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Abstract. Let G C C be a bounded simply connected domain with boundary
I" and let £ C G be a regular compact set with connected complement. In
this paper we investigate asymptotics of the extremal constants:

Xn = inf sup HquE, n=12,.
PEPh, geP,_p,, |ID4lIT

ey

where || - ||k is the supremum norm on a compact set K, Py, is the set of all
algebraic polynomials of degree at most m, and k,/n — 0 € [0,1] as n — co.
Subsequently, we obtain asymptotic behavior of the Kolmogorov k-widths,
k = ky, of the unit ball A7® of H* NP, restricted to E in C(E), where H*>
is the Hardy space of bounded analytic functions on G and C(E) is the space
of continuous functions on FE.
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1. Introduction
The Kolmogorov k-width of a set A contained in a Banach space X is defined by
di(A; X) :=inf sup inf ||h — g|,
(A X) = ipfsup inf I g]

where X, runs over all k-dimensional subspaces of X and || -] is a norm on X. Let
G be a bounded simply connected domain with boundary I" in the complex plane
C, and H* be the Hardy space of bounded analytic functions in G. Denote by
E C G aregular compact set with connected complement D and A% the unit ball

The research of E. B. Saff was supported, in part, by U.S. National Science Foundation under
grant DMS-0603828. The research of M. Yattselev was supported, in part, by U.S. National
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of H* restricted to E. In [12] H. Widom investigated the asymptotic behavior
of di(A>; C(FE)), where C(F) is the space of continuous functions on E endowed
with the usual supremum norm || - ||g. It is proved that

1

. 1 0. _
Jim <k10gdk-(A ,C(E))> = BT

where cap(FE,T') is the condenser (Green) capacity of E with respect to G (see, for
example, [10, Sec. I1.5]). Further, in [2] (see also [1, Sec. 7.5]) S. D. Fisher and C.
A. Micchelli obtained the following representation for d(A>; C(E)) :

dp(A*;C(E)) = inf sup{||h|lg: he A®, h(z;)=0, j=1,...,k}. (1.2)
Z14.3”%k

(1.1)

Clearly, it is enough to consider only the Blaschke products instead of all functions
from A% in (1.2). Then it is a consequence of [3] that the zero counting measures
of any asymptotically extremal sequence of Blaschke products swept out to OF
converge weak-star to the Green equilibrium distribution on E relative to G.

In this paper we investigate the n-th root behavior of di(A°; C(E)), k = ky,
the Kolmogorov k-widths of the unit ball A% of H>® NP, restricted to F in C(E),
and show its connection to the following extremal problem:

. |lpal|
Xn = inf  sup ) 1.3
PEPky qEPy_k,, llpgllr )
where 2
n—oo n

Analogous k-width occur in the study of truncated Hankel operators which the
authors will explore in a later paper.

Regarding the minimax problem defined in (1.3), we observe that it connects
two well-understood extremal problems of potential theory. It is an simple conse-
quence of the Bernstein-Walsh inequality ([11] and [10, Sec. II1.2]) and properties
of the Chebyshev polynomials for E that

e ||p|E>”" { }
lim [ inf =expq —maxg(z,00) 1.5
i (g p{—maxg(z, o0) (L5)

where ¢(-, 00) is the Green function for D with singularity at infinity. It is easy to

see that ;

1/n

lim (sup ”q”E> =1 (1.6)
n—o0 \4ep, llgllr

and the extremal polynomial is ¢ = 1. Furthermore, it is readily verified that
polynomials 2™ — R™ are asymptotically extremal for (1.6) whenever R is such
that {|z| < R} D G. Let us also illustrate extremal problem (1.5). Put E to be the
closed unit disk D and T to be the circle of radius R > 2 centered at 1. In this case
g(z,00) = log |z| and therefore the monomials z™ are extremal for (1.5) and the
limit is equal to 1/(R 4 1). Moreover, the polynomials 2" — 1 are asymptotically
extremal for that problem.




