensional.

These are natural, nontrivial conditions from a function theory point of view.
The assumption about N means that HY + N is a closed subspace of L for all
1 <p < oo. It is useful to keep in mind that N C L C L’li forall 1 < p < .
Note that when ¢ > 1, the spaces H and H{ + N are also weak* closed. This is a
simple consequence of the fact that weak™ limits preserve point values and the fact
that N is assumed finite dimensional.

3.2. Duality and density results. Since duality arguments will play a central
role in our interpolation results we would like to gather some results on the duality
between the different HE spaces. The results contained in the next proposition have
appeared in various forms in the literature [6, Theorem 11.1], [12, Proposition 5],
and [17, Lemma 3]. We provide, mostly for the sake of completeness, an elementary
proof that depends only on standard duality arguments and the expectation W.

Proposition 3.1. Let I' be an admissible group. The image of HP under the
conditional expectation ¥ is HE + N. For 1 < p < oo, the dual of LY. can be
identified with L}, where ¢ = -£=. In this identification the following are true:

p—1°
(1) (HR)* =Hir+ N
(2) (Hf)L =Hir+N
(3) (HE+N)L =Hgp
(4) (Hf + N)* = Hj

Proof. The statement about L} spaces follows from standard facts about the LP
spaces of a probability measure.
For p = 2, we have seen already that L% = H2 & Hg,r @ N and the above results

are valid. We have
[eg= [ g0

for all h € H?, g € Hyp, and so W(H?) = L{ © Hi = Hf © N.

Next consider the case 1 < p < co. We will show that H{ = (Hg + N) . and
the remaining results will follow either by duality or by a similar argument. Note
that the spaces Hf and HY 4+ N are weak* closed in LY.

We first show that W(HP) = HE + N. Let f € LL. Note that f € U(HP)* if
and only if [ f¥(g) = [ fg =0 for all g € H? if and only if f € Hj N L{ = H 1.
Hence, W(H?)" = H{ ..

Let he HR,ve N and g € H&F. Since v, € LY and g is analytic we get

[0 = [0 =T = [ a0~ o) = 92(0) - 9(0) =0.

It follows that
/g(h+v) =/gh+/9v=0,
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which gives Hf + N C (Hg )1 . This also yields
W(HP) = (W(HP)S), = (Hip). 2 HE+ N,
Let g € (HE + N)* and let f € HP. We will show that

f- fomin-

which will establish the fact that (HE+N)* C W(HP)+. We know that [ g(h+v) =
0 for all h € Hf and v € N. Let f, € H* and suppose that f, — f in the L?
norm. Since f,, € H?, we can write ¥(f,,) = h,, + vy, where h,, € H2 and v, € N.
However, v,, € L® and so h, € HX C Hf.. Therefore,

[ ottt v = [ guis) =0

for all n, since g € W(HP)*. Hence,
[owir)= tm_ [ gwis,) =0

We have established that W(HP)+ = H§ - and that U(HP)L D (HP+ N)+. This
combined with the fact that U(H?) O HE+ N shows us that W(H?) = HE+ N and
(Hp + N)*= = H{ . O

Proposition 3.2. For 1 <p < oo, [Hg®], = Hf.

Proof. Consider the case p > 2. Let f € HF and let f,, € H*> converge to f in LP.
Since the LP norm dominates the L? norm we see that f,, — f in L?. If we project
fr, onto ¥(f,), then there exists g, € HR® and v,, € N such that U(f,) = g, + vn
and g,, +v, — f in the LP norm and also in the L? norm. In particular, |v,, |, — 0.
However, on the finite dimensional space N, the L? norm and the LP norm are
equivalent and so vy |, — 0. It follows that g, — f in LP.

Let 1 < p < 2, view Hf as a subspace of HE, and let (H{°)% denote the
annihilator of H2° in L}, where 2 < ¢ and g ' +p~ ! =1. We have

(HFO)LZ{fEL% : /fg:OforallgEHl‘io}
C{fEL% : /fgzOforallgeH{fo}

=L} e [HF] =L} e HE=Hir & N.

Hence, (H°)*+ C Lin (Hg,l“ +N)= Hg’r + N, since N C L C L{. The reverse
inclusion follows from the inclusions H&F + N C Hg,r ® N and H° C ng, and
the result for p = 2. We have shown that (Hg°)* = H{p + N. It follows from
Proposition 3.1 that [H®], = ((H®)*")L = (Hgp+ N)L = Hy. O

We now prove a density result that is central to the proof of our distance formula
and interpolation theorem. Recall that a function u € H? is called outer if and
only if [H>®u] = H?. If 0 € T is a character and u € H? is an outer function,
then [HR°u] C H2. The purpose of the next two results is to prove the reverse
containment. Let us temporarily adopt the following notation: if ||u|l, = 1, then
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we call u normalized; and let the L? norm induced by the measure |u|>dm be
denoted ||| -

Lemma 3.3. Let I' be an admissible group, let w € H? be an outer function and
let N be finite dimensional. Then [Hu] N [Nu] = {0}.

Proof. We can assume that u is normalized. Since N is finite dimensional [Nu] =
Nu. Let f € [Hu] N Nu and note that f € H2. Since u is an outer function,
there exists a sequence f,, € Hp° such that lim, . || f — foull, = 0. Also, there
exists v € N such that f = vu. There exists a sequence h,, € H® such that
limy, 0 ||Anu — 1]|, = 0. We have, v = lim, o0 vuhy, = limy,_o0 fhy € H3. This
implies v € N N HZ = {0} and so f = 0. O

We are now in a position to prove our main lemma about cyclic subspaces.

