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Abstract

Suppose G is a simple connected n-vertex graph. Let o3(G) denote
the minimum degree sum of three independent vertices in G (which is
oo if G has no set of three independent vertices). A 2-trail is a trail that
uses every vertex at most twice. Spanning 2-trails generalize hamilton
paths and cycles. We prove three main results. First, if o3(G) > n—1,
then G has a spanning 2-trail, unless G = K 3. Second, if 03(G) > n,
then G has either a hamilton path or a closed spanning 2-trail. Third,
if G is 2-edge-connected and o3(G) > n, then G has a closed spanning
2-trail, unless G = Ky 3 or K33 (the 6-vertex graph obtained from
K3 3 by subdividing one edge). All three results are sharp. These
results are related to the study of connected and 2-edge-connected
factors, spanning k-walks, even factors, and supereulerian graphs. In
particular, a closed spanning 2-trail may be regarded as a connected
(and 2-edge-connected) even [2, 4]-factor.
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1 Introduction

We use Bondy and Murty’s book [2] for terminology and notation not defined
here, and consider finite simple graphs only.

A walk in a graph will be called a k-walk if each vertex is used no more
than k times (if the walk is closed, so that the same vertex occurs as both
first and last vertex, we count this as just one use of that vertex). A k-trail
is a k-walk with no repeated edges. For the purposes of the current paper, a
k-walk or k-trail need not be closed, and need not be spanning. Note that a
closed spanning 1-walk or 1-trail is a hamilton cycle, and an open spanning
1-walk or 1-trail is a hamilton path. A graph with a closed spanning trail
has a spanning Eulerian subgraph, and is sometimes called supereulerian.

The degree of a vertex v in the graph G will be denoted degg(v), or just
deg(v). The set of vertices adjacent to v in G will be denoted Ng(v) or just
N(v). The degree sum of independent sets of vertices of given cardinality
has often been used to give sufficient conditions for the existence of hamilton
paths or cycles, or other structures such as spanning trails. The following
notation will be useful:

ok (G) = min{Z¥_ deg(v;) | {v1,v2,...,vx} is independent in G}.

If there are no independent sets of cardinality k, 0% (G) is taken to be co.
Our goal in this paper is to give conditions involving o3 for spanning 2-trails.

Spanning k-trails are related to many other types of spanning subgraphs.
Some relationships are shown in Figure 1: a closed spanning k-trail is a
generalization of a hamilton cycle, and a special case of several other types
of spanning subgraphs that have been examined previously. In particular,
the existence of a closed spanning k-trail is equivalent to the existence of
a connected (or 2-edge-connected) even [2, 2k]-factor. It is also equivalent
to the existence of a connected covering of the vertices of the graph by
edge-disjoint cycles with each vertex appearing in at most k of the cycles.
Spanning k-trails therefore seem to be a natural subject for investigation.

Degree sum results (involving oy, for some k) are common as sufficient
conditions for the existence of spanning subgraphs obeying degree and con-
nectivity restrictions. The first degree sum result was a condition for hamil-
ton cycles by Ore, generalizing a well known result of Dirac based on the
minimum degree.

Theorem A (Ore [17]) If G is an n-vertex graph with n > 3 and 02(G) >
n, then G has a hamilton cycle.
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Figure 1: Hierarchy of spanning subgraphs

Corollary B If G is an n-vertex graph with oo(G) > n — 1, then G has a
hamilton path.

A result on k-walks that generalizes Theorem A was found by Jackson
and Wormald.

Theorem C (Jackson and Wormald [12]) If G is a connected n-vertex
graph with n > 3 and ox+1(G) > n, where k > 1, then G has a closed
spanning k-walk.

For trails, which are the subject of this paper, there are several results
involving oy, that guarantee the existence of a spanning trail. However, none
of these give a bound on how often each vertex is used. We begin with two
results for os.

Theorem D (Lesniak-Foster and Williamson [15]) If G is an n-vertex
graph with n > 3, 6(G) > 2, and o92(G) > n — 1, then G has a closed
spanning trail.

Since a graph with oo > n — 1 has § > 2 if and only if it is 2-edge-
connected, the following is a strengthening of Theorem D.

Theorem E (Benhocine et al. [1]) If G is a 2-edge-connected n-vertex
graph with n > 3 and o2(G) > (2n + 3)/3, then G has a closed spanning
traal.



These results have been improved further by Catlin [3] and Chen [5],
provided n is taken to be sufficiently large.

The above results deal with closed trails. If the trails may be open, they
are easier to find. Lesniak-Foster and Williamson [15] mention that if G is a
connected n-vertex graph with n > 5 and 09(G) > n — 2, then G contains a
(possibly open) spanning trail. The following result involving o3 strengthens
this.

Theorem F (Veldman [19]) If G is a connected n-vertex graph with n > 5
and 03(G) > n — 1, then G has a (possibly open) spanning trail.

This has been further extended, as follows.

Theorem G (Z. Q. Chen and Y. F. Xue, cited in [6]) IfG is a connected
n-vertex graph with o3(G) > n — 2, then either G has a spanning trail
(possibly open), or G is isomorphic to one of K14, Cy " (the 6-vertex graph
obtained by attaching pendant edges to opposite vertices of a 4-cycle), or A,
with n > 4 (see the end of Section 2).

Catlin [4] showed that some stronger conclusions could be reached if
o3 >n+ 1.

Our results in this paper strengthen Theorems E and F, and we obtain
results for 2-trails that parallel Theorem A and Corollary B. Our main
theorems, Theorems 2.6, 3.3 and 4.1, are all sharp. With the exception of
results by Gao and Wormald [11] for triangulations of the plane, projective
plane, torus and Klein bottle, these are the first results that we are aware
of that deal with spanning k-trails for & > 2.

As mentioned earlier, spanning k-trails are related to connected factors
with degree conditions, and also to coverings of the vertices of a graph
by cycles. Recent conditions based on degree sums for the existence of
connected factors with degree restrictions include conditions involving oo by
Kouider and Mahéo [14] for 2-edge-connected [2, b]-factors, and by Nam [16]
for connected |[a, b]-factors. Conditions based on degree sums for coverings
of the vertices of a graph by cycles, edges and vertices include work by
Enomoto et al. [10] which was extended by Kouider and Lonc [13] and
Saito [18]. Our results on closed 2-trails, Theorems 3.3 and 4.1, can be
interpreted as results on the existence of connected even [2, 4]-factors, or as
results on the existence of connected coverings of the vertices of a graph by
edge-disjoint cycles with each vertex in at most 2 of the cycles.



2 Open 2-trails

We begin by examining the existence of open spanning 2-trails in graphs.
The following assumption will be used heavily in this section, and also in
Section 3.

Assumption 2.1 Suppose G is a connected n-vertex graph, and let T =
U2 . .. Uy be a 2-trail in G' that has the minimum number of edges among
all 2-trails covering the mazimum number of vertices.

Lemma 2.2 Suppose Assumption 2.1 holds. Then T' is open, i.e., u1 # Uy,
and its ends uy and u, are used only once.

Proof. Suppose that u; = u; for some j > 2 (possibly j = p). Then
Ugu3 . . . Up is a 2-trail covering the same vertices as 17" but with fewer edges,
contradicting Assumption 2.1. Thus, u; # up, and uy is used only once.
Similarly, u, is used only once. |

Lemma 2.3 Suppose Assumption 2.1 holds. If u € V(T) is the initial
vertez of an open 2-trail that covers V(T), then N (u) C V(T). In particular,
N(u1) CV(T) and N(up) C V(T).