Ratios of Norms for Polynomials and Connected n-width Problems 3

This paper is organized as follows. In Section 2 we consider two minimal
energy problems, one for the Green potentials and another for the logarithmic
potentials, that are vital for our main results. The latter are given in Section
3, which contains results on the behavior of x, and the extremal polynomials
(Theorems 3.1 and 3.2) as well as connection with n-width (Theorem 3.3). In
Section 4 we study some extremal problem of the potential theory which can be
considered as an continuous analog of the extremal problem (1.3). In Section 6
we provide a detailed description of the extremal measures defined in Section 2.
Sections 5 and 7 of this paper consist of proofs of the stated results. In Section 8
we investigate the asymptotics of k-widths.

2. Equilibrium Measures

Let G, ', E, and D be as described. We shall use the standard terminology that a
property holds quasi-everywhere (q.e.) if it holds everywhere except for a set of zero
logarithmic capacity (see [10, Sec. I.1] or [9, Sec. 5] for the definition of capacity). In
this paper we extensively utilize logarithmic and Green potentials. The logarithmic
potential of a finite positive Borel measure v with compact support supp(v), is
given by

U¥(2) = — /log 1z — tldu (e).

It is superharmonic in C and harmonic in C \ supp(v). Unlike the logarithmic
case, Green potentials are defined relative to a domain. Let v be a positive Borel
measure compactly supported in D. Then the Green potential of v relative to D
is given by

U%(z) = / o2, )du(t),

where g(z,t) = gr(z,t) is the Green function for D with singularity at ¢ € D. Since
E is a regular compact set, g(z,t) =0 for z € 9D = OF. Here and in what follows
we assume that g(z,t) = 0 for all z € E. The Green potential of v is nonnegative
and superharmonic in D, harmonic in D \ supp(v), and satisfies Up, = 0 on E.

Let K be a compact set. Denote by As(K), § > 0, the set of positive Borel
measures \ of mass § = || = [ d\ compactly supported on K.

For each 6 € [0, 1) consider the following weighted Green energy of a measure
A E Alfg(].—‘)Z

To(A) 1= / / gz, )AA(H)dA(2) — 2 / ot 00)dA(D). (2.1)

Then we have the following result.

Theorem 2.1. For each 0 € [0,1) there exists a unique measure Ag € A1_g(T") such
that

i A) = o). 2.2
Ae/{?fri(r)‘]"() Jo(No) (2.2)
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The extremal measure \g satisfies the following properties:
UN(2) — g(z,00) = mg, z€ Sp:=supp(Ng) CT, (2.3)
and
UN(2) — g(z,00) > mg, z€T, (2.4)
where

my 1= — (Je()\o) + [ gt oo)dxf)(t)) . (2.5)

Remarks. (a) This theorem is a special case of [10, Thm. I1.5.10] for the external
field —g(+,00)/(1 — 0). We exhibit the dependence of Ay on € in Theorem 6.1
(see also [6, Thm. 2.4]). In particular, Ag, — Ay, is a positive measure for any
choice of 61 < 65.

(b) In general, (2.3) holds only qg.e. on Sy. However, as pointed out in [6, Thm.
2.2], the regularity of T is sufficient for this property to hold at every point
of S@.

(¢) As shown later in Lemma 4.2, mg = 0, \g = wr, and Sy = T', where wg
stands for the logarithmic equilibrium distribution on a set K.

(d) It follows from Theorem 6.1, the limit of my as @ approaches 1 from the left
exists and

= i = — . 2.6
my = lim mg max g(z, o) (2.6)

Furthermore, we define Ay to be the zero measure.

(e) The measure Ay is uniquely determined by conditions (2.3) and (2.4). If A €
A1 _4(T') has a finite Green energy, U7, — g(z,00) = ¢ on supp(\) and Up —
g(z,00) > con T, then A = Ay and ¢ = my (see [10, Thm. II. 5.12]).

Let us consider the special case when T' is a level curve of g(-, 00).

Example 2.1. Let ' = {z: g(z,00) = R} for some constant R > 0. Then for every
6 €10,1) we have
A= (1—0)wr and my=—0R.

It is easy to see (cf. Lemma 4.2) that
Ul(;—e)wr (2) — g(z,00) = —0g(z,00) = —0R, =z €T.
Therefore, by Remark (e), we get
A= (1—60)wr, my=—0R.

