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1 Introduction

Around 1940, in an effort to unify the arithmetic of cardinal and ordinal num-
bers, Garrett Birkhoff [3, 4] defined several operations on ordered sets (i.e.
posets), of which at least one, (cardinal) exponentiation, is of considerable
independent interest: for ordered sets P and Q, let PQ denote the ordered
set (M(Q,P), <) where M(Q, P) is the set of all monotone functions from
Q into P and for two monotone functions f, g we put f < g iff f(z) < g(x)
for each z € Q.

G. Birkhoff discussed the cancellation problems for this operation in [4]
(see page 300). He observed that C* = CB does not imply A = B. (For
example, if C is totally unordered and A is connected, then C* 2 C.) He
conjectured that AC =~ B€ implies A = B whenever A, B, C are finite. (We
always assume that ordered sets are non-empty, unless otherwise stated.)
This “exponential cancellation conjecture”, in the case that C is totally un-
ordered, was finally proved by L. Lovasz [19] in 1967. {L. Lovasz’s celebrated
theorem is, of course, much more general than this. His result applies to fi-
nite direct powers of arbitrary structures with a finite number of elements. }
It interests me that G. Birkhoff ([4], p. 300) attributes the special conjecture,



A? =~ B? implies A = B for finite ordered sets A and B, to Stanislaw Ulam.

This paper is a survey of work on G. Birkhoff’s exponential cancellation
conjecture, leading up to its proof in 2000. It will be largely the tale of
two important ideas, the logarithmic property and the zig-zag property. The
proof revealed an interesting algebraic structure, the algebra of isomorphism
types of finite ordered sets under cardinal sum, cardinal product, and an
operation C(A®) which is a refinement of Birkhoff exponentiation. (This
algebra is described here in §9.) The machinery of the proof supplies tools
which can be used to explore the structure of the groups Aut(A®) for finite
A and B. These groups have interesting properties, and we pursue this topic
in §10.

Many results from the literature will be proved here, and several new
results are proved. Theorems 5.2 and 5.3 are strengthened versions of results
from B. Jénsson, R. McKenzie [17]. The proof given for Theorem 9.2 is new.
Theorems 10.3, 10.4, 10.5, 10.6 and 10.7 are new.

The paper was conceived while I conducted a graduate seminar on this
subject at Vanderbilt University in Spring 2003, and I am indebted to all the
members of this seminar—William Funk, Nikolaos Galatos, Marcin Koczik,
Ashot Minasyan, Alexey Muranov, David Stanovsky and Annika Wille—
especially for their fresh perspective, but also for their enthusiasm and good
ideas.

Except for L. Lovasz [19] and two other papers, M. M. Day [8] and M.
Novotny [22], nothing more was written on exponentiation of ordered sets
between 1942 and 1978. The subject was revived in 1978 by 1. Rival who,
in collaboration with others, wrote three papers on various aspects of this
operation: [7], [9], [10]. In the first of these papers, I. Rival and D. Duffus [9]
defined the “logarithm” of an ordered set, log(P), to be the ordered subset
consisting of the strictly join-irreducible elements of P, i.e., the elements
p for which the set of elements strictly less than p has a largest member.
They proved the “logarithmic property”: log(P?) = log(P) x Q? in the
case where P has a least element. Using this, they proved that if A,B,C
are finite ordered sets and C is not an anti-chain, then C* = CB implies
A = B. They also proved that if A and B are finite lattice-ordered sets,
and C is finite and bounded—i.e., has a least and a greatest element—then
AC =~ B€ implies A = B. The authors stated that their work was inspired



by G. Birkhoff’s fundamental representation theorem for finite distributive
lattices: If D is a finite distributive lattice, then D is order-isomorphic with
29 where 2 denotes the two-element chain and, in this representation, Q
is, up to isomorphism, uniquely determined as the dual of the ordered set
log(D).

D. Duffus and I. Rival [9] inspired other people to study this topic, and
a half-dozen papers in the arithmetic of ordered sets appeared over the next
four years: [1], [2], [11], [12], [17], [18]. The idea that ordered sets have
logarithms obeying the logarithmic property was the principal contribution
of Ivan Rival to this subject—and it is fundamental, although the specific
logarithm employed has varied through the years. (The logarithm introduced
in B. J6nsson, R. McKenzie [17] and employed in the paper you are reading
is different; and two other logarithms are employed in D. Duffus, R. Wille
[11] and J. D. Farley [13].)

B. Jénsson and R. McKenzie [17] introduced a host of new techniques,
including an improved concept of the logarithm of an ordered set, and proved
an assortment of mixed refinement and cancellation results relating the op-
erations of direct product, disjoint union, and exponentiation on ordered
sets. Notably, they obtained cancellation of the exponent, A€ 2 B€ implies
A = B, whenever these ordered sets are all connected, one of A or C has a
least or greatest element, and A€ has the descending chain condition.

B. Jénsson [18] proved that the automorphism group of AP is naturally
isomorphic to Aut(A) x Aut(B), provided that A® is directly indecompos-
able, bounded, and has the descending chain condition, and A is exponen-
tially indecomposable.

Following the publication in 1982 of D. Duffus [12], B. Jénsson and R.
McKenzie [17] and B. Jénsson [18], and the Darmstadt dissertation of H.
Bauer [1], our subject became dormant until 1996. In that year, J. D. Farley
[13] appeared, with significant extensions of most of the known results about
groups of the form Aut(A®B). J. D. Farley dealt primarily with function
lattices AB—that is, he assumed that A is a lattice-ordered set—but ob-
tained B. Jonsson’s result cited above through the use of Dedekind-MacNeille
completions. Under the assumptions in B. Jénsson’s result, the Dedekind-
MacNeille completion of A®, or DM (A®), is isomorphic to DM(A)® and he
showed that if the natural map Aut(DM(A)) x Aut(B) — Aut(DM(A)B)
is an isomorphism, then the same is true for the natural map Aut(A) x



Aut(B) — Aut(AB).

J. Farley pointed out that G. Birkhoff’s 1942 conjecture—A€ =~ B€
implies A = B for finite ordered sets A, B, C—was still unsolved, and stated
that, in his opinion, this was the most important open problem in the theory
of finite ordered sets. He observed that the best result on the problem up to
that time was to be found in B. Jénsson, R. McKenzie [17] and it amounted
to this: the conjectured implication is true whenever A or C has a least
element or a greatest element and both are connected. Spurred by Farley’s
results, and his interest in the problem, I began to work on the Birkhoff

conjecture once more. I succeeded in proving the full conjecture early in
2000.

R. McKenzie [21] contains my proof of the Birkhoff conjecture. That
proof is not as transparent as it should be, due to the abrupt way in which
I introduced a result from B. Jénsson, R. McKenzie [17], a result with an
intricate proof which was stated in [17] in a different formalism and not in
the form needed in [21]. For that reason and others, I think there is value
in re-visiting this proof. The key idea of the proof is the “zig-zag property”
of an isomorphism ¢ : A€ = BC. This property had been introduced by
B. Jénsson in 1977 in his unpublished proof that in this situation, if C is
the two-element chain, then A = B. It was Jénsson’s proof that inspired
C. Bergman, R. McKenzie and Sz. Nagy [2] to show that ¢ has the zig-zag
property whenever C is a chain (this is rather non-trivial), thus proving that
A = B in this case. The zig-zag property played a central role for obtaining
results on exponential cancellation also in [17], [20] and [21].

To formulate the zig-zag property, we introduce some notation. Let A
and P be ordered sets. A diagonal element in A is a function which for
some x € A is the unique function in {z}¥. This constant function is usually
denoted (z), with P understood. Suppose that we have an isomorphism
¢ : AP =~ BP where A, B, P are ordered sets.

Definition 1.1 We say that ¢ has the zig-zag property provided that for all
a € A, there are a; € A, b, € B for all t € P and there is b € B such that

p((@) = (b:teP)
o({ar)) = (by) forallt € P and (1)

e((ar:teP)) = (b).
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Figure 1: The zig-zag property

If ¢ has the zig-zag property, we write 7, for the function A — B such that
T,(a) = b when a;, b, (t € P) exist satisfying (1) above.

R(p) denotes the set of all @ € A such that there is b € B with ¢({a)) = (b).
For such a and b, we write d,(a) = b. Thus 0, is defined as a function
mapping R(y) onto R(p™).

It is clear that d, is an order-isomorphism between the ordered sets in-
duced by A on R(p) and induced by B on R(¢™'). If ¢ has the zig-zag
property, then we have the equation

(ro(@)) = (3, 0p((a))), (2)

for a € A. (Here, f o g denotes the composition of functions f and g.) The
reader will verify that if both ¢ and ¢™! possess the zig-zag property, then
T, A= B.

I call it the zig-zag property because b is produced from a by a sequence
of three steps that move back and forth between A¥ and BF (“zigging and
zagging”): compute ¢((a)) € M(P,B), compose this monotone function
from P to R(p~") with ;' to produce the monotone function ¢, o p({a)) €
M(P, R(¢p)), finally apply ¢ a second time to produce (b) = (0" o p((a))).



Here is the original result that introduced the zig-zag property.
Theorem 1.1 (B. Jénsson, 1977) A? = B? implies A = B,

PROOF. Suppose that ¢ : A% = B2?  We show that ¢ has the zig-
zag property. The same proof of course will show that ¢! has the zig-zag
property. Thus 7, will be an isomorphism of A with B.

We write elements of A? (or B?) as (z,y) where {z,y} C A (or {z,y} C
B) and z < y. We have to show that for each ¢ € A, there are a; €
A, b,b; € B (i € {0,1}) such that ¢(a,a) = (by,b1), @(ai,a;) = (b b;),
¢(ao, a1) = (b,b).

So let p(a,a) = (bo,b1), bo < bi. Suppose that p(c,d) = (b, by). Let
¢(c, ) (p, ), and then put ¢(z,y) = (p, b1). Now (p,b1) V (bo, bo) = (bo, b1)
in B2, hence (z,9) V (¢,d) = (a,a) in A%. However, clearly, a > z > ¢ and
so (z, a) is an upper bound of both (z,y) and (c,d). It follows that z = a,
implying ¥y = @ and p = by = ¢. This means that ¢(c,c) = (b, by). Now
write ag for c.

The dual argument shows that ¢(ai, a1) = (b1, ) for a unique a; € A.

Now write ¢(ag,a1) = (u,v). We need to show that u = v, so put
o(ay,a}) = (v,v). Then ay < ay < af =a; and by < u < v < by. We have

2 = (bo, by) A (u,v) = (bo,v) = (b, b1) A (v,);

and so
A? = (a,a) A (ag, a1) = (ag, a) = (a,a) A (a),d}).

This means that a A aj, = ap in A. Now by what was proved above, we have
that ¢(ay,a;) = (w,w) for some w. Then (a,a) A (ag, ay) = (ag, ap) yields
(by, b1) A (w, w) = (by, by). Since w < by, this means that w = by, or af = ay,
or finally, u = v as desired. °

This paper will tell the story of the zig-zag property, a surprisingly ubig-
uitous fact that underlies exponential cancellation theory. We know a variety
of situations in which the property is guaranteed to hold, but we have only
a slender set of examples of its failure (see Example 5.1). To delineate more
clearly the true domain of validity of this property is a most interesting open
problem.



We shall also be examining the arithmetic of ordered sets under com-
bined operations A + B (disjoint union), A x B (direct product) and AB.
All of the “high school identities”—simple equational laws relating addition,
multiplication and exponentiation over positive integers—are valid in this
arithmetic. They are also valid in the arithmetic obtained when Birkhoff’s
exponentiation AP is replaced by a related construction, C(A®). Moreover,
the algebra of isomorphism types of finite ordered sets under the operations
A + B, A x B and C(AP) is an interesting recursive algebra. The construc-
tion C(AB), defined in the next section, is the second key idea in my proof
of Birkhoft’s conjecture.

2 Basic Notions

We use boldface capital letters to denote ordered sets, i.e. posets, throughout
this paper; thus P = (P, <) where P is the set of elements (or points) of P.
Unless otherwise noted, P is assumed to be non-empty.

A subposet Q of a poset P is a subset @) of P together with the restriction
to @ of the order relation of P. Frequently, we write (), rather than Q, to
denote this subposet.

