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This paper is concerned with parameterized families of approximate fibrations from a compact
Hilbert cube manifold M to a compact polyhedron B. The main result shows how to straighten
out certain of these families to be nearly like a product. As an application of this technique, it
is shown that an approximate fibration p:M -» B can be approximated arbitrarily closely by
bundle maps if and only if p is homotopic via approximate fibrations to a bundle map. Another
result is that the space of bundle maps from M to B is locally n-connected for each n = 0.

AMS Subj. Class. (1980): Primary 57N20,55R65, 54C10; Secondary 55R10, 55R05, 54C35

Hilbert cube manifold approximate fibration bundle map Hurewicz fibration

1. Introduction

Let p: M - B be an approximate fibration from a Hilbert cube manifold M onto
an ANR B such that p is homotopic via approximate fibrations to a bundle map.
The purpose of this paper is to prove that p can be approximated arbitrarily closely
by bundle maps. The techniques used to prove this also provide local homotopy
information about the space of bundle maps from M to B. In order to state our
results more completely we need to make some definitions.

Except for the various function spaces which we consider, all spaces are locally
compact, separable and metric. The Hilbert cube Q is the countable infinite product
of closed intervals and a Hilbert cube manifold or Q-manifold is a manifold modeled
on Q. A map f:X - Y (i.e., a continuous function) is proper provided f '(C) is
compact for all compact subsets C of Y. If a is an open cover of Y, then a proper
map f: X > Y is said to be an a-fibration if for all maps F:Z x{0,1]-» Y and
g:Z -» X for which fg = F,, there is a map G:Z x[0, 1]-» X such that Go=g and
fG is a-close to F (that is, given any (z, t) in Z X [0, 1] there is a U in a containing
both fG(z,t) and F(z,t)). If ¢ >0, then we also use ¢ to denote the open cover
of Y by balls of diameter . Thus, we speak of e-fibrations.
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A proper map f: X > Y between ANRs is an approximate fibration provided it
is an a-fibration for each open cover « of Y. This notion was introduced in [7].
By a bundle map we mean a proper map which is the projection map of a locally
trivial bundle.

Let I" denote the n-cell [0, 1]" and let 0 denote the point (0,0,...,0)inI". A
map f: X XI" - Y xXI" is fiber preserving (f.p.) if wf = w where & denotes projection
onto I" If f: X xI">Y xI"isaf.p. map and ¢t is in I", then f,: X > Y denotes the
restriction f|(X x{t}): X x{t}> Y x{t}.

We can now state the main result.

Theorem. Let M be a Q-manifold, let B be an ANR, and letp:M xI" > B xI" be
a f.p. map such that p,:M - B is an approximate fibration for each t in I" and
Po:M - B is a bundle map. For every open cover a of B there exists a f.p. homeo-
morphism H:M xI" - M xI" such that Hy=id and p.H, is a-close to p, for each ¢
inI".

This result has been obtained by Steve Ferry [10] for B =S" even when p, is
not assumed to be a bundle map.

Our first application of the main theorem is concerned with the problem of
approximating an approximate fibration arbitrarily closely by bundle maps. This
problem has been considered by several authors. Let M be a Q-manifold and let
p:M > B be an approximate fibration. Husch [12] proved that if B=S ! then p
can be approximated arbitrarily closely by bundle maps if and only if p is homotopic
to a bundle map. On the other hand, Chapman and Ferry [6] constructed approxi-
mate fibrations p:M - S* which are homotopic to bundle maps but cannot be
approximated arbitrarily closely by bundle maps. A positive result due to Chapman
[2] is when B is a polyhedron p can be approximated arbitrarily closely by block
bundle maps provided that a certain #,-condition on the homotopy fiber of p is
satisfied (versions of this theorem when M is a topological manifold have been
given by Quinn [13] and Chapman [3]). We have the following corollaries of the
main theorem.

Corollary 1. Let p: M - B be an approximate fibration from a Q-manifold M onto
an ANR B. If p is homotopic via approximate fibrations to a bundle map, then p
can be approximated arbitrarily closely by bundle maps.

