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ABSTRACT. We prove that for any variety V, the existence of an
edge-term (defined in [1]) and Jénsson terms is equivalent to the
existence of a near-unanimity term. This gives some evidence that
the edge terms could be one of the conditions necessary for char-
acterizing dualizability in congruence modular setting.

1. INTRODUCTION AND NOTATION

Definition 1.1. [1] We say a variety V has a I'-special cube term ¢ when
t is an idempotent term ¢(z,...,x,,) in the language of V which for
some subset I' = {ay,...,a,} C {z,y}" — {x}" satisfies the identities
€1,...,En of the form

g t(ar(i),...,a,(l) =~ .

When I' = {z,y}" — {x}", we call such a term just a (n-dimensional)
cube term. When I' contains just all the vectors in {x,y}" — {z}"
which have one value equal to y and one more vector which is equal
to y at the first two positions and to x elsewhere, this is called an (n-
dimensional) edge term. Finally, when I" contains just all the vectors
in {z,y}" — {z}" which have one value equal to y, this is the well-
known near-unanimity term. We will call the identities ¢; the defining
identities, or defining equations of the term t.

Another way to look at I'-special cube terms is as the idempotent
Mal’cev conditions which satisfy absorption identities in two variables
which fail in the variety of sets. From [1], we know that the existence
of any I'-special cube term implies the existence of an edge term of the
arity n + 1 (of course, for I' C {z,y}" — {z}").

For the purpose of this paper we need a couple of technical defini-
tions:

Definition 1.2. Let I' = {a;,...,a,} C {z,y}" — {z}". We define a
matrix M (I') with n rows and |I'| columns to be M (I')(4, j) = 0 when
a;(i) = x and M(I')(¢,j) = 1 when a;(i) = y.
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Definition 1.3. Let ' be as above. We say that I' satisfies the divisi-
bility property when
(1) there exists a linear combination of rows of M (I') with integer
coefficients which is equal in ZI'! to a row of all k, where k is a
positive integer and
(2) for each prime divisor p of k there exists a linear combination of
rows of M(I") with positive integer coefficients such that each
entry in the resulting row (in Z"!) is congruent to 1 modulo p.

2. MAIN RESULT

Theorem 2.1. The following are equivalent:

(1) V is congruence distributive and contains an edge term t.

(2) V contains a I'-special cube term s such that its defining iden-
tities fail in any nontrivial module.

(3) V contains a I'-special cube term s such that its defining identi-
ties fail in any nontrivial vector space over the field of rationals
Q and in any nontrivial vector space over the field Z, for all
primes p.

(4) V contains a I'-special cube term s such that T' satisfies the
divisibility property.

(5) V contains a near-unanimity term.

Proof. (1) = (2) : Let t = t(zo,21,...,2,), the nontrivial (i.e. not
equal to projections) Jénsson terms are pi,...,pr and define the se-
quence of terms sy = ¢, and given s;_1 = $;_1(21, ..., 2m), then define

S; = 81’—1(271'(21, 22, 23)7 e 7pi(Z3m—27 Z3m—1, Z3m))

Call the term s’ := s;,. It has [ = (n+1)3* many variables. Now define
s to be obtained by a substitution from s’, by replacing each variable
of s/ with a new instance of s, so that each pair of new instances has
disjoint sets of variables.

Now, from the fact that we get ¢ as identification of blocks of variables
of s’ and therefore of s as well, it follows that s’ and s certainly satisfy
the defining equations of t. Therefore, there exist systems of absorbing
identities in two variables which fail in the variety of sets both for s’ and
for s, so s and s are I'-special cube terms. Moreover, each of the p; can
also be obtained by identifying variables of s, even of s/, and therefore
there are absorption identities of s which express the fact that for all
i, pi(z,y,x) = x, that p(x,z,y) = = and that either py(z,y,y) =y or
pr(x,z,y) = y (depending on the parity of k). We only need to show

that yZi (1;7 Y, y) = pz’+1(3’37 Y, Z/) for all even ¢ and pz(x7 T, y) = piJrl(x’ xz, y)
for all odd ¢ are also consequence of absorption identities of s.
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To do this, assume that there is a module M in which s is a term
which satisfies all the absorption identities in two variables which are
consequences of the edge equations for £ and Jénsson equations for the
pis. To prove the equation py(z,y,y) = p2(z,y,y) from these absorp-
tion equations, we denote by