Let A be an ordered set and z,y € A. A path connecting = to y is a finite
sequence I, ...,Z, of elements of A such that zo = z, z, = y and for all
i<m,z; < mipgorxiy < x; (wesay that z; and ;41 are comparable). Define
the distance between z, and y, da (x, y) to be the least n such that there exists

a path z = xg,...,z, =y, or if there is no such path, da(z,y) = co. Define
the diameter of A, or diam(A), to be the supremum of all numbers da (z, y),
(z,y € A).

We write A + B for the (cardinal) sum of two ordered sets A and B. It
is determined only up to isomorphism. If A N B = () then the universe of
A +Bis AUB, and A and B are subposets of A + B such that no element
of A is comparable to any element of B. If ANB # (), then A+ B~ A'+B’
where A = A’ B~ B’ and A’ N B’ = (. An ordered set A is connected, or
+ -indecomposable, iff there do not exist non-empty ordered sets C, D with
A = C + D. The connected components of A are the maximal connected
subposets of A. Note that the connected component of A containing an
element a is nothing other than {z € A : da(z,a) < oo}, and A is connected
iff for all z,y € A, da(z,y) < cc.



We write A x B (or sometimes, AB) for the (cardinal) product of two
ordered sets A and B. It is the direct product, A x B, ordered so that
(z,y) < («',y) iff z <2’ and y < y'. An ordered set is trivial iff its universe
is a one-element set. An ordered set A is directly indecomposable, or X -
indecomposable, iff A is not trivial, and A = B x C always implies that B
or C is trivial.

Two other operations introduced by G. Birkhoff play almost no role in
this paper. Assuming that the ordered sets A and B are disjoint, their
ordinal sum, A @ B, is the set-union of A and B, ordered so that A and B
are sub-posets and for all z € A and y € B holds z < y. The ordinal product,
A ®B, is the direct product ordered lexicographically, so that (z,y) < (z',y)
iffr <z’ orx=2"and y <y’

Definition 2.1 For ordered sets A and B, we use C(AP) to denote the
sub-poset of AP consisting of all monotone functions f such that

dAB(fvg) <0

for some function g which is constant on each connected component of B.

3 Hashimoto Theorem

The Hashimoto theorem is the basic result about isomorphic direct product
decompositions of ordered sets.

Theorem 3.1 (J. Hashimoto [16]) Suppose that C is a connected ordered set
and C = [l es As = [Tier Bt Then there are ordered sets Cyy for (s,t) € Sx
T so that for all so € S and tg € T, Agy = [ier Csot and By = [1yes Cs to-

J. Hashimoto’s theorem implies that every finite, connected ordered set
has the unique factorization property, i.e., its decomposition as a direct prod-
uct of directly indecomposable ordered sets is unique up to isomorphism of
factors and order of their occurrence.

The theorem was earlier proved by G. Birkhoff for the case that C is
bounded. Most proofs of it actually prove that C has the strict refinement



property of C. C. Chang, B. Jénsson and A. Tarski [6]. The strict refinement
property is equivalent to the conclusion in the next lemma. The proposition
that follows the lemma is the version of the Hashimoto theorem that will be
most convenient for us.

Lemma 3.1 Let ¢ : AxB = CxD where A,B, C,D are connected ordered
sets. Suppose that a; € A,b; € B,c € C,d; € D and p(ay, by) = (¢,dy) and
©(a1,b1) = (¢,dy). Then for all a € A, there are ¢ € C, {dy,d,} C D so that
o(a,by) = (¢, dy) and p(a, b)) = (¢, dy).

Proor. We first prove this under the assumption that dy and d; are
comparable. We write py for the function C'x D — C defined by py(z,y) = z.
We can suppose that dy < d;. Then ay < a; and by < b; and so (ag, by) <
(ag,b1) < (ay,b1), implying that ¢(ag,b1) = (z,y) where ¢ < z < c—i.e.,
©(ag,b1) = (c,y) for some y. Now we prove that pop(a,by) = pop(a,br)
for all @ € A by induction on the distance da(a,ap). If a = ag, we have
the result: pop(ag,by) = ¢ = pow(ag,b;). Suppose that n > 0 and it is
true for all a with da(a,ap) < n, and let a € A with da(a,ap) = n. Then
there is @’ € A with da(a’,a9) = n— 1 and da(a,a’) = 1, i.e,, a and d' are
comparable. Without loss of generality, suppose that a’ < a. By induction,
we have that ¢(a’,by) = (u,e) and ¢(a’,b1) = (u, f) for some v € C and
e, f € D. Recall that by < b;. Now ¢(a,by) = (v',€e') > (u,e); moreover
(a,b1) = (a’,b1) V (a,bp) in A x B. Thus ¢(a,b;) = (u, f) V (¢',€') in C x D,
which implies that ¢(a,b;) = (v', f') where f' =€’V f in D. The inductive
proof for the case that dy,d; are comparable is now complete.

To complete the proof, we proceed by induction on dp(dy,d;). The case
where dp(dy, d1) < 1 has already been treated above. Suppose that n > 1 and
the desired conclusion is true whenever dp(do, d1) < n. Let p(a;, b;) = (¢, d;)
for i € {0,1} where dp(dy, d;) = n. Choose d € D such that dp(dy,d) = n—1
and d,d; are comparable. We can write (c,d) = ¢(a,b), for some (a,b) €
A x B. Choosing any g € A, we have by two applications of the induction
assumption, that pop(q,by) = pop(q,b) = pow(q,b1). This completes the
proof. °

Proposition 3.1 Let C be a connected ordered set, and assume that ¢ : C =
Ay x A and Y : C =2 By x By. There are ordered sets and isomorphisms

ﬂoIXXY = A(),
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ﬂ1:Z><W = Ala
Yo:XXZ =
’YlIYXW = Bl,

so that for all (z,y,z,w) € X XY X Z x W,

¢ © (P_l(ﬁo(xa y)a Bl(za w)) = (VO(x’ Z)a ’Yl(ya w)) :

PROOF. Write A for 1) o ¢~'. Choose ¢ € C and put ¢(c) = (ag,a;) and
¥(c) = (by, by). Applying Lemma 3.1 to the isomorphism A, we see that the
sets A(Ag X {a1}) and A({ag} x A;) are rectangles: there are sets X, Z C By
and Y, W C By such that A\(A4g x {a1}) = X xY and A({ag} x A1) = Z x W.
There are sets X', Y' C Ay and Z', W' C A; so that A(X' x Z') = By x {b1}
and A(Y’ x W') = {by} x B;. The lemma also implies that

AX x {a}) = X x{b},
AY ' x{ai}) = {bo} xY,
Mao}y x Z2) = Zx b},
M{ao} x W) = {b} x W.

Letting X, Z be the ordered sets induced by By on X, Z and similarly
defining Y, W, X', ..., W', it is clear from the displayed formulas that X =
X' ...,W =W and we have isomorphisms

Bo: X XY
B1:ZxW
Yo: X XZ
m:Y XW

ROR IR IR
g

To demonstrate the equation

/\(ﬁO(xay)aﬁl(zaw)) = (VO(va)’Vl(yaw))a

we use of course Lemma 3.1. Suppose that A(u,a;) = (z,9), AM(ap,v) =
(z,w) and A(u,v) = (r,5). Since ptA~t(by,b1) = p1A~ (z,y) = a1, then
A, a1) = (z,by) for some ' € X'. Since ppA~* (2, w) = poA~ (b, b1) = ay,

then A(ag,2’) = (z,b1) for some 2’ € Z'. Write A\(2",2") = (r,b1). Now
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poA (1, 8) = poA~Y(x,y) = u implies that pgA~1(r,b1) = poA~t(z, b1), i.e

¥ = 2", And pA7i(r,s) = pA7(z,w) = v implies that pA\71(r, b)) =
mA (2, b1),1e., 2" = 2". Thus A(z', 2") = (r, b1), which means that vo(z, z) =
r. The analogous calculation shows that 1 (y, w) = s. )

4 The algebra of finite ordered sets

In the arithmetic of ordered sets, we have the following laws. The proofs are
straightforward, using various natural bijections.

Proposition 4.1 Let A,B,C,D be ordered sets.

(1) A=21x A=A and 14 =2 1.
(2) A+B=B+A.
(3) Ax BB X A.
(4 A+(B+C)=(A+B)+C.
(5) Ax (BxC)= (A xB)xC.
(6) Ax( B+C)XAxB+AxC.

(7) AS*P = (AC)D,

(8) ACD =2 AC » AP,

(9) (A x B)¢ = A€ x BC.

(10) If C is connected, then (A + B)C = A€ + BC.

We leave it to the reader to establish that all parts of this proposition

remain true when G. Birkhoff’s operation of exponentiation is replaced by
C (AB) defined in Definition 2.1. The latter operation has the nice property

that when A is connected and finite then C(A®) is also connected, which is
not the case for AB in general.
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Example 4.1 Let A = B = C, be the four-element crown 2 @ 2. Then we
have CS? = 14+1414+14C(CS?). Tt is a good exercise to draw C(CS?). This
connected poset has 32 elements and its automorphism group has order 2.
The automorphism group of CS? is quite a bit larger than Aut(Cs)xAut(Cs),
even though C, is additively-, directly- and exponentially-indecomposable.
Every ¢ € Aut(CS?) has the zig-zag property; in fact, R(p) = Ca.

Let Z[Z] denote the ring of polynomials in commuting indeterminates
T = (x,:n € w) with integer coefficients. Let Z"[Z] denote the algebra
consisting of the non-zero polynomials with non-negative coefficients, under
operations of addition and multiplication and with the constant 1. This is
a commutative semi-ring—i.e., it satisfies the equations (where f, g, h are
arbitrary members of Z1[z]):

M1-f=f.
2) ftg=9+f.
(B)f-9=g-f

(4) f+(g+h)=(f+g) +h
(®) f-(g-h)=(f-9)-h

Let Py, Py,...,P,, ..., be a denumerable list of finite X -indecomposable
and connected ordered sets such that for every finite X -indecomposable,
connected, ordered set P there is a unique n € w with P £ P,,. Now,
just as Z[Z] is the free commutative-associative ring with 1 generated by the
indeterminates {z,}, the algebra Z*[z] is the free commutative semi-ring
generated by {z,}. This has the consequence, in view of Proposition 4.1,
(1)—(7), that there is a mapping 7 defined on Z*[z] satisfying: (i) for every
f, 7(f) is a finite ordered set; (ii) for every n, 7(z,) = Py,; (iii) for every
finite ordered set A there is a unique f € Z*[z] with 7(f) = A; (iv) for
oy fo € Z+[&), 7(f + g) = 7(f) + (g), and 7(fg) = 7(f) x 7(g); (v)
7(1) = 1.

5

This establishes the following theorem.
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Theorem 4.1 The algebra of isomorphism types of finite ordered sets under
the operations induced by cardinal sum and cardinal product, is isomorphic
with Z1[z].

PROOF. It is trivial to see that the mapping 7 exists satisfying (i), (ii),
(iv) and (v). We need to show that 7 satisfies (iii). To see that it is onto,
note that every ordered set is a sum of connected ordered sets, and every
finite connected ordered set other than those isomorphic to 1 is isomorphic
to the product of a finite nonvoid sequence of X -indecomposable connected
ordered sets.

It remains to show that 7(f) = 7(g) implies f = g. So suppose that
f and g belong to Z*[z] and 7(f) = 7(g). By a “monomial” we mean an
element of Z7|[Z] either equal to 1 or to a finite product of elements z,,. For
example, 1,29, 32,28 are monomials, 22,2, is not. Clearly, the monomials
are precisely the non-zero elements ¢ of Z*[Z] such that 7(¢) is connected.
Now each of f and ¢ can naturally be expressed as a sum of monomials, say,

(ol

i=m—1
[ = Z Ui ,
=0
j=n—1
g = (]
3=0
Then
i=n—1
T(f) = T(ui)a
=0
j=m-—1
T(g) = T(Uj)a
7=0

The isomorphism between 7(f) and 7(g) must match up the connected com-

ponents, so we have m = n and there is a permutation 7 of {0,...,m — 1}
such that 7(u;) = 7(vg) for all ¢ < m.
Fixing ¢ = 19, we proceed to show that u;, = vr(,). Let z,,...,x,, be

the indeterminates that actually occur in at least one of u;, vr(,). We can
write

uio = xixii..... €T

71T Tk ?
= b b,
Ur(ig) = TpTp) Ty



where for all 1 <14 <k, a; + b; > 0. Then we have
T(uz,) = Ppl x P22 x---x P,
T(Vn(iy)) = PN X P2 x...xPk.