Proof. Suppose there exists w € N(u) \ V(7). Let (u = v1)vavs...v, be
the open 2-trail starting at v and covering V(7"). Since T has the maximum

number of vertices, vi,vs,...,v, € V(T'). Then wvjvy...v, is an open 2-
trail covering more vertices than 7', contradicting Assumption 2.1. |
Define

N~ (u1) ={ui—1 | wviu; € E(G)},
N*(up) ={uir1 | upu; € E(G)}.

These are both well-defined since neither u; nor u, is adjacent to itself. For
any vertex v and i = 1 or 2, let N;(v) be the set of neighbours of v that are
used 4 times on 7.

Lemma 2.4 Suppose Assumption 2.1 holds. If up € N~ (u1) or NT(up)
then uy is used only once on T, and N (u;) C V(T).

Proof. If up € N~ (uy), then 7" = upug_1 . . . ugUk+1 - - - up is a 2-trail from
uk to u, with the same number of vertices and edges as T. Therefore, T”
satisfies Assumption 2.1. By Lemma 2.2, uy is used only once on T" and
hence only once on T, and by Lemma 2.3, N(ug) C V(T') = V(T'). The
argument when uy € N (uy) is similar. [



Lemma 2.5 Suppose Assumption 2.1 holds. Then [N~ (u1)| = |N(u1)| +
[Na(u1)], and [N (up)| = [N (up)| + [ Na(up)].

Proof. |N(u1)| + |Na(u1)| is the number of indices ¢ for which u; € N (uq).
For each such i, u;—1 € N~ (uy), and by Lemma 2.4 this counts every vertex
in N7~ (uy) exactly once. The proof for [Nt (u,)| is similar. [

The main result of this section, which strengthens Theorem F by adding
the restriction that the spanning trail uses every vertex at most twice, is as
follows.

Theorem 2.6 Let G be a connected n-vertexr graph with o3(G) > n — 1.
Then either G has a (possibly open) spanning 2-trail, or G = K 3.

Proof. Suppose G does not have a spanning 2-trail. Let T satisfy Assump-
tion 2.1. Since G is connected, there exists a vertex w € V(G) \ V(T)
adjacent to a vertex of T

Claim 2.6 A There is no closed 2-trail 77 with V/(7") = V(T'). In particular,
up and u, are nonadjacent.

Proof. Write 77 = vjvy...v4, with v, = v;. Since V(1) = V(T), w is
adjacent to some v;, i < ¢ — 1. Then v;11v42 ... v4-1(vg = v1)v2...v;w is a
2-trail covering more vertices than 7" and T, contradicting Assumption 2.1.
|

By Lemmas 2.2 and 2.3 and Claim 2.6A, u;, u, and w are distinct
nonadjacent vertices, so deg(w) + deg(u1) + deg(u,) > n — 1. Let C =
N~ (u1) UNT(uy) UN(w).

Claim 2.6B If u; € N~ (u1),u; € N (up),i < j, and either i # 1 or j # p,
then there exists k with ¢ < k& < j for which at least one of the following
holds:
(i) ug is used only once on T, and ug € V(T') \ C, or
(ii) ug € Na(u1) and ug is the second occurrence of this vertex on 7', or
(iii) ug € Na(up) and wuy is the first occurrence of this vertex on 7.

Proof. We use induction on j — i = d.

Suppose d =1. If i =1 or j = p, then wyu, € E(G). If i > 1 and j < p,
then wjujujyq .. upu;u;i—1 ... u1 is a closed 2-trail. In either case, Claim
2.6A is contradicted. So d cannot be 1, and the result holds vacuously in
this case.

Now assume the result holds when j —i < d, and consider the case where

j—t=d>2. Sincei # 1 or j # p, we may assume without loss of generality
that ¢ # 1.



Suppose u;41 is used once on T. If u;p1 € N~ (uy) or Nt (u,) then we
may use induction. If u; 41 € N(w) then since i + 1 # 2, wujpjujuz . .. up is
a 2-trail covering more vertices than 7', contradicting Assumption 2.1. So,
u;iy1 ¢ C, and (i) holds.

Suppose u;4+1 is used twice on 7. Then u;11 € Nao(uq). If d = 2, then
Ui+1 = uj—1 € N(uyp), and either (ii) or (iii) holds depending on whether w;;1
is the second or first occurrence of this vertex, respectively. So, assume that
d > 3. If u;11 is being used for the second time, then (ii) holds, so suppose
w41 = uy where i+1 < 1. Then T = u;you;ys ... (up = wip1)usus . .. (Ujp1 =
w)U41 - - . Up 18 & 2-trail covering V' (T') with the same number of edges as T,
so Assumption 2.1 holds for 77. By Lemma 2.2, u; o is used only once on
T’, and hence only once on T. By Lemma 2.3, N(u;2) C V(T") = V(T),
o ujto & N(w), and if uj42 € N7 (u1) or N*(u,) we may use induction.
Therefore, we may assume that u;4o ¢ C, and (i) holds. |

Claim 2.6C If either deg(u;) > 2 or deg(uy,) > 2, then | Na(uy)|+|Na(up)|+
[V(T)\C| = N7 (u1) N NF(up)| + 1.
Proof. Write N~ (u1) N Nt (up) = {wi,, wiy, ..., U4, }, where 1 < iy < ig <
oo <im <pand m = |N"(u;) " N*(up)|. If m > 1, then applying Claim
2.6B to consecutive pairs of vertices in the sequence w1, wi,, Uiy, - - -, Uiy, Up
we find m + 1 distinct indices k satisfying (i), (ii) or (iii) of Claim 2.6B, of
which there are at most |V (T') \ C|, |[Na(u1)|, and |Na(uyp)|, respectively.

If m = 0 and deg(u1) > 2, we apply Claim 2.6B to the last vertex u; of
N7 (u1) on T and u; = up, and we use a similar argument if deg(u,) > 2. i

Now we may complete the proof of Theorem 2.6. Suppose deg(uj) = 1
and deg(u,) = 1. Then deg(w) > n — 3, but w is not adjacent to u;, u, or
itself, so deg(w) =n — 3, and w is adjacent to all other vertices of G. Since
w has a neighbor on T, p > 3. If p > 4, then w is adjacent to uy and ug,
and ujugwusuy . . . up is a 2-trail with more vertices than 7', a contradiction.
Therefore p = 3 and N(w) N V(T) = {uz}. If w has a neighbor z not on T,
then ujugwz is a 2-trail with more vertices than T', so N(w) = {u2}. Hence,
1 =deg(w) =n—3,n=4, and G = K; 3.