Proposition 3.4. Let I' be an admissible group, let o € I and let u € H? be an
outer function. The cyclic subspace generated by H and u is equal to H2.

Proof. One inclusion is straightforward, namely [H2u] C H2.

For the converse, let f € H2 & [Hu]. We will show that f = 0. Since u
is an outer function, there exists a sequence of functions f, € H° such that
lim, o || fnu — fll, = 0. Let ¥ be the conditional expectation from L' onto Li.

Note that |u|”, fz and |f|* € LL. Using the fact that [W(f)g = [ fg for f € L™
and g € L we get

10 (f)u— 2 = / W) 2l — W (f)aF — T(F)uf + |f[2 dm
- / Fo(fa) [uf® — W(fu)uf — Fotif + |1 dm

- / (U fa)u— £)(Foa— F) dm = (W(fu)u — f. fau— f)
<O Fa)— Flly [~ fl,-

Hence, limy, o0 |V (fn)u — flly < limp—oo [ fou— fll, = 0.

By Proposition 3.1 we can write U(f,) = gn + vy, where g, € HX and v, € N.
Hence, f € [HR°u] + [Nu]. Since N is finite dimensional, by Lemma 3.3, we can
define an equivalent norm on [H°u] + [Nu] by ||h 4+ w|" = ||hlly + ||w]|,. Since
f L gnu, it follows that lim, .o [vau — f||' =0, and f € [Nu] N [HXu] = {0}. O

4. REPRODUCING KERNEL FUNCTIONS FOR CHARACTER SPACES

The purpose of the results in this section is to establish connections between the
reproducing kernel K¢ and the Szegd kernel K. As a corollary to these results we
will see that HZ® is dense in H}.

Lemma 4.1. If T is an admissible group, then (H}: + N) N (HL + N) = N + C.

Proof. Let f € (HL + N) N (HL + N). We can write f = g +v = h + w, where
g,h € H&F and v,w € N. We have g — h = w — v € N. By Proposition 3.2 we
can choos7e sequences gy, h, € HE such that g, — g, h, — h in LL. Note that
Gn — hn € HZ o F% and so g, — h, L N. Therefore, ’g —EHl = 0 which yields
g € H} OF%. Hence, g is constant and f € N + C. O
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Proposition 4.2. Let T be an admissible group, let o € T', let N := HZO[HgGHY.
If f e N, then |f\2 € N + C. In particular, the kernel function at the origin k§ is
bounded.

Proof. Let f € N and let h € Hi%.. We have f L hf, that is,

JlRE

for all h € HgT. By taking the complex conjugate we also get

/\fﬁﬁzo,

and so |f|> € N + C, by Lemma 4.1. Since N C L, this implies that |f] is
bounded.
To prove the claim about the kernel function, note that k§ L [HeGHg]. O

Corollary 4.3. Let I' be an admissible group. If o € f‘, then HZ° is dense in HE.

Proof. 1t is enough to prove the result in the case p = 1. Recall that, in Proposi-
tion 2.8, we had constructed an orthonormal basis for H2. Each of the elements
of this basis was the product of a Blaschke product and a normalized kernel func-
tion at the origin for some character space. These are bounded by Proposition 4.2
and we see that H2° is dense in H2. If f € H_, then by Riesz factorization (see
Proposition 2.3) there exists g € Hgl and h € Hgg—l such that f = gh. Choose a
sequence g, € H® and h,, € Hsfffl such that ||9n1* gll, — 0 and ||k, — k|l — O

in H2. Tt follows that f is the limit of g,h, € H® and so HZ° is dense in HL. O

‘We now show that the kernel function for H; is bounded.

Corollary 4.4. LetT" be an admissible group, let w € D and let Br be the Blaschke
product associated to the pair (I',0). Then there exists a constant C, which depends
only on the group T', such that

(2) £l < C*(1 — | Br(w)))™!
for every x € I.

Proof. Since N + C is finite dimensional we know that there is a constant C' such
that || f]|., < C||f]|, for all f € N+ C. Hence, [k}| . < C[|k|l, and [|s3]], < C.
Note that this bound is independent of the character x.

From Proposition 2.8 we have an orthonormal basis for the space H>2< consisting
of the nonzero elements of the set &, = Bl’l/{g") : n > 0}. For ease of notation let
B =Br and f, = Kjén). We have

KX(z,w) = ) B"(2) fu(2) B"(w) fa(w).
n=0
Taking the absolute value and using the fact that ||| < C we get

[e%s) 2
[KX(zw)] <C* ) [BR)|" [Bw)[" < 1—|B<C>m>|
n=0

Therefore, |kX(2)| < C?(1—|B(z)B(w)|)~! < C?(1—|B(w)|)~!. Taking the supre-
mum over z € D yields the inequality in (2). O



14 MRINAL RAGHUPATHI

5. HE® AS AN OPERATOR ALGEBRA

5.1. Commutants and multiplier algebras. In this section we provide some
basic information about the operator algebra structure of HZ° when viewed as the
multiplier algebra of H2.

Before we proceed to our results we recall the definition of a multiplier algebra.
Given a reproducing kernel Hilbert space (RKHS) H on the set X with kernel
function K, the multiplier algebra mult(?) is the set of functions f : X — C such
that fh € H for all h € H. The product here is taken pointwise. If f € mult(H),
then the operator My : H — H defined by My(h) = fh is a bounded linear
transformation. The multiplier norm of f is defined by ||f|l,,ac = M¢]l. It is
not difficult to show that M7k, = f(z)k;. From this we see that f is a bounded
function and || f||.4c = [Ifll- We begin by identifying the multiplier algebra of
H?, where o € T'.