QJ(xuy)Z) - 5/(271(%972)7 s 7]71(%%2)7172(%972), s 7p2(x7yaz))

(the first 7 instances of variables of " are replaced by p(x,y, z), while
the remaining ones are replaced by p(z,y, z)). Each g; is a substitu-
tion instance of 5. We are going to prove that in M |= ¢;(z,y,y) =
¢j+1(z,y,y). Notice that, since s’ is a I'-special cube term, there exists
an absorption equation in two variables

e:8(21,...,2) T

(each z; is either x or y) such that z;; = y. Therefore, by substituting
all y in € by pa(x, y, y) we obtain the same result x (by the Substitution
Rule of equational logic), and this is an absorption equation &; of s
which must hold in M. But, if we substitute now the occurrence of
pa2(,y,y) which is in place of 2,41 by p1(x,y,y), we get again z, as this
is an absorption equation €5 of s which is a consequence of €; and of
p1(x,y,y) = pa(x,y,y). So, in particular, the two terms on the left hand
side of these two equations are equal in M, and since M is an Abelian
algebra, the term condition yields that ¢;(z,y,v) = ¢j+1(z,y,y) in
M. Then, inductively, M = pi(z,y,y) = pa2(x,y,y). Analogously, we
can show that all the other remaining Jénsson equations hold in M.
Therefore, M has Jonsson terms, so M must be a trivial module.

(2) = (3) is immediate.

(3) = (4) : Notice that the term t(zq,...,z,) in any nontrivial
vector space over a field F must have the form

m
t= Z bil’i,
=1

where b; are elements of the field. To say that the equation ¢; (from
the definition 1.1) holds in this vector space is equivalent to saying that
the sum of all coefficients b; such that a;(i) = y is equal to 0, while
the sum of the remaining b; is equal to 1. Let Y; = {jla;(:) = y}.
Therefore, the term ¢ will satisfy all of the equations ¢; in this vector
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space iff the system of equations
D.bo=1
j=1
D b =0

JEYT

ij;()

JEYR

has a solution in F"+.

We claim that such a solution of the above system of equations will
exist iff the row vector 1 := (1,1,...,1) € F™ is not in the subspace
of F™ generated by the row vectors of M (I"). If a solution exists, then
the row vector 1 obviously can’t be in the subspace of F"" generated
by the row vectors of M(I'), as this would imply that 0 = 1 in F. On
the other hand, if the row 1 is not the subspace of F" generated by
the row vectors of M (I"), and the rank of M(I") is r, then the matrix
of the above system of equations has the rank r + 1. Consider the
expanded matrix of the system (with the added column of results). It
also has the rank r + 1, because if we take a square submatrix M’
which contains the column of results, it will be regular iff the first row
(the row 1) is included in M’ and the submatrix of M’ obtained by
deleting the first row and last column is regular. But, this is a square
submatrix of M (I"), so it must have dimension at most r. Therefore,
by Kronecker-Capelli’s theorem, the system has a solution.

The converse of this last claim implies that when the equations of
a ['-special term t fail in a nontrivial vector space over Q, then there
exist rational numbers ¢, ..., g, such that

Z qixv: (i) = Z%XYQ(Z') == Z%’XYm(i) =1,
i=1 i=1 i=1

where xy; is the characteristic function of the set Y;. Let k be the least
common denominator of all the rationals ¢; and let m; = ¢;k. Then
the last system of equations implies that there are integers m; such
that

ZmiXh (Z) = ZmiXYQ (Z> == ZmiXYm (Z) = k?
=1 =1 =1

the first condition of the divisibility property.
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The second condition is obtained by an analogous argument, from
F = Z,, for each prime divisor p of k.