Now suppose that deg(u;) > 2 or deg(up) > 2. Then

IC| = |N(w)|+|N"(u1) UNT(u,)l by Lemma 2.4
= NG|+ N ()] + [N ()] — N~ () 0 N ()
[N (w)| + [N (u1)| 4 [Na(u1)] + [N (up)| + [Na(up)]
—|N"(u1) N N ()| by Lemma 2.5
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n— 1+ [Na(u1)| + [ Na(up)| — [N (u1) N N (up)]
since 03 > n — 1
> n—|V(T)\C] by Claim 2.6C

and so |C|+ |V(T) \ C| > n, which is impossible because C and V(T) \ C
are disjoint and w belongs to neither.
This concludes the proof of Theorem 2.6. |

The condition 03(G) > n — 1 in Theorem 2.6 is best possible. For
n > 4, let A, be the graph obtained from K,_3 by choosing a vertex v,
then adding new vertices w, x1, z9 and edges vw,wxq, wre. These graphs
appear in Theorem G, above. For n > 5, A,, has 03 = n—2 and no spanning
trail of any kind. Moreover, K 3, the exceptional graph in Theorem 2.6, is
just A4. As another family of examples, for m > 1 the graph K, 242 has
o3 = 3m = n — 2 but no spanning 2-trail. Note also that the hypothesis
that GG is connected is necessary; it is easy to construct disconnected graphs
with o3 > n — 1.

We also have the following straightforward corollary, which is sharp, at
least when n =2 (mod 3), as shown by Ky, om+2. As usual, §(G) denotes
the minimum degree of G, and we use the facts that o3(G) > 3§(G) and
Ug(G) > 302(G)/2.

Corollary 2.7 Let G be a connected n-vertex graph. If 6(G) > (n —1)/3
or o2(G) > 2(n—1)/3 then G has a (possibly open) spanning 2-trail.

3 Closed 2-trails and hamilton paths

Now we consider the situation where we have a spanning 2-trail, and try to
find a closed spanning 2-trail. The following fact will be used frequently.

Observation 3.1 If ujug...up, is a trail and w, = w with k < [, then
> k+ 3.

Lemma 3.2 Suppose Assumption 2.1 holds, and uy, = u; with k <.
(i) Suppose k < i <1, and uju; or upu; is in E(G)\ E(T). Ifi > k+1
then u;—1 s used only once by T, and if i < 1 — 1 then u;y1 is used
only once by T.
(ii) None of uiugs1, UpUpt1, urw—1 or upu—y is in E(G)\ E(T).
(iii) ug = ug, Ug—1, Ugt1, Ui—1, and uq all exist and are distinct vertices.



Proof. (i) Suppose k+ 1 < i <, and upu; € E(G)\ E(T). Then there is
a spanning 2-trail 7" = w;_qu—a . . . Uk+1 (W = W)UILT - - - UpUilli] - - . U1
(u; = ug)ug—1 ...uj with the same number of edges as T'. Hence, by Lemma
2.2, T', and hence T, uses u;_1 only once. The other cases are similar.

(ii) If one of the given edges is in E(G) \ E(T), then by (i) ux = u; would
be used only once by T', a contradiction.

(iii) Note that £ > 2 and [ < p —1 by Lemma 2.2, so all these vertices exist.
All of ug—1, ug+1, uj—1, uj+1 are joined to ur = w; by distinct edges of T, so
all five vertices are distinct. |

Given a trail T = vyvg ... vk, define ppin(7T') to be the position of the
first repeated vertex, i.e., the smallest ¢ such that v; = v; for some j # 4, or
oo if T' has no repeated vertices. Similarly, define ppax(7) to be the largest
i such that v; = v; for some j # i, or —oo if T" has no repeated vertices.

The main result of this section is the following. Note that the proof
requires that we take care to distinguish between indices of vertices along T’
and the vertices themselves, and between elements of E(G) \ E(T') and of
E(T).

Theorem 3.3 Let G be a connected n-vertex graph with o3(G) > n. Then
at least one of the following holds.

(i) G has a hamilton path.

(ii) G has a closed spanning 2-trail.

Proof. Suppose G has neither a hamilton path nor a closed spanning 2-trail.
Let T' = ujug . .. up be a spanning 2-trail with (1) fewest edges; (2) subject
to (1), smallest pmin(7T"); and (3) subject to (1) and (2), largest pmax(T).
Assumption 2.1 holds for T'. Since G has no hamilton path, ¢ = puin(T) is
finite, and uy = u; for some t > q.

If u; and u, are adjacent, then there is a closed spanning 2-trail, so they
are nonadjacent. We begin by finding a vertex w,;; which will form the
third vertex of an independent set with u; and w,,.

Claim 3.3A We may assume (possibly after a reordering of the vertices
and edges of T' that does not change pmin(T") or pmax(7")) that there exists
r, 2 <r <p-—4,such that

(a) u, = us for some s, r+3<s<p-—1.

(b) r=gq or g+ 1, so that each of uy, ..., u,—_o is used only once on T'.

(c) Either w,_; is used only once on T, or uju, and upyu, are not in E(G)\

E(T), or both.
(d) wpq1 # ug and wpqq # up_1.



(e) There is no i > r + 1 such that u,ju;11 € E(T) and at least one of
uru; or upu; is in E(G) \ E(T).

Proof. Take r = ¢ (and s = t). This satisfies (a)—(c) above, since uy, . . ., ug—1
are used only once on 1. If uy41 = ug then usp is used twice, so ¢ = 2 giving
Ug+1 = u3 = ug, which is impossible. Thus, ug41 # u2. If ugy1 = up—1
then, by Lemma 3.2(iii), u¢—1 # ug+1 = up—1. Therefore, by reversing the
segment UgUg41 - .. u—1u; of T', we may assume that ug41 # up—1, and (d)
also holds. We shall show that either (e) holds, or we can make another
choice of r.

In our arguments we shall suppose that (e) does not hold. In doing this,
we focus on the vertex u;11 as described in (e). We say ‘Suppose = = u;41 as
in (e)’ to mean ‘Suppose thereis i > r+1 so that x = w41, upy1uir1 € E(T)
and at least one of uju; or upu; is in E(G) \ E(T).

Suppose u; = u; = uj+1 asin (e). Since it > r+1=¢+1,i=1t—-1,
which contradicts Lemma 3.2(ii) for ug. .. u;.

Suppose ug+2 = uiq1 as in (e). If i = ¢+ 1 then Lemma 3.2(ii) for
Ug . . .ug is contradicted. So ug42 = ui41 for some i # g+ 1. By Observation
3.1, either i +1 < g—1ori+12> ¢+ 5. However, the former contradicts
q = pmin(T), s0 i+ 1> g+ 4 and in particular i + 1 > ¢ + 2. Now wuju; or
upu; contradicts Lemma 3.2(ii) for ugqa ... wiy1.

If ug41 is used only once by 7', we are finished. So, assume that wu,y; is
used twice, with ug41 = u;, where [ > ¢+ 4 since ¢ = pmin(T).

Suppose uj+1 = ui41 as in (e). If ¢ = [ then uju; = ujug41 or upyy =
Upg+1 contradicts Lemma 3.2(ii) for u, . .. uy. Therefore, wj41 = ;41 where
i # 1. If i > [ then wju; or upu; contradicts Lemma 3.2(ii) for wjyq ... wit1,
so i < l. Since ¢ = pmin(T'), i +1 > ¢. By Lemma 3.2(iii), u; = ug4+1, uq and
uj+1 = u;41 are distinct. Therefore, it +1#qgorq+1,s0i+1>¢q+ 2, or
i > q+ 1. Now applying Lemma 3.2(i) to u; in ugyq .. .u;, we see that u;qq
is used only once by T', a contradiction.