Corollary 2. Let p: M - R™ be an approximate fibration from a Q-manifold M onto
euclidean m-space R™. Then p can be approximated arbitrarily closely by bundle
maps if and only if p is boundedly homotopic to a bundle map.

A homotopy is bounded if there is a constant ¢ >0 such that the diameter of the
track of any point is less than ¢. Husch [12] has also obtained a proof of Corollary
2 for the case m = 1 only assuming that p is properly homotopic to a bundle map.
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1t follows from [11] that the converse of Corollary 1 is true when B is a polyhedron.

Our next results are concerned with local homotopy properties of certain spaces
of maps. If X is a metric space (not necessarily locally compact) and n =0 is an
integer, then X is said to be locally n-connected (written LC") if for each x in X
and each open subset U of X containing x, there exists an open subset V of X
such that xe V.U and any map f:8I"*'> V extends to a map f:I"*'>U.
In [11] it was shown that the space of approximate fibrations from a compact
Q-manifold M onto a compact polyhedron B is LC" for each n =0. In this paper
spaces of maps are always given the compact-open topology.

Corollary 3. Let M be a compact Q-manifold and let B be a compact polyhedron.
The space of bundle maps from M onto B, the space of Hurewicz fibrations from M
onto B, and the closure of the space of bundle maps from M onto B are L.C" for each
n=0.

By the closure of the space of bundle maps from M onto B we mean its closure
in the space of all maps from M onto B. Thus, we are considering all maps which
are uniform limits of bundle maps. By a theorem of Chapman and Ferry [4] this
is the same space as the closure of the space of Hurewicz fibrations from M
onto B.

A key ingredient for the proofs in this paper is a parameterized engulfing theorem
from [11] which we state below for the convenience of the reader. For notation B
and Z will be fixed ANRs where Z is compact and Z X R is an open subset of B.
Let 7r1 denote projection onto Z and 7, projection onto R. Let C be a closed
(possibly empty) subset of a/". Let : RxI" - RXxI" be a f.p. homeomorphism such
that 8 |Rx C is the identity, x <,8(x, t) for each x in R and ¢ in I", and 6 is
supported on [—1, 1]xI". Finally, let 8":BxI" > B xI" denote the f.p. homeo-
morphism which extends idz X  via the identity.

Theorem 1.1 ([11], Theorem 4.3). For every £ >0 there exists a § >0 so that if M
is a Q-manifold and p:MXI">BXxI" is a f.p. map such that p.M->B is a
S-fibration over Z x[—2,2] for each t in I", then there is a {.p. homeomorphism
§:M xI">M xI" such that
(i) 6|M xC is the identity,

(ii) pﬂ. is e-close to 6'p,

(iii) @ is supported on p~(Z x[—1,1]xI"),

(iv) there is a f.p. homotopy 6,:id=6,0=<s<1, whichisa (wlp)_l(e)-homotopy
over Z xRXI" and is supported on p~(Z x[-1, 1]1x(I"\C)).

This paper is organized as follows. The proof of the main theorem is contained
in Section 4. Section 2 contains the wrapping up construction needed for the proof
of the handle theorem of Section 3. The main theorem is proved by using the
handle theorem. The proofs of the corollaries are in Section 5.



162 C.B. Hughes | Approximate fibrations and bundle maps
2. Wrapping up

In this section we present a variation of the parameterized wrapping construction
in [11] which in turn is a variation of Chapman’s wrapping construction in [2].
Throughout this section # will denote a fixed non-negative integer and B and Z
will denote fixed ANRs where Z is compact and Z X R is an open subset of B. Let
e:R->S" be the covering projection defined by e (x) = exp (;wix) where S is the
set of complex numbers of absolute value 1 (thus e has period 8).