(4) = (5) : Let V be the variety such that there is a I'-special
term t which satisfies the divisibility property. We may assume V is
idempotent, otherwise just take the idempotent reduct of V-free algebra
in countable set of free generators and generate a variety V'. If we prove
V' has a near-unanimity term, then so does V.

Let F = F(z,y) be the free algebra in V freely generated by {z,y}.
Let y;, i € w be the elements of F* such that y;(:) = y and y;(j) = =,
for j # i and let G < F“ be the subalgebra generated by {y; : i € w}.
We are going to prove a series of claims about G.

Claim 1. For every a € G and all but finitely many i € w, a(i) = x.
Also, for every permutation 7 € Sym(w), a™ € G, where a” is defined
by a™(i) = a(n(i)) (G is a totally symmetric subpower of F).

The first sentence should be obvious. For the second, note that if
—1

a=p(yi,...,yr)) for some term p, then p(y-1y,...,y=()) =a" . O

For elements of H < F“ consisting of all tuples which are almost
exerywhere equal to z (and which contains G), we adopt a notation
a=al'al...al' to mean that a(i) = a, when Y271 j, <i < 3.7, e,
while a(i) = = when ' _, j, < i. Now we can define ’concatenation’,
an operation on H by:

— 1,02 Jupkapha k
ab = ay'ay’ ...a)'by 0 L b

when a = a{'a?? ... a}' and b = b{*b5> ... bf". Although G is not closed
under ’concatenation’, we will use it as a notational shortcut.

Without loss of generality, assume that the first row of M(I") is
of the form (0,...,0,1,...,1), where the first s elements are 0, and
the remaining m — s are 1. We define u; € F, for 1 < s, to be
t(z,...,z,y,x,...,x) (y is at the ith position in ¢). By the defini-
tion of I'-special cube terms, there must exist at least one defining
equation € of t such that on the right-hand side of € at the ith position
of t there is y (otherwise the ith member of I" would be in {z}"). We
define v; € F' to be the result of ¢ applied to a tuple of xs and ys equal
to the tuple on the right hand side of €, except at the ith position,
where it is equal to x.

Claim 2. For each tuple a € G, all i < s and all j, the tuple augvf is
also in G.

We apply the term ¢ to a tuple of y;, yo and yss, so that y;s are in
the positions where xs are in €, y, is in the ¢th position and y3s are in
the remaining positions of ¢t. The resulting element of G is, obviously,
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yu;v;. Because of the total symmetricity of G, the tuples of the form
yjz'uv; € G. Now, a = p(yi,...,Yy,) for some term p and r € w.
Therefore,

r—1 r—j _
p()’ﬂ UiV - - -5 Y 5T ui”ia-na}’ruivi)—auivi-

Now we can inductively prove that if au]v] € G, then aulv]uv; € G,
and then because of total symmetricity of G, we get aug HU{ Teqg O

Now we fix k € w to be the number from the first condition of the
divisibility property of t.

Claim 3. If au¥ € G, or au? € G, then a € G. Also, if a € G, then
auf € G and auf € G.

To prove the first sentence of this claim, let us first rephrase the first
condition of the divisibility property: We know that there exist two
finite sequences of the defining equations of ¢, ST and S~ (equations
can be repeated in each sequence), such that the sum of occurrences of
variable y at any coordinate of ¢ in ST is by k greater than the sum of
occurrences of y at the same coordinate in S~. Let there be n; many
ys at the jth coordinate of ¢ in the sequence S~ (hence, clearly, there
are n; + k many ys at the jth coordinate of ¢ in the sequence ST).