Suppose u;—1 = u;j+1 as in (e). If i = [ — 2 then we choose a new r
(see below). So, suppose i # [ — 2. Then u;_1; = u;41 where [ —1 # i+ 1.
By an argument similar to the one for w; 11 = w;41, above, we obtain a
contradiction to Lemma 3.2(i).

So, we satisfy conditions (a)-(e) with r = ¢, unless uq11 = w where
uiu—g or upuj—2 is in E(G) \ E(T). In that case, reorder T as 7" =
Uiug .. Ug(Ugr1 = w)up—1 ... Ugp2(Ugy1 = U)U41 ... Up = V] ...Vp, and
take r = ¢ + 1. Then v, = ug41 = w;, and neither viv, = ujug41 nor
UpUp = UplUg+1 are in E(G) \ E(T) by Lemma 3.2(ii) on ug...us. Thus,
(a)—(c) are satisfied. Note that by Lemma 3.2(i) for w2 on ug4q...u; we
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have that T uses u;_1 = v,41 only once, so T" also uses v,1 only once. For
(d), since 4 <r+1 < p—2 and v,4; is used only once, v, 41 # vz Or Vp_1.
For (e), since v,41 = u;—1 is used only once, we need only show that neither
Up = U] = U] = Ug4] NOT Vpio = Uj—2 can be v as in (e).

Suppose v, = vy = v;11 as in (e) (applied to T"). Since i > r+1,i=1-1,
which contradicts Lemma 3.2(ii) for v, ...v.

Suppose vy42 = v;41 asin (e). If i = r+1 then Lemma 3.2(ii) for v, ...y
is contradicted. So v,y19 = v;41 for some ¢ #r + 1. Eitheri+1<r—-1=¢
ori+1>r+5. Since ¢ = ppin(T), i +1>¢q. lfi+1=¢q=r—1, then
by Lemma 3.2(i) applied to vp—1 = vp42 00 Up_1 ... Vp42, Uy = Ugqy is used
only once on 7", and hence on T, a contradiction. Thus, ¢ +1 > r + 5 and
in particular i + 1 > r 4+ 2. Now v1v; or vpv; contradicts Lemma 3.2(ii) for
Vr42 -« . Vj41-

The two reorderings of 7' mentioned above do not change pmin(7") or
Pmax(T), so this completes the proof of the claim. |

Now u,41 is not adjacent to u; or u, by an element of E(T), by Claim
3.3A(d), or by an element of E(G) \ E(T), by Lemma 3.2(ii) for wu, ... us.
Therefore, {u1, ur4+1,u,} is an independent set.

For an arbitrary v, define the following sets of integers:

I(v) = {i|i<randoy € E(G)\ E(T)},
Jw) = {i|i>r+1andvy; € E(G)\ E(T)},

Observe that

Cc{3,4,...,r}, Ju) C{r+1L,r+2,...,p—1},
I(up) €{2,3,...,r}, J(up) C{r+1,r+2,...,p—2}.

Therefore, for v = uy or u,, it makes sense to define

A=(v) = {ui1]iel(v)},
Bf(v) = {uiyi]ie€ J(v)}.

Then, let

C = N(upy1)UA (u1) UA™ (up) UBT(ug) UBT(up).
Claim 3.3B N (uy11), A™(u1)UA™ (up), and BT (u1) UB*(u,) are pairwise
disjoint.
Proof. Suppose first that v is in both A~ (u3)UA™ (u,) and BT (u1)UB™ (uy).
Then v = uj—1 = uj41 where ¢ € I(u1) U I(up), j € J(u1) U J(up), so that
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i—1<=r <j+1. Then the edge uju; or uyu; contradicts Lemma 3.2(ii)
on Ui—1...Uj41.

Now suppose that v is in both Bt (u1) U B (u,) and N(u,41). Write
v = ujp1 where i € J(ui) U J(up), so that i+ > r + 1. By Claim 3.3A(e),
Upp1uir1 ¢ E(T). Since urpius € E(T), 1 # s — 1. We show that in all
cases a spanning 2-trail 77 with fewer edges than T' can be found, giving a
contradiction. If r +1 < i < s—2 and wyu; € E(G) \ E(T), let

!
T = UpUp—1 - - .’LLS+1(’LLS = ’LLT)’LLT_l e UTUUG—1 - e Up 1 U1 UG 42 - - - Ug—T

A similar trail 7”7 can be found if r +1 < i < s — 2 and uyu; € E(G)\ E(T).
If i > s and wu; € E(G)\ E(T), let

!
T = UpUp—1 - - - Ui 1 Upr41Up42 - - - Us - - - UUTU2 . . . Up—1 .
If i > s and wyu; € E(G) \ E(T), let
!
T = ujug . . .’LL7«_1(’LL7« = ’LLS)’LLS+1 < UiUpUp—1 - - - Ui 1T Up 41 Up 42 - - - Us—1-

Now suppose that v is in both A7 (u1) U A7 (up) and N(u,y1). Write
v = u;—1, where i € I(u1) U I(up), so that i < r. If u,4u;—1 € E(T), then
u;—1 must be used twice on 7', so by Claim 3.3A(b), i = r. However, since
uj—1 = up— is used twice, by Claim 3.3A(c) i =r ¢ I(u1) UI(up), which is
a contradiction. Thus, u,+1u;—1 € E(G) \ E(T), and the result follows by
arguments similar to those of the previous paragraph for the case ¢ > s.

This completes the proof of the claim. |

Claim 3.3C (a) The map i — w;_1 provides bijections I(u1) — A~ (u1),
I(up) — A= (up), and I(u1) N I(up) — A= (ur) VA (up).
(b) The map ¢ — w;y1 provides bijections J(u1) — BT (w1), J(up,) —
Bt (up), and J(u1) N J(up) — BT (ug) N Bt (uy).
Proof. The arguments for I(u;) — A~ (u1), I(up) — A (up), J(u1) —
BT (uy) and J(up) — B (up) are similar; we prove the third. By definition
of BT (u1), i — wu;41 maps J(uy) onto BT (u1). We prove it is also one-to-
one. If not, then there are i,j € J(uy) with ¢ < j such that w41 = uj41.
But now uju; € E(G) \ E(T') contradicts Lemma 3.2(ii) for w1 ... uj41.
The arguments for I (ui)NI(up) — A~ (u1)NA™ (up) and J(uy)NJ (up) —
BT (u1) N BT (uy) are similar; we prove the latter. The map 4 — u;+1 maps
J(u1)NJ(up) into BT (u1) N BT (uy), but we must prove that this map is one-
to-one and onto. It is one-to-one because it is a restriction of the one-to-one
map J(ui) — BT (uy). To show it is onto, consider any v € B* (u1)NB™ (up).
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Since v € BT(u1), v = wjt1 where i € J(up), and since v € BT (uy),
v = ujq1 where j € J(up). If i < j then uyu; € E(G)\ E(T) contradicts
Lemma 3.2(ii) for w41 ...uj11, and if ¢ > j we get a similar contradiction.
Therefore i = j € J(u1) N J(up) maps to v = u;yq. |
We now modify our definitions of N(v) and N;(v) to get N*(v) and
N} (v), where N*(v) = {w | vw € E(G)\ E(T)}, and N/(v) contains the
vertices of N*(v) that are used i times on 7', ¢ = 1 or 2. Thus, N*(u;1) =
N(u1) \ {uz}, and N*(up) = N(up) \ {up-1}.
Claim 3.3D If v = u; or u, then [I(v)|+ |J(v)| = |N(v)| + | N5 (v)| — 1,
Proof. In both cases |[N*(v)| = |N(v)| — 1, so

()| +[J(W)] = [{ilvu € E(G)\ E(T)}]
= [N{ ()| +2[N3 (v)| = [N"(v)[ + [ N3 (v)]
= [N+ Nz (v)] - 1.
N

Claim 3.3E (a) If i € (L(u1) N I(up))U(J(u1)NJ(up)) then u; € Ny (ug)N
N3 (up).

