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Abstract

We characterize those maps between homotopically stratified spaces whose mapping cylinders
are also homotopically stratified spaces. Two applications are offered. The first concerns locally flat
submanifolds of topological manifolds, and the second concerns algebraic maps between algebraic
varieties.0 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction

A basic technique in topology is to convert a map (i.e., a continuous function) into a
space by taking its mapping cylinder. When doing this it is useful to remain within a given
category. For example, the mapping cylinder of a piecewise linear map between polyhedra
can be given the structure of a polyhedron.

This paper establishes an analogous result for maps between homotopically strati-
fied spaces. Homotopically stratified spaces were introduced by Quinn [23] and are the
homotopy-theoretic analogues of Whitney stratified spaces. In fact, homotopically strati-
fied spaces with manifold strata (oranifold stratified space$or short) appear to be the
topological analogue of polyhedra (see [16]).

What plays the role of piecewise linear maps in this rarefied homotopy-theoretic
context? It is thestratified approximate fibrationsnaps with the property that homotopies
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respecting strata in the range can be approximately lifted to homotopies respecting strata
in the domain. These maps were introduced in [10].

The main result of this paper is that the mapping cylinder of a proper map between
homotopically stratified spaces is itself a homotopically stratified space if and only if the
map is a stratified approximate fibration. See Theorem 5.11 for a precise statement.

In Section 6 the techniques developed in this paper are applied to manifold embed-
dings. It is proved that the mapping cylinder of a map between manifolds is itself a man-
ifold with the base a locally flat submanifold if and only if the map is a manifold ap-
proximate fibration with spherical homotopy fibre (see Section 6 for dimensional restric-
tions).

A different perspective on a recent result of Cappell and Shaneson [2] appears in
Section 7. They proved that mapping cylinders of certain maps (‘stratified maps’ in their
terminology) between Whitney stratified spaces are homotopically stratified even though
the mapping cylinders need not be Whitney stratified. This is reproved by first formulating
aresult (Theorem 7.3) for homotopy stratifications (instead of Whitney stratifications) and
then deriving the Cappell and Shaneson result as a corollary. As a consequence of the main
result it is proved that a proper algebraic map between algebraic varieties is a stratified
approximate fibration (Corollary 7.5).

A generalized Tubular Neighborhood Theorem for manifold stratified spaces was
announced in [9] and a proof for the two strata case was given in [13]. The present paper
along with [10] provides a good deal of the stratified homotopy theory needed for the proof
of the general case to appear in [11].

2. Definitions

In this section we gather some background material on spaces with stratifications,
homotopy links, mapping cylinders and controlled homotopy equivalences.

Spaces with stratifications.The basic definitions from the theory of stratifications are
presented. For a fuller treatment see [10].

Definition 2.1.
(1) A partition of a spaceX consists of an index s&f and a collection(X;};c7 of
pairwise disjoint subspaces &fsuch thatX = J; .7 X;.
(2) A stratificationof a spaceX consists of an index s@tand a locally finite partition
{Xi};e7 of locally closed subspaces &f.
(3) In either case, fot € Z, X; is thei-stratumand

X = U [ Xk | Xk Nel(X;) #0)
is thei-skeleton

For a spaceX with a stratification{ X;},c7, define a relatior< on the index sef by
i<j ifandonlyif X;Ccl(X;).
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The stratification satisfies tH@ontier Conditionif for everyi, j € Z,
X;Nncl(X;)#0 implies X; Ccl(X;).

Remark 2.2 [10]. If {X;};c7 is a stratification ofX, then the Frontier Condition holds if
and only if< is a partial ordering of and for eachi € Z, X' = cl(X;).

Definition 2.3. Let X and Y be spaces with partitions with index sefg and Zy,
respectively.
(1) Amap f:X — Y is filtered if for every i € Zx there existsj € Zy such that
fXHcvyi.
(2) The mapf is stratifiedif for everyi e Zx there existg € Zy such thatf (X;) C ;.

Proposition2.4. If X and Y are spaces with stratifications satisfying the Frontier
Condition andf : X — Y is a stratified map, therf is filtered and the induced function
f:Ix — Zy defined by

f)y=j ifandonlyif f(X;)CY;

is order preserving.

Proof. To see thatf is filtered it suffices to show that if (X;) € Y;, then f(xh c

Y/. Since X' = cl(X;), Y/ = cl(Y;) by Remark 2.2, this is immediate. To see that
f:Ix — Iy is order preserving, assume tigtC cl(X ;) and show thal ;) C cl(Y(;)).
Since f(X;) € f(cl(X;)) Ccl(f(X;)) S cl(Yyy) and f(X;) S Yy, it follows that

Y iy Ncl(Yy(j)) # 9. Thus the Frontier Condition implies th&g ;) € cl(Ys(;)). O

Definition 2.5. Let X be a space with a partition.
(1) Amapf:Z x A — X is stratum preserving along if for eachz € Z, f({z} x A)
lies in a single stratum aof.
(2) Amapf:Z x I — X is astratum preserving homotojiy f is stratum preserving
alongl!.