Now the isomorphism 7 (u;,) = 7(vx(,) and the unique factorization property
of 7(u;,) (following from Theorem 3.1) implies that a; = b; for all i. This
means that u;, = vr(q).

Since 19 was arbitrary, we have shown that u; = vg for all © < m.
Clearly, this entails f = g. °

Corollary 4.1 Let A,B, C be finite ordered sets. If A+ B = A + C then
B=C. fAxB=A xC, then B=C.

PROOF. This follows from Theorem 4.1, since the semi-ring Z"[z] has
cancellation for addition and for multiplication by non-zero elements. °

As is well-known, L. Lovasz [19] has a completely different proof that E &
A x C = A x C implies B = C for finite posets E, and more generally, that
this implication is true when E is a finite structure and A has a one-element

full substructure—i.e., an element a such that for every basic operation F,
A E F(a,...,a) = a and for every basic relation R, A = R(a,...,a).

In Section §9, we shall extend Theorem 4.1 to the algebra of isomorphism
types of finite ordered sets under the operations induced by A +B, A x B
and C(AB).

5 The logarithm and the zig-zag property

In this section, we show that the zig-zag property of Definition 1.1 is valid
under some very modest assumptions. This section reproduces some of the
definitions and results of B. Jénsson, R. McKenzie [17], §7. The results
rely on a certain notion of logarithm of an ordered set. The ordered sets
mentioned in the definitions and results of this section are not assumed to
be finite, except where a finiteness assumption is explicitly stated.

We begin with an example of an isomorphism ¢ : AP = BF that does
not possess the zig-zag property. Except for some fairly obvious variants
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of it, this appears to be the only known such example at the present time,
in which A, B and P are finite and connected and A and B are directly
indecomposable. The example should be compared with Theorem 5.3.

Example 5.1 For a positive integer n, we write n for the n-element chain
({0,1,...,n — 1}, <). Observe that 2" 2 n@® 1. The ordered set 32*2 has
an automorphism that fails to possess the zig-zag property. Let

o 32)(2 g 22><2><2

be the natural isomorphism arising from writing 3 as 22. It is easy to check
that where f € M(2x2,3) and «a(f) = g, we have g(x,y, z) = z unless z = 0
and f(y,z) = 2 (in which case g(z,y,2z) = 1) or x = 1 and f(y,z) = 0 (in
which case g(z,y,z) = 0). The automorphism of our example is determined
by a cyclic automorphism of 2 x 2 x 2. Namely, for f € M(2 x 2 x 2,2) let
¥ (f) be the function g € M(2 x 2 x 2,2) with g(z,y,2) = f(2,z,y). Then
for f € M(2 x 2,3), put o(f) = o "a(f).

To see that the zig-zag property fails for ¢, consider f = (1) € M(2x2, 3).
Then a(f)(z,y, z) = z, and it is easy to calculate that where f = ¢(f), we
have f(y,0) = 0 and f(y,1) = 2. From this, one can demonstrate that
o({(f(p))) = (f(p)) for all p € {0,1} x {0,1}. Thus if ¢ had the zig-zag
property, we would have that ¢?(f) is constant. However, ¢?(f) maps (0,0)
to 0 and (1,1) to 2.

As I remarked earlier, C. Bergman, Sz. Nagy, R. McKenzie [2] proved that
¢ : AY = BF has the zig-zag property if P is linearly ordered. B. Jénsson, R.
McKenzie [17] proved among other things that if ¢ : A¥ =~ B and A, B,P
are finite and connected, and if P is directly indecomposable and one of A
or P has a least or greatest element, then ¢ has the zig-zag property. Part
of this result is essential in my proof of the Birkhoff conjecture and will be
proved in this section, as Theorem 5.1, with a re-organized argument. Two
new results, Theorems 5.2 and 5.3, will be deduced from the argument.

In [20], T generalized the cited results of [17] as follows: if ¢ : A¥ = BF
and A,B,P are finite and connected, and if P is directly indecomposable,
and if either P is dismantlable to each of its points or else each of A and B
is dismantlable to each of its covering pairs, then ¢ has the zig-zag property.
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Definition 5.1 Let A and B be ordered sets and choose ¢ < d in A. For
r € B, we write {c, d), for the element f € A® such that f(y) = d for all
y > x and f(y) =cfor all y % .

For any ordered set B, 2B is a lattice-ordered set. The lattice is com-
plete and distributive, and its non-zero strictly join-irreducible elements are
precisely the functions (0,1), for x € B. The ordered set that 2B induces
on this set of join-irreducible elements is naturally isomorphic to B?, and
for finite B, is the dual object associated to the lattice 2B under Birkhoff
duality. Every finite distributive lattice L is order-isomorphic to 27 where
J is the Birkhoff-dual of L, i.e., the ordered set of non-zero join-irreducible
elements of L. It is natural to think of J as the logarithm of 27.

The logarithm of A defined in D. Duffus and I. Rival [9] is the sub-poset
of A consisting of the elements that possess a unique lower cover. This is
a natural generalization of the Birkhoff-dual of a finite distributive lattice.
However, this notion is not adequate to obtain the results of this section,
because it does not satisfy Lemma 5.1 below. We shall now define our own
concept of logarithm for any ordered set with zero. It is a bit complex to
define, but if A is a lattice-ordered set with zero, our logarithm is identical
with that of D. Duffus and I. Rival.

Definition 5.2 Let A be an ordered set. For X C A, write X| for the set
of all elements y € A such that y < z for some z € X. If X = {z}, we
abbreviate this to x). Analogously, we write X1 for the set of all elements
y € A such that y > z for some z € X; and we put 21= {z}1. We say that
two elements z,y in A aret-compatible provided that z Nyt 0.

Suppose that X U {z} C A. We write X > z, and say that X dominates x,
provided that whenever u € A and X C u| and u,z are f-compatible, then
we have u > z.

Now suppose that A has least element 0. We define L(A) to be the set of

all @ # 0 in A such that (al) \ {a} » a. We define L(A) to be L(A) with
the induced order from A.

The next two lemmas give the two properties of this logarithm that are
critical for the application we wish to make of it.

16



Lemma 5.1 Let A be an ordered set with zero, which satisfies the descending
chain condition. Then for alla € A, (al)NL(A) > a. Thus whenever a < b
in A we have that al NL(A) # bl NL(A).

PROOF. Suppose that the first assertion of the lemma fails. Then there
is a minimal member u among the set of all « € A such that the condition
(al)NL(A) > a fails. Trivially, v > 0, and u ¢ L(A). We get a contradiction
by showing that, in fact, (u}) N L(A) > u. To that end, let b be any element
1-compatible with u such that (u)) N L(A) C bl. Then for each z < u, b
is T-compatible with x and (zJ) N L(A) C bJ. Since z < u we have that
(z}) N L(A) > z and thus it follows that z < b. This is true for all z < u.
Now since u ¢ L(A), it follows that b > u, the desired contradiction.

For the second statement, suppose that ¢ and b are elements of A with
a < b. Then since (b})NL(A) > b and a # b while a is certainly f-compatible
with b, we can conclude the existence of some d € (b)) N L(A) with d € a. e

Definition 5.3 An ordered set A with zero which satisfies the conclusion of
Lemma 5.1, that for all a € A, (a]) N L(A) > a, will be said to be L-dense.

Remark 5.1 If A is the ordered set underlying a finite distributive lattice,
then L(A) is just the usual ordered set of non-zero join-irreducible elements
of A, and we have A = 2L(4)? 35 we remarked above. Thus if B is the
underlying ordered set of another finite distributive lattice, then A = B iff
L(A) = L(B). Unfortunately, this fails in general. For example consider
A =132@®2 (one element 0 below two unordered elements {a, b}, which in
turn are below two unordered elements {c,d}) and B=1®2 @ 3.

Recall that (0,u), € AP denotes the function f with f(y) = u when
y >z and f(y) =0 when y 7 x.

Lemma 5.2 Let A, P be ordered sets and suppose that A has a zero element
0. Then L(AF) is the set of all functions (0,u), where u € L(A) and x € P.
For two such functions f = (0,u), and g = (0,v),, we have that f < g in
AP iff u < v andy < z. Thus L(AY) = L(A) x P?; and if A is L-dense,
sois AY.
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PROOF. The proof is straightforward and left to the reader. °

The next definition is Definition 3.1 in [17], and partially repeats our
Definition 1.1. Lemmas 5.3-5.9 and Corollary 5.1, which follow the definition,
are taken from §7 in [17].

Definition 5.4 Suppose that ¢ : A€ = BP where A, B, C, D are posets.

(i) Ay C A€ is the set of all constant functions (a) (a € A); Agp C BP is
analogously defined.

(i) A(p) = {f € M(C,A) : o(f) € Ag}.
(iii) R(p) ={z € A: {x) € A(p)}.

(iv) e <, y iff z,y € R(p), z < y, and every f € M(C,A) with f(C) C
{z,y} belongs to A(yp).

(v) d, is the map from R(¢) to R(¢~!) such that o((z)) = (d,(z)) for all
z € R(p).

We investigate four potential properties of an isomorphism ¢ : A€ = BP:
¢,1) <, is a partial ordering of R(¢y).
H(R(p), <) = (R(971), <pm1).

:2) by
©,3) A(yp) is the set of all order-preserving maps from C into (R(y), <,).
)

(
(
(
(p,4) <, agrees with < on R(yp).

The chief results of this section are the three theorems below. The reader
should observe that every finite ordered set with zero is L-dense (a conse-
quence of 5.1).

Theorem 5.1 Let ¢ : AC = BP where A and B are L-dense with 0 and C
and D are connected and directly indecomposable. Then (p,1), (¢,2), (p,3)
and (p~1,3) hold. Hence if C = D then ¢ and ' have the zig-zag property,
and consequently, 7, : A = B.
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Theorem 5.2 Let ¢ : A€ = BP where A and B are L-dense with 0 and
C and D are connected and have no common direct factor with more than
one element. Then (p,1), (¢,2), (¢,3), (¢ 1,3) and (p,4) hold. Where
E = (R(p), <), we have that there are isomorphisms 4 : A = EP and
VYp : B = EC so that where 7 is the natural isomorphism of (EP)C with

(EC)D, then for all f € M(C,A), o(f) = vzt om(ao f).

Theorem 5.2 asserts that after rewriting A€ as (EP)€ and rewriting B®
as (EC)D with the aid of ¥4 and g, ¢ becomes the natural isomorphism 7.

Theorem 5.3 Let ¢ : A¥ = AP where A is L-dense with 0 and P is con-
nected, finitely factorable, and has no nontrivial direct divisor of the form
Q?. Then ¢ has the zig-zag property.

Theorem 5.3 should be compared with Example 5.1. That P is finitely
factorable means that P = Q; x --- x Q,, for some integer n > 0 where Q;
are directly indecomposable.

The proof of the above theorems is easily obtained following the sequence
of seven lemmas and a corollary below, in which we assume that ¢ : A€ =
BP, that the ordered sets A and B are L-dense with 0, and that the ordered
sets C and D are connected.

Clearly, ¢(L(A€)) = L(BP), hence by Lemma 5.2, there is an isomor-
phism
¥ :L(A) x C? 2 L(B) x D?

so that for all a € L(A) and c € C,
¥(a,c) = (b,d) +» ¢({0,a)c) = (0,b)a-

Let A, (t € T) be the connected components of L(A). Since C? is connected,
then A, x C are the connected components of L(A) x C? and (A, x C) are
the connected components of L(B) x D?. Thus the connected components
of L(B) can be listed as B; (t € T') with ¢)(A; x C) = B, x D for allt € T.
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Moreover, by Proposition 3.1, for each ¢ we can choose posets X;, Y, Z;, W,
and isomorphisms

(X xYy) =2 Ay,
Y(Zy x W) = C?,
5t(Xt><Zt) = By,
(Y, x W,) = D°

such that for all (z,y, z,w) € X; x Yy x Z; x W4,
w(at(l‘a y)a fyt(za w)) = (/Bt(wa Z), 6t(ya w)) ) i'e-a

90(<05 let(.'L', y))%(z,w)) - <0a ﬁt(xa Z))Jt(y,w) .
Necessarily, the posets X;, Yy, Z;, W, are connected.