The second extremal problem that we need and which, in a way, is compli-
mentary to (2.2), is related to the following energy integral:

Io(u) = / U (£)dp(t) + 2 / U (1) d(t),

where 0 € (0,1] and u € Ap(E).
As in the case of Theorem 2.1, the following is known [10, Thm. I.1.3].
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Theorem 2.2. For each 0 € (0,1] there exists a unique measure pg € Ng(E) such
that

min  Tp(p) = Ip(pe). (2.7
HEAg(E)
Moreover, the extremal measure pg has the following properties:
Urotro(2) = mg, 2 € supp(ug) C OF, (2.8)
and
UretAo(2) >y, z€E, (2.9)
where

g 1= & (Ie(ﬂe) - v (t)due(t)) . (2.10)

Remarks. (a) For 8 = 1, (2.7) reduces to the classical (unweighted) minimal
energy problem (cf. [9, Sec. 3.3] and [10, Sec. I.1]) when 6 = 1. In this case,
p1 is the logarithmic equilibrium distribution wg and and m; is the Robin
constant for E, m; = —log cap(FE), where cap(F) is the logarithmic capacity
of E.

(b) Tt is a well-known fact that supp(ug) C IE (see, for example, [10, Thm.
IV.1.10(a))).

(¢) Asin the case of Ay, it is convenient for us to define 1o to be the zero measure.

(d) The measure Ag is uniquely determined by conditions (2.8) and (2.9). If u €
Ag(E) has a finite energy and U***¢ = ¢ on supp(p) and UFT* > c on E,
then p = py and ¢ = my (cf. [10, Thm. I. 3.3]).

Further properties of A\g and pg and the constants my and myg are given in
Section 6, including asymptotics as § — 0.

3. Main Results

Let x, be defined by (1.3) and (1.4). Below we show that lim Yi/™ exists and
provide the asymptotic behavior of the zeros of the extremal polynomials. The
latter are defined as follows. Let {pn, qn tnen, Pn € Pk, and g, € Pp_p, , be such

that
1/n 1/n
1 1
lim (Hpn%HE) = lim | — sup lpndl =1. (3.1)
n—00 \ Xn ||annHF n—=0 \ Xn ¢€Pn_k, ||anHF
We shall call {p,,q,}, satisfying the equalities above, a sequence of asymptoti-

cally extremal pairs of polynomials. To each such p,, and g, we associate the zero
counting measures, I/(pn) and v(g,), respectively, defined by the rule

Z 0, and v(g,) = Z 0z,

pn(Z) 0 (In(z) 0
where 0, is the point mass distribution at z € C and the sums are taken counting
multiplicities of zeros of polynomials p,, and ¢,. It also will be convenient for us to
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sweep out (balayage) measures v(p,,) and v(g, ) onto OF and T, respectively. Recall
that for any finite positive Borel measure v compactly supported in C and, with
finite energy if supp(r) N OD # (), there exists a unique measure 7, the balayage
measure of v, supported on JF, such that |v| = |7,

U”(2) =U"(2) + /g(t, oo)dv(t), z€ E, if supp(v)C D,

and
U”(2) =U"(z), ze€D, if supp(v) C E.
We remark that for any positive compactly supported in D measure v,

Ub(z) =U"""(2) + / g(t,00)dv(t), z¢€C. (3.2)

Denote by v the balayage of a finite positive Borel measure v compactly supported
in C\ G onto I'. We have |v| = |v| and

U”(2) =U"(2) + / g5(t,00) dv(t), =€ G, (3.3)

where gz(z,00) is the Green function of the domain C\ G with singularity at
infinity. Now we define measures «(p,) and 5(g,) as

a(pn) = v(pa) 5 + V(Pn) 2708 (3.4)

and

ﬁ(qn) _ V(qn)la n l/(qn)‘(c\a n n—ky —ndeg(Qn) wr, (35)

respectively, where a notation A\ g means restriction of a measure A on a set K.
Let M(E)={v:v e Ag(E), V= g}
The following result holds.

Theorem 3.1. Let {ky, }nen satisfy (1.4) for some 6 € [0,1]. Then
1
lim (nIOan> = mgy, (3.6)

where my was defined in (2.5) and (2.6). If {pn, qn} is a sequence of asymptotically
extremal pairs of polynomials in the sense (3.1), then, for 6 € (0,1) any weak-star
limit point of {v(pn)} belongs to M(E) and

*
a(pn) — pg as n — oo, (3.7)

* ,
where — stands for the convergence of measures in the weak-star sense. Moreover,

v(gn) — Xg asn — oo, if C\ Sy is connected,
* . (3.8)
B(gn) — N as n — oo, otherwise.