Definition 2.6. Let X andY be spaces with partitions. A stratified mgp X — Y is a
stratified homotopy equivalendethere exist a stratified map:Y — X and stratified
homotopies':idy ~ gf andG :idy ~ fg.

Note that a stratified homotopy equivalenteX — Y induces a one-to-one correspon-
dence between the collections of stratakodnd ofY .

Homotopy links. A homotopy model for the normal space of a subspace is provided by
the homotopy link (cf. [23]).

Definition 2.7. Let X be a space with a partitiofX;},c7 andY C X.
(1) Thehomotopy linkof Y in X is defined by

holink(X, ¥) = {w e X" |w(t) € Y if and only if t = 0}.
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(2) Thestratified homotopy linlof Y in X consists of alk in holink(X, Y) such that
w((0, 1)) lies in a single stratum aoX':

holink, (X, Y) = {w € holink(X, Y) | for somei, (1) € X;
forallz € (0, 11}.
(3) Evaluation at 0 defines maps
g:holink(X,Y) —Y and g:holink,(X,Y)—Y; ¢g(w)=w(0),

both callecholink evaluation
(4) The stratified homotopy link has a natural partition witkstratum

holink, (X, Y); = {w € holink; (X, ¥) | w(1) € X;}.

Mapping cylinders. Notation is established for mapping cylinders and various maps
associated with them.

Definition 2.8. Themapping cylindeof a mapp: X — Y is the space
cyl(p) = (X x HUY)/{(x, D)~ px)eY |xeX}
with theteardrop topologythat is, the minimal topology such that:
(1) the inclusionX x [0, 1) — cyl(p) is an open embedding,
(2) the map

cieyl(p) > Y x I {(xv’) = (p(x), 1), if (x,1) e X x[0,1),

y—= 1), if yeY
is continuous.

If p:X — Y is a proper map between locally compact Hausdorff spaces, then the
teardrop topology agrees with the usual quotient space topology on the mapping cylinder.
See [12, Chapter 12] and [13, 83] for further remarks on the teardrop topology.

We will have occasion to use the following three maps:

px.cyl(p)\Y — X; [x,f]~>x, ((x,1)eX x[0,1),

[x,t]— p(x), (x,0)eX xI,
eyl Y;
proip) = {[y]r—>y, yev,
. . [x,f]—~1t, (x,)eXxI,
prioyip) = I { [yl>1,  yevY.

Theopen mapping cylindezyl(p) is cyl(p) \ (X x {0}).

Controlled homotopy equivalenceWe generalize the notions of controlled maps and
controlled homotopy equivalences as presented in [14] to the stratified setting. See [13,
83] for other interpretations of controlled maps.

Definition 2.9. Let X andY be spaces with partition;};cz and{Y;};c 7, respectively,
andletp: X — B andg:Y — B be a maps.
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(1) A controlled mapf = {f;} from p to g consists of a family of mapg;: X — Y,
0< 1t < 1, such that the induced maps:

f:Xx[0,1)—7Y; (x, 1) = fi(x),

qfi(x), ifr<1,

f:XxI— B; (x,t)»—){p(x)’ -1

are continuous.

(2) A controlled mapf = {f;} from p to ¢ is a controlled homotopy equivalence
provided there exist controlled maps= {g;} fromgq to p, F = {F} from X x I e

X% Btox 5 B,andG = (G,) fromy x I ®2 v % Btoy % B such that
Fi(x,00=x and F(x,1)=g fi(x) forxelX,
G:(y,00=y and G/(y,1)= fig:(y) foryeY.

(3) A controlled mapf from p to ¢ as in (1) above is &tratified controlled map
provided for eachi € Z there existg € J such thatf (X; x [0, 1)) € Y;.

(4) A controlled mapf from p to g as in (1) above is atratified controlled homotopy
equivalencerovided there exist a stratified controlled mapt” x [0, 1) — X and
controlled mapg': X x I x[0,1) > X andG:Y x I x[0,1) — Y asin (2) above
such thatF andG are stratum preserving alorigx [0, 1).

3. The homotopy link of a mapping cylinder

For notation, letX andY be spaces with partitions(; };c7 and{Y;};c 7, respectively,
and letp: X — Y be a map. The mapping cylinder ¢y) is naturally partitioned by

{Xi x[0, D}, U{Yj}jes.

Theorem 3.1. p: X — Y andgq : holink;(cyl(p), Y) — Y are stratified controlled homo-
topy equivalent.

Proof. For eachk € X letw, : I — cyl(p) be the path defined by, (r) = [x, 1 —¢]. Thus
wy € holink, (cyl(p), Y) and there is a function
f:X—)hOlinkx(Cyl(p),Y); X = .

To verify that f is continuous, since path spaces are given the compact-open topology,
one only needs to observe that the adjoffit X x I — cyl(p); (x,t) — [x,1—1¢]is
continuous. Define

@ :X x [0,1) — holink(cyl(p), Y); (x, )~ f(x).
Sincep =qf, ® = {®;} is a stratified controlled map fromto g. Define

¥ :holink, (cyl(p), Y) x [0,1) — X; (,0) > px(w(1—1)).
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Evaluation maps are continuous in the compact-open topology; hérnisesontinuous. In
fact, & = {¥;} is a controlled map frorg to p because of the continuity of

po(l—1), ift<1,

¥ holinks (cyl(p). Y) x I = Y:  (0.1) {w(o), if r=1.