(b) [1(u1) VI (up) |+ [J (u1) O T (up)| = 2[ N5 (u1) N N3 (up)].

Proof. (a) By definition, u; € N*(u1) N N*(up). If u; is not used twice, then
U2 . . . Upuug is a closed spanning 2-trail, which is a contradiction.

(b) Each element of N3 (u;)NN3(up) has the form wu; for exactly two numbers
i€ (L(ur) NI(up)) U (J(ur) N J(up)). By (a), these numbers 7 include all
elements of (I(uy) NI(up))U (J(ur) N J(up)). |

Claim 3.3F wu,; ¢ C.

Proof. Clearly u,41 ¢ N(up41). If upy € A7 (u1) U A™ (up), then upyq =
u;—1 where i < r. By Claim 3.3A(b), we must have ¢ — 1 = r — 1, which
contradicts Observation 3.1. If u,41 € BT (u1) U BT (up), then w41 = ujtq
where ¢ > r + 1. Then the edge uju; or upu; in E(G) \ E(T') contradicts
Lemma 3.2(ii) for w, 41 ... ujy1. |

Claim 3.3G We have

IVIG)\ {ura} \ O+ [N3(up) \ N3 (ua)| + [ N3 (u1) \ N3 (up)| < 1.
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Proof. We have

Ol = IN(urs1)| + A7 (u1) UA™ (up)| + |BT (u1) U B (up)]
by Claim 3.3B
= N (urga)| + [A7 (ua)| + [A7 (up)| = [A7 (u1) 0 A7 (up)]
H BT (ur)| + B (up)| = [B (u1) N B (up)]
= N (urq)| + [T (ua)| + [ (up)| = [T (ur) N I (up)]
+|J(ur)| + | (up)| — [J(u1) N J(up)| by Claim 3.3C
= N (urg2)| + [N (ua)| + [N (up)| + [ Ng (u1)| + [ N3 (up)| — 2
—|I(ur) NI (up)| — [J(u1) N J(up)l by Claim 3.3D
n A+ [Ny (u1)| + | Ng (up)| 4 [T (ur) N I (up)| = [J(ur) N T (up)| — 2
since g3 > n
= n+ [Ny (u1) + [Ny (up)| = 2[Ny (u1) 0 N3 (up)| — 2
by Claim 3.3E
= n+ [Ny (up) \ Ny (ur)| + [Ny (u1) \ Ng (up)| — 2

v

and the result follows since |V (G) \{ur+1}\C| = n—|C|—1, by Claim 3.3F.

[ |

Now we complete the proof of Theorem 3.3. Recall that ¢ = ppin(T) > 2,
and let @ = pmax(T) < p — 1, so that ugi1,Ugt2, ..., U, are used only
once. Let aq = |[{u,ug,...,ug—1} \ C|, aa = {ugs+1,uat2, ..., up} \ C|,

B1 = |N5(up) N {ug}|, and B2 = |N5(u1) N {up—1}|. Because ug ¢ N*(uq)
and u,_1 ¢ N*(up), Claim 3.3G implies that oy +ag + 51 + 2 < 1.

Suppose a1 + 1 = 0. Then ay = 0, so uy,u2,...,ue—1 € C. Since
up € C but uy ¢ N(upt1), A" (u1), BT (u1) or BT (uyp), we get u; € A~ (up),
and hence ug € N*(up). Since f; = 0, uz must be used only once on 7.
Hence ¢ > 3. We shall prove that uj,ug,...,uq—2 € A (up). If ¢ =3
we are finished. Suppose that 2 < j7 < ¢ — 2, and we have proved that
UL, ..., uj—1 € A7 (up). Since uj_1 € A7 (up), u; € N*(up). We know u; is
in C, but uj ¢ Bt (u1) N BT (up). If uj € A™(u1) then w1 € N*(u1) and
hence

T/ =ULU2 .. . UjUpUp—1 - . - Uj41UL
is a closed 2-trail, a contradiction. If u; € N(uy41) then

!
T =wug .. Up—1 (Up = Ug)Usp1 -+ UpUjUp 41 Up g2 - . . Us—2
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has pmin(T") = j < ¢, contradicting our choice of T'. Therefore u; € A~ (u,).
Repeating this argument, we get u,—2 € A~ (u,) which means that u,—; €
N*(up). But then, since u, = u; with ¢ > g,

!
T = urug .. . Ug—1UpUp—1 - - - UgUp_1 - - . Ug1

has fewer edges than 7', a contradiction.

Suppose now that oy + 81 = 1. Then ag + B2 = 0. By reasoning
symmetric to the above we can show that u, € B (u;), so that u,_1 €
N*(uy1), and up—1 is used only once, so that a = pmax(T) < p — 2. If
a = p— 2, we can use an argument symmetric to the one above, so suppose
that a < p — 3. We know that u,_; € C. By an argument symmetric to
the one above, u,_1 ¢ BT (u,). Suppose that uy_1 € N(u,4+1). Consider the
trail

!
T = Up_1Up—2 . . UTUp—1Up 1 Uy g2+« U+« Up—1Up.

Considering (T")~!, the reverse of T, we have ppmin((7”)~!) = 2 and therefore
q = pmin(T) = 2 by choice of T. Also, by Lemma 2.2, u,_; is used only
once on T and hence only once on T, so by Claim 3.3A(b), r = ¢ = 2.
Now we see that pmin(T") = 2 = pmin(T) and pmax(T") = p — 1 > pmax(T).
This contradicts our choice of T'. Therefore u,_1 € B (uy), so that u,_o €
N*(uyp). But then the trail

!
T = ugus . .. Up—2U1Up_1Uyp

has pmin(T") = ¢ — 1 < pmin(T), a contradiction.
This completes the proof of Theorem 3.3. |

The condition o3(G) > n in Theorem 3.3 is best possible. For all
ni,ng,n3 > 1 the graph K; + (K,, U K,, U K,,) (‘+’ denotes join) has
03 = n1 +mng+ns = n—1 but neither a hamilton path nor a closed spanning
2-trail. These graphs also appear as sharpness examples in [10]. Also, for
every m > 1 the graph K, 2,41 has 03 = 3m = n—1 but neither a hamilton
path nor a closed spanning 2-trail. Note also that the hypothesis that G
is connected is necessary; it is easy to construct disconnected graphs with
g3 > n.

We also have the following straightforward corollary, which is sharp, at
least when n =1 (mod 3), as shown by K, 2m41-

Corollary 3.4 Let G be a connected n-vertex graph. If 6(G) > n/3 or
02(G) > 2n/3 then G has either a hamilton path or a closed spanning 2-
trail.
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It is also interesting to note the following, which follows from Theorem
3.3 because a graph with a cutedge cannot have a closed spanning trail.