Remarks. (a) Since mg = 0 and m; = —max,¢r g(z,00), (1.3) indeed connects
extremal problems (1.5) and (1.6).
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(b) Observe that a(p,) = v(p,) when E has empty interior. In this case (3.7)
is a statement on the convergence of counting measures themselves, rather
than their balayages onto 0F.

The following theorem is related to the case when k, — oo and k, = o(n) as
n — oo. To formulate the result, we need to slightly modify the definition of an
asymptotically extremal sequence. We say that a sequence {p,} is asymptotically

extremal if
1 N n
im (L sup P qlle . 39)
n—=o0 \ Xn q€Pn_k, Hpnq”F
Notice that for 6 > 0 definitions (3.1) and (3.9) coincide. Let

V*(pn)=ki > 6. (3.10)

" Pn (Z):O

and -
o (pn) = V" (pn) 5 + v*(Pn) | B\0E- (3.11)

We remark that |v(p,)| < 1 and |a*(p,)| < 1. Let N(E) = {v: v € Ay(E),v =
w(E’p)}, where an wg 1) is the Green equilibrium distribution on E relative to G.

Theorem 3.2. Let k,, — oo and k, = o(n) as n — oco. Then

1 1
li —1 n|=——————. 3.12
neb (k oBX ) cap(E,T) (3:12)
Moreover, if {pn} is an asymptotically extremal sequence in the sense of (3.9),
then any weak-star limit point of {v*(py)} belongs to N(E) and

a*(pn) = wEr) as n— oo (3.13)

The last theorem provides the asymptotic behavior of the Kolmogorov k-
width, k = k,,, of A2 in C(FE). To formulate this theorem we need to introduce
more notation. Fix 6 € (0,1] and define

Gy = {z €C: Uy(z)—g(z,00) > mg}.

For § = 0 we simply set Gy := G. Clearly, the maximum principle for harmonic
functions implies that Gy = G whenever Sy = I' and it follows from (2.3) and
(2.4) that G C Gy for all 6 € [0,1]. Let G C G’ C Gy, H**(G’) be the space of
bounded analytic functions on G’, and A%°(G’) stand for the restriction to E of
the unit ball of H*(G’) N P,. The following theorem shows that the n-th root
limit of dy, (A2 (G"); C(E)), kn/n — 0, is independent of G’.

Theorem 3.3. Let {k, }nen satisfy (1.4) for some 0 € [0,1], G’ be a simply con-
nected domain such that G C G' C Gy, and AS° = AS°(G'). Then

lim (ilogdkn (ASLO,C'(E))) = my. (3.14)

n—oo
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In particular, when 0 =0 and k,, — oo as n — oo, we have that

lim (1log d. (A;;O;C(E))) _ L

—_. 1
n—oo \ ky, cap(E,T) (3.15)

4. An Extremal Problem of the Potential Theory

We now state the main theorem of this section. Let o be a compactly supported
positive Borel measure. Define

M(o) :=minU’ — minU°.
r E

Theorem 4.1. For each 6 € [0,1] we have

myg = inf sup M(u+ M) = sup inf  M(u+ M. 4.1
HENG(E) xeAy_o(T) ( ) AEAL_o(T) HEAG(E) ( ) (4.1)

Moreover, if u*, |p*| < 0, and \*, |\*| < 1 -0, are compactly supported positive
Borel measures such that

mg=M(u" +X)= sup M+ (4.2)
AEAT_(T)

then supp(p*) C E, ,t/ﬁ = ug, and \* = \g when Sy does not separate the plane
and supp(A*) CC\ G , M = X g — (1 — 0 — |\*|)wr , otherwise.
The proof of Theorem 4.1 is based on several auxiliary lemmas.