Also observe that is a stratified controlled map. We claim thatand ¥ are stratified
controlled homotopy inverses of each other as in Definition 2.9(4). Sipeed, : X — X
is the identity for each, it remains to investigate

@, o ¥ :holink, (cyl(p), Y) — holink(cyl(p), Y).
To this end note thaby (, (1) = [¥ (v, 1), 1 — u] and®; ¥ (w) = wy (»,1). Now define

B :holink,(cyl(p), Y) x [0, 1) x I — holink(cyl(p), Y);

B(w, t,s)(u)
_ [llf(a),st—i-(1—s)(l—u)),s(l—u)—|—(l—s)pla)(u)], if u>0,
| [pre(s@-0)]. if u=0.

Note thatg is continuousg(w, t,0)(u) = w(u), andB(w, t, 1)(u) = [¥ (w, 1), 1 — u]. It
follows that

y rholinks (cyl(p), Y) x [0, 1) x I — holink;(cyl(p), Y) x [0, 1);

y(w,t,s)— (B(w,t,s),1)

is a stratum preserving homotopy from the identity{d&g ¥;}. We just need to check that
it is a controlled homotopy. This amounts to verifying the continuity of the function

gB(w,t,s), ift<1,

‘holinkg (cyl(p), Y IxI—Y; , 1, .
v+ :holinks (eyl(p). Y) x I x I — @12 ), if 1 =1.

One checks that, is given by

(w,1,5) { [¥ (@, 51 —1—5),1], if t<1,
»(0), if r =1,
_ {pyw(s—sz), ifr<1,
pyw(0), if r =1,
= pyw(s — st).

Once again the properties of the compact-open topology showthatcontinuous. O

4. Stratified fibrations and stratified approximate fibrations

Definitions are recalled from [9,10], and a mapping cylinder criterion for a map to be
a stratified approximate fibration is established (Proposition 4.2)XLabdY be spaces
with partitions{X;};c7 and{Y,} ;c 7, respectively.
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Definition 4.1.
(1) Amapp:X — Y is astratified fibrationprovided given any spacg and any
commuting diagram

f

7—'sx
xO\L iP
ZxI—Ltsy

with F a stratum preservmg homotopy, there existstiatified solutioni.e., a

stratum preservmg homotop? Z x I — X such thatF(z 0) = f(z) for each
zeZandF = pF.

(2) A map p: X — Y is a stratified approximate fibratiorprovided given any
commuting diagram as in (1), there existstaatified controlled solutioni.e., a
mapf Z x I x[0,1) — X which is stratum preserving alorgx [0, 1) such that
F(z,0,1) = f(z) for each(z, 1) € Z x [0,1) and the functionF : Z x I x I — Y
defined byF|Z x I x[0,1) = pF andF|Z x I x {1} = F x id;y; is continuous and
stratum preserving alonfyx 1.

Of course, ampproximate fibratiofls a mapp : X — Y which is a stratified approximate
fibration whenX and Y are stratified with a single stratum. For more background on
approximate fibrations from the point of view used here see [14]. The original definition of
an approximate fibration is due to Coram and Duvall [5].

Proposition 4.2. Let p: X — Y be a map between spaces with partitions. If
q :holinks(cyl(p),Y) = Y

is a stratified fibration, thep : X — Y is a stratified approximate fibration.

Proof. Define
f X — holink(cyl(p), Y),
@ :X x [0,1) — holink,(cyl(p), Y),
¥ tholink, (cyl(p), Y) x [0,1) - X

as in the proof of Theorem 3.1 and recall that g f, ¥;®, = idx and®, = f for all
t € [0, 1). Given a commuting diagram

h

Z—=X
o l
ZxI1-t>y
with H is a stratum preserving homotopy, there is an induced commuting diagram

7 —" holink, (cyl(p), ¥)

% Js

H

ZX]—————Y.
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Sinceq is a stratified fibration, there is a stratified solution
G :Z x I — holink,(cyl(p), Y)

of the second problem. Finally define a stratified controlled solution
H:ZxIx[0,1)— X; (x,5,0) > ¥ (G(z,9),1)

of the original problem. O

5. Homotopically stratified spaces

Some definitions from Quinn [23] are recalled (see also [9,10,13]) and the main result
Theorem 5.11 is stated and proved.

Definition 5.1. A subsetY C X is forward tamein X if there exist a neighborhoot
of Y in X and a homotopy:: U x I — X such thathg = inclusion:U — X, h|Y =
inclusion:Y — X foreachr € I, hi(U)=Y,andh (U \Y) x[0,1)) C X\ Y.

Definition 5.2. A space X with a stratification satisfying the Frontier Condition is a
homotopically stratified spadéthe following two conditions are satisfied:

(i) Forward Tamenes$:or eachk > i, the stratum¥; is forward tame inX; U Xj.

(i) Normal Fibrations.For eachk > i, the holink evaluation

q :holink(X; U Xi, X;) > X;

is a fibration.

Definition 5.3. Let X be a space with a partition and [EtC X.