Corollary 3.5 IfG is an n-vertex graph with a cutedge and o3(G) > n then
G has a hamilton path.

4 Closed 2-trails in 2-edge-connected graphs
In this section we prove our third main result, as follows.

Theorem 4.1 Let G be a 2-edge-connected n-vertex graph with o3(G) > n.
Then either
(i) G is isomorphic to Ky 3, or the 6-vertex graph K3 5 obtained by subdi-
viding an edge of Ko 3, or
(ii) G has a closed spanning 2-trail.

Proof. The result holds for n = 1 (whether or not one considers K; to
be 2-edge-connected), so suppose that n > 2. Assume that G does not
have a closed spanning 2-trail. By Theorem 3.3, G has a hamilton path
T = wjuy...up, where now p = n, and uwju, ¢ E(G). Since G is 2-edge-
connected, deg(u1),deg(up) > 2, so that N*(u1), N*(upy) # 0, and n > 4.
Define

n(T) = min{j —i [ uj € N*(u1),u; € N*(up)},
which may be positive, zero or negative.

Claim 4.1A There exists a hamilton path 7" with n(7T) < 0.

Proof. Suppose not. Let T be a hamilton path with n(7") as small as
possible. Then there exist ¢, t with t —q = n(T") > 0 such that u, € N*(u1),
q > 3, N(up) C {ug,us,...,uq}, ut € N*(up), t < p—2, and N(up) C
{’LLt, Ut41y - - .’LLp_l}.

Suppose first that there exists some r < g — 1 such that u,us € F(G) for
some s > g+ 1. Then r > 2. Choose r as large as possible. If r = ¢ — 1 then

T = ug_1us_3 .. SUgUIUD UG UsUsy T - - - Up
has n(T") <t —s < n(T), a contradiction. So r < g — 2. Define

A‘(ul) = {ui_l | 1 <1, uu; € E(G)},
B (u1) = A{ui1]i>r+1Luw € E(G)}.

Clearly [A™(u)| + |[B* (u1)[ = [N (u1)]-
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Now we claim that A~ (u1), B™(u1), N(ur4+1) and Nt (u,) are pairwise
disjoint. Since A7 (u1) C {u1,...ur—1}, BT (u1) C {upso2,...ugs1}, and
N*t(up) C {ugy1,...,up}, these three sets are disjoint; furthermore, w41
belongs to none of them. Therefore we need only consider intersections of
N (uy41) with the other three sets. If there is u;—1 € A~ (u1) VN (uy41), then

!
T = Us—1Us—2 + + - Up41U;—1U;—2 « - - UTU;Ui4-1 - - - UpUsUs4] - - - Up

has n(T") <t—s < n(T), a contradiction (this works even if i = 2). If there
is uiy1 € BT (u1) N N(upy1), then because r + 1 < g — 1 and we chose r as
large as possible, i < ¢ — 1, and

/
T = U1 Ug—2 . Ui 1 Up 1 Up g2+« - UGUTUD « o UpUgUg ] - . - Up

has n(T") < t —s < n(T), a contradiction. If there is u;+1 € N (up,) N
N (ur41) then because r + 1 < ¢ — 1, we contradict our choice of r as large
as possible.

Since u1 € A™ (u1) and u, € N1 (uy), the above shows us that {uy, u,11,
up} is independent. We therefore have

= A7 (uy)| + BT (u1)| + [N (up)| + [N (ur41))]

no <IN (ui)| + [N (up)| + [N (ur1)]

which is impossible, since these four sets are disjoint and u,11 belongs to
none of them.

Therefore, there is no number r as described above, and u, is a cutvertex.
Making the same argument with 7" reversed, which does not change n(T),
we find that wu; is also a cutvertex. If ¢ = ¢+ 1 then u,u; is a cutedge, which
is a contradiction. Thus, ¢ > ¢ + 2. Now {u1,ug+1,up} is independent,
and it is easy to see that deg(u;) + deg(ugy1) + deg(u,) < n — 1, again a
contradiction.

Hence, there must exist 7" with n(7") < 0. |

Now for each hamilton path T define
O(T) = min{i — j | u; € N*(up), u; € N*(u1),j < i},

which is finite when n(7") < 0, and co (the minimum of the empty set) when
n(T) > 0. Let T be a hamilton path with §(7T") as small as possible. By Claim
4.1A, 0(T) is finite, so there exist r, s with s—r = 6(T"), u, € N*(up) and us €
N*(up). If §(T') = 0, we have a closed spanning 2-trail ujus . . . upu,—suq, and
if 9(T) = 1, then we have a hamilton cycle ujug ... uptuptp—1 ... Upy1=sU7.
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So we may assume that (7") > 2, i.e., s > r+2. None of uy41, Upt2, ... Us—1
are adjacent to u; or u,, by definition of (7"). For v = u; or u,, define

A" (v) = {uj1 i <rou; € E(G)},
Bt(v) = {uit1]i>s,vu; € E(G)}.

so that |[A™ (v)|+ |Bt(v)| = |N(v)]. Also, let

C = N(up41)UA (u1) UA™ (up) UBT(u1) UBT(up).
Claim 4.1B A~ (u1), A (up), Bt (u1), B™(up) and N(u,41) are pairwise
disjoint, except that possibly u; € A~ (u1) N A~ (up), and possibly u, €
B+(’LL1) N B"’(up).
Proof. Since A~ (u1), A™(up) C {u1,...u,—1} and BY (u1), B (up) C {usy1,
... Up}, the former two are disjoint from the latter two. If there is a vertex

other than u; in A™(u3) N A™(uy), or other than u, in B¥ (u1) N B (uy),
then there is uj € N*(u1) N N*(up) and

r_
T = wyug . .. upujuq

is a closed 2-trail, a contradiction.
Now consider the intersections of N(u,41) with the other sets. If there
iSuj_1 € A™ (ul) N N(’LLT_H) then

/I
T = UL« U1 Up 41U 42 - - - UpUpUp—1 - - - U;UL

is a hamilton cycle, a contradiction (this works even when ¢ = 2). If there
is uj—1 € A7 (up) N N(up41) then

!
T = urug . . Ui U1 Up g2 -+ U« - UpUiUig] - - - Uy

has 9(T") < s —r —1 < O(T) because of the edges ujus, u,u,4+1, which is a
contradiction. If there is u;41 € BT (u1) N N(uy11), then

!
T = ULU - - - UpUpUp—1 - - - Ui 1 Up41Up42 - - - UiU]

is a hamilton cycle, a contradiction. If there is w11 € B*(up) N N(upt1)
then

/
T = ULUQ - . - UgUpUp—1 - - - Uj41

has (T') < s —r — 1 < 6(T) because of the edges ujus, u;r1u,y1, which is
a contradiction (this works even when ¢ = p —1). Thus, N(u,41) is disjoint
from the other four sets.