Until the end of this section, A, B, C,D, ¢ and the auxiliary isomor-
phisms ¢ and ay, B, v, 0; (t € T) will be held fixed. For f € M(C,A), we
will usually write f for the element ¢(f) of M(D,B). Note that it follows
from the displayed formulas above that for all ¢ € T and for (z,y,z,w) €
Xy xY, x Zy x Wy,

a(z,y) < f(nlzw) it Bi(w,2) < Foily,w)). (3)

Lemma 5.3 An element a € A belongs to R(y) iff for all t and x € Xy, the
condition oy(z,y) < a either holds for all y € Y, or else for none.

PROOF. Let f = (a) and consider any m = (2, w) in C. Then oy(z,y) <
a is equivalent to ay(z,y) < f(m), ie., to Bi(z,2) < f(6(y,w)). If f is
constant, then the latter condition is independent of y (and of w). On the
other hand, if f is not constant, then since D is connected, it follows from
Lemma 5.1 that x, z can be chosen so that these formulas hold for one pair

(y,w) but not for all. .

Lemma 5.4 A function f € M(C,
and z € Zy, the condition oy(z,y)
and w € Wy, or else for none.

A) belongs to A(y) iff, for allt, v € X,
< f(v(z,w)) either holds for all y € Y,



_ PROOF. Let = (f). Then a(e,y) < f(u(zw) it Biz,2) <
f(0(y,w)). If f is constant, then the second condition is independent of
y,w. The converse follows from Lemma 5.1. °

Lemma 5.5 Given ag, a1 € R(p), we have ag <, a1 iff ap < a1 and, for all
t with |Wy| > 1, and for all a € Ay, a < ay implies a < ag. Thus (¢, 1) holds.

PROOF. We can assume that ag < a;. Suppose first that we have [WW;| > 1
and a = o4(z,y) satisfies a < a1, a £ ao. Since |Wy| > 1 and W, is
connected, there are m; = y(z,w;) € C (j € {0,1}) with mg < my. Let
[ = (a0, a01)m, € M(C,A). Now a(z,y) < f(mi1) and ay(z,y) £ f(mo),
leading to B;(x, z) < f(0:(y, w1) and By(x, z) £ f(6:(y, wo). This implies that
f is not constant, and so ag £y a1.

Next, suppose that for some f € M(C, A) with f(C) C {ag, a1}, we have
that f is not constant. Then there are ng < n; € D with f(ng) < f(n1). By
Lemma 5.1, we can choose b = B(z,z) € B; for some t, so that b < f(n;)
and b £ f(ng). Say n; = 0:(yj,w;) (j € {0,1}). Thus formula (3) yields
ou(,1n) < FOu(z,w1)) and oz, o) £ F(w(zwp)). By Lemma 5.3, we
have au(z,y0) < f(v(z,w1)), since f(y:(z,w1)) € R(p). These relations
imply that f(v(z,w1)) = a1 and f(y(2,wo)) = ap. Thus wy > wy, hence
|W;| > 1. Finally, where a = ay(x, 3o), we have a < a; and a £ ay, as desired.
[ ]

Lemma 5.6 §, : (R(p), <,) = (R(¢™1),<,-1). Thus (¢,2) holds.

PrOOF. Let ay < a1, {ag,a1} C R(p), and put b, = d,(a;) so that
bo < by. For any (z,y,2) € X; xY; x Z, and j € {0,1} we have ay(z,y) < a,
iff B(z, z) < b; by formula (3) (since ¢({a;)) = (b;)). Now it readily follows
by Lemma 5.5 that ag <, a; iff by <, ;. °

Lemma 5.7 For all f € A(yp), f(C) C R(yp).
PROOF. Suppose that ¢(f) = (b). Let m € C and for any given t let
(z,y) € X; x Yy, and write m = v,(z, w) for some (z,w) € Z; x W;. Then

ai(z,y) < f(m) iff Bi(z,2) < b (by formula (3)). Since this condition is
independent of y, it follows by Lemma 5.3 that f(m) € R(p). °
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Lemma 5.8 FEvery order-preserving function from C into (R(p), <,) be-
longs to A(p).

PRrROOF. Lemma 5.5 makes it apparent that <, is a partial order on
R(¢p). Let f be an order-preserving function from C into (R(yp), <,). Clearly,
f € M(C, A). Choose t and consider the condition

ay(z,y) < f(n(z,w))

for (z,y, z,w) € Xy x Yy x Zy x W Since f(C) C R(y), then by Lemma 5.3,
this condition is independent of y (for fixed z, z, w). If it is dependent on w,
then we can find x,y, z and wy > w; such that

a=ay(z,y) < f(n(z,w)) =a and

a % f(v(z,wo)) = ag -

But this contradicts Lemma 5.5 since ay <, a;. °

Lemma 5.9 The set A(p) coincides with the set of all order-preserving func-
tions from C into (R(p), <,) iff, for all t, either |Z| =1 or |W;| = 1.

PROOF. Left as an exercise. °

Corollary 5.1 The conditions (p,1) and (p,2) hold. If C is directly inde-
composable, then (¢, 3) holds. If C, D have no common direct factor of more
than one element, then (p,3), (¢, 3) and (p,4) hold.

Proor. This follows from Lemmas 5.3-5.9 and the facts that if C is
directly indecomposable, then for all ¢, either |Z;| = 1 or [W;| =1, and if C
and D have no non-trivial common factor, then for all ¢, [W;| = 1. o

Theorem 5.1 follows immediately from Corollary 5.1.

PROOF OF THEOREM 5.2. By Corollary 5.1, the properties (¢, 1), (¢, 2),
(,3), (¢,4) hold. Tt follows that 14(a) = 6, " 0p({a)) defines an isomorphism

A =2 EP and 9p(b) = ¢~ ({b)) gives an isomorphism B 2 EP. What remains
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to be proved amounts to this: for all f = ¢(f) € M(D,B) and for all ¢ € C
and d € D, we have that

P((F(eN)d] = d,( ™" ((fld))[c]) (4)

To see that this holds, let (¢,d) € C x D be fixed. Define, for every
f € M(C,A), vl, = o((f(c)))[d], and where f = o(f), define ul, =
o Y ({f(d)))[c]. By Lemma 5.7, ufjd € R(p) and vf,d € R(p™h). Our goal
is to prove that 5@(“£,d) = vf,d for all f € M(C,A).

In this proof, we write v;(z) when ¢t € T and z € Z;, to denote v;(z,w)
where w is the unique element of W;. (Since C,D possess no nontrivial
common direct factors, then |W;| =1 for all ¢t € T.) Likewise, when y € Y}
we write &;(y) for ;(y,w) where w is the unique element in W;. Moreover,
for t € T, we denote by 2! € Z; and y};, € Y, the elements such that ¢ = (%)
and d = 6;(y5).

Claim: For f € M(C,A) and for b € L(B), we have b < v/, iff b <
5<p(“£,d)-

To prove this claim, suppose that b € By, say b = 5;(x, z). Then we have

b<vly & Bilw2) < ((f(0)))6i(yh)]
o ou(,y) < (f(0)n(2)]
A at(x’yd) S

But we also have

b<S,(uly) < Bulm,2) < o((ul)6u(yh)]
& ay(z,yh) < (ul Hn(2)]
« Oft(ﬂ%yfz) < Uy
o gz, yg) < o H((FD)) ()]
& Bz, 20) < (F(d) [0 (yh)]
o Bule,z) < F(0u(ya)
o ar(z,yg) < f(n(22)
< oy, yh) < fle).



Thus the claim is proved.

Now given f € M(C, A), let g = (0, f(c)). € M(C, A), and put g = ¢(9).
Here we have g < f, and thus g < f. Clearly, g(c) = f(c) yields v, = v(’;d,

and g < f yields u} ; < uéd.

We also have g < (g(c)) and so g < ¢({g(c))) and consequently g(d) <
ch,da et ((g(d))) < <5<;1(Ug,d)> and Ui,d < 5;1(03,(1)- Thus 5go(w2’,d) < Ug,d'
Therefore, the L-density of B and the above claim, applied to g, yield that
5<P(Ug,d) = Ug,d'

Since uf 4 < uid, then

Uf,d = Ug,d = 5<p(ug,d) < 6<ﬁ(u£,d) .

Now the L-density of B and the above claim, applied to f, yield that
(5(p(u£d) = vé 4 as required. o

PROOF OF THEOREM 5.3. We have ¢ : A¥ =2 AP where A is L-dense
with 0, and we can assume that P = Py x --- x P,,_1 where the P; are
connected and directly indecomposable and pairwise non-isomorphic.

Let a € A, f = (a) € M(P,A) and write ¢(f) = f. By Lemma 5.7,
f(P) C R(p™'). Thus we have elements a, € A for p € P with ¢({a,)) =
(f( )). We write g = (a, : p € P) and § = ¢(g). Our task is to prove that g
is constant.

We can regard g as a monotone function g(zo,...,z,—1) of n variables,
with x; ranging over P;. We say that g is P;-constant if it does not depend
on the variable z;. It will suffice, of course, to show that g is P;-constant for
alli € {0,...,n—1}. We prove this for i = 0. The same proof works for any
1.

Thus we put D = Pyoand C=P; x--- xP,_4,s0that P =2 C x D
and C,D have no nontrivial common direct divisor. To simplify notation,
we henceforth assume that P = C x D.

Now for each f € M(P, A), denote by f” the member of of M(D, A°)
resulting from applying the natural isomorphism A*P = (A€)P to f, so
that fP(y)[z] = f(z,y) for all (z,y) € P. Similarly, write f¢ for the mem-
ber of M(C, AP) resulting from rewriting A*P as (AP)C. Through these
identifications, we can rewrite ¢ as p”?, an automorphism of (A€)P, or as

©®C | an automorphism of (AP)€, or as P, an isomorphism of (AP)€ with
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(AC)P, or as ©”¢, an isomorphism of (A€)P with (AP)C. Recall that, by
Lemma 5.2, each of A€ and AP is L-dense, and of course has zero. Hence
the conclusions in Lemmas 5.3 - 5.9 and Theorems 5.1 - 5.2 apply to all four
of these isomorphisms, as well as to ¢.

To begin the proof, we fix a € A and put f = (a) € M(C x D, A), and
we define f = (f), g = {ay : (z,y) € C x D), g = ¢(g) just as before, with
o({azy)) = (f(z,y)) for all (z,y) € C x D. Our task now is to prove that g
does not depend on its second variable—i.e., that g is D-constant.

Now f€ is constant, and ©““(f¢) = f¢, hence by Lemma 5.7 applied
to (pC¢)1, for each ¢ € C the function (¢“C)~1((f¢(c))) is constant—i.e.,
o Y ({f(c,y) : (z,y) € Cx D)) is C-constant. Replacing ¢ in this argument
by ¢P¢, we conclude that also ¢ '({f(c,y) : (z,y) € C x D)) is D-constant.
Thus there is an element u, € A such that

o((ue)) = (f(c,y) : (z,y) € C' x D).

The isomorphism ¢”? has the zig-zag property by Theorem 5.1 (as D
is connected and directly indecomposable). Thus we have the corresponding
isomorphism 7,op : A€ = AC. An easy calculation, using the facts we have
already compiled, establishes that for ¢ € C,

PP ({g(0))) = (Tpon ((ur)))

Thus the element 0°?({g°(c))), which can be rewritten as ¢({(g(c,y) : (z,y) €
C x D)), is constant, meaning that it is D-constant.