Proposition 5.1. If o € I', then the multiplier algebra of H2 is HE®.

Proof. 1f f € HR® and g € H2, then it is easily checked that fg € H2.

For the converse we can assume that no inner function divides H2. Hence, k3, # 0
for all w € D and we see that a multiplier f of H2 is a bounded function. Now let
h € HZ, with h # 0, and let v € I'. We have (fh) oy = o(y)fh. On the other
hand, (fh) oy = (fov)(hovy)=0c(v)(f ov)h. Comparing these two equations we
see that f o~y = f, that is, f € H°.

It is a well-known fact [24, Theorem 6.3] that || f||,,.c = I|f|l.o- On the other
hand, given f € HZ® and h € HZ, we have

gl = 7m0 = [ 1P dm < 12 Bl

Hence, || f||
11l oo

We see from Proposition 5.1 that the multiplier algebra of HZ is H® and that
the multiplier norm is the usual supremum norm. My considering the map f — My
we have identified HR® as an algebra of operators on the space H2, that is, we have
identified HR® with a unital, weak* closed subalgebra of B(H?2).

Invariant subspaces will now play a central role in our results. We recall the
notion of reflexivity for an operator algebra A C B(H). We denote by Lat(.A)
the lattice of invariant subspaces of A, that is, the set of projections P such that
PAP = AP for all A € A. An algebra A C B(H) is called reflexive if and only if
Alg(Lat(A)) = A.

If £ is the lattice in B(H?) of subspaces of the form ¢H?, where ¢ ranges over
the set of inner functions, then Alg(Lat(£)) = H* and so H* is reflexive. We now
prove a more general fact that implies that H° is reflexive as a subalgebra of HZ.

= [[My]] < [|f|lo- Combining these inequalities we get || f|]

mult mult —

Proposition 5.2. Let H be a reproducing kernel Hilbert space. If A is the multiplier
algebra of H, then A is a reflexive operator algebra in B(H).

Proof. Suppose that T' € B(H) and T'(M) C M for all M € Lat(A). The subspace
spanned by the kernel function k, is invariant for A* and so T*k, € span{k,}.
Hence, there exists a constant ¢(z) € C such that T*k, = ¢(x)k, and consequently
T= Mg. (Il
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Our next proposition implies that Hp° is equal to its own commutant when
viewed as a subalgebra of B(HZ).

Proposition 5.3. Let M be a subspace of H? such that 1 € M and let A be the
multiplier algebra of this subspace. If [A] = M, then A" = A, when A is represented
as multiplication operators on M.

Proof. Let T € A’ and set T(1) = h. Consider the action of T* on the kernel
function k, € M. Let g € A and compute

<T*kx79> = <kxaTMgl> = <km7MgT(1)> = <k17gh>
= g@)h() = (h(@)ks,g)
and so T*k, = h(x)k,. This forces h € A and T = M. O

If v : D — D is an automorphism, then C, : H?> — H? denotes the composition
operator defined by C,(f) = f o~. An easy calculation,

<fa Cj;kz> = <C’Yf7 kz> = f(’Y(Z)) = <fa k'y(z)> s

shows that CZk. = k,(z). Given a Fuchsian group T', let us denote by Alg(S,T) the
smallest subalgebra of B(H?) that contains the unilateral shift S and the group of
composition operators {C,, : v € '}

If h€ H?, f € H® and v €T, then

MyCy(h) = f(hory) = (for '9)(hoy) = ((f oy h)h) oy = CyMsoy-1(h).
Hence, My, -1 = C;'MyC,. This shows that the action of I' on H> is imple-
mented by a similarity. The fixed point space for this action is the algebra HR°

which is the set of f € H* such that MyC, = C,M; for all v € I". We now give
the most basic connection between Alg(S,I') and HE°.

Proposition 5.4. The commutant of Alg(S,T) in B(H?) is H:°.

Proof. It T € Alg(S,T")’ , then T'S = ST which forces T = My € H*>. Since
M;C, = C My, for all y € I, we get f € Hp". O

5.2. Inner multipliers of the defect space. While the space N does not contain
analytic functions, it was shown by Forelli [17, Lemma 7] that it was possible to
multiply N into H? by an inner function. The following observation about the
invariant subspaces of Alg(S,T") will prove useful.

Proposition 5.5. The invariant subspaces of Alg(S,T) are of the form ¢H?, where
¢ is a character-automorphic inner function.

Proof. If M is invariant for Alg(S,T"), then M is shift invariant. It follows that
M = ¢H? for some inner function ¢. Since M is invariant under C, we get
that (¢ o y)H? = ¢H?. It follows, from the uniqueness statement in Beurling’s
theorem [19, Chapter 4.4], that ¢ oy = o(y)¢ where o(y) € T. If 71,72 € T, then

o(Mm72)¢ = ¢o(n112) = (doy1) o2 = (0(11)9) 02 = o(11)0(72)9.
Hence, o € I. ([l
Our next proposition shows that there are no finite-dimensional subalgebras of

H*™, aside from the constants. We will need this fact for the special case where the
subalgebra under consideration is HR°.
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Proposition 5.6. If A is a unital subalgebra of H* that contains nonconstant
functions, then A is infinite dimensional.