This ends the proof of the claim. |
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Claim 4.1C |V(G)\ C| < |A™ (u1) N A~ (up)| + | BT (u1) N BT (uy)].
Proof. By Claim 4.1B, N(u;4+1), A~ (u1) U A™(up) and B (u1) U BT (uy)
are pairwise disjoint, so

ICl = N (upg1)| + |A7 (ur) UA™ (up)| + | BF (u1) U B (up)]
[N (upg)| + [A7 (ua) ] + [A7 (up) ]| = [A7 (u1) N A™ (up)]|
+HBF (un)| + | B (up)| — | BT (u1) N B (uy)|
= [N(urs1)| 4+ [N (u1)] + [N (up)| = [A7 (u1) N A (up)]
—|B* (u1) N BT (uy)]
> n—|A (u1) N A (up)| — BT (u1) N B (uy)] since 03 > n

and the result follows. |

Let v = |[V(G)\C|, a = |A™ (1) N A~ (up)| and 3 = |BT (u1) N BT (uy)].
Claim 4.1C says that v < o+ . Since u,41 € V(G) \ C, we know that
v > 1. By Claim 4.1B, a = 1 if ugu, € E(G)\ E(T), and 0 otherwise, while
B=1ifuwuy_1 € E(G)\ E(T), and 0 otherwise.

Claim 4.1D 0(T)=2,ie.,s=r+2.
Proof. Suppose that §(T) > 3,1i.e., s >r+ 3. If us € N(ur41), then

!
T = urug . . . UplUplp_1 - . . Up41UsUL

is a closed 2-trail, a contradiction. Thus, us ¢ N(ur+1) and hence ug €
V(G)\ C and v > 2. Therefore @ = 3 = 1, so that uguy, uiup,—1 € E(G) \
E(T). But now

T = uguy . . . upuguy

is a hamilton path with §(7") < 2 < 6(T) because of the edges usug, uu,_1,
which is a contradiction. |

Claim 4.1E Suppose 1 <k <r—1, u; € A= (up), and up41,...,u—1 € C.
Then for k < j <r —1, we have uj € A (up), and for k+1 < j<r—1we
have u; ¢ N(up41) U A™ (ug).

Proof. We show that u; € A~ (u,) for £ < j < r — 1 by induction on j,
proving the rest along the way. We are given up € A~ (up). Suppose now
that £+ 1 < j <r — 1. By induction, uj_; € A7 (up), so uj € N*(up). If
U; € N(’LLT_H), then

!
T = ujug .. . Upp1UjUpUY_1 .« . . Up12=5U1
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is a closed spanning 2-trail, a contradiction. If u; € A™(u1) then
T = U2 .. . UjUpUp—1 . . . Uj41UL

is a hamilton cycle, a contradiction. Therefore u; ¢ N(uy41) U A~ (u1), but
since u; € C, we must have u; € A~ (up). [ |

Claim 4.1F If a =1 and us,...,u,—1 € C, then

(a) ui,ug,...,ur—1 € A”(up), and consequently ug, us, ..., u, € N*(up);
(b) N*(u1) C {urs2, Uria, Uris, - -5 Up—1};
(¢) N*(ur41) C {trya, ..., up—1}.

Proof. Since a = 1, we apply Claim 4.1E with k = 1.

(a) This follows immediately.

(b) Clearly uy,us ¢ N*(up). By Claim 4.1E, ug, us, ..., ur—1 ¢ A (u1), so
Us, ..., Up & N*(uqp). By definition of 0(T), upy1 & N*(u1). If upy3 € N*(uq)
then

!
T = U2U3 .« « - Up42ULUp43Up 44 - - « ’LLp’LLgl

is a hamilton cycle, a contradiction. We know that u, ¢ N*(uy).

(c) We know that uy,u, ¢ N*(ur41). By Claim 4.1E, ug,ug,...,ur—1 ¢
N*(ur—i-l)' Clearly ., urq1, Uri2 ¢ N*(ur—i-l)' If u,q3 € N*(UT—H)a then

!
T = urug . . . UpUplp—1 - . - Up43Up41Up42U1
is a hamilton cycle, a contradiction. |

Now we complete the proof of Theorem 4.1. Since §(T) = 2, i.e., s =

r+ 2, we have r + 1 = s — 1. This means that symmetric arguments may
be applied from the two ends of our path T'. We examine two cases.
() a=0and 8 =1,0or a =1 and § = 0. By symmetry we may suppose
that « = 1 and 8 = 0. Then v = 1, so u,y1 is the only vertex that does
not belong to C. By Claim 4.1F(b) and the fact that § = 0, N*(u;) C
{Urs2,Urs3, ..., up_2}, and since N*(uy) # 0, r <p—4.

Suppose that r < p — 5.

First, we show that w14, ...,u, ¢ B™(u1). We know u, ¢ B (uy) since
B = 0. If there is uxy € Bt (uy) with r +4 < k < p — 1, then by Claim
4.1E (using symmetry) we get uy13,...,u; € BT (u1). In particular, since
k>r+4, ug_1 € BY(uy), and

!
T = ugu3z ... Up—2UUE—1Uf - - . UpU2
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is a hamilton cycle, a contradiction. From Claim 4.1F(b), we now know that
N*('LL1) = {’LL7«+2}.

Second, we show that if » < p — 6, then wuyi4,...,up—2 ¢ N(ury1).
Suppose there is k, 7 +4 < k < p—2, with uy € N(uy11). If ug1 € BT (up)
then

!
T = urug . . Up 1 URUPUp—T « - U - - . Up 41U

is a closed 2-trail, a contradiction. From above, ugi; ¢ B (uy). Since
ug+1 € C, we must have ugy1 € N(up4+1). Now

!
T = urug . . . UpUplUp—1 - . Ugt 1 Up 1 URUR—T - - - Up42UT

is a hamilton cycle, a contradiction. From Claim 4.1F(c), we now know that
N*(ur—i-l) C {up—l}'

Third, we show that up—1 ¢ N(ur41). Suppose up—1 € N(upq1). If
r > 3, then, by Claim 4.1F(a), ug, ug € N*(u,), and

!
T = urugupus . . . Upp1Up—1Up—2 - . . Up42U1

is a hamilton cycle, a contradiction. Therefore, r = 2. If » < p — 6, then
from above u,44 must be in B (u,) since it is not in B* (u1) UN (uy41), and

!
T = urug . . . UpUpUp43Up44 -« - Up—1Up1Up42UT

is a hamilton cycle, a contradiction. Therefore, r = p—5. Thus, p=n =717.
Besides T', G contains the edges uqu4, usur and usug. There are no further
edges incident with u; or u,41 = ug. If this is all of G, then {uq,us, u7}
is an independent set with degree sum 6 < n = 7, a contradiction. There-
fore, there is an additional edge incident with at least one of us or wr,
either to increase the degree sum or destroy the independence of this set.
The only possible extra edges are usug, usuy and uruy. The edge usuo
gives the closed 2-trail uougugsuiususugusus, the edge usur gives a hamil-
ton cycle ujuougugurususui, and the edge uruyg gives the closed 2-trail
U . . . urugu, all of which provide contradictions.

So, now we know that w44, ..., up—1 € BT (up) and N*(uy41) = 0. Thus,
{u1,ur41,up—1} is an independent set. Since deg(u;) = deg(ur4+1) = 2,
deg(up—1 > n — 4, so u,_; is nonadjacent to at most three vertices, and
hence adjacent to at least one of w, or uy19. If u,_ju, € E(G), then

!
T" = UpUp 1 Up2ULUD - . UpUpUp43Up4g -« - - Up—1 Uy

is a closed 2-trail, a contradiction. If u,_ju,42 € E(G), then
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!
T = ULU « - - Up42 . - - Up_2UpUp—1Ur42UT

is a closed 2-trail, a contradiction. Thus, we do not have r < p — 5.