Theorem 2.1. For every € >0 there exists a § >0 so that if M is a Q-manifold and
pMXI">BXI"is a f.p. map such that p,: M - B is an approximate fibration for
eachtinI", and f:M XI" >M XI" is a f.p. map such that fo=id and (poxid)f is
8-close to p, then the following statement is true: for every u >0 there is a compact
Q-manifold M and fp. maps p:MxI">ZxS'xI", f:MxI">MxI", and
W:ip HZ x (=1, 1)XI")>M XI" such that p, is a u-fibration for each tin I"™, fo=id,
(Poxid)f is e-close to p, W is an open embedding and such that the following two
diagrams commute

1
™

MxI" ZxS'xI"

v idXxe xid
pNZ x (=1, 1)xI"™) d Zx(-1,1)xI"

MxI" MxI"

v Wy xid

p UZ x (-3, %)xI")—f'» (Poxid)™MZ x (-1, 1) xI")

Proof. In Section 5 of [11] the compact Q-manifold M, the f.p. map j:M xI" >
Z x8'xI", and the open embedding ¥:p ' (Z x (=1, 1)XI")>M xI" are con-
structed. We are only left with defining the f.p. map f:M xI" > M XI". In order
to do this we must recall some of the details of the construction of M.

Let 8:R- R be the PL. homeomorphism which is supported on [—3, 3] with the
property that for —2.2=<x <—1.8 we have 8(x)=x+4. Let §,:id=6, 0=t =<1, be
the obvious isotopy. Let §,:Z XxRXI">Z xRxI", 0<t=<1, be the f.p. isotopy
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defined by §, =id x 6, Xid. Then 6, extends via the identity to a f.p. isotopy defined
on all of BxI" which we continue to denote by 4, Using the parameterized
engulfing result (Theorem 1.1) one produces a f.p. isotopy 6,;: M xI">M xI",
0<t<1, such that §,=id, 4, is supported on p~(Z x[-3,3]xI") for each ¢ in
{0, 1], and p6~, is u'-close to §,p for each ¢ in [0, 1] where u'>0 is as small as we
choose. Perhaps we should indicate how Theorem 1.1 is used here to get the isotopy
6, because the statement of that theorem only provides a homotopy id = 6,. One
simply applies the theorem to the map

pXid: M xI"x[0,1}> B xI" x[0, 1]

to cover the f.p. homeomorphism 6':B xI" x[0, 1]-»B XI" %[0, 1] defined by
6'(b, s, t)=(6:(b, 5), 1).
To define M one first defines

Y =6,p7HZ x(—00, =2]x I")\p "HZ x (=00, =2) X I").

Then define M = Y/~ where ~ is the equivalence relation on Y generated by
y ~8:(y)foreachy inp  }(Z x{=2}xI"). Asin {11, Section 5]we use the submersion
theorem from [14] to identify M with a product M xI" where M is the compact
Q-manifold Y,/~. Here Yy is the slice of Y over 0; that is,

Yo=6,p NZ x (—00, 2] x {0P\p " 1(Z % (—00, —=2) x {0}).

Recall that ¥ can be regarded as an inclusion map.

To define the map f:M XI"->M xI" we first define an auxiliary map f': Y -
p N(Z xRx{0})xI". By a slight abuse of notation we identify p HZ xRx{O})xI"
with (poxid) '(Z xRXI"). Define subsets E_ and E, of Y by E_=
p NZ x{-2}xI") and E.=6(E_). The map f’ is to have the following two
properties:

() f'=flrel E_U Y, via af.p. (poX id)_l(p.")-homotopy where the size of " >0
depends on the size of w'.

()  f|E.=6:,|M x{0)xid;)ofo 7' |E,.

Define a homotopy g :E_UE.»p (ZXRx{0)xI", 0<st<1, by g, |E_=f|E_
and

g Es=((6,|M x{0)) xidr~) o f o 6. | E.,

for each ¢ in [0, 1]. One sees that g, 0<<t=<1, is a (poxid)™*(u")-homotopy and
that go=7|. By the estimated homotopy extension property [5] g, extends to a
homotopy g, 0=t =1, defined on all of Y so that f' = g, satisfies conditions (i) and
(ii) above.