Proof. Assume to the contrary that A is n-dimensional. Let f € A be nonconstant.
By subtracting f(0), we may assume that f(0) = 0 and f # 0. The elements
1, f, f2,..., f™ must be linearly dependent and so there exists ao, ..., a, such that
Z?:o ajf? = 0. Evaluating at z = 0, we get ap = 0 and so f(a1 +aof + ... +
an 1) = 0. Since f # 0, ay + azf + ... +a,f" ! = 0. Repeating the above
argument yields a; = ... = a, = 0, a contradiction. O

As noted by Forelli, the subspace HZ + N is invariant for HZ°. To see this pick
h € HE+ N and choose k € H? such that (k) = h. If f € Hg - and g € HY°, then

[ o= [ sg9m = [ sk ~o.

Hence, H(H2 + N) C H2 + N. This shows that N is semi-invariant for H2 and
so the compression of H° to IV is a homomorphism of H°. Since Hp° is infinite
dimensional and N is finite dimensional we see that this homomorphism has a
nontrivial kernel. Hence, there exists a function f € Hp° such that M;(N) L N.

While the functions in N are not analytic, they can be multiplied into H? by a
character-automorphic inner function. Let N be the set of functions f € H? such
that fN C H?. The subspace N is closed and invariant for Alg(S,T'). Hence, the
subspace N = ¢H? for some character-automorphic inner function ¢, by Proposi-
tion 5.5. This means that ¢N C H> with ¢ character automorphic. This is the
proof of [17, Lemma 7]

We point out that there is a related way to obtain this last fact. Let M de-
note the smallest shift invariant subspace of L? that contains H2 + N. Clearly
M = [H*®(HZ + N)]. By the Helson-Lowdenslager theorem [19, Theorem 18], the
subspace is either of the form ygL? or of the form ¢H? where ¢ is unimodular.
Suppose that M = ygL? and note that yz = 1, since 1 € M. If M = L2, then
U(M) = L. A typical element of M can be approximated by sums of elements
of the form fg where f € H* and g € H2 + N. Note that ¥(fg) = ¥(f)g, which
shows

Ly =¥(M) C[{¥(fg) : fe H® g HE + N}|
=[{9(f)g : fe H® g€ HE + N}]
=[{fg: fe HF® + N,g € Hf + N}]
C H2+ N + N.N,
which is impossible since N is finite dimensional and Hg% is not. Hence, M = ¢ H 2
for a unimodular character-automorphic function 1. Since 1 € HZ + N C v H?, we
get 1 = 1h¢ for an inner function ¢ and so 1) = ¢ is inner. Hence, p(HZ + N) C H>.

This ability to multiply N into H*® with a character-automorphic inner function
is central to our proof of Theorem 6.1 and so we record this fact.

Lemma 5.7 (Forelli). There exists a character-automorphic inner function ¢ such

that N C H>.

Using Lemma 5.7 we get the following lemma:
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Lemma 5.8. Ifw € D and ' is an admissible Fuchsian group, then there exists a
character-automorphic inner function ¢, such that ¢, kL, € H>.

Proof. We can assume that H° is nontrivial, otherwise kI, = 1. Let N' = {f € H? :
fkL € H?}. The subspace N is closed subspace and invariant for Alg(S,T'). Since
HE is nontrivial, we can find f € HZ such that f # 0 and f(w) = 0. Let g € H2
and note that <f@,§> = (fg, kL) = f(w)g(w) = 0. Hence, fkL € Hgﬁp + N. By
Lemma 5.7, there exists an inner function ¢ such that ¢ f@ € H?. It follows that
the space N is nontrivial and, by Beurling’s theorem, there exists an inner function
¢ such that N = dwH 2. Tt follows from Proposition 5.5 that 6 ¢ is character
automorphic and ¢, kL € H?. Since kL, € H> it follows that ¢, kL € H®®. O

6. A GENERALIZATION OF ABRAHAMSE’S THEOREM

We now come to a formula for the distance of an element in L from the algebra

Hp®. Actually we will prove a slightly stronger statement. Let z1,...,2, € D and
let 7 denote the ideal of functions in H° that vanish at the n points z1,..., 2z, € D.
Let Ky denote the span of the kernel functions k7 ,..., k7 and let

Ny =H2cK,={f€H?: f(z1)=...= f(z,) = 0}.

By combining Proposition 3.4 with [26, Lemma 4.6] we get that A, = [Zu] for any
outer function u € H2.

Our first result in this section is a distance formula. The formula is an analogue
of Nehari’s theorem, which relates the distance of f € L*° from H* to the norm
of the Hankel operator with symbol f.

The formula is also related to the Arveson distance formula. To understand this
connection we need the notion of hyper-reflexivity [7]. If A € A, P € Lat(A) and
T € B(H), then

1T+ Al = (I = P)(T + A)P|| = [|(I - P)TP + (I - P)AP|| = ||(I — P)TP]|.
From this we see that [T+ Al > supperaya) [[({ — P)TP|[. The algebra A is
hyper-reflezive if and only if the reverse inequality holds up to a constant, that is,
there exists a constant C' such that |7+ Al| < Csupperap(a) (I — P)TP|| for all
T € B(H).

With these comments in mind we now come to central result.

Theorem 6.1. Let I' be an admissible group and let f € LY. The distance of f
from T is given by

(3) If + Tl = sup [|(T = Px, ) My Prz]| -
ocel

Here I denotes the identity in B(L?) and the orthogonal projections are in B(L?).