Assume auf € G. Let the length of the word representing a be a,
and let 3 and ~ be the lengths of the sequences of equations S* and S,
respectively. By the Claim 2, elements a’; of the form au;’ +kv? T e @q,
for all j < m. We can also use the total symmetricity of G to insert
any number of letters x between the letters of the word representing
a; and still obtain a word representing an element of G. Therefore,
a; € G, where we define a; by:

o for | < a, a;(l) = a(l),

o for a <l < a+f, a;(l) = u; if the (I — a)th equation of S
has y at the jth coordinate of ¢ and a;(l) = x otherwise,

o for a4+ <l < a+5+7, a;(l) = v; if the (| —a— F)th equation
of S~ has y at the jth coordinate of ¢ and a;(l) = = otherwise,
and

o fora+p+v<l a(l) ==

We claim that t(a;,...,a,) = a. Clearly, by the idempotence of ¢,
t(a,...,a,)(l) = a(l) for | < aor a+ [+ < l. For the remaining
coordinates [ we use the substitutions y — u; and y — v; and the
fact that ST and S~ consist of the defining equations of ¢ to obtain
t(ay,...,a,)(l) =z = a(l). To finish the proof of the first sentence of
this Claim, just notice that we can interchange u; and v; in the above
proof.
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The second sentence of the Claim follows from the first one and the
fact that if a € G, then by the Claim 2, aufvF € G and aufvf € G. O

We denote by P(l) the property of a positive integer [ that for all
ac H,aec G iff aul € G. The above Claim proves P(k).

Claim 4. For any positive integer [ such that [|k and any prime ¢|l, if
P(l), then P(é)

To prove this Claim we use the second part of the divisibility prop-
erty, for the prime ¢q. We restate this condition similarly as in the
previous Claim, and stete that there exists a finite sequence of defining
identities of ¢ (we again are allowing repetition of identities), Sy, such
that for each position j of the term ¢, the variable y occurs k;g+1 many
times at the jth position of ¢, for some k; > 0. Consider the sequence

S of the defining identities of ¢ which is equal to é many copies of the
sequence S; concatencted. The sequence S has the property that the

variable y occurs at the jth position of ¢ k‘jl+5 many times.
L L

Now assume that au; 7€ G. Then for each j < m, a); = aufquE G,
by P(l). Aslo assume that the length of the word representing a is «
and the longth of the sequence S is 3. Analogously as in the proof
of the previous Claim, we use the total symmetricity of G to ’insert’
letters x in the appropriate places in the word for a; to get that a; € G,
where a; is defined by:

o for | < a, a;(l) = a(l),

o for a <l < a+p, a;(l) = u, if the (I — a)th equation of S has
y at the jth coordinate of ¢ and a;(l) = = otherwise,

o for a+ 3 <, a;(l) =x.

We claim that t(ay,...,a,) = a. Clearly, by the idempotence of
t, t(ay,...,a,)(l) = a(l) for | < o or a4+ B < [. For the remaining
coordinates [ we use the substitutions y +— wu; and the fact that S
consists of the defining equations of ¢ to obtain t(ay,...,a,)(l) =z =
a(l).

To finish the proof of this Claim just notice that if a € G, then
au! € G by P(I) and then by the other direction of this Claim applied

l

g — 1 times, au; 1€ G. O
From the last Claim, it is obvious that P(1) holds. Notice that

t(yl,yQ, e 7Ys;Ys+1;Ys+1, e 7}’s+1) = ULUQ ... Ug € G
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As we have proved that we can ’erase’ u; (and i < s was any fixed
index), we deduce that the constant tuple x € {z}* is also in G. This
means that there exists a term p such that p(y,...,y;) = X, and that
means that the equations of the form p(x,...,z,y,z,...,2) = x (y is
in any position) hold in F. As F(z,y) is the V-free algebra, this means
that p is an [-ary near-unanimity term.