(i) Y is stratified forward tamein X if there exist a neighborhood of Y in
X and a homotopy::U x I — X such thathg = inclusion:U — X, h/|Y =
inclusion:Y — X foreachr e I, hi(U)=Y, h(U\Y) x[0,1)) C X\ Y, and
h is stratum preserving alor@, 1). We say that: is anearly stratum preserving
deformation ofU to Y in XrelY.

(i) The space of nearly stratum preserving patbs

PnSp(Xa Y)
= {w e holink(X, Y) | there exists a stratund; with ((0, 1]) € X; }
and is partitioned by
Pasp(X, ¥)i = {w € Pasp(X, ¥) (D) € X;}.

Evaluation at 0 is denotefl: Pagp(X,Y) — Y.
We will need the following result from [10].

Proposition 5.4. Let X be a homotopically stratified metric space with finitely many strata
and letY C X be a closed union of some of the strata¥fThen
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(1) Y is stratified forward tame ik, and
(2) g:PnspX,Y) — Y is a stratified fibration.

The following is part of the main result.

Proposition 5.5. Let p: X — Y be a map between homotopically stratified metric spaces
each with only finitely many strata. If the mapping cylindst(p) with the natural
partition is a homotopically stratified space, thgris a stratified approximate fibration.

Proof. It follows from a variation of Proposition 5.4(2) established in [10], that
q - holink, (cyl(p), Y) — Y is a stratified fibration (one needs to observe here thgpryd
metrizable—see [13, 83]). Now apply Proposition 4.2]

The following deformation extension property will be needed in verifying forward
tameness (Proposition 5.7).

Lemma 5.6. Let X, Y be locally compact metric spaces with partitions andde — Y
be a proper stratified approximate fibration. Suppaesg Y is a closed union of strata
for which there is an open neighborhodd of A in Y and a nearly stratum preserving
deformatiom::U x I — Y of U to A in Yrel A. Let py = p|: p~1(U) — U. Then there
exists a homotopy

H :cyl(py) x I — cyl(p)

such that
(1) Ho=inclusion:cylpy) — cyl(p),
2) HHUx D) =h:U xI1—Y,

(3) H((cyl(pu)\U) x I) Scyl(p)\ Y,
(4) H|:(cyl(py)\U) x I — cyl(p) is a stratum preserving homotopy.

Proof. Define maps
F:iplU)yxIxI—Y; (x,5,0) > h(p(x), st),
F'=F|:p7Y(U)x[0,1) x I - Y,
fipNU) x[0,1) > X; (x,$) > x.

Then

prU) x [0,1)—L—>x

x0 14
p LU x [0, x I —E>y
is a stratified lifting problem. Thus, there is a stratified controlled solution

F:p Y (U)x[0,1) x I x [0,1) > X.
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In particular,F is stratum preserving alonigx [0, 1), F (x, s, 0, u) = x for each(x, s, u) €
p~1(U) x [0,1) x [0, 1), and, by [13, §3], the function

F:p X(U) x[0,1) x I x I — cyl(p);
[F(x,s,t,u),u], ifu<1,

(x,s,t,u) —~ { .
F(x,s,t) =h(px),st), fu=1

is continuous. Define a function

G:(cyl(py) x [0,1) x I) U (U x {1} x I) — cyl(p);

G([x,s], t,u)=F(x,t,u,s), if (x,s)ep t(U)xI,
G([yl,t,u) = h(y, tu), if (y,1)eU x[0,1),
G(y91’u)=h(yvu)a |fy€U

Even thoughG need not be continuous, it is true that

Gl:cyl(py) x[0,1) x I — cyl(p)

is continuous. To see this, recall that@y)) has the quotient topology. Let (p~1(U) x
Y — cyl(py) be the quotient map. It follows that

g xidio1yxs:[(p7HU) x DU Y] x [0,1) x I — cyl(py) x [0,1) x [

is also a quotient map (e.g., [18, Theorem 20.1]). The continuit§ efsily implies that
G| o (¢ x idjp,1yxs) is continuous and the continuity @| follows from the standard
transgression lemma. Since gyl;) is metrizable (e.g., [13, 83]), we can use a partition of
unity argument to construct a map cyl(py) — I such that

1) ¢t =0,

(2) s <o([x,s]< 1foreachx,s]ecyl(py)\U,

(3) diam{G([x,s'],s,t) | o([x,s]) <s' <1} <1—s foreach[x,s] ecyl(py) \ U and

tel.
Then the function

H :cyl(py) x I — cyl(p);
{ H([x,s],t) = G([x, o(Ix, sD], s, 1), if (x,s) e p~2(U) x I,
H(yl.H)=G(y,1,0) =h(y,1), if yeU

is continuous and is the desired extension.of O

Proposition 5.7. Let Y be a locally compact homotopically stratified metric space with a
finite number of strata, lek be a locally compact metric space with a partition, and let
p: X — Y be a proper stratified approximate fibration. AfC Y is a closed union of strata
of Y, thenA is stratified forward tame iyl(p).