We can apply Theorem 5.2 to the isomorphism ¢“P, since C and D
have no nontrivial common direct factor. This gives that for the function
g¢ € M(C, AP), and for all (c,d) € C x D, we have

(P ({g“ (D)) = e“P (") ((F°(@))[e])) -

Since “P({g(c))) is D-constant, as noted in the last paragraph, then the
displayed equation asserts that

0P ((°(e))) = P (((¢°P) 1 ((GP(d)))[c])) for all (c,d) € C x D;

which can be rewritten as



and is equivalent to
9°(c) = (¥“P)"'((7(d)))[e] forall (c,d) € C'x D.

This means that ¢“P(¢g%) = (gP(d)); equivalently, g is D-constant, just as
we desired. °

6 Chains in AF

It follows immediately from Theorem 5.1 (and its dual) that G. Birkhoff’s
cancellation conjecture for isomorphisms ¢ : A¥ = BY with A, B,P finite
is true in the case where A, B, P are connected, A has a least or a largest
element, and P is directly indecomposable. The decisive step on the way to
the proof of the full conjecture was the removal of the hypothesis that A has
a least or a largest element. From this, it follows by an inductive argument
that requires less than a page that the conjecture is true when P is connected
(no special assumptions on A, B). The remaining argument to remove the
hypothesis that P is connected is lengthy, and involves establishing some un-
usual statements about matrix arithmetic over rings of polynomials in many
variables with coefficients from an integral domain, but otherwise requires
no new ideas.

We shall require some facts about chains in A, which were first observed

by G. Birkhoff.

When z < yin A, Ia[z,y] = 21 Nyl is the interval determined by = and
y. We say that y covers z, written z < y, provided that |Ia[z,y]| = 2. We
write f <; g, where f,g € AB b € B, to denote that f(b) < g(b) and for
all z € B\ {b}, f(z) = g(z). It is easy to see that f < g in AP is always
equivalent to: f <, g for some b € B. The height of A, written ht(A), is the
largest cardinality of a chain in A, minus one. The height of an element x
in A is the height of the ordered set x.

Lemma 6.1 Let A, B be finite and f < g in AB.

(1) If for allb € B, Cy is a mazimal chain in I5[f(b), g(b)], then there exists
a max}z;mal chain C in I1,8[f,g] such that for all b € B, Cy = {h(b) :
h e C}.
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(2) The height of the interval I,B[f,g] is the sum of the heights of the
intervals In[f (D), g(b)], b € B.

(3) ht(I,B[f,g]) = ht(A®) iff f and g are constant on each connected
component of B and ht(Ia[f(b), g(b)]) = ht(A) for all b € B.

(4) ht(AB) =ht(A) - |B|.

PROOF. For (1), suppose that we have constructed f = fo < f1 < --- <
fr < g where f;(b) € Cp foralli < kand b € B. If f, < g, let b € B
be maximal such that f(b) < ¢g(b). There is a unique element ¢ € Cj such
that fi(b) < c. Define fyx 41 so that fyi1(x) = fx(x) for x € B\ {b} and
fes1(b) = c. Tt is easy to see that fr1 € AP and fi <y fey1 < g. This
construction will produce the desired maximal chain.

For (2), if the Cj in (1) are chosen so that |Cy| = ht(Ia[f(b), g(b)]), then
the maximal chain produced in (1) will have size one greater than the sum
of the numbers |Cy|. On the other hand, if f = fo < fi <+ < fn =g is
any maximal chain in the interval, then for each b € B, the number of : < m
such that f; <, fiy1 can be at most ht(Ia [f(b), g(b)]), so that m is at most
the sum of the numbers ht(1 5 [f(b), g(b)]), b € B.

Statements (3) and (4) follow readily from (2). o

Recall that R(p) is defined in Definition 1.1 and C(AP®) is defined in
Definition 2.1.

Lemma 6.2 (G. Birkhoff) Suppose that A,B,P,Q are finite. If ¢ : A¥ =
BYQ, or if ¢ : C(AF) = C(BQ), then there is f € M(P,A) such that f is
constant on each connected component of P and o(f) is constant on each
connected component of Q. Thus if P and Q are connected, then R(y) # (.

PROOF. Suppose first that ¢ : AT = B? Let f be any element of
M(P, A) such that ht(f]) = ht(AF). Then ht(p(f)]) = ht(B®); and by
Lemma 6.1, f and ¢(f) have the required property. The same proof works
if o: C(AP) = C(BR). .

Corollary 6.1 If ¢ : A¥ = B9, where A,B,P,Q are finite and A and B
are connected, then ¢ induces by restriction an isomorphism of C(AP) with

C(BQ).
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ProOOF. Let f € M(P, A) be such that f is constant on each connected
component of P and ¢(f) is constant on each connected component of Q.
Since A is connected, then C(AF) is the subposet of A induced on the
connected component containing f. Likewise, C(B®) is the subposet of B?
induced on the connected component containing the element o(f). Thus

0(C(AP) = C(BQ). .

The hypothesis of connected bases in Corollary 6.1 is necessary.

Example 6.1 Let D = Cy + 1 where C, is the four-element crown 2 & 2 of
example 4.1. Then D2 = C(C$?)+14+1+1+1+1 while C(D®?) = C(CS$?)+1.
There is an automorphism ¢ : D€ = D®? which exchanges one of the
one-element connected components inside C(D?) with one of those outside

C(D®?). Thus ¢(C(D®?)) # C(D®?).

7 (5,5,A", B", n)-isomorphisms

The key idea for extending the applicability of Theorem 5.1 to the case of
an isomorphism ¢ : A¥ = BY where A, B, P are connected but A does not
possess a least or a greatest element is to consider the induced isomorphisms
¢|x : X 2 Y for a certain family of sub-posets X C C(AF).

Definition 7.1 Suppose that A, B are ordered sets, S C A and n > 0. By
R, s(A) we mean the set of all x € A such that there exists zg,...,z, =
with zo € S and z;, z; ;1 comparable for all i < n. We write Rn’s(AB) for
the set R, aq(AP), where Ag = {(s) : s € S} C M(B,A). In otherwords,
R, s(AP)is the set of all f € M(B, A) such that there exist fo, fi,..., fo = f
in M(B, A) for which fo = (s) for some s € S, and for i < n, the functions
fi, fix1 are comparable.

We remark that with respect to the metric da (z,y) defined in §2, R,, 1,3(A)
is the ball of radius n + 1 about z. For connected A and x € A, we have
A = U, Rnz1(A). Note that in general, Rn,S(AB) is a subset of the set of
monotone functions from B into R, s(A). It may fail to be identical with
this set of monotone functions.
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Definition 7.2 Assume that A, B, P, Q are finite ordered sets. Let n > 0,
SCA S"CB,and§: S =S Byan (5,5, A¥, B, n)-isomorphism over
6 we mean an isomorphism 1 : R, s(AF) = R, ¢(B®) with ¢({z)) = (§(z))
forallz € S.

The reader should observe that when ¢ : A® = BQ n >0, S C R(v),
S" = 64(5) € R(¥™!) and § = dyls, then ¢ induces by restriction an
(S,S', AP, BQ, n)-isomorphism over §.

Definition 7.3 Suppose that A : X =Y where X C AP and Y C BQ. We
write R(\) for the set of a € A such that (a) belongs to X and A({(a)) = (b)
for some b. For such an a, we put 6,(a) = b. Thus dy : R(\) = R(A71).

We remark that if ¢ is an (S, S, A, B?, n)-isomorphism over &, then
S C R(y), 8" C R(¢ 1), and &, extends d. Note also that ¢ induces by
restriction (S, S, AF, B?, m)-isomorphisms over §, for all 0 < m < n.

For the remainder of this section, we assume that A, B, P are finite or-
dered sets and P is connected and directly indecomposable.

Lemma 7.1 Suppose that S C A, S'C B, Ry 5(A) C X C AP, R, s(B) C
Y CBP, and A : X 2Y with S C R(\), S' C R(\™) and 65(S) = S'. Then
for all a € Ry 5(A), A({a)) € R(A™H)E and A\(65" o A((a))) = (b) for some
b€ Ry 53(B). The function that maps a — b is an isomorphism of Ry s(A)
with Rl,sl(B).

PROOF. For a € A, let A(at), A(al) denote the posets that A induces
on the sets af, al respectively. Clearly, for a € S and b = d,(a), A induces by
restriction isomorphisms A (at) = B(b1), A(al) = B(b!). Now this lemma
follows directly from Theorem 5.1 and its dual applied to these isomorphisms.
[ J

Lemma 7.2 Suppose that v is an (S, S, A¥ BFY n)-isomorphism over 6,
n > 1. Then we have an (S,S’, A, B,1)-isomorphism Ty : Rig(A) =
R, ¢(B) extending 6, defined by 114(x) =y, where (y) = @b(&;l o ({x))).
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ProoF. By Lemma 7.1. °

For the next three lemmas, we suppose that 1 is an (S, S', A¥, B¥, n+41)-
isomorphism over §, n > 1. Then we put K = R; s(A) and K' = Ry 5/(B)
and set T = R(¢) N K, T" = R(¢ 1) N K'. Notice that

SCTCK and S'CT'CK'.

Lemma 7.3 Suppose that 1 is an (S,S', A¥ BF n + 1)-isomorphism over
0,n>1. Let T,T", K, K' be as defined above. Then

R,7(AF) C R, x(AF) C R, ;1 5(AF),

Rn,T’ (BP) g Rn,K’(BP) g Rn+1,S’(BP)

and the map ' which is v restricted to R,r(AF) is a (T, T',A¥,BF n)-
isomorphism over 0y restricted to T. Moreover, R(y) C R, r(A) so that
R(Y) = R(Y'). Likewise R(¢y~") = R(¢'™') and we have that §;, = by

PrRoOOF. The first statement should be perfectly obvious. Now suppose
that ¢¥((z)) = (y), z € R(¥), y € R(™!). Take a chain zg,...,Tpy1 = T
with o € S and z;,z;41 comparable for ¢ < n. Now z; € R; s(A) and so
¥({z,)) € T'" by Lemma 7.2. Choose any p € P and consider the sequence
bi,bg,...,buy1 =y where b; = ¢¥({x;))[p]. These elements are pairwise com-
parable and b; € 7", hence y € R, 7+(B). Now it immediately follows that
y € R(¢'1). The same proof with ¢! replacing v shows that z € R, 7(A),
and z € R(¢'). o

Lemma 7.4 Suppose that 1) is an (S,S', A¥ , BY n + 1)-isomorphism over
§,n>1. Let T,T',K,K' be as above. If f € R, x(AF) (or g € R, x(BF))
then ¥(f) € (Rur (B))Y (or respectively, ~'(g) € (R,7(A))F).

PROOF. Let f € R, x(AF), say we have (a) = f1, f2,..., fay1 = f with
a € K and f;, f;+1 comparable for 1 < 7 < n. For any p € P, we have the
sequence of pairwise comparable elements by, ..., b,1 where b; = ¥(f;)[p]-
By Lemma 7.2, b; € T", hence b,;; € R, 1(B). °
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Lemma 7.5 Suppose that v is an (S, S, A¥, B¥, n+1)-isomorphism over §,
n>1. LetT,T', K, K' be as above and suppose that 7' : R, r(A) 2 R, 1(B)
and ' extends 6y. For f € Ry (AT, put " (f) = (7" otp(f)). Then "
is an (K, K, AF BF, n)-isomorphism over the map T4 of Lemma 7.2, and
Oy extends .

PROOF. Let f € R, x(AF). Then we have, say, {fo, fi,. .., far1} C AP
with f() = <a0>,f1 = <CL1>, fn—|—1 = f, ap € S, a; € K and fiafi—l—l Comparable
for all i < n. Put g; = ¥(f;). Since all the functions f; belong to Rn,K(AP),
then by Lemma 7.4, g; : P — R, 7(B). Thus, we can define h; = 7'* o g;,
and we have that h; € AF and h;, h;x1 are comparable for i < n. More-
over, go = (0y(ao)) = (7'(ap)), so hy = fo = (ap). Thus it follows that
{hos---yhni1} € Roy1s(AF). Thus we have £; = ¢(h;) € Ryy19(BF). In
particular, £,,,1 = ¢"(f) and, £y = {6y (ag)) = ¥(fo). Note that g; € R(yp~1)F
and ¢; = (714(a1)) by Lemma 7.2. Thus the pairwise comparable sequence
b, ... by = ¥"(f) demonstrates that " (f) € Ry x (BF).