Notice that (poxid)f’ is §'-close to p| where the size of §'>0 depends on the
size of § and u. This implies that we may assume that the image of f' lies in
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[(9'1'1 (Yo)u Youél(Yo)]xI". The quotient map q: YoXI" > M xI" extends to
G:[671 (Yo)u You bi(Yo)IxI" > M xI"

in the obvious way. Now §f' factors through the appropriate equivalence classes
to define the map f:M xI">M xI". O

3. The handle theorem

In this section we present a proof of the handle theorem which is needed for the
proof of the main theorem in Section 4. As might be expected the handle theorem
is proved by a torus trick. For notation let R™ denote euclidean m-space and let
T™=8"x---x8" (m times) denote the m-torus. For each r >0 let BI" denote the
m-cell[—r, r1™ in R™ and let B" denote itsinterior (—r, r)™. Lete™ =e X+ - - Xg:R™ >
T™ denote the product covering projection where e: R §' is the covering projection
of Section 2. Finally, let B be an ANR which contains R™ as an open subset and
let n =0 be an integer.

Theorem 3.1. For every € >0 there exists a 6 >0 so that if M is a Q-manifold,
p:MXxI">BXxI"is a f.p. map such that p, : M - B is an approximate fibration for
each tinI", and f:M xXI" >M xI" is a f.p. map such that fo=1id and (poxid)f is
5-close 1o p, then there is a £.p. map f:M xI" M xI" which is a homeomorphism
over po' (BT) X I" and which is homotopic to f rel (M x{0) U™ (ps' (B\BT)xI")
via a £.p. (poxid) (¢)-homotopy.

Proof. As in [8, Section 8] we regard 7™ ' X R as an open subset of B so that
the composition
e™ ' xid:BY =B5 ' x[-2,2]>T" ' x[-2,2]c T™ ' xR BY

is the inclusion. Given the hypothesis of the theorem we use Theorem 2.1 to find
a compact Q-manifold M and a f.p. commutative diagram

MxI" i T xI"

14 idxe xid

p

pHT™ I X (=2,2)xI") Tr 1% (=2,2)xI"

n

where ¥ is an open embedding and p, :M->T™ is a u-fibration for each ¢ in I
(u >0 is as small as we need). Moreover, there is a f.p. map f:M XI">M xI
such that fo=id, (foXid)f is §'-close to j (where the size of §’>0 depends on
the size of &), and such that the following diagram commutes:

n
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MxI" d MxI"

v ‘poxid

p BTy xI") pat (BFYxI"
Note that we are again abusing notation in order to identify po YBT)xI" with
(poxid) '(BY xI"). Also note that fp~'(BT's xI") is contained in (poxid) (B3 x
I™) provided & is small enough.

The next step is to form the pull-back diagram:

'

MII Rm xIﬂ
T e™ xid
M xI" T xI"

Since 7 is a bundle map we may identify M” with M’'XI" where M'=
(M x{0}). It follows that M’ is a Q-manifold and p}:M'->R™ is a u'-fibration
for each r in 1" (where the size of 1’ >0 depends on the size of ).

Define j:p (e (BT)XI")Y>M"=M'xI" by

j, 0 =((x, 1), (e™|B3T)xid) " (B(x, 1)))
for (x,t)ep e (BT)XIMc M xI" In other words j is the lifting of the inclusion
mapj_ (e™(BT)XI")<= M XI" so thatj is a homeomorphism onto (p) {BFxI™).
This map j induces a map
joxid: (poxid) (e (BF)XI")»>M'XI"

which is a homeomorphism onto (pj xid) (BT XI") = (ps) "(BF)xI".

In the following assertion we show how the information of the map f is carried
along by the pull-back construction.