Lemma 4.2. We have

)\0 = wr, /):0 = WEg, and mo = 0. (43)
Proof. Since U“T(z) = —logcap(T) for z € G and U“?(z) = —logcap(E) for
z € F, it holds that

U“E(2) =U*"(2) +¢, z€E,

where ¢ = —log cap(F) + log cap(T'). Using now the fact supp(wg) = OF and the
uniqueness of the balayage (see, for example, [10, Thm. 11.4.4]), we can immediately
conclude that

QF = WwWEg (44)
and
/g(t, 00)dwr (t) = —log cap(E) + log cap(T'). (4.5)
From this, on account of the formula
U“?(z) = —logcap(E) — g(z,00), z¢€C, (4.6)
we obtain that for every z € C,
Up'(z) —g(z,00) = U“TF(z) + /9(??, o0)dwr(t) — g(z,00)

= U“"(z) + log cap(T). (4.7
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So,
U (z) —g(z,00) =0, zeTl.
Therefore, relations \g = wr and mg = 0 follow from the uniqueness of the measure

Mg satisfying conditions (2.3) and (2.4) (see Remark (e) after Theorem 2.1). O

Lemma 4.3. For each 0 € [0,1] we have

He = )\0/;\>\9 = WwWg — X;, (4.8)
mg = —log cap(F) — /g(t,oo)d)\g(t), (4.9)
and
UN(2) — g(z,00) = UNTH(2) — iy, z € C. (4.10)
Moreover,
supp(ug) = OF, 6 € (0,1]. (4.11)

Proof. It is easy to see that for # = 0 and 6 = 1 (4.8), (4.9) and (4.10) are valid.
In the case § = 0, ug = 0 by definition, and Lemma 4.3 implies that A\ = wr
and Ao = wg. From this, on account of (4.5) and (4.7) we get (4.9) and (4.10).
For § = 1, Ay = 0 by definition. It follows from Theorem 2.2 (see Remark (a)
after Theorem 2.2) that p; = wg and my; = —log cap(E). We also note that since
supp(wg) = OF, (4.11) holds for § = 1.

Let us consider now the case 6 € (0,1). We start from the next observation.
As noted in the Remark (b) after Theorem 3.1, it follows from [6, Thm. 2.4], that

Ao — Ag is a positive measure. It is easy to see that |A\g — Ag| = 6. Hence, )\O/—\)\g is
a positive measure, and |Ag — Ag| = 6. Moreover, it is a simple application of the
second unicity theorem [10, Thm. I1.4.6] to see that

Xo — Ao = Ao — Ao

So, XO — X(; = wg — Xa is a positive measure and |wg — 5\;\ = 6. According to the
property (3.2) of the Green potential,

UN(2) — g(z,00) = U’\"_X"(z) + /g(t7 00)dAg(t) —g(z,00), z€C, (4.12)
and, by (4.6),
UN(2)—g(z,00) = U)‘”“E_X"(z)—i—log cap(E)+/g(t, 00)dAg(t), ze€C. (4.13)
Since U (2) — g(2,00) = 0 on E, (4.8) and (4.9) follow from the uniqueness of the
measure jip satisfying conditions (2.8) and (2.9). So, we have (4.10). Using now the

facts that E is a regular compact set, pg is the balayage of A\g — Ay and properties
of the balayage (see, for example, [5]) we can conclude that supp(ug) = 0E. O
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We can consider equation (4.10) as the basic equation of this section, it allows
us to connect the Green potential Ug" (2) — g(z,00) and the logarithmic potentials
Ut (2) —img of the extremal problems from Section 2. Since U (2) —g(z, 00) =
0 on E and minp (U (2) — g(2,00)) = mg on T, we get immediately from (4.10)
the equality:

mg = M(Xg + ). (4.14)

The function UM +#e satisfies the following property. The logarithmic poten-
tial U*e*THe of a probability measure g + j1g is equal to constants on supports of
e and Ag:

Urthe — i, on E and UMt = mFin UNtHe — mp +ing on Sy CT.
(4.15)
Lemma 4.4. For each 6 € [0,1], we have
mg = inf M(u+ Ag), (4.16)
o
where infimum is taken over all compactly supported positive Borel measures with

|| < 6. Further, the equality in (4.16), for 8 € (0,1], is possible if and only if
supp(p) € E and i = py.