Proof. By Proposition 5.4(1)A is stratified forward tame irY, so letU be an open
neighborhood ofd in Y with a nearly stratum preserving deformation x I — Y of U
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to Ain YrelA and letH :cyl(py) x I — cyl(p) be the extension of given by Lemma
5.6. Define the map

m:cyl(p) x I — cyl(p);
([x,s, )~ [x,A—=0)s +1], if (x,s)eX x1,
{[y]'—>[y], if yeY.
Define
G:eyl(py) x I — cyl(p); (z,t) > H(m(z,1),1).

ThenG is a nearly stratum preserving deformation of(gyl) to A in cyl(p)relA. O

Corollary 5.8. Letp: X — Y be a proper stratified approximate fibration between locally
compact homotopically stratified metric spaces each with only finitely many strata and
suppose the strata df are path connected. Then the natural partitionayf(p) is a
stratification satisfying the Frontier Condition and Forward Tameness condbti2i).

Proof. The partition of cy(p) is obviously locally finite (in fact, it is finite). That each
stratum is locally closed (i.e., the intersection of an open set and a closed set) follows easily
from the fact thapp maps closed sets onto closed sets. For both the Frontier Condition and
Forward Tameness there is only one nontrivial case to consider: sufipdseare strata of
X, Y, respectively, and’; Ncl(X; x [0, 1)) # @ where the closure is taken in ¢yl). Since
Y/ =clY; is stratified forward tame it by Proposition 5.4(1), it follows from Proposition
5.7 thatY/ is stratified forward tame in cgp). Hence, letU be an open neighborhood
of Y/ in cyl(p) with a nearly stratum preserving deformationU x I — cyl(p) of
U to Y/ in cyl(p)relY/. SinceY; Nncl(X; x [0,1)) # ¢ and Y; is open inY/, there
exists (xo, 10) € (X; x [0,1)) N U such thatp(xg) € Y N U and h1(p(xo)) € ;. Say
p(xp) € Y. Then for everys € [0, 1), w,:[0,s] = Y; ws(t) = h(p(xp),?) is a stratum
preserving path with initial lifttg € X. Sincep is a stratified approximate fibration, there
are stratum preserving paths : [0, s] — X with @s(0) = xo and pw;s as close tows
as desired. Thelw;(s),s) € X; x [0,1) are points arbitrarily close tb1(p(xo)). This
shows that1(p(xp)) € cl(X; x [0, 1)). Sinceh is nearly stratum preserving, we also have
h1(p(xo0)) € cl Y. Since the stratification df satisfies the Frontier Conditioli; < cl(Y%).
Now supposep € Y; is another point. Let : I — Y; be a path fronk1(p(xo)) to yo. Since
w1 —Y; o) =h(p(xo),t)is anearly stratum preserving path frgrtxg) to 21(p(xo))
andg :holink(Yx U Y;, Y;) — Y; is a fibration, it follows that there exists a nearly stratum
preserving patly : I — Y, UY; from p(xo) to yo. Now the same argument given above
for h1(p(x0)) shows thatg € cl(X; x [0, 1)). HenceY; C cl(X; x [0, 1)) and the Frontier
Condition is verified.

To show thatr’; is forward tame in glX; x [0, 1)) U Y;, simply let

V=ht¥pn[cl(X; x[0,D)UY;].

Thenh|(V x I) is a nearly stratum preserving deformatioriofo Y; in cl(X; x [0, 1)) U
Yj I'E|Yj. Od
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Lemma 5.9. Let X be a homotopically stratified metric space with finitely many strata
and letY C X be a closed union of some of the strataXofSuppose is a metric space
for which there is a stratified lifting problem

Z— PX.Y)

| b

ZxX]————Y

andletZo={z€ Z| f(2)(t) = f(z)(0) for all t € I}. Then there exists a stratified solution
F:Z x I — Ppgp(X, Y) such thatF(z, s)(t) = F(z,s) forall (z,s,1) € Zg x I x 1.

Proof. LetG:(Z\ Zg) x I — Pnsp(X,Y) be a stratified solution of the restricted problem
(which exists by Proposition 5.4(1)). Using a partition of unity define a ma(Z \ Zo) x
I — [0, 1) such that

diam{G(z,5)(t) |0< 1 < ¢(z,5)} < 2diam{ f (z)(])}
foreach(z,s) € (Z\ Zp) x 1.

Define
Fz.9)0) = { G tp@ ). TzeZiZ,

F(z,s), if z € Zo. O

The following proposition is the remaining part of the main result.

Proposition 5.10. Let p: X — Y be a proper stratified approximate fibration between
locally compact homotopically stratified metric spaces each with only finitely many strata
and suppose the strata &fare path connected. Thayl(p) with the natural partition is

a homotopically stratified space.