Assertion 3.2. There exists a f.p. map f':M'xI" > M'xI" such that fo =id, (po X
id)f' is 8"-close to p', and such that the following diagram commutes::

M'xI" ! M'xI"

joxid

(Poxid) ' (e™(BT)XI™)

p e (BT)XI™
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Proof. It will be useful to regard the copy of M'xI" which is to be the image of
f' as being obtained from the following pull-back diagram:

by g POXid

M'xI R™ xI
moxid e™ xid

- n Poxid A

M xI T %I

Then to define f' we only need to specify its two components, namely (7o X id)f': M’ %
I">M XI" and (po xid)f':M'xI" > R™ xI". Of course, this needs to be done in
such a way that

(Poxid)(mo X id)f' = (™ xid)(po Xid)f".

The first component is defined by (o X id)f’ = far.

The second component will be defined by lifting a certain homotopy. Recall that
(Poxid)f is 8'-close to p. Thus we may assume that there is a §”-homotopy
H:pm=(poxid)fmr in T™ xI" where the size of §* >0 depends on the size
of 8'. This homotopy is taken to be f.p. and since fo=id we can also assume that
H is rel M' x{0}. Since pr=(e™ xid)p’ and ¢™ is a bundle map, we can lift H to
get a f.p. homotopy G;:M'XI">R"xI", 0<t=<1, Go=p', (¢™ xid)G, = H,, and
G,|M’'x{0}=p; for each ¢ in [0, 1]. One now checks that by defining the second
component by (po X id)f' = G,, the map f’ will satisfy the conditions of the assertion.
The size of §” >0 depends on the size §*. O

We now return to the proof of Theorem 3.1. The next step is to modify f'.
Choose K >3 so large that (pof.) "(BS) < (ps) "(BE)foreachtinI". Letu:M'->
[0, 1] be a map such that

u M) =(p6) '(BR) and u'(0)=(po) "(R™BR.1).

Define f":M'XI">M'XI" by f'(x,t)=(fuw(x),t). Note that f'=f over
(p6) " (BT)xI" and if L =K +1 is chosen so large that

(Pof) HR™MBL) N (pof!) ' (BR+1)=0
for each ¢ in 1", then f" = id over (po) "(R™\BJ') x I". There is also a f.p. homotopy
f'=f" which is rel (M’ >x{0}) U (f) ((po) ' (BF)XI"™).

It will be convenient to modify f” slightly so that for some small neighborhood
N of 0in I'" it is the identity over M’ X N. This can be done by a small f.p. homotopy
rel M' x {0}, so we just assume that f; =id for each r in N.

Let y:R™ xI" > R™ xI" be a radially defined f.p. homeomorphism such that vy is
the identity on B3 XI", v, takes BT to B3 fort in I"\N, and for ¢ in N, v, is phased
out so that yo =id. Notice that y,p,: M'—> R" is a u"-fibration for each r in I where
the size of u" >0 depends on the size of u’.
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The next step is to use engulfing to modify f” so that it becomes a homeomorphism
over (p6) '(B5')xI". To this end let §:R™ - R™ be a homeomorphism supported
on Bg' such that 6 preserves the last (m —1)-coordinates of any point and 6|B%'
adds 5.1 units to the first coordinate of any point (in B%'). Use 6 to define a f.p.
homeomorphism 6:R™ xI" -»R™ xI" such that 6, = 6 for each ¢ in I™\N and for ¢
in N, 6, is phased out so that 8, = id. By the parameterized engulfing result (Theorem
1.1) there are f.p. homeomorphisms 6, §%:M'xI" >M'xI" such that vp'6" is
g-close to Gyp', y(pb xid)6” is fi-close to 6y(phxid) where the size of & >0
depends on the size of " >0, and

'|(M’ x {0}) =id = 6°|(M" x {0}).

Moreover, just as in Section 2, we may assume that there are f.p. isotopies 6. :
id=4" and §7:id =67, 0=<s <1, rel M'x{0} such that if &,:id=§, 0<s <1, is the
obvious isotopy, then yp'é. is -close to d.yp' and y(ph xid)8? is pa-close to
dy(po Xid).