Therefore, 7 = p — 4. Then N(uj) = {uz,ur42}. By Claim 4.1F(c),
N*(up41) = 0 and so N(ur+1) = {tp, urs2}. Since 8 = 0, ug ¢ N*(up_1).
Suppose u; € N*(up—1) where 2 < j < r. By Claim 4.1F(a), u; € N*(uy),
SO

!
T = ujug .. . UjUp 1 UpUjUji] - - Upy2—p_2U1

is a closed 2-trail, a contradiction. We know w41 ¢ N*(up—1). Therefore,
N(up—1) = {try2=p—2, up}. Now {u1, tp41,up_1} is an independent set with
degree sum 6,s0 p=n < 6. Since r =p —4 > 2, we have p =6 and r = 2.
Besides T', G contains the edges ujuyq and ugug. If this is all of G, then G =
K3 5. Otherwise, since {u1, ury1,up} = {u1,u3, ug} and {uy, upy1,up_1} =
{u1,us,us} are independent, G contains the edge uguyg, and has a closed
spanning 2-trail uqusugususuguougu, a contradiction.

(2) @ = B = 1. Since there is at most one vertex of V(G) \ C other than
Ur+1, at least one of Dy = {uy, ug, ..., ur—1} or Do = {usi1, Usta,. .., up} is
a subset of C. By symmetry we may suppose that D; C C.

If » > 3, then by Claim 4.1F (a) we have ug, u3 € N*(u,), and

T = uwugupugyg . . . Up—_1uq

is a hamilton cycle, a contradiction.
Therefore, r = 2. If uzu,—1 ¢ E(G), then

!
T" = uguguiugus . . . Uy

is a hamilton path with 2 = 6(T) < 6(T”") < 2 that falls under case (1), so
we are finished. If uzu,_; € E(G) \ E(T) then

!
T = u1up—1usty . . . Up_1UpULUL

is a closed 2-trail, a contradiction. Therefore, ugu,—1 € E(T') and p = 5.
Besides T, G contains the edges ujus and ugus. If this is all of G, then
G = Ky 3. Otherwise, since {u1, u3, us} is independent, G contains the edge
ugu4 and has a closed spanning 2-trail ujusuguqusususu, a contradiction.

This concludes the proof of Theorem 4.1. |

The condition 03(G) > n in Theorem 4.1 is best possible. Suppose
n > 7. Take K,_4, choose (possibly identical) vertices vy, ve, then add new
vertices w1, W2, L1, T and edges V1w, VW2, W1T1, W12, W2T1, W2TLQ. We get
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two graphs, depending on whether v; is equal to vo or not. Both are 2-edge-
connected (the one with vy # vy is actually 2-connected), have o3 =n — 1,
and do not have a closed spanning 2-trail. Also, for every m > 2 the graph
K om+1 is 2-edge-connected (actually, m-connected), has o3 = 3m =n—1,
and has no closed spanning 2-trail. Note also that the hypothesis that G is
2-edge-connected is clearly necessary.

We also have the following straightforward corollary, which is sharp,
at least when n = 1 (mod 3), as shown by K, 2m+1. This shows that
Theorem 4.1 strengthens Theorem E.

Corollary 4.2 Let G be a 2-edge-connected n-vertex graph. If 6(G) > n/3
or 02(G) > 2n/3 then G has a closed spanning 2-trail unless G = Ka 3 or
K3,

Results for graphs embedded on surfaces can also be obtained from min-
imum degree conditions. An argument similar to that of Duke [8], using
Euler’s formula to show that 6 > n/3, gives the following. We omit the
details. Similar results can be obtained from Corollaries 2.7 and 3.4.

Corollary 4.3 Suppose G is a 2-edge-connected graph embeddable on a sur-
face (compact, without boundary, orientable or nonorientable) of Euler char-
acteristic x < 0, such that 6(G) > 3+ /9 —2x. Then G has a closed
spanning 2-trail.

Perhaps Theorem 4.1 can be extended to spanning k-trails for k > 3.
The natural conjecture would be that ox11 > n, together with sufficient
edge-connectivity, guarantees the existence of a closed spanning k-trail. An-
other interesting question is whether a toughness condition, together with
sufficient edge-connectivity, guarantees the existence of a closed spanning
k-trail. Similar results are known for closed spanning k-walks for £ > 2
[9, 12], and a result for k-trails might shed some light on Chvatal’s well
known conjecture [7] that sufficiently tough graphs have a hamilton cycle.

Acknowledgement

The authors thank Guantao Chen for pointing us to references [10, 13, 18].

References

[1] A. Benhocine, L. Clark, N. Kéhler and H. J. Veldman, On circuits and
pancyclic line graphs, J. Graph Theory 10 (1986) 411-425.

23



2]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

J. A. Bondy and U. S. R. Murty, Graph Theory with Applications,
American Elsevier, New York, 1976.

P. A. Catlin, Contractions of graphs with no spanning eulerian sub-
graphs, Combinatorica, 8 (1988) 313-321.

P. A. Catlin, Spanning eulerian subgraphs and matchings, Discrete
Math. 76 (1989) 95-116.

Z.-H. Chen, A degree condition for spanning eulerian subgraphs, J.
Graph Theory 17 (1993) 5-21.

Z.-H. Chen, Supereulerian graphs, independent sets, and degree-sum
conditions, Discrete Math. 179 (1998) 73-87.

V. Chvatal, Tough graphs and hamiltonian circuits, Discrete Math. 5
(1973) 215-228.

Richard A. Duke, On the genus and connectivity of hamiltonian graphs,
Discrete Math. 2 (1972) 199-206.

M. N. Ellingham and Xiaoya Zha, Toughness, trees and walks, J. Graph
Theory 33 (2000) 125-137.

Hikoe Enomoto, Atsushi Kaneko, Mekkia Kouider and Zsolt Tuza, De-
gree sums and covering cycles, J. Graph Theory 20 (1995) 419-422.

Zhicheng Gao and Nicholas C. Wormald, Spanning Eulerian subgraphs
of bounded degree in triangulations, Graphs Combin. 10 (1994) 123-131.

Bill Jackson and Nicholas C. Wormald, k-walks of graphs, Australas.
J. Combin. 2 (1990) 135-146.

Mekkia Kouider and Zbigniew Lonc, Covering cycles and k-term degree
sums, Combinatorica 16 (1996) 407-412.

M. Kouider and M. Mahéo, Two-edge-connected [2, k]-factors in graphs,
J. Combin. Math. Combin. Comput. 35 (2000) 89-95.

L. Lesniak-Foster and J. E. Williamson, On spanning and dominating
circuits in graphs. Canad. Math. Bull. 20 (1977) 215-220.

Yunsun Nam, Ore-type condition for the existence of connected factors,
preprint, 2000.

24



[17] O. Ore, Note on Hamilton circuits, Amer. Math. Monthly 67 (1960) 55.

[18] Akira Saito, Degree sums and graphs that are not covered by two cycles,
J. Graph Theory 32 (1999) 51-61.

[19] H. J. Veldman, Existence of spanning and dominating trails and cir-
cuits, J. Graph Theory 10 (1986) 23-31.

25