Thus we see that 9" is an isomorphism of R, x(AF) with a subset of
R, 1/(BY) over the map a — 71 4(a), a € K. By the same token, we have the
isomorphism g — ¥ (7' 0y 7(g)), of Ry, x(BY) with a subset of R, x(AF)
over the map b — Ti&,(b), b € K'. This map is obviously the inverse of v".
So it follows that " is an (K, K’, A¥, BF n)-isomorphism over 7 .

Finally, suppose that a € R(1)). Then a € R,;15(A), (a) € R, x(AF)
and 9 ({a)) = (6y(a)), and 6y (a) = 7'(a), so it is clear that dy»(a) = dy(a). ®

Theorem 7.1 Let A,B,P be finite ordered sets with P connected and di-
rectly indecomposable. Suppose thatn > 0, ) # S C A, 0 # S' C B and
Y is an (S, 9, AF, BP,n)—isomorphism over §. There exists an isomorphism
T: Ry s(A) =2 R, 5/(B) which extends T .

PrOOF. We prove this by induction on n. For n = 1, apply Lemma 7.2
with n =1 and 7 = 7 4.

Suppose that » > 1 and the theorem is true for all (S,S’, A¥ B¥ n)-
isomorphisms 1 over &, irrespective of S, ', 8. Let 1) be a (S, S’, A¥, BY n+
1)-isomorphism over J.

Let T,T" K, K' be as in Lemmas 7.3, 7.4 and 7.5, so that 1/, or v
restricted to R,r(AF), is a (T,T', A¥,BF n)-isomorphism over dy|T, and
Sy = Oy
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By the induction assumption, we have an isomorphism 7' : R, r(A) =
R, 1(B) which extends 7y 4+ and hence extends d,. By Lemma 7.5, we have
a (K,K', AP BF n)-isomorphism v" over Ty, With

Tigr 2 Oyr 2 Ty 2 Oy

1%

By the induction assumption again, we have an isomorphism 7 : R, x(A)
R, k/(B) which extends 7y 4. Finally, it is trivial that R, x(A) = R,11,5(A
and R, x/(B) = Ry41,5/(B), so our proof is finished.

~—

Definition 7.4 Let ¢ be a (S,S’, A¥ B¥ n)-isomorphism over §, where
A, B, P are finite and P is connected and directly indecomposable. Our proof
of Theorem 7.1 leads to a recursive definition of 7 : R, s(A) = R, s(B) ex-
tending 7y 4. In this definition, 7, actually depends not only upon v but upon
the choice of n, S, S’; however, to keep a manageable system of notation, we
denote it simply by 7.

Namely, if n = 0, then 7, = dy. If n =1, then 7, = 71 ,. Now suppose
that n = £+ 1 > 1. Then we put K = R, 5(A), T = R(¢) N K, we put
K'=R;s(B), T" = R(¢ ') N K’ and take

Yo : Rer(AF) 2 Ry v (BFP)
to be the restriction of 1) and we take
1 : Rex(AT) = Ry o (BY)
as defined by 1 (f) = ¥(r,, o 1(f)). Finally, we put
Ty = Ty, -
Problem 7.1 Is it the case that under the assumptions of Theorem 7.1,

must have the zig-zag property, that is, for every a € R, s(A), ¥({a)) C
R(p=")F and ¢(dy-1 0 ¥((a))) is constant?

Problem 7.2 Ts it the true that every isomorphism AF = B¥ with A, B,P
finite and connected and P directly indecomposable must have the zig-zag
property?
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8 Cancellation of connected exponents

Theorem 8.1 Suppose that A¥ = BF, or C(AF) = C(BF), where A,B,P
are finite and P is connected. Then A = B.

PROOF. First we consider that A¥ = BF implies A 2 B. The proof is
by double induction, first on |P|, then on |A|. We assume that ¢ : AP =
BF, and that A,B,P are finite, and P is connected. We also assume that
whenever C? = D9, with C and D finite and Q connected, and either
|Q| < |P|, or else |Q| = |P| and |C| < |A[, then C = D.

If P is not directly indecomposable, say P =2 R x S with |[R| > 1 and
|S| > 1, then R and S are connected and

(AR)S =~ AP =~ BP =~ (BR)S,

Using the induction assumption, we obtain A® 2 B®, and using it again,
we conclude that A = B. Thus we can, and do, assume that P is directly
indecomposable.

By Lemma 6.2, R(¢) is non-empty. We choose a € R(¢) and put S = {a},
and where ¢({a)) = (b), we put S’ = {b}. We choose N > 0 such that
RN,S(A) = RN—|—1,S(A) and RN,SI(B) = RN—|—1,S’(B)- Obviously, RN,S(A)
and Ry ¢ (B) are the connected components of A and B containing the
respective points a, b.

Our isomorphism ¢ induces by restriction a (5, S’, A¥, BF, N)-isomorphism
1) over the map a — b. Since P is directly indecomposable and connected,
Theorem 7.1 supplies us with an isomorphism 7 of Ry s(A) with Ry ¢/(B).

Now we have A = U+ A’, B = V + B’ where U, V are the ordered
subsets based on Ry 141(A), Ry }(B) and + denotes unordered sum. Since
P is connected, AF = UP + AF and BF = VP + B'P. We have proved that
U 2V, and all these isomorphisms yield

U” + A" =U” +B”.

In this equation, we can cancel U¥ (by Corollary 4.1) and find that A”® =
B'F. By the induction assumption, we have A’ 2 B'. Then

A=U+A"2V+B =B.
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Our proof of Theorem 8.1 is complete.

The proof that A 2 B under the assumption that C(AF) = C(B¥) does
not essentially differ from the proof under the assumption A¥ = BF and is
left to the reader. °

9 The extended algebras of finite ordered sets
Definition 9.1 We put
T ={A: A is a finite, non-void ordered set} / &,

the set of isomorphism types of finite ordered sets. On this denumerable set,
we have operations x +y and z -y induced by G. Birkhoff’s operations A +B
and A x B, and we have two possible exponentiation operations—the one
induced by G. Birkhoff’s exponentiation AP, and the other induced by the
operation C(AP). The algebra (T, 1, z+vy, zy, ¥) in which 2¥ is G. Birkhoff’s
operation will be denoted 7. The algebra (T, 1,z + y, zy, z¥) in which z¥
is C(AB)/ = when z = A/ = and y = B/ =, will be denoted by 7¢. The
addition and multiplication operations and the constant 1, denoting the type
of a one-element ordered set, are the same in both algebras.

Definition 9.2 A finite ordered set A is absolutely C-indecomposable if and
only if A is connected and directly indecomposable, and whenever A =
C(BF) then A~ Band P 1.

To finish the proof of Birkhoff’s conjecture, one must remove the hypoth-
esis that P is connected from Theorem 8.1. The path to that goal taken
in [21] involved obtaining a complete description of the algebra 7°. Recall
from §4 that with exponentiation removed, the algebra of order types can
be satisfactorily represented as isomorphic to the semi-ring Z*[z] consisting
of non-zero polynomials with positive integer coefficients over the indeter-
minates xg,x1,... In this representation, the connected and directly inde-
composable ordered sets correspond to the indeterminates. The algebra 7€,
on the other hand, is generated by its subset P of types of absolutely in-
decomposable finite ordered sets. The word problem for this algebra with

34



respect to this generating set was solved in [21], using two results which we
formulate below. The solution showed, in particular, that every permutation
of P extends to an automorphism of 7¢. (The situation for 7 is different,
due to the fact that AP can fail to be +-indecomposable, even when A
and B are three-ways indecomposable—see Example 4.1. It seems hopeless
to seek a solution of the word problem for the algebra 7. It is interesting
to observe that 7°¢ can be represented in various ways, as isomorphic to a
subalgebra of 7. For example, 7° is isomorphic to the subalgebra of 7 gen-
erated by those types 7 € T such that 7 = E/ = where E is some absolutely
C-indecomposable ordered set with a least element—within this subalgebra,
the two exponentiation operations coincide.)

The effective description of 7°¢ reduces the exponential cancellation prop-
erty for the operation C(AF) to an unusual statement about matrix arith-
metic over Z"[z]. This statement was formulated and proved in [21], yielding
the result that 7°¢ has exponential cancellation: z* = y* — x = y. In the
inductive argument to prove G. Birkhoff’s conjecture that 7 has exponential
cancellation, as given in [21], it proved to be sufficient at every stage to deal
with appropriately chosen sub-posets of the form C(UV). That proof reduced
the desired result to a second statement about matrix arithmetic over Z*[z].
These two statements are the content of Lemma 7.1 in [21].

The algebra 7€ is a very interesting object. I will not reproduce the
remainder of the proof of G. Birkhoft’s conjecture in this paper. Rather, I
state the two results needed to describe the algebra 7°¢, provide a new and
simpler proof of one of them, and then explore this algebra. In the next and
final section of this paper, I explore the groups Aut(AF) using the zig-zag
theorems from §5.

Theorem 9.1 Suppose that A, B, P, Q are finite and connected and P and
Q are directly indecomposable and non-isomorphic. If A¥ = BQ or if
C(AP) = C(BR) then there is a connected ordered set E with A = C(E®)
and B = C(EF).

Theorem 9.2 Suppose that A and B are finite and connected and C(AB) =
[Lic: Ci. There exist ordered sets A; with C; = C(AR) fori € I, such that
A = lier Ai
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The above are Theorems 5.2 and 5.3 in [21]. The proof of Theorem 9.1 will
be omitted here. Tt parallels the proof of Theorem 7.1, uses (S, S’, A¥ B, n)-
isomorphisms induced by an isomorphism AF = B? (or C(AF) = C(BY)),
and begins with an application of Theorem 5.2. It is a good exercise for the
reader to attempt to construct this proof.

PROOF OF THEOREM 9.2. It will suffice to handle the case I = {0,1}.
Let ¢ : C(AP) = Cy x C,. Putting E = 1(A4), our first objective is
to prove that E is a rectangle, i.e., F = Ay x A; for some A; C C;. For
c = (cg,c1) € Cy x Cy, we write p;(c) = ¢; (i € {0,1}).

Claim 1: Suppose that a € A, f € C(A®) and (a) < f or f < {a). Ifi €
{0, 1} and p;(4(f)) = pi(¢({(a)) then for all b € B, p;(¥((f(0)))) = pi(¢¥((@))-

To prove the claim, we can take ¢+ = 0 without losing generality. Let b € B,
put (co, ¢1) = ¥({a)) and suppose that (f) = (co, ¢) and f(b) = a'. Without
loss of generality, we assume that (a) < f. For x € B put h, = (a,d'[z > z]),
and write (ug, v;) for ¢(h,). Note that if y < y' then hy < h,. We claim that
if y < y' and u, = ¢ then also u, = co. To prove this, define h = ¢~ (uy, ¢1),
B = ¥ (co,vy). Now uy = ¢ and vy < v, implies hy < A’ < h,. Also,
(uy, 1) A (co,vy) = (co,c1) and (uy,c1) V (co,vy) = (uy,vy) in Cy x Cy, so
hAMK = {a) and hV h' = h, in C(AP). Since hy <K' < hy, then I'(y') = d,
giving h(y') = a (from the fact that A A ' = (a)); and we get also h(y) = a
since y < g, thus implying that A'(y) = a' (since (a) < h,h’ < hy and
hV k' = h,). Now h'(y) = a' forces b’ = h,. Thus u, = ¢y as claimed.

Now notice that since f(b) = o’ then (a) < hy < f, implying that u, = ¢.
Then the fact just proved, together with the connectivity of B, yields that
ugy = ¢ for all z. Since (a’) = Vyep hs, then pot({a’)) = ¢o. This finishes
our proof of Claim 1.

Claim 2: Suppose that ap, a1 < a in A and ¥({a;)) = (us, v;) (2 € {0,1}).
Then (ug,v1), (u1,v9) € E.