Now define f*:M'xI"»>M'xI" by f*=(6%)""f"6". It follows that f& =id, f* is
a homeomorphism over (p4)~'(B5')xI", and there is a f.p. homotopy (67’;)')_1f”0'},
0ss=<1, from f" to f*rel M'x{0} which is a small homotopy when projected
to R™ xI" by poxid. Putting all of this together we have a f.p. homotopy
H:f'=f* which is rel M'x{0} and which is a (pgxid)~'(¢)-homotopy over
(poxid)™'(B5 xI™).

We now want to use the map f* and the homotopy H to define the required
map f M xI">M XI". To do this one must first trace through the constructions
tosee that there isa homeomorphism g:p (B3 xI")~> (p’)" (B x I'"") which makes
the following two diagrams commute:

p B XI") —E—« (p)NBy xI™)
P p'
BI'xI"
p ' (BTs xI") (p) U(BYTsxI™)
f f
. —1,4$5m n gOXid ? . -1,
(Poxid) (B3 XI") ———(pj xid) (B xI")

With this homeomorphism in hand we identify p " (B7's x I") with (pH ' (BTs x

I™). Then f is defined so that f=f* over (poxid) (BT xI™), f=f over (pox
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id) '(R™BT's)xI"), and over (poxid) '(BT's\BT)xI") f is defined by the
homotopy H: f' =f*. This completes the proof of the theorem. O

4. Proof of the main theorem

In this section we prove the main result of this paper which is stated as Theorem
4.3 below. This follows quickly from Proposition 4.2 which is the global version
of Theorem 3.1 when po is a bundle map. In the complement to Theorem 4.3 we
consider the case when p, is a limit of bundle maps. We begin with a lemma needed
for the proof of Proposition 4.2.

Lemma 4.1. Let M be a Q-manifold, let X and Y be ANRs, p:M - X a bundle
map, and r: X > Y a cell-like map. Then rp:M - Y can be approximated arbitrarily
closely by bundle maps.

Proof. Let g: X X Q> Y X Q be a homeomorphism close to r Xido and let u: M X
Q - M be a homeomorphism close to projection (see [1]). If : Y X Q@ » Y denotes
projection, then wg(p Xidg)u~':M - Y is a bundle map close to rp. O

Proposition 4.2. Let B be a polyhedron and let n =0 be an integer. For every open
cover o of B there exists an open cover B of B so that if M is a Q-manifold,
p:MXI">BxI"is a f.p. map such that p,:M - B is an approximate fibration for
each tin I" and po is a bundle map, and {:M xXI" > M xI" is a f.p. map such that
fo=1id and pof. is B-close to p, for each t in I", then f is f.p.-homotopic rel M x{0}
to a f.p. homeomorphism H:M XI" >M XI" via a (poxid) '(a X I")-homotopy
(where a X I'" denotes the open cover {U XI"|U ea}of BXI").

Proof. We only treat the case where B is a compact polyhedron. The general case
follows from the same argument. We proceed by induction on the dimension of
B. The reader should consult [2, Section 9] for a similar induction argument. If
dim B = 0, the result is trivial. Assume that dim B =m >0 and that the result is
true for (m — 1)-dimensional polyhedra. For simplicity of notation we assume that
B has only one principle simplex A™. We identify A™ with R™ and let B™ ™' = B\R™
and Bo=B\BY. Let r:Bo~>B™ ! denote the radially defined cell-like retraction.

By Theorem 3.1 we may assume that f is a homeomorphism over pg ' (B3') xI".
By Lemma 4.1, rpo|ps’ (Bo):po ' (Bo)>B™ ! is close to a bundle map p¢. By the
isotopy extension theorem (we have in mind the Q-manifold version of Corollary
1.2 of [8]; see [9] for the deformation theorem to make this work), there is a f.p.
homeomorphism A:po’ (Bo) X I" > f Y(po (Bo)xI") such that ho=id.