(5) = (1) is a consequence of the fact that a near-unanimity term
implies both the edge term (see [1]) and congruence distributivity. [

We are able to prove that (1) = (5) directly, as well. This other
proof, on the other hand fails to give us the useful criterion (4) which
recognizes exactly which I'-special cube terms imply congruence dis-
tributivity, and is less aesthetically pleasing. However, it is shorter,
and also gives the best possible arity of the near-unanimity term (given
the results of [1]), so we supply it below:

Theorem 2.2. A variety V is congruence distributive and has a k+ 1-
ary edge term t iff V has a k-ary near-unanimity term s (k > 3).

Proof. Assume that F = F(z,y) is the free algebra in V freely generated
by {z,y}. Let y;, 1 <i < k be the elements of F¥ such that y;(i) =y
and y;(j) = x, for j # i and let G < F* be the subalgebra generated
by {yi: 1 <i<k}. Asin the proof of the Theorem 2.1, (4) = (5), we
are going to try to prove that x € G, where x(i) = z for all 1 <i < k.

Similarly to the Claim 1 of the proof of Theorem 2.1, (4) = (5), we
can easily obtain that G is a totally symmetric subpower of F. We
also introduce the notation of elements of G as words on the alphabet
F which have length k.

We suppose that the edge term t(zg, x1,...,x;) of V has the matrix
M(T") such that only the first column has two values 1, at the first
two coordinates, and the 7th column has value 1 only at the ¢ — 1st
coordinate. We also suppose that the variety V has Jonsson terms
D0, P1s - - - » P Such that po(z,v,2) = z, pu(z,y,2) = z, pi(z,y,z) = x
foralli < n, p;(z,z,y) = piy1(z, x,y) for all even i < n and p;(z,y,y) ~
pir1(z,y,y) for all odd i < n.

We define now the elements a;,b;,¢; € F for 1 <7 < n to be q; =
pl(y7 Z, l’), b; = pz(y7 Y, il?) and ¢; = pz($7 Z, y)

We first prove that for each 1 < i < n, a;c;2*2 and b;c;2*~? are both
in G. To see this, just notice that a;c;z*~? = p;i(y1,ys,y2) and that
bic;t* 2 = pi(y1,¥1,y2). Next notice that bja*~! = ya*~ 1 =y, € G.

Claim 5. For each i, 1 <i < n, a;a*' € G iff ba*~' € G.

We prove one implication only, as the other one is analogous. So,
assume that a;z*~' € G. The total symetricity of G implies that for
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each j < k — 1, the elements b; = bzl c;x¥ 277 are in G. Now we
calculate that

bir* ™t = t(a;c;x" 2 a;2" 7 by, by, ... bry).
Indeed,
t(aici®™ 2, a1 bg, by, ... br_o)(1) = t(as, az, by, by, . . ., b;) = by,
t(aici® 2, a;z* 1 by, by, ... br_)(2) = t(ci, iy, .. x) =2
and
t(aici® 2, a;x® b, by, .. be_e)(j) = t(z,x, ... x0T, 2) = 2,
for3<j<k-—2. OJ

Now we proceed to prove by induction on ¢ that for each 0 < i < n,
both a;z*~" and b;2*~! are in G. For i = 1 we already have byz*~! € G,
and by the Claim 5, this means that a;2*~! € G, as well. Assume that
both a;z*~' and b;z*~! are in G. By the Jénsson equations, either
a; = a;41 or b; = b;y1. Therefore, at least one of the elements ai+1xk_1
and bj;,2"7! is in G. But, by the Claim 5, this means that both of
them are in G.

Note that since one of the elements a,,_1, b,_1 is equal to x by Jénsson
equations, this means that x € G. Now we finish the proof as in the
proof of Theorem 2.1, (4) = (5). Namely, as x € G, then there must
exist a term p such that p(yi,...,yx) = x. But looking at coordi-
nates of this equation, they imply that in F all equations of the form
p(z,...,xz,y,x,...,x) = z hold, and since F is the V-free algebra, then
p satisfies the near-unanimity equations in V. O
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