Proof. Let 8 = 0. In this case pg = 0 by definition and by Lemma 4.2 my = 0,
Ao = wr. Since U“T(2) = —log cap(T') for z € G, M()\g) = M (wr) = 0. This yields
the equality mo = M (\g).

Let 6 € (0,1]. Consider a logarithmic potential U#~#¢. This function is su-
perharmonic and bounded from below in D = C\ E. Then by the generalized
minimum principle for superharmonic functions [10, Thm. 1.2.4],

min U* e < UM (2), 2 € D. (4.17)
In particular,
mEin Uk™He < mrin Ur—re, (4.18)
Moreover, there are strict inequalities in (4.17) for z € D and in (4.18), unless
supp(p) C E, UFTH(2)=0, ze€D.

That is if and only if i = ug by Carleson’s unicity theorem (see [10, Thm. II.
4.13)).
With the help of the equality

UrtAo(2) = UF1(2) + UM (2), 2 €C,
and (4.15), we can write
min UPTA = min UK~ + 7,
E E

and
Ir%in UHtro > mrin UHF™He 4 myg + mig.
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Therefore, by (4.18),

M(p+ Xo) = Ir%in Uhrtre mEin UHFA0 > my,
and the equality in (4.16) is possible if and only if supp(u) C E and o= py. O

Lemma 4.5. For each 0 € [0,1] we have
mg = sup M (pug + A), (4.19)
A

where supremum s taken over all compactly supported positive Borel measures
with |\ < 1 — 6. Further, the equality in (4.19), for 8 € [0,1) is possible if and
only if A = \g when Sy does not separate the plane and supp(\) C C\ G, A=
Ao — (1 =0 — |\|))wr, otherwise.

Proof. Let @ = 1. In this case A\; = 0 and m; = — maxr g(z,00) by definition and
11 = wg. On the basis of (4.6) we can write

= 1 wE _ 1 wWE — _ =
M (1) H{“mU mban rilealzcg(z,oo) my.

Let us consider the case when 6 € [0,1). Denote by A any compactly supported
positive Borel measure with mass at most 1 — 6. It is enough to show that
min Ut — min UPH < my.
Se E
Consider a logarithmic potential U A=Xo_ This is superharmonic and bounded
below function in C\ Sy. Then by the generalized minimum principle for super-
harmonic functions,

min U2 <U A (z), 2€C\ Sy, (4.20)
0
and
min UM < min U9, (4.21)
So E

From this, using (4.15), we get
min U*T* — min U < my
So E

and therefore (4.19) holds. Observe also that the equality in (4.19) is possible if
and only if we have the equality in (4.21). That is if and only if

U (2) =UMz) +c*, z€Q, (4.22)

where ¢* is some constant, Q = C\ Sy if Sy does not separate the plane and
Q) = G otherwise. In the former case ¢* = 0 and we get A = Ay by Carleson’s
unicity theorem. In the latter situation supp(A) € C\ G. Using the continuity of
potentials in fine topology (see [10, Sec. 1.5]) and regularity of ', we may continue
equality in (4.22) up to G. Let A be the balayage of A onto T relative to C\ G (we
balayage only the part of A which is supported outside of G). Then

UMz) =UMz)+e¢, 2€G,
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where ¢ = /gg(t,oo)d)\(t). Thus,

Ux(z) =UM(2)—c* +¢, 2€G. (4.23)

Using now the maximum principle of harmonic functions in the domain C\ G, we
get

Ux(z) =UM(2) + (1 —6— |X|> gg(z,00) —c*+¢, zeC\G (4.24)

(we applied the maximum principle of harmonic functions for the difference of the
left and right hand sides). Taking now on an account (4.23), we obtain the equality
(4.24) for all z € C. From this with help of the formula U (2) = —log cap(I') —
9 (2,00), and the unicity theorem [10, Thm. II 2.1], we can conclude that A+ (1—
6 — |\])wr = A\g, which finishes the proof of the lemma. O

Proof of Theorem 4.1. Tt is a straightforward application of Lemmas 4.4 and 4.5
to obtain

inf su M(p+X)> nf Mu+X)=m
HEAg(E) )\EA1}Z(F) (M ) HEAg(E) (M 0) 0

and

inf sup M(p+XN) < sup M(ug+ ) =myg.
HEAo (E) NeAy _o(I) AEAT ()