By [11, Theorem 7.2] the map (ps xid)fh ¥ f.p. homotopic rel pg’ (Bo) X {0} via
a small homotopy to a f.p. map p':po " (Bo) xI" > B™ 'xI" such thatp, :p5' (Bo) =
B™ ! is an approximate fibration for each ¢ in I".
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We are now in a position to apply the inductive hypothesis. There is a small
homotopy of fh to a f.p. homeomorphism g:po' (Bo) XI" - po ' (Bo) XI™ such that
go=1id (the smallness of the homotopy is measured in By). By a sliced version of
the strong Z-set unknotting theorem [2, Proposition 3.8] (a proof of this sliced
version can be derived from [11, Proposition 3.10]), we may assume that this
homotopyisrel (fA) (po  @BT)xI")u (po (Bo)x{0}). The homeomorphism gh "
pieces together with f to give the desired homeomorphism H. To get the correct
control on the homotopy from f to H, we must choose notation so that BT is
nearly allof A™. O

We are now ready for our main result.

Theorem 4.3. Let M be a Q-manifold, let B be an ANR, and letp:M XI" >B xI"
be a f.p. map such that p,:M > B is an approximate fibration for each t in I" and
Po:M - B is a bundle map. For every open cover a of B there exists a f.p. homeo-
morphism H:M xI1" > M xI" such that Hy=id and p.H, is a-close to py for each t
inl".

Proof. We first treat the case when B is a polyhedron. This will follow from
Proposition 4.2 (replacing H, by H; ' ) once we produce af.p.map f: M X I" > M xI"
such that fo=id and pof; is close to p, for each ¢ in I", But such a map comes from
taking a f.p. lift of a f.p. homotopy from p, X id to p, and since p, is a bundle map
we actually get pof; = p.

We next treat the case when B is a Q-manifold. By Chapman’s theorem on the
triangulation of Q-manifolds (see [1]) we can assume that B = B, x Q where B, is
a polyhedron and the fibers {6} X Q, b € B}, are short with respect to the open cover
a of B. Let w: B - B, be projection and note that #p,: M - B, is an approximate
fibration for each 7 in I" and mp,: M > B, is a bundle map. By the case above for
polyhedra, there is a f.p. homeomorphism H:M XI" > M xI" such that Hy=id
and mp H, is close to 7po for each ¢ in I". If it is close enough, then p,H, is a-close
to po for each ¢ in I"™.

Finally, we treat the general case when B is any ANR. Let u:Q XM > M be a
homeomorphism close to projection. Note that (ido Xp)u™':M >QxB is an
approximate fibration for each ¢ in I" and (ido X po)u ~ ' is a bundle map. By Edwards’
ANR theorem (see [1]) Q X B is a Q-manifold. By the Q-manifold case above it
follows that there is a f.p. homeomorphism H: M XI" M XI" such that H, =id
and (ido X p,)u 'H, is close to (ido X po)u " for each ¢ in I". If it is close enough,
then p H, is a-close to pp foreach ¢t in I". O

It will be useful to know that Theorem 4.3 remains true when py is not assumed
to be a bundle map, but merely a map which can be approximated arbitrarily closely
by bundle maps. As pointed out in the introduction such maps include proper
Hurewicz fibrations from a Q-manifold to an ANR [4]. To see that such a variation
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on Theorem 4.3 is true, one merely traces through the same proofs of this section.
We state this formally.

Complement 4.4. Theorem 4.3 remains true when the map po is merely assumed to
be a map which can be approximated arbitrarily closely by bundle maps.

5. Proof of corollaries

In this section we present the proofs of Corollaries 1, 2 and 3 which are stated
in the introduction.