Proof. Let kzgj be the kernel function at the point z; for the space HZ. By duality

(@) I +21 = [ 75
where g € Z, and ||g||, < 1. Since Z C Hp°, we see that Z, D H{ + N. Since
the functions in 7 vanish at the points 21, ..., 2, € D, we also have Kr C Z,. An

application of Proposition 3.1 shows that Z, = Hf, + N + Kr. By Lemma 5.8
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there exist character-automorphic inner functions ¢1, ..., ¢, such that @k?j € H?.
Let ¢g be the inner function, as in Lemma 5.7, such that ¢gN C H*. Let ¢ =
¢o...%, and note that ¢ is character automorphic. We have ¢g € H' and, by
Proposition 2.3, there exists a character o € I' and an outer function u € H, 2 such
that |g| = |u|>. Rewriting the expression in (4) we get

[

where u is an outer function in H2 and vu = g. Since g € T, we see that [gh=0
for all h € Z. Therefore, (hu,v) =0 and so v € L? © [Zu] = L? © N,,. Hence,

‘/fuv

We now prove the reverse inequality. Let g € Z and f € LY. If h € HZ, then
gh € N; and so (I — Py, )M, P2 = 0. We have,

1F +gll = Mpgll > [|(1 = P, ) MytgPrz ||
= ||(I = P, )My Py + (I — Px, )My Py ||
= ||(I = Pn, )My Pz ||

If +Z|| = sup

= |(fu,v)| < ||(I = Pn, )My P2 || .

(]

Our generalization of Abrahamse’s theorem now follows from this distance for-
mula. The theorem applies to a fairly broad class of Riemann surfaces. In par-
ticular, the theorem applies to quotients of the disk D by an action of a finitely
generated Fuchsian group. In addition, if the action of the group has no fixed
points, then the quotient is a Riemann surface with finitely generated fundamental
group. Therefore, our results apply to the case of any finite bordered Riemann sur-
face [15, 9]. We also point out that the proof, and the lemmas on which it depends,
does not require knowledge of function theory on multiply connected domains.

Theorem 6.2. Let I be an admissible Fuchsian group. Let z1,...,z, € D and
wi,...,wy € C. There exists a function f € HE® with || f||,, <1 such that f(z;) =
w; if and only if the matrices

(5) Ay =[(1- win)Kg(Ziyzj)]ijl >0
for all o € I.

Proof. If f € H°, then the subspaces H2 and N, are invariant for HZ°. If
h € N,, then fh € N, and so (I — Py, )MyPy, = 0. From this we get (I —
Pn, )My Py2 = (I — P, )MyPx,. If h € H2, then fh € HZ, since f is in HZ°.
Hence, (I — Py, )My Px, = ((I — Pyz) + Px,)MyPx, = Px,MjPx,. Therefore,
[(T = P, )My Prz || = || Pic, My P, |-

Using the fact that M;k7 = f(2)k? we get that || Pc, My P, || <1 if and only if
the matrices A, > 0 for all ¢ € T, where w; = f(z;); see [24, Theorem 6.3].

Assume first that f € Hg®, with || f|| . < 1and f(z;) = wj. Then ||Pc, M Py, || <
[fll, <1foralloel.

For the converse, assume that A, > 0 forallo € I. By applying [26, Lemma 5.8]
we see that there exists a function g € HP® such that ¢g(z;) = w;. Using the
distance formula in Theorem 6.1 we get that ||g + Z|| = sup |Pc, MyPy, || < 1.

el ‘
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Therefore, for each n € N, there exists h, € T such that ||g + h,||, <1+n"t < 2.
Since the unit ball of HR® is weak® compact, the bounded sequence f,, := g + hy,
has a weak™ convergent subnet. Let f be the limit of this subnet. Since a point
evaluation at a point in the disk is weak* continuous, it follows that || f|| < 1 and

f(z5) = wj. O

Abrahamse’s original theorem is now the special case where I" is a group of deck
transformations that arise from a covering map of a multiply connected domain.

7. Two EXAMPLES

7.1. Amenable admissible groups. In this section we consider two specific ex-
amples of admissible Fuchsian groups. Our purpose with these examples is to
illustrate the concepts outlined in this paper. Our first example arises as the group
of deck transformations for a covering map of an annulus A. The group in our
second example is isomorphic to Zs * Zo and the associated fixed-point algebra is
the set of “even” functions in H*°(A). Note that both Z and Zs x Zs are amenable.
If T is an amenable group and s is an invariant mean on £?(I") we can construct a
contractive, unital projection ®, : H* — H. We will use this fact later on. On
the other hand if I' is not amenable, then a result of Barrett [10] shows that no
such projection can exist.

The first example can also be found in Abrahamse [3, Page 298] and Sarason [28].
Let A be the annulus with inner radius r and outer radius R. The strip § := {z :
0 < R(2) < 7} is easily seen to be a covering space for the annulus. The covering
r

R

equivalent and we see that the corresponding group of deck transformations is an

map is given by E(z) = exp (i log( )) The disk and strip are conformally
™

infinite cyclic group, which we denote I'y, generated by ~(z) = f;a, where
—az
0<a< 1
The second example is generated by ((z) = —z and ~(z) = 1(172 with a €
—az

(0,1). Denote by I'y the group generated by 8 and . Every element of T'y can be
identified with a word in § and . Since 3 and v have order 2, the elements of I';
are words in 3 and v with the property that every word is an alternating string
of Bs and «s. Hence, there are precisely two words of each length, distinguished

by the “letter” they begin with. Set o = 8v. Note that a(z) = 1Z —

a
and so I'y
z

contains I'y. A word in T's is of the form o™ or o™ where m € Z. Since 5(0) =0
we see that a™(0) = a™5(0). If a™(0) = 0, then Lemma 7.1 shows m = 0 and so
™ is not the identity map for m # 0. It follows that a™( is also not the identity
map for m # 0. We have shown that 'y & Zsy % Zs, the free product of Zs with
itself, which is an amenable group.