To see it, put ¥({(a)) = (u,v). Let ¥(f) = (ug,v). Then {(ap) < f < (a)
and pop(f) = pot({ao)) and puth(f) = prip({a)). Two applications of Claim
1 yield that ¥ ((f(b))) = (ug,v) for every b € B; i.e., f is constant. In the

same way, we deduce that where ¥(g) = (u,v1), g is constant. Now since
Co x C1 E (ug,v) A (u,v1) = (ug,v1), it follows that C(AB) &= fAg =
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Y~ Hug,v1). Tt follows that ~!(ug,v;) is constant. By the same token,
¥~ (uy,vp) is constant.

Claim 3: E (= 9¢(A4)) = Ay x A; for some A; C C;.

We must prove that for any ag, a1 € A, (pot({ao)), P19 ({a1))) € E. For
some n, there are ey = ag, €1, ...,e, = a1 and there are m; (0 < i < n) so
that e;, e;41 < m;. Put ¥({(e;)) = (us,v;) and ¥ ({m;)) = (14, s;). By Claim
2, (uj,vi41) € E for i < n and (r;,s;41) € E for i < n— 1. Moreover,
(Wi, Vig1), (Wit1, Viv2) < (7i,Siy1) for i < m — 1. Then in the same way,
(Ui, viyo) € E for i <n —1 and (r;, $;42) € E for i < n — 2. Continuing in
this way, we find, eventually, that (ug,v,) € E, which is the desired result.

Writing A; for the ordered sub-poset of C; based on the set A;, we now
have an isomorphism ¢ : A = Ay x A; defined by ¢(a) = ¥({(a)). This gives
a collateral isomorphism ¢ : C(AB) = C(AP) x C(AP). We compare the
isomorphisms v, ¢.

By Proposition 3.1, there are ordered sets X,Y,Z, W and isomorphisms

1%

a: XxY
B:ZxW
0: X xZ
v: Y xW

Co,
Ci,
C(A7),
C(AD)

1R

1%

so that for all (z,y,2z,w) € X XY x Z x W,

Y alz,y), Bz, w)) = 7 (0(w, 2),7(y, w)) .-

Claim 5: |Y|=|Z| =1.

To prove this, let a € A and 9({a)) = (p,q) = (a(z,y), B(2,w)). Since Y
is connected, to see that |Y'| = 1, it will suffice to show that whenever 3’ € Y
is comparable to y then ' = y. So let ¥’ be comparable to y. Now we have

U(f) = (1, q) = (afz,y'), B(z,w)) for some f € C(AB). Thus
Y((a) = (p,q) = (a(z,y), B(z,w)),
(f) =0, 9) = (alz,y), B(z,w)),
o((a)) = ((0), (@) = (O(z, 2), v (y, w)) ,
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o(f) = ((p), 9) = (8(x, 2),7(y', w)) -
Now (a) is comparable to f and p1¢({(a)) = p19¥(f) = ¢; hence, by Claim
L, ;({f(b))) = ¢ for all b € B. But this means that g = (¢), implying that
f={a),and y =y
Since |Y| = |Z| =1, then Co = X = C(A{) and C; = W = C(AP) and
the isomorphisms %, ¢ are naturally isomorphic. °

Theorem 9.3 A finite ordered set A is connected and directly indecompos-
able (i.e., is +- and x -indecomposable) iff it can be represented as isomorphic
to C(EP) for some absolutely C-indecomposable E and some connected P. For
given A, the absolutely C-indecomposable ordered set B and the connected or-
dered set P in this representation are unique up to isomorphism.

PROOF. We begin by observing that Theorem 9.2 implies that C(EF) is
directly indecomposable when P is connected and E is directly indecompos-
able and connected; and that C(EF) is by definition connected when E is
connected.

In the other direction, when |[A| > 1 and [P| > 1 and A = C(EF) is
finite, then the cardinality of A exceeds that of E; hence (for +- and X -
indecomposable finite A) if A = C(EF) then (P is connected and E is +-
and X -indecomposable, and) if |E| is minimal for such a representation, then
E must be absolutely C-indecomposable.

It remains to prove the uniqueness of the representation. We prove
that C(EC) = C(FP) with all structures finite, E and F absolutely C-
indecomposable, and C and D connected, always implies E = F and C = D.
If this fails, there is a counterexample C(E€) = C(FP) with C(E®) of mini-
mum size. Suppose first that C and D have a common directly indecompos-
able factor P, say C 2P x R, D 2 P x S. Now C(C(ER)P) = C(C(F5)P),
so by Theorem 8.1, we conclude that C(ER) 2 C(F®). Our minimality as-
sumption now implies that E = F and R = S, giving a clear contradiction.

Next, suppose that C and D have no common indecomposable factors. If
either were a one-element structure, then the absolute C-indecomposability
of E and F would imply that E &2 F and C = D. Thus we can write
C2PxRand D & Q x S where P and Q are directly indecomposable
and, of course, non-isomorphic. We can now apply Theorem 5.2 to the iso-
morphism C(C(ER)P) = ¢(C(F®)Q). This produces a connected ordered set
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M with C(E®) = ¢(MQ) and C(F®) = ¢(MF). Write M = C(GY) with G
absolutely C-indecomposable and L connected. Now the minimality of our
chosen example implies that the isomorphism C(E®) 2 C(G™Q) gives E =~ G
and R =2 L x Q. But now, Q proves to be a divisor of both C and D. This
contradiction establishes the theorem. °

We can now consider the word-problem for 7°¢. This algebra satisfies A.
Tarski’s “high school equations” (see Proposition 4.1 and the remark that
follows it):

1) 1z = =z, 1* =1,

)
Nr+y=y+z, zy=yx
3)z+(y+2)=(z+y)+2 2(yz) = (vy)z,
) z(y + 2) = zy + z2,

)
)

v = (a%)%,

6) Y% = ¥ + 27,

5

8

(
(
(
(4
(
(
(

7) (zy)* =2y,
and the rule:
(8)ifc =p' withp € Pand t € T, then for all {z,y} C T, (z+y)° = 2°+y°.

It follows from Theorem 9.1, and J. Hashimoto’s results on isomorphic
products of connected ordered sets, and from the elementary fact that every
ordered set can be written in essentially only one way as a sum of connected
ordered sets, that every finite ordered set A has an essentially unique rep-
resentation as a sum of ordered sets each of which is isomorphic to 1 or is
itself expressed as a product of ordered sets of the form C(EF) with E ab-
solutely C-indecomposable, P connected (and |[P| < |A[). This means that
any member m of 7¢, written as a term without variables in the operations
1,2z 4y, xy, x¥ applied to the generators P, can be re-written using the equa-
tions (1)—(7) and the rule (8’) as a sum of terms each of which is either 1, or
is itself a term in which 1 and 4 do not occur and in which every subterm of
the form ¢ has ¢ € P. This expression for m is unique up to commutativity
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and associativity of addition and multiplication. I call it the “normal form”
for m.

The equality of two members of 7€ expressed as generated by P, can
be tested by constructing their normal forms and checking whether these
are commutative-associative equivalent. The operations of 7¢, considered as
acting on normal forms, can easily be computed. Thus 7°¢ is a “recursive
algebra of exponential polynomials”.

One approach to understanding these normal forms for elements of 7°
is to identify them with multi-sets whose individual entries are P-labelled
forests (unions of P-labelled trees), including possibly empty forests (rep-
resenting a one-element connected component). In this approach, the + -
and X -indecomposable elements correspond to P-labelled trees. In the P-
labelled tree for C(EF)/ = where E/ =€ P and P is connected, the label at
the root is E/ 22 and the labelled subtrees above the root are identified with
the x-indecomposable factors of P/ .

During my seminar presentation of these ideas, Nikolaos Galatos pointed
out that there is a way to view 7°¢ as a free algebra over a set of equations.
Let 7 = (T, P, i, 1,z +y, zy, V) be the two-sorted algebra with universes T’
and P = P, with all operations of 7¢ acting in the universe 7', and with the
operation p : P — T being the identity function u(p) = p for p € P. The
rule (8’) then becomes the multi-sorted equation

(8) (z + y)H®)" = gre)" 4 yu®)’ for p e P and z,y,t € T.

Then it is easy to check that 75 is the free two-sorted algebra freely generated
by the set P included in the second universe, with respect to the equations

(1)-(8).

10 The automorphism group of A*

An ordered set A will be said to be ezponentially indecomposable iff A = B*
implies X = 1. A is called bounded provided that it has both 0 and 1. Below
is the chief result of B. Jénsson [18].
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Theorem 10.1 Suppose Q is a bounded, directly indecomposable poset that
satisfies the descending chain condition, and suppose Q =2 AB, where A is
exponentially indecomposable. Then

Aut(Q) = Aut(A) x Aut(B).

B. Jonsson actually shows under these assumptions, that every automor-
phism of Q takes the form f +— ao fovy where o € Aut(A) and y € Aut(B).

Theorem 10.1 fails if its assumptions are relaxed to require only that Q
has 0, but not 1. For example, let A be the ordered set underlying the five-
element non-modular lattice—A = 1 @ (1 4+ 2) & 1—and let B be obtained
by removing the top element of A. Theorem 10.1 implies that Aut(A?) is a
one-element group. On the other hand, we have Aut(B?) = Z,. (It may be
instructive to draw the Hasse diagrams of A% and B2))

Nevertheless, our zig-zag theorems provide some tools for investigating
the automorphism group of A¥ when A is L-dense with 0 and P is connected.
These groups seem quite interesting. Theorem 10.2 below was an early result.
(It is Theorem 11.2 in B. J6nsson, R. McKenzie [17].)

An ordered set (or any structure) is called rigid provided that it possesses
only one automorphism (the identity automorphism). A group G is said to
be an extension of N by H if N is a normal subgroup of G, and H is a group
isomorphic with G/N.

Theorem 10.2 Suppose that A is L-dense with 0, and rigid. Suppose also
that P is connected and directly indecomposable. If the logarithm, L(A),
has precisely N connected components, then Aut(AP) 18 1somorphic to an
extension of a subgroup of (Aut(P))N by an elementary Abelian 2-group.

In this section, we attempt to make progress toward understanding the
group Aut(AF) where A is a finite ordered set with 0 and P is a finite,
connected, directly indecomposable ordered set. This is at present a largely
unexplored topic. We also have some modest results for the case where A is
connected but does not have 0 or 1. Where possible, the results will be stated
and proved so as to apply, like Theorem 10.2, to certain infinite ordered sets
as well as finite ones.
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Definition 10.1 Where G = Aut(AF) (the automorphism group), we define
D ={¢peG: ¢(a))={(a) foralla e A} and

D={peG: ¢(Ar)=As}={p€G: R(p)=A=R(s"")}.

We define K to be the normal subgroup of G generated by D, and K; to be
the normal subgroup of G generated by D;. For 7 € Aut(A), we use T to
denote the automorphism of AP such that 7 (f) = 7o f for all f € M(P, A).
Finally, we put Dy = {7: 7 € Aut(A)}.

In the following sequence of results, we freely use the concepts and results
of §5.

Theorem 10.3 Suppose that A and P are ordered sets and G, D, Dy, D1, K, K;
are defined as above.

(i) D, Dy, D1, K and K; are subgroups of G.

(ii) Dy is a normal subgroup of D, Dy N Dy = {id} and DyDy = D. Thus
D s isomorphic with a semidirect product of Dy and D;.

(iii) If A is L-dense with 0, and P is connected and directly indecomposable,
then D; C K; C D.

(iv) Do = Aut(A) and, if A is finite with 0, and P is connected and directly
indecomposable, and if N s the number of connected components of
L(A), then Dy can be embedded into Aut(P)".

PROOF. (i) is clear. For (ii), it is clear that D; is normal in D and

DynN D; = {id}. To see that D = DDy, let ¢ € D. Then §, € Aut(A)
o1

and for a € A, we have ¢({a)) = (d,(a)), and thus where 7 = §,, ¢ we have

7({a)) = {a). So ¢ = SWT with S(p € Dy and 7 € D;.