Proof of Corollary 1. If M is a Q-manifold, B is an ANR and f:M -+ B is an
approximate fibration which is homotopic via approximate fibrations to a bundle
map, then there is a f.p. map p: M X I - B x [ such that p,: M - B is an approximate
fibration for each ¢ in I, p; =f, and p, is a bundle map. If « is a given open cover
of B, then by Theorem 4.3 there is a f.p. homeomorphism H:M XTI - M XI such
that p H, is a-close to po for each ¢ in I. It follows that poH ;" is a bundle map
a-close to f as required. O

Proof of Corollary 2. Let M be a @-manifold and let f: M > R™ be an approximate
fibration. Suppose first that f is boundedly homotopic to a bundle map. Then there
is a proper f.p. map p: M XTI > R™ X I such that p, is a bundle map and p, =f, and
for which there is some constant ¢ >0 (possibly quite large) such that p,: M > R™
is a c-fibration for each ¢ in I (we assume that R™ is endowed with the usual
euclidean metric). Let £ > 0 be given and note that p, is an e-fibration for ¢ sufficiently
close to 0 or 1. Choose K >0 large and let y:R™ X1 > R™ X7 be the f.p. homeo-
morphism such that v,(x) = x/K for ¢t not close to 0 or 1 and such that yo=id = vy,.
If this is done correctly, then y,p,:M > R™ is an e-fibration for each ¢ in I. By
Remark 7.5 in [11] we see that there is a f.p. map p: M x> R” X[ such that
Do=po, P1=p1, and p, is an approximate fibration for each ¢ in I. Now apply
Corollary 1 to show that p; =f can be approximated arbitrarily closely by bundle
maps.

Conversely, suppose that f: M - R™ is an approximate fibration which can be
approximated arbitrarily closely by bundle maps. Then f is boundedly homotopic
to any bundle map which is sufficiently close to it. [

Let M be a compact Q-manifold and let B be a compact polyhedron. Corollary
3 is concerned with showing that certain spaces of maps from M onto B are LC".
We now isolate the conditions that such a space must satisfy in order for our proof
to show that it is LC", Let I be a space of maps from M onto B (endowed with
the compact-open topology) such that

(1) every map in I” is the uniform limit of bundle maps from M onto B, and
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(2) if peI and h: M > M is a homeomorphism which is isotopic to the identity,
then pher. '
Corollay 3 follows immediately from the following theorem.

Theorem 5.1. I"is LC" for each n = 0.

Proof. Let n =0 be given. It is clear that an inductive argument will prove the
theorem once we show that: for every £ >0 there exists a § >0 so that given any
w >0 and any f.p. map p: M XaI""' > B x3I"*" such that p,eI" and p, is §-close
to po for each ¢ in aI"*", there is a f.p. map

G:M x3I"*' x[0,1]-» B xaI""' x[0, 1]
such that G|M xaI""' x {0} =p, G|M x{0}x{s} = po for each s in [0, 1], G, is

e-close to po for each (¢, s) in 31" x [0, 1], G(.1, is p-close to p, for each ¢ in aI"*,
and G, eI for each (¢, s) in 9I"** x [0, 1].

For G to be f.p. in this statement we mean that it preserves both the 3/"*' and
[0, 1] coordinates of any point. To prove this statement one first uses the fact that
the space of approximate fibrations from M to B is LC" [11] to extend p to a f.p.
map j: M xI"->B xI" such that j, is je-close to fio = po and p, is an approximate
fibration for each ¢ in I" (this is possible if § is small enough). Next use Theorem
4.3 to construct G as follows. Let H: M XI" > M XI" be a f.p. homeomorphism
such that Hy =id and p,H, is u-close to po foreach rin I". Let r:I" x[0,1]>1I" be
a homotopy such that r(z, 0)=0, r(¢t, 1) =t and r(0, s) = 0 for each (¢, s)in I" %[0, 1].
Define G by G(x,t,s)=pH(x,r(t,s)) for each (x,ts) in M xaI""'x[0,1]. If
u <3e, then G satisfies our requirements. [

It should be clear that the proof of Theorem 5.1 actually shows that I is uniformly
LC" for each n =0 (that is for every n =0 and ¢ >0 there exists a § >0 such that
every map f:9I""' > I" with the diamter of f(3/"*") less than & extends to a map
fiI"*' > T with the diameter of f(I"*") less than £). We are of course giving I”
the usual sup metric. Whether the spaces of maps mentioned in Corollary 3 are
locally contractible remains an open question.
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