Proof. Given Corollary 5.8 it only remains to verify the Normal Fibrations condi-
tion 5.2(ii). There is only one nontrivial case: suppd§e Y; are strata ofX, Y, respec-
tively, andY; C cl(X; x [0, 1)) where the closure is taken in ¢yl). We need to show that
q -holink((X; x [0, 1)) UY;,Y;) — Y; is afibration. For this we will apply the machinery
of [13, §4] with which we assume the reader is familiar. By Proposition B/ % clY; is
stratified forward tame in cyp). Let U be an open neighborhood &f in cyl(p) with a
nearly stratum preserving deformatibnU x I — cyl(p) of U to Y/ in cyl(p)relY/. Let

V=h'(Y)) N (X; x [0,1) N py A UNY).
ThenV is a neighborhood of ; in (X; x [0,1))UY; andr = hy|:V — Y; is a retraction.
By [13, 84] it suffices to verify theW (r)-lifting property for the pair((X; x [0, 1)) U
Y;,Y;). Recall the definitions:

Wi(r) ={z 0) €Y; x Y] | z= (@)},

Wa(r) = {(z.0) € (V\Y)) x Y] |r(2) =D},

W(r) =Wi(r) U Wa(r).
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The goal is to define a map: W(r) — ((X; x [0,1)) UY;)! such that
(1) a(z, w)(0) = w(0) for each(z, w) € W(r),
(2) a(z, w)(1) =z for each(z, w) € W(r),
(3) a(z, w) = w for each(z, w) € W1(r),
(4) a(z, w) €holink((X; x [0, 1)) UY;,Y;) for each(z, w) € Wa(r).
Define a stratified lifting problem

W(r) . Pasp(Y, Y;)
xol lq &)
W) x | —E—Y;
by f(z, w)(s) =h(py(z),1—s) and
hi(pyh(z,2s)), f0<s<1/2,
w(2— 2s), ifl/2<s<1.

Note that if (z, w) € Wi(r), then f(z, w) is the constant path ate Y;. Thus, Lemma 5.9
implies that there exists a stratified solution of @)W(r) x I — Pngp(Y, Y;) such that
F((z, w),s)(t) = F((z,w), s) forall ((z, w), s, t) € W1(r) x I x I. Now define a stratified
lifting problem

F((z, ), ) ={

Wa(r) x [0,1) —5— X
Xoi ). o)
Wa(r) x [0,1) x I —%>y
Note that there are continuous extensionsGoto G':W(r) x I x I — Y and g to
g Wa(r) x I — X; it is just thatG’ is no longer stratum preserving agd does not
extend toW (r). Let G: Wo(r) x [0,1) x I x [0,1) — X be a stratified controlled solution
of (2). In particular,
G :Wa(r) x [0,1) x I x I — cyl(p);
[6((2, ), s, t,u), u], if u <1,
[G((z, ®),5,1)], ifu=1

is continuous [13, 83]. Use a partition of unity to construct a map/2(r) x [0,1) — I
such that

((z,a)),s,tu) =

diam{ﬁ((z, a)),s,s,s’) | (p((z, a)),s) <s' < 1} <l-s and
s < (p((z, a)),s) <1 for each((z, a)),s) € Wo(r) x [0, 1).
Define
B:Wa(r) x I — cyl(p); ((z, a)),s) > 6((1, ), s,s, ¢z, a)),s)).

Then B extends continuously t@&: W) x I — cyl(p) by setting @((z, w),s) =
F((z,w),s) if (z,w) € W1(r). The adjoint ofa is a mapa : W(r) — cyl(p)! with the
desired properties. O
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The main result of this paper can now be established.

Theorem 5.11.Let p: X — Y be a proper map between locally compact homotopically
stratified metric spaces each with only finitely many strata and suppose the stréta of
are path connected. Thenis a stratified approximate fibration if and only if the mapping
cylindercyl(p) with the natural partition is a homotopically stratified space.

Proof. If p is a stratified approximate fibration, then Proposition 5.10 implies thapxyl
is homotopically stratified. The converse follows from Proposition 535.

Remark 5.12. Connolly and Vajiac [4] have recently used this result in their work on ends
of stratified spaces.

6. Locally flat submanifolds

In this section we specialize to the case in which the stratified spaces are (unstratified)
manifolds. A proper approximate fibration between manifolds is calleshamifold
approximate fibration It follows from Theorem 5.11 that the mapping cylinder of a
manifold approximate fibration is a homotopically stratified space with two strata. This
fact also follows from the results in [13] where homotopically stratified spaces with two
strata were studied in more detail.

Here we are interested in knowing when the mapping cylinder of a manifold
approximate fibration is actually a manifold with the base a locally flat submanifold. The
answer (Theorem 6.1) is not surprising and should be considered part of the folklore
(see Remark 6.3). Nevertheless, we include it here in order to make the point that
this local flatness result follows from the general machinery of stratified spaces (see
also [16]). Moreover, stratified techniques should have applications to certain nonlocally
flat embeddings. We hope to explore nonlocally flat submanifolds in a future paper.

Theorem 6.1 (Folklore). Let p: M — N be a proper map between manifolds with
dmM =m > 5 and dimN = n. Thencyl (p) is a manifold with N a locally flat
submanifold if and only ifp is a manifold approximate fibration with homotopy fibre
homotopy equivalent to th@e: — n)-sphere.

Proof. Suppose first thaV is a locally flat submanifold of cylp). Then Fadell [7] proved
that g : holink(cyl(p), N) — N is a fibration with fibreS”~". Theorem 3.1 implies that
p is controlled homotopy equivalent to Hencep is an approximate fibration [14, 12.8]
(or use Theorem 5.11 since ¢ybh is homotopically stratified). Moreover, the associated
Hurewicz fibration ofp is fibre homotopy equivalent i [13, 4.8] so the homotopy fibre
of pis §™".