For these two examples, it can be shown directly that the spaces Hp° are non-
trivial, that the associated Blaschke product converges, and that we can compute
the corresponding character og. Note that the elements of Hp] are exactly the
functions in HY° that satisfy f(z) = f(B(z)) = f(—z). We will call such a function
even. The proof of the following lemma involves an elementary induction argument.
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Lemma 7.1. Let v(z) = :

h € (—1,1) and set
T, Wherea ( ) and se

(L+a)—(1-a)

T e+ (1+a)n
forn > 1. We have v (z) = 1Z:aa:z and =M (2) = 12_:5:2 forn > 1.

From Lemma 7.1 we see that I'y is admissible.

Lemma 7.2. The Blaschke sum Y (1 —|y(0)|) converges.

yely

Proof. We have that the elements of T'; are of the form v(™ where v(z) = 12 —
—az

with a@ € (0,1) and n € Z. From the previous lemma we have

2(1 —a)® 1—a\"

1—a, = (1—a) <o2(—%) |
I+a)"+(1—a) 1+a

The latter series is geometric and so the above sum converges. ([

One consequence of this result is that the Blaschke product with zero set ) (0)
is convergent. Our next proposition gives us gg.

Proposition 7.3. Let B denote the Blaschke product associated to the pair (I'1,0).
Then Boy = —B and Bo 8 = —B. In particular, B? € HY and the algebra HE,
is nontrivial.

Proof. The Blaschke product for the orbit of 0 under I'; is the Blaschke product for
the set {0,a,,—a, : n > 1}. For n € Z, let ¢,, denote the simple Blaschke factor
at (™ (0). For n > 1, the simple Blaschke factor at a,, = v(~™(0) is given by

|an| an — 2 E—Gn _ __(n)

7" ().

The factor at —a, = v (0) can be computed similarly and is

a, 1 —anpz 1—a,z

|—an| —an —2  z+ay

_ — M),
—a, l1+a,z 1+a,z v (2)

The factor at 0 is z. Our calculation shows that
SRR |
On =X 2z n=20
—~E" <1

Let
Byo= I] ¢ = (1" I] 9.
lilI<N [FI<N
Composing with v and multiplying by 7(~N) we get
YN (By o) =M (D) T VY
l7iI<N

— ()N T A9+ = By,

l7|<N
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Hence, 7N (2) By (v(2)) = "tV (2) By (2). Since a, — 1 as n — oo we get that
7™ (z) — —1 and (™ (2) — 1 as n — oco. Hence, on taking the limit in N we get
that B(y(z)) = —B(z).

For n € Z we have (™) (—z) = —y(=™)(2). Hence, By(—2) = (—1)**1By(2) =
—Bn(z) and on taking the limit we see B(—z) = —B(z). O

The stabilizer at the origin for the group I's consists of the identity and the
automorphism (. Hence, by Lemma 2.7, the Blaschke product associated with
the pair (I'3,0) is B2. It follows from Proposition 2.8 that {B?*" : n > 0} is an
orthonormal basis for Hg_ .

7.2. Interpolation results. We now turn our attention to a different approach
to the interpolation problem that is valid for the special cases considered in this
section. We will deal with the matrix-valued interpolation problem. In the matrix-
valued problem we are given n points z1,..., 2, € D and n matrices W1,..., W, €
M,,. We seek a function F' € M,,(Hg°) such that || F|_ <1 and F(z;) = W, for
7=1,...,n.

Since B? is inner, we see that HE is really the span of the powers of an inner
function. The interpolation theory for spaces generated by a single inner function
is quite simple as Proposition 7.6 will show. To prove Proposition 7.6 we require a
few preliminary results.

Lemma 7.4. If ¢ is an inner function, then ¢(D) = D.

Proof. The operator of multiplication by ¢ on H? is isometric but not unitary.
By the Wold decomposition the spectrum of My is the closed unit disk. Hence,

D = o(My) = ¢(D). O
Corollary 7.5. If ¢ is an inner function and f € H*, then || f||.. = ||f o ¢ -

Proof. Since ¢(D) C D, ||f o ¢l < ||fllo- If z €D, then there exists ¢(z,) € ¢(D)
such that ¢(z,) — = and 5o | £(2)] = linin—oo |£(8(0))] < [If 0 61|, O

Proposition 7.6. Let ¢ be an inner function such that ¢(0) = 0. Let H; be the
closed span in H? of {1,¢,¢%, ...} and let HZ® be the weak™ closure of {¢"}n>0 in
He®. We have the following:

(1) The set {¢™ : n >0} is an orthonormal basis for Hﬁ

1
(2) The kernel function for H} is K%(z,w) = —————.
1 —¢(z)¢(w)
(3) The function f € HE® of and only if | € Hd% NH> if and only if f =go ¢
for some g € H*® with ||g|| o, = | f|| -
(4) The multiplier algebra of Hg is H3°.
(5) The space HQ% is a complete Nevanlinna-Pick space.

Proof. (1) Since the function ¢ vanishes at the origin we have that ¢™ is or-
thonormal and since any element of Hi can be approximated by a finite
linear combination of the form ag + a1¢+...a,¢" we see that it is a basis.