To prove (iii), it suffices to show that every conjugate in G of a member
of D; belongs to D. Let ¢ € D; and o € G, and set 8 = o '¢a. Then
let @ € A and put ¢ = ({a)). By Theorem 5.1, both o and ¢a, and their
inverses, have the zig-zag property. Also, since ¢ € Dy, then R(pa) = R(a),
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dpa = 0a, and R((pa)™!) = R(a™!). Since pa has the zig-zag property,
a(q) = pa({a)) € R(a™")" and we can calculate

pa(d," 0 a(q)) = pa(0,, o pa((a))) = (Tpa(a)) -

With ¢ € D;, this means that a(d;! o a(g)) = (Tya(a)). But this equation
implies that

q= <7'¢;17_cpa(a)> ;

ie,q€ Ay a€ R(B),and dz(a) = 7, '7pa(a). Since the same argument will
work with ¢ replaced by ¢~!, we can conclude that 8 € D.

In (iv), it is obvious that Dy = Aut(A). From the next lemma, the
restriction homomorphism r : G — Aut(L(AF)) is injective on D; and the

image r(D;) is naturally isomorphic to a subgroup of Aut(P)¥. .

Lemma 10.1 Let A be L-dense with 0, and P be connected and directly
indecomposable. Let G, D, Dy be as in Definition 10.1, and let ¢ € G.

(1) ¢ € D iff for every connected component A; of L(A) there is a connected
component A, of L(A) and an isomorphism p; of A; with A} (with
respect to the order inherited from A), and an automorphism q; of P
so that for all a € A; and x € P, ¢((0,a);) = (0,pi(a))g(z)-

(ii) ¢ € Dy implies that for each connected component A; of L(A) there is
an automorphism q; of P so that for alla € A; andx € P, ¢({0,a),) =

<0’ a>qz'($)'

(iii) Suppose that AP has the descending chain condition. If ¢ € Dy then ¢
is the identity element of G iff ¢ acts as the identity on L(AF).

Theorem 10.4 Let A be L-dense with 0 and P be a connected and directly
indecomposable ordered set. For each ¢ € G = Aut(AF), if 1 = 7'(;1, then

(T ©)*> € Dy. It follows that Aut(AF) is an estension of K by a Boolean
group.
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PROOF OF THEOREM 10.4. Since ¢ and ¢~ ! have the zig-zag property,
we have that 7, is an automorphism of A, and for all a € A holds ¢({(a)) €

R(o1)? and
(0, o () = (7p(a)) .

It is easily checked that 7, agrees with d, on R(y). This means that the
displayed equation can be rewritten as

o

o Tp((a)) = (1,(a)) or, equivalently

T To((a)) = (a).
This holds for all @ € A. It follows that 7¢ 7o = o € D;. Then

? =79_10(<p_1 7(3_1g0) eK

since 7€ Dy C K and o0 € D; C K. We have proved that the quotient group
of G by K (which is the normal subgroup generated by DyU D;) is a Boolean
group. °

We remark that in case |Dy| = 1, K = K; = D; = D and G is an
extension of D; by a Boolean group (by Theorem 10.3). This is essentially
how Theorem 10.2 was proved.

Proor orF LEMMA 10.1. We return to Lemmas 5.3-5.9, taking B = A
and C = D = P there. Thus we have L(A) (the logarithm of A) = >,c7 A; =
> ier By where the A; (and also the B;) are a one-one list of the connected
components of L(A). We have 1 : L(A) x P? = L(A) x P? satisfying
(A x P) = By x Pforallt € T, and for (a,p) € L(A) x P, ¢¥(a,p) = (b,q)
iff ¢((0,a),) = (0,b),. Moreover, we have for each ¢, posets X;, Yy, Z;, W,
and isomorphisms

(X, xY,) = A,
Y(Ze x W) = P?
B(Xy x Z;) = By,
(Y, x W,) = P?

such that for all (z,y, z,w) € X; x Y} x Z; x W,
1/1(0%(95, y)a ’yt(za w)) = (ﬂt(xa Z)a 5t(ya w)) 3 i'e-a
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‘P((Oaat(xay»%(%w)) = <0’ﬁt(l"z)>(5t(y,w) .

For (i), we simply note that the conclusion in (i) is easily seen to be
equivalent to: for allt € T, |Y;| = |Z;| = 1, which by Lemma 5.3 is equivalent
to R(p) = A= R(p™1), ie., to p € D.

The conclusion in (ii) is equivalent to: for all ¢ € T, A, = By, and
Y; = {w:} and Z; = {2} where for all z € X;, ay(z,y;) = Bi(x, 2). The
displayed equation above makes it clear that this is forced if ¢ € D;. We
remark that this condition may hold even if ¢ € D\ D;. For example, let
A=102@2and P = 2. L(A) consists of the two atoms of A. Let
© =7 where 7 is the automorphism of A which exchanges the two maximal
elements of A and fixes the remaining three points.

For (iii), suppose that ¢ € D; and ¢ is the identity on L(AF). First, I
claim that for all @ € A and p € P, ¢((0,a),) = (0,a),. Write f = (0,a),
and ¢ = o(f). Assume that g # f. Since AF has the descending chain
condition, we cannot have g > f (else g > ¢ 1(g) > ¢ %(g) > ---). Hence
it follows that g(p) # a. However, g < ¢({a)) = (a). Thus we must have
g(p) = d’ < a. We can choose u € L(A), u < a, u £ ¢’ (by Lemma 5.1).
Then h = (0,u), < f and h £ g. But h € L(AF) by Lemma 5.2. We thus
have h = ¢(h) < ¢(f) = g—contradiction.

Now for any f € M(P, A), we have

f= \/ (0, f(p))p in A*

peP

implying that

e(f) =V ¢(0,f(p))p) = V0, f())p = f-

pEP peEP

This ends the proof of Lemma 10.1. °

Theorem 10.4 suffers from the defect that I have been unable to prove
anything about the normal closure in Aut(AF) of the subgroup Dy. It may
be very large, for all I know. The next theorem, in which it is no longer
assumed that A has 0 or 1, also suffers from this defect, and has a weaker
conclusion that Theorem 10.4.
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Theorem 10.5 Let A and P be finite, connected ordered sets and assume
that P is directly indecomposable. Where Dy and D, are the subgroups of
G = Aut(AF) defined in Definition 10.1, the quotient group of G over the
normal subgroup K generated by D = DyD1 is a group of order 2° for some
integer a.

PROOF. Let ¢ € G. We wish to show that ¢>* € K for some positive
n. Put S = R(¢) and S’ = R(¢'). By Lemma 6.2, S # (). For n > 0, put
Sn = R, s(A) (so that Sy = S). Choose N > 0 with Sy = A. Now ¢ induces
an (S,8', AP, A¥ N)-isomorphism over d, and so, by Theorem 7.1, there is

ap € Aut(A) so that ap extends 7y 4 (which is an isomorphism of R; g(A)

with Ry ¢ (A)). Now put ¢o = ¢ and ¢, = (do  ¢)2. Since ¢ restricted to

R s(AF) has the zig-zag property, it follows from the proof of Theorem 10.4
that R(¢1) O Si and dy, is the identity on S;.

Now, inductively, suppose that ¢y,..., ¢, have been defined so that d,4,
is the identity on S,, and R(¢,) 2 S,. Then apply Theorem 7.1 once more
to obtain «, € Aut(A) extending 714, on Rig,(A) = Spt1. Put ¢y =

o

(an_1¢n)2. Then again, R(¢nt1) D Spt1 and dy,,,, is the identity on S,4.
Since Sy = A, it follows that ¢n € D;. Since every a;€ Dy, it should be
clear from the construction that ¢2" € (Do)D; C K. o

Theorem 10.6 Let A and P be finite connected ordered sets. Assume that
every non-trivial direct divisor of P is of cardinality larger than |A| (or, more
generally, assume that for every a € A, P has no common non-trivial direct
divisors with any connected component of L((a1)?) or of L((al)?)). Then
R(¢) = A for every ¢ € Aut(AF), hence (with the notation of Definition
10.1), G = D = DyD;.

PROOF. Let ¢ € Aut(AF). By Lemma 6.2, S = R(¢) # 0. Suppose that
a € S and o' € A is comparable to a. It will suffice to show that a' € S.
Without losing generality, let a < a'. Define Q to be the sub-poset of A
based on af. Since a € S, then we have #(QF) = RF where ¢({a)) = (b) and
R is the sub-poset based on bf. Since Q, R have 0, the results of section §5
apply to this isomorphism. Our assumption implies that, in that analysis,
Y| = |Z;| =1 for all t. This means that ¢(Ag) = Ag, i.e.,, Q C R(¢). We
have shown that o’ € S, concluding the proof. °
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For the final theorem, we suppose that A is a L-dense ordered set with
0, and that P is a connected ordered set, and P = C x D where C 2 D
and C and D are directly indecomposable. We define G = Aut(AF). For
a € Aut(A°) (or B € Aut(AP)), we write a, for the member of G which

becomes & through the natural identification of A¥ with (A€)? (or g, for

the member of G which becomes é through the natural identification of A
with (AP)C). We define

G.={a,:a € Aut(A°)} and G4 ={B,: B € Aut(AP)}.

Theorem 10.7 Under the above assumptions, we have that
G =G.Gy
and G, = Aut(AC), G4 = Aut(AP), G.NGy = Dy, |G||Aut(A)| = |G| |G4l.
Proor. To see that G = G.Gy, choose ¢ € G. In order to apply
Theorem 5.2, write ¢“? for the isomorphism (AP)€ 2 (A€)P that results
from rewriting the domain of ¢ as (AP)€ and the range as (A°)P. By

Theorem 5.2, we have an isomorphism v : AP = EP where E = (R(¢°"), <),
so that for f € M(D, A),

o((f(y): (z,y) € P)) =g where for d € D,
(9(z,d): (z,y) € P) = o({(b(f)(d)(y): (z,y) €P)).  (5)

By Theorem 5.1, we can choose an isomorphism A : E = A.
From equation (3) in the proof of Theorem 5.2, we have that for f €
M(C,M(D,A)), f = ¢CD(f)a

677 (F(N]d] = dgen ((677) T ((F(@))]e]) -

Expressed in terms of ¢, this means that where f € M(P,A), f = ¢(f),
(¢,d) € P, we have

(6((f(e,y) = (xy) € P))2,d] 2 (2,w) € P) =
$((o~ ((f(z,d) : (z,y) € P))[c,w] : (z,w) € P)). (6)
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We define o, 3 mapping M(P, A) into itself. For f € M(P, A), f = ¢(f),
(c,d) € C' x D, we put

o(fle.d = oA (f(z,d)(y) : (z,9) € P)led],
B(Nle,d = M7 ((f(z,d) : (z,y) € P))le,2] : 2 € D)). (7)

The claim is that o € G, B € G4 and ao 3 = ¢. It is easy to see that
@, B are monotone self-maps of A¥. To see that they are automorphisms, we
introduce their inverses.

B = ¢ [(d((A T (9(z,9)(w) : (2,w) € P))(2,y) : (z,y) € P)]
o (Nle,d] = Ao~ ((f(x,d) : (z,9) € P))le,y] 1y € D). (8)

These are also obviously monotone self-maps of AF.

The proof that G = GG is finished by showing that coa’ = o/ o = id,
BofB =pFof=id, p =aof, a € G, and B € G4. These calculations, using
equations (4)—(7), are left to the reader.

Now to see that G. NGy = Dy, let ¢ € G. N Gy4. 1t is clear that ¢ € D.
Thus there is a € Dy so that ¥ = a¢ € D;. We have v € D; N G.N Gy, and
we must show that ¢ = id. It will suffice to show that for all p = (¢,d) € P
and a € A, we have ¥((0,a),) = (0,a). So let ¢ = 9((0,a),. Note that
g < ¢¥({a)) = (a). Now for any p' = (c,d') € P, consider g(p’). Since
Y € G, if ¢ # c then g(p') = 0. Likewise, if d' 7 d then g(p') = 0. Thus
we conclude that g(p') = 0 when p' 7 p. This, together with the fact that
g < {(a), gives that g < (0,a),. The same argument, applied to ¥~ gives
that ¥71((0,a),) < (0, a),; equivalently, (0,a), < ({0, a),) = g. So in fact,
we have ({0, a),) = (0, a),, as required.

Finally, it is an elementary fact in group theory that for subgroups G., G4
of a group G, |G.Ga| = (|Gc||Gdl) /|Ge N Gal- .
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