This establishes the first equality in (4.1). Clearly, we have

inf sup M(p+A)>  sup inf  M(p+MN).
1eMo(E) xeA_g(T) ( ) A _g(T) HEAG(E) ( )

On the other hand, it follows from Lemmas 4.4 and 4.5 that

sup  M(pug+ )= inf  M(u+ Ag).
AeA;_o(D) HENG(E)

Therefore,

inf sup M(p+M) < sup inf M(p+ M),
1€M0(E) xeAy_o(T) ( ) AEA;_g(T) HEN (E) ( )

which finishes the proof of (4.1). Let now p* and A* be as in (4.2). Then by Lemma
4.4, we observe that

mg < M(p* + Ag) < sup M(p* + ) = my.
A
Thus,
mg = M(p" + )
and supp(u*) € E and * = g again by Lemma 4.4. Furthermore, in this case
mg = M(po + A7)

and, by Lemma 4.5, A* = Ay when Sy does not separate the plane and supp(\*) C
C\ G, \* =g — (1 — 0 — |X\*|)wr, otherwise. O
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5. Proofs of the Theorem 3.1

Before we present the proof of Theorem 3.1, we introduce the analogue of the Tsuji
points ([8], [3]) that corresponds to the weighted Green energy problem (2.2). Set

2/m(m—1)
G ._ oy 9(zi00)  g(z,00)
O 1= max_ 1<i1<_][<meXp{ 9z 2) + =+ T
Then
66 >6%., meN, and lim logdS = —J(\g)/(1 - 0)>.
Moreover, if {C1,...,(n} is any extremal set for §, then

. 1—6 «—
A A , Ameg = —— Oc,. 5.1
06— Ag as m — o0 ,0 m ]; G (5.1)

Here and in what follows we keep to the notation

1 n—kn
)\n = ﬁ Zl 5§j,n—kna
‘7:

where {&1n—k,, s En—ny n—k, } 1S an extremal set for 557,@". We remark that

A = Xg as n — oo. (5.2)
The proof of these facts needs only minor modifications comparing to the case of
the logarithmic kernel [10, Thm. ITI.1.1-3].

We also need a discretization of pg. So, we introduce the Leja points (see [10,
Sec. I11.1]) that correspond to the weighted minimal energy problem (2.7). Set

2/m(m—1)
1
O = ,, max_ H |zi — zj| exp {9 (U (z;) + U (zj))}
1<i<j<m
Then
6m > Omi1, meEN, and lim logd,, = —I(ug)/60°.
Moreover, if {z1,..., 2z, } is any extremal set for §,,, then
. 0 m
Hm,0 — Ko, Hm,0o = m 2; 6sz~ (53)
iz

Here and in what follows we keep to the notation

1
:un = ﬁ Zézj,knv
j=1

-y 2k, k., } 18 an external set for d;, . We have

nlt >

where {z1

i — llg  aS T — 00. (5.4)
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It is easy to see that for any compact set K, p e Py, , p#Z 0, and q € Pp_i

q £ 0, we have

n? n?

Ipgl| L™ = 41/™ exp {7 min Uu<p>+u(q>} ,
where 7 is the leading coefficient of pg, and

v(p) ::% Z 0, and v(q) ::% Z d,

p(2)=0 q(2)=0

(the sums are taken counting multiplicities of zeros of p and ¢). Therefore, we get

1 ||pq||E> . :
~log ( = min U¥®)H(@) _ in @9 = M(u(p) + v(q)).
" pallr 1 i (v(p) +v(a))

Proof of Theorem 3.1. Let

o M (pn, +v(q)) = M(pn +v(Qn))

for some polynomial Q,, € Pp_x,,, @n # 0. Denote by

—_~—

On = V(Qn)|§ + V(Qn)\c\é'
By properties of the balayage, supp(c,,) C G, |o,| = |v(Qx)], and
M (pn, +v(Qn)) = M (g + o).