(2) We have

K (zw) = 3 6(z)"0(w)" = 1—¢<1w<>
n—0 z w
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(3) Let us denote by H* o¢ the space of functions of the form {go¢ : g € H*}
and by A the weak* closed subalgebra of H* spanned by {¢™ : n > 0}.
The algebra H* o ¢ is weak® closed and contains A. If f € Hg NnH>,
then f = Y 0" ja,¢™ and so f = (3,7 anz™) o ¢. The sequence a, is
square summable and so g = Y~ ja,z" € H? and go ¢ = f. However,
by Corollary 7.5 we get that ||g||, = [|f|. and so g € H*>. This shows
that H; N H* C H*® o ¢. If f € H* o ¢, then f = go ¢ and we can
choose a net of polynomials p; such that p; — ¢ in the weak® topology.
Composition by ¢ is weak® continuous and so p; o ¢ — f in the weak*
topology and A = H* o ¢. Finally note, since Hz is closed in H?, that
the space H(?) N H*> is weak™ closed in H*® and contains ¢" for all n. This
proves that A C HZ N H*>.

(4) Since 1 € HZ and multipliers must be bounded we see that mult(H3) C
Hi N H> = Hg°. On the other hand, it is clear from HZ® = H> o ¢ that
H C mult(Hé). The equality of norms follows as in Proposition 5.1.

(5) To see that K is a complete Nevanlinna-Pick kernel let us consider n points
Z1,...,%p in the disk and n matrices Wy,..., W, in M. Suppose that
the matrix [(I — W;W;)K?(z;,2;)]fj=; > 0. There exists F € M(H>)
such that ||[F||,, <1 and F(¢(2;)) = W; by the classical Nevanlinna-Pick
theorem. The function F' = F o ¢ has the same norm as F and is in HZ.
Also F(z;) = F(¢(z;)) = W;.

On the other hand, suppose that there is a function F' in M, (Hg°) such
that F(z;) = W,. We know that F' = G o ¢ for some G € M (H>) with
|1G|lo = |F|lo- Hence, G(¢(2;)) = W; and the corresponding Pick matrix
is positive.

O

Although the proof of Proposition 7.6 is elementary we point out that the rep-
resentation obtained in part (2) implies the result in part (5) by the work of Agler-
McCarthy, McCullough, and Quiggin on complete Nevanlinna-Pick kernels; see
Agler and McCarthy’s book [5] for a full description.

Applying Proposition 7.6 to the space lez we get the following matrix-valued
interpolation result.

Corollary 7.7. Given n points z1,...,z, € D and n matrices W1,...,W,, € M,
there exists a function F' € My(HE)) with ||F| <1 and F(z;) = W; if and only
if

n

I—-w,wr

1 - B(2)*B(z)?

= [(1 = WiW)) K™ (21, )], >0,

4,J=1

where B is the Blaschke product for the orbit T'2(0) = I'1(0).

It is interesting to note that the space HR® = H°°(A) contains a subalgebra,
HE?, of “index 27, that is also the multiplier algebra of a complete Nevanlinna-Pick
space.

The groups I'; and I'y are amenable. We now take advantage of this fact to study
the interpolation problem. Essentially we will project solutions to the classical
Nevanlinna-Pick problem onto solutions in HZ®.
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We briefly discuss group actions on Banach spaces. An action of a group I" on a
Banach space X is a homomorphism from I' into the group of linear isomorphisms
of X. We denote by Xr the set of fixed points, that is, Xr := {z € X : v(z) =
x for all v € T'}. An action on X induces a natural action on the dual space X*
by v(f)(z) = f(y(x)), where z € X, f € X*. Conversely, any action of T on X*,
where the maps v : X* — X* are weak™ continuous, is induced by an action of I"
on X.

A group T is called amenable if and only if there exist a linear functional s :
£2°(T') — C such that s(1) = 1, ||s|| < 1 and s is translation invariant, that is,
5((ay)vyer) = s((ag-14)yer) = 5((agammas)yer for B € I'. Such a linear functional
is called an invariant mean. In the case where I' is an amenable group acting on
a dual Banach space, there is a natural way to project elements of X* onto the
subspace of fixed-points (Xr)*. To see this let x € X, f € X* and note that the
sequence f = (f(v(x)))yer € £2°(T). Now define ®(f) € X* by ®(f)(z) = s(f).
From the definition we can check that ® is a linear, contractive, idempotent map
whose range is (X™*)p and ®(v*(f)) = ®(f) for all y € T".

The case we are interested in is X = L* and the groups I'y and I's. In this
case @ is a unital positive map and is therefore completely contractive, that is,
given F = [fi ;] _) € My (L>), we have ||[®(f; ;)7 || < ||[fij]7=1]|- It follows
from the fact that the action of a Fuchsian group restricts to H* that the above
projection ® actually maps H*° to Hp°.

In some ways this new projection is an improvement on the one in [17], since it
avoids the defect space N, preserves analytic structure and is completely contrac-
tive. The following result shows, in the case of H*>°, that ® is in some sense the
natural projection to consider.

Proposition 7.8. Let f € H*® and let the power series expansion of f o~y be given
by ZZO:O an(7)z". For each n, (an(y))yer € £2°(I'). If by = s((an (7)) er), then

o0

®(f)(2) = s((f(1(2)))rer) = D baz".

n=0

Proof. If k, is the Szegd kernel at z, then

L(f)(z) = (®(f), k=) = s((f o v, kz) = s((f(7(2)))ver)-
We have, |a,(7)] = [(f o7, xn)| < [|f]lo and so for fixed n, (an(7))yer € €2(T).

Now,
(@(f),2") = s(({f ©7,2"))ver) = s((an(7))yer) = bn.
and so ®(f)(z) = > o0r ) bn2™. O

For the special of H*, there is a second averaging result that yields the same
projection.