Conversely, assume that is a manifold approximate fibration with homotopy fibre
S™. Let po:V — R” be the fibre germ op (cf. [14]). Then the homotopy fibre of
po is $™~" and there is a controlled homotopy equivalence frpgnto the projection
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proj: ™" x R" — R" [14,12.5, 12.15]. By [8po: V — R" and proj:$”™~" x R" — R”
are controlled homeomorphic. This means that(pylis locally homeomorphic to the
mapping cylinder of proj§™—" x R" — R”. SinceR" is a locally flat submanifold of the
manifold cyl(proj), the result follows. O

Corollary 6.2 (Folklore).Let N be a submanifold of a manifold with dmK =k > 6
anddimN =n > 5. ThenN is locally flat in K if and only if N has a mapping cylinder
neighborhoodcyl(p) where p: M — N is a manifold approximate fibratiordimM =
k — 1, and the homotopy fibre ¢f is homotopy equivalent to thé — n — 1)-sphere.

Proof. The only new information needed here to apply Theorem 6.1 is the fact tiNasif
locally flat in K, thenN has a mapping cylinder neighborhood&n This result is due to
Edwards [6] (for a published proof see [15])0

Remark 6.3. Some of the papers which establish closely related local flathess results (and
which likely could be used to give proofs of Theorem 6.1 and Corollary 6.2 as stated) are
those of Chapman [3], Edwards [6], and Quinn [19,21,22].

7. Stratified collections of bundles

In this section we show that mapping cylinders of certain stratified maps between
homotopically stratified spaces are themselves homotopically stratified spaces. This gives
a different perspective on a result due to Cappell and Shaneson [2].

Definition 7.1. Let X andY be spaces with partition(;};cz and{Y;} ;c 7, respectively.
Amapp: X — Y is astratified collection of bundlg&for every stratumy’; of ¥, p~1(v;)

is a union of strata ok, and p|: X; — Y; is a fibre bundle projection for each stratum
Xi < p~yy).

Examples 7.2.

(1) LetX, Y be Whitney stratified subsets of smooth manifalisN, respectively. Let
p:X — Y be a proper map which is the restriction of a smooth map> N such
that for each straturii; of Y, the inverse imagp*l(Yj) is a union of strata ok,
each of which is mapped submersively oito (In the literature, this is often the
definition of a ‘stratified map’.) It follows from Thom’s First Isotopy Lemma [17,
24] thatp is a stratified collection of fibre bundles.

(2) If p: X — Y is a proper algebraic map between real or complex algebraic varieties,
then the conditions in (1) are satisfied (cf. [8] and Corollary 7.5 below) sgptlet
a stratified collection of bundles.

Theorem 7.3. If X andY are locally compact homotopically stratified metric spaces each
with only finitely many strata, the strata Bfare path connected, ang: X — Y is a proper
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stratified collection of bundles, thenis a stratified approximate fibration arayl(p) with
the natural partition is a homotopically stratified space.

Proof. By Theorem 5.11 it suffices to show that gy) is homotopically stratified. That
the partition is locally finite and the strata are locally closed is obvious. It remains to check
the Frontier Condition, Forward Tameness and Normal Fibrations. As in the proofs of
Corollary 5.8 and Proposition 5.10, there is only one nontrivial case to consider: suppose
X;, Y; are strata ofX, Y, respectively, and’; N cl(X; x [0, 1)) # @ where the closure
is taken in cylp). Let Y, be the stratum ot such thatp(X;) C Y. EitherY;, =Y; or
Y; C Y.

For the Frontier Condition note that sindg is path connectedy(X;) = Y. Since
Y; Ccl(Yy) it follows thatY; € cl(X; x [0, 1)).

To verify thatY; is forward tame in(X; x [0,1)) UY; assumeY; # Y; as the case
Y, =Y; is trivial (push down the mapping cylinder segments). Use the factlthas
forward tame inY; U Y; to get a neighborhood of Y; in Y, U Y; and a nearly stratum
preserving deformatioh:U x I — Y, UY; of Uto Y; in Y, UY;relY;. Then there is a
commuting diagram

p_l(U)ﬂXj inclusion X;

|

[p~ 1) N X1 x [0, ) —=1;

where F(x,s) = h(p(x),s). Sincep|:X; — Y is a bundle projection, this ‘half-open’
homotopy lifting problem has a solutiof :[p~X(U) N X;] x [0,1) — X;. Define
H:([p7Y(U)NX;1UY;) x I - (X; x [0,1))UY; by

(F(x,5),5) €X; x[0,1), fxep t(U)NX;, 0<s <1,
H(x,s)= 1 h(p(x),1) eY;, ifxep X(U)NX;, s=1,
X, ifxeY;, 0<s <L

Then H is a nearly stratum preserving deformation [pf1(U) N X;] U Y; toY; in
[X; x[0,DH]UY; reIX,.