Theorem 7.9. Let A C B(H) and suppose that A= A’. IfT is an amenable group
that acts on A, then there exists a linear, contractive, idempotent map ® : A — Ar.

If A is selfadjoint, then so is ®.

Proof. Let A € A and fi, fo € H. Define a map sg : H x H — C by sa(f1, f2) :==
s(({(y(A) f1, f2))ver) and note this is bounded sesquilinear form on H and that
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[sall < ||A]|. Therefore, there exists a unique operator ®(A) € B(H) such that
[@(A)]| = [lsall and (®(A)f1, f2) = s(((Y(A) f1, f2))yer). Let A € A and note that

(AT f1, f2) = s(((Y(A)T f1, f2))ver) = s(({TY(A) f1, f2))er)
= s(((V(A)f1, T f2))ver) = (R(A) f1, T f2)
= (T'®(A)f1, f2) -
Thus, ®(A) € A’ = A. The remaining properties are easy to verify. a

It is easy to check, in the case H = H? and A = H, that this agrees with the
projection ® defined earlier.

Proposition 7.10. If ®; is the projection from H* onto Hﬁj for 7 = 1,2, then
O, (A(D)) is the set of constant functions.

Proof. Let v = lz;a be as in Lemma 7.1. Since v*)(2) — —1 as k — oo and 1
—az

as k — —oo we have that,

S(((,y(k)(z))n)kez) _ {O if k£ is odd

1 if kis even

Therefore, ®; maps 2" to a constant and so A(D) is also mapped to the constant
functions. U

Corollary 7.11. There are no nonconstant, I'j-invariant functions in A(D) for
7=1,2.

Proof. If f € A(D) and is fixed by ®;, then f = ®;(f) is constant. O
Corollary 7.12. The projection ®; is not weak® continuous.

Proof. This is a consequence of the fact that the trigonometric polynomials are
weak* dense in H*® and that Hp® contains nonconstant functions. O

Since interpolation is an isometric theory the existence of a contractive projection
suggests, at least in the case of amenable groups, that we could approach the
problem of interpolation in HZ° through a related problem on the disk. We will show
that while this approach has the positive aspect of providing a fairly simple matrix
positivity condition, the condition does not seem refined enough to distinguish the
interpolation theory of H? and HFE.

Let K denote the Szegd kernel on the disk. By a weak solution to the inter-
polation problem we mean a matrix-valued function F = [f; ;] € M, (H*) such
that ||F||, <1, F(a(z)) = Wi foralll =1,...,n and v € I'. By a strong solu-
tion we mean an F' = [f; ;] € My, (Hp°) such that [|F| < 1 and F(z) = W for
l=1,...,n. Clearly every strong solution is a weak solution. If we denote by W
the set of weak solutions, then it is clear, provided that W # (), that W is a convex,
weak*-compact subset of the unit ball of M,, (H>).

Theorem 7.13. Let I" be an amenable, admissible group. If F' € M, (H*) is weak
solution, then ®@,,(F) is a strong solution.

Proof. We have ||®,,(F)|| < ||F| <1, ®,,(F) € M,,(Hg®) and
O (F)(21) = (u(fij(a(z1)))) = W
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IfQ= [qm}m ¢ 1s an infinite matrix, then we write @ > 0 to mean that every
finite square submatrix is positive. This is also known as formal positivity, but we
will suppress the word formal. If @ is already finite, or is the matrix of positive
operator on a Hilbert space, then the two notions of positivity coincide. The content
of the next result is well known and the proof is a standard weak* limit argument.

Proposition 7.14. Let {z;},cs be a set of points in D and {W;};es C M,,. There
exists F' € My, (H™) such that |F| <1 and f(z;) = Wj if and only the matriz
(I = WiW;)K (21, 25)], .o, >0

If we take the set of points in Proposition 7.14 to be the orbits of n points
Z1,...,%n under the group I';, then we obtain the following result:

Corollary 7.15. Let T' be an amenable, admissible group. Let P(z,w) denote the
infinite matriz [K(’y(z),n(w))]%nerj. A weak (and hence strong) solution F' € H®
exists if and only if [(In, — WiW?)P(zi, zj)]szl >0

We know that the condition in Corollary 7.15 is equivalent to the condition set
forth by Abrahamse for the annulus A. It would be interesting to have a direct proof
that the matrix condition in Corollary 7.15 is equivalent to Abrahamse’s condition
that the matrices Ay, A € T are all positive semi-definite.

Our examples in this section were primarily designed for illustrative purposes.
However, we believe that more constructions of this sort could shed further light
on the interpolation problem.

We close with an observation that relates to the work of McCullough and Paulsen [23].
Their results show that the C*-envelope of the n-dimensional quotient algebra
H>(A)/T is M, (C(T)), whenever n > 3. This should be contrasted with the inter-
polation result in Corollary 7.7 which shows that the C*-envelope for the algebra
HPS /T is My, Tt was also shown in [11] that the C*-envelope for any two-idempotent
operator algebra [25] is either C2 or M. In light of this, three aspects of the in-
terpolation problem, in apparently increasing order of difficulty, would seem to be
worthy of study. First, the matrix-valued interpolation problem. This would seem
to be within reach using the methods outlined in this paper. Second, a more careful
examination of the number of characters required to guarantee the existence of a
solution to the interpolation problem. Third, a computation of the C*-envelope of
the quotient algebra H°/Z. In view of the depth of the work in [15] and [23], and
in view of the results presented here that these latter problems are considerably
more challenging.
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