To show that; : holink((X; x [0, 1)) UY;,Y;) — Y; is a fibration, consider first the case
thatY, =Y;. Note that([X; U[0, 1)]UY;, Y;) = (cyl(p|: X; — Y;), Y;) and Theorem 3.1
implies thatg : holink(cyl(p|: X; — Y;), Y;) is controlled homotopy homotopy equivalent
to a bundle projection. It follows that is an approximate fibration [14, 12.8] and hence,
a fibration [10, 8.6] (cf. [13, 4.8]). Now consider the cadseC Yy, Y; # Y and suppose
given a lifting problem:

Zz L holink((X; x [0, 1) UY;,Y))

x0 l‘]

Zx1 £ Y;

There is an induced map
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ps«holink((X; x [0,1)) UY;, ¥;) — holink(Y; UY;, Y;);
px(@)(1) = py p(w(®))
and a stratified lifting problem

72 holink((Y; UY;,Y;)

Xol ¢

Zx1 £ Y;

which has a solutio : Z x I — holink(Y; UY;, Y;) (sinceY is homotopically stratified).
In turn, this gives rise to a commuting diagram

Zx (0,1 —' ~x;
x0 pl >
Z x I x (0,1]—6>Yk

where f(z,s) = px(f(2)®)) andG(z, s, 1) = G(z,5)(1). Sincep|: X; — Y is a fibre
bundle, there exists a solutiol : Z x I x [0, 1) of this ‘half-open’ homotopy lifting
problem. Finally define a solutioR : Z x I — holink((X; x [O, 1)uY;,Y;) of the original
problem by

(H(z,s,0),c1(f(2)®)), if0<r<1,

F@¢X0={F@J% if r=0. O

Corollary 7.4 (Cappell and Shaneson [2])et X, Y be Whitney stratified subsets of
smooth manifolds\f, N, respectively. Letp: X — Y be a proper map which is the
restriction of a smooth mapf — N such that for each stratu¥i; of Y, the inverse image
p*l(Yj) is a union of strata ofX, each of which is mapped submersively oHfo Then
cyl(p) with the natural stratification is a homotopically stratified space.

Proof. Combine Remark 7.2(1) with Theorem 7.30

Corollary 7.5. Suppos& andY are

subanalytic real analytic

real semialgebraic real algebraic
. subsets of .

complex analytic complex analytic

complex algebraic complex algebraic
respectively. Ifp: X — Y is a proper

subanalytic

real algebraic
complex analytic
complex algebraic

then there are Whitney stratifications &f and Y such thatp becomes a stratified
approximate fibration.

smooth manifoldd/ and N,
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Proof. There are Whitney stratifications af andY so thatp satisfies the hypothesis of
Theorem 7.3. See the references in [8, Part I, 1.7].

Remarks 7.6.

(1) Cappell and Shaneson point out [2] that in the setting of Corollaries 7.4 and 7.5,
cyl(p) need not be Whitney stratified. In particular, homotopically stratified spaces
naturally arise in the setting of algebraic maps between algebraic varieties. The new
point here is that stratified approximate fibrations also arise naturally.

(2) Cappell and Shaneson proved more in [2] than in Corollary 7.4, namely thia) cyl
is a ‘manifold homotopy link-stratified space’. However, one of their main steps
was showing that cyp) is homotopically stratified. Our proof of this step might be
considered more elementary than the one offered in [2] because our proof relies only
on Thom'’s First Isotopy Lemma whereas [2] uses both the First and Second Isotopy
Lemmas (the Second Isotopy Lemma is usually reserved for situations where Thom
regularity holds [17,24]).

(3) A topological treatment of Thom’s Isotopy Lemmas is expected to appear in [11],
cf. [9].

(4) The assumption of path connectivity of the strata in Theorem 7.3 can usually be
avoided by passing to finer stratifications, cf. [1] and [10, §10].

(5) There is an obvious definition of ‘stratified collection of fibrations’ for which the
proof of Theorem 7.3 generalizes.

Stratified collections are different from stratified systems (cf. [20,10]) as the final
example shows.

Example 7.7. Let X be the unit squaré(x,y) |0<x <1, 0< y < 1} in R?, and let
Y =[O0, 1] be the unit interval. Stratif)k andY so that they each have exactly two strata
with lower strataXo = {(0, y) | 0 < y < 1} and Yo = {0}, respectively. Define a map
p:X — Y with the following properties. Firstp~1(Yo) = Xo andp|: X \ Xo — Y \ Yo

is a fibre bundle projection with fibre the closed interval. Howeyers not to be first
coordinate projection. Instead insist for eack 2, 3, 4, ... that p~1(1/n) is a smooth arc
in X running from the bottom edge of to the top edge oX. The arcp~1(1/n) is to
be the graph of a smooth map defined on a small closed neighborhdag, b,,] of 1/n
with image[0, 1] such thatf, (a,) =0, f,,(b,) = 1 andf,, has exactly two local extrema in
(an, by). The local extrema occur a andd,, with a,, < ¢, <d,, < by, fn(cy) =2/3, and
fu(dy) = 1/3. Then there is no deformation of a neighborh@baf Yp to Yo in Y relYy
which is covered by a deformation @f 1(U) to Xo in X relXo. Thus, p is a stratified
collection of bundles, but not a stratified system of fibrations (or bundles).
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