We now choose a convergent subsequence such that

on >0, neACN, (5.5)
and
limsup M (gt +0) = lim _ M(pp +04p).
n— 00 n—oo,nec

We remark that supp(c) C G and |o| < 1 — 6. Since E and T' are regular sets,
conditions (5.4) and (5.5) imply (cf. [4]) that

min VAt — min VA4t as n — o0, n €A,
r r

min VAt — min VA4t as n — o0, n €A,
E E

and then
lim AM(MH +on) = M(po + o),

n—oo,ne
where, by Lemma 4.5, M (ug + o) < mg. Therefore,
1
lim sup < log Xn) < limsup sup  M(pn +v(q)) = limsup M (p, + v(Qr))
n— o0 n n—00 q€Pn_k, n—o00

= lim Mg +0n) = M(po +0) < my. (5.6)

n—oo,ne

For any polynomial p € Py, ,p # 0, consider the following function
u(z) = UYP+Aa () — mbin UY@+rn _de(2) 4 g(2,00), z € C.
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This function is superharmonic in D. Using the generalized minimum principle for
superharmonic functions, we obtain that u(z) > 0, z € D. In particular,

Ir%in v e)+in _ mhin gr+in > mrin (Ug" (2) — g(z, oo)) . (5.7)
Since (5.7) is valid for any p € Py, ,p #Z 0, we get
%log Xn > mPin (Ug" (2) — g(z, oo)) . (5.8)
Further, in view of the properties of weakly convergent sequences,
mFin (Ul’\)" (z) — g(z, oo)) — mFin (Ug" (z) — g(z, oo)) =my as n — 0.

Then, by the relation (5.8), we get

1
lim inf < logxn) > my. (5.9)
n

n—oo

So, (3.6) follows from (5.6) and (5.9).

Fix a positive R such that G C U, where U = {2 : |z| < R}. Let L = {2 :
|z| = R}.

Let now {pn, gn tnen, Pn € Pk, and ¢, € Pn_p, , be a sequence of asymptoti-
cally extremal pairs of polynomials. First, we show (3.7). Let {v(p,)}, n € Ag C N,
be a convergent subsequence. Let

on =v(pn) g + Tn, (5.10)

where 7, is the balayage of V(pn)IC\U on L. By the properties of balayage, for any
polynomial g € Pp_,, q 20,

M(v(pn) +v(q) = M(on +v(q))-

Hence,
sup M v(pn) +v(q)) > M(on + An). (5.11)
qE'Pnfkn
We choose a convergent subsequence
on v, n€ACACN, (5.12)

where |v| < 6,supp(r) C U. On the basis of the fact that F and T are regular sets,
we get
M(op+ M) = M+ X)) as n—oo, neA. (5.13)
By (3.1),
limsup sup M((pn)+v(q)) = me.

n—oo q€Pn_k,
From this, on an account of (5.11) and (5.13), we obtain that M (v + Ag) < mg.
Applying Lemma 4.4, we can write M (v 4+ \g) = mg, supp(r) C E, and U = pg.
Since supp(v) C E, we obtain from (5.10) and (5.12) that

*
T —0 as n—oo00, neEA,

v(pn) v as n—oo, nEA,
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and, then,
vipn) > v as n—o00, n€ A

From this, by properties of the balayage,
a(pn) Spg as n— o0, n€E Ao,

and, then,
a(pn) = g as n — oo.
The relation (3.7) thereby is obtained.

It only remains to prove (3.8). By properties of the balayage, M (v(pn) +
v(qn)) = M(a(pn) + v(gn)). Define

Vn = v(qn) g + 1, (5.14)

where 7, is the balayage of V(qn)w\ﬁ on L, when Sy does not separate the plane
and v, = [(g,) otherwise. Then M (a(p,) + v(pn)) = M(a(pn) + v,) and (3.1)
yields that

lim M(a(pn) + vn) = me.

n—oo

As above, taking a convergent subsequence, v, — v, n € A C N, we get

lim eAM(oz(pn) +vn) = M(ug+v)

n

and M (ug + v) = my.
Let us consider now the case when Sy does not separate the plane. Since, by
Lemma 4.5, v = Ay, supp(Ag) C T', we obtain that

*
M — 0 as n—o0, n€EA,

v(gn) > v =2 as n-—o0, n€EA,
and then
v(gn) = Xg as n — oo.

In the case when Sy does separate the plane, we have by Lemma 4.5 that
supp(v) C C\ G, |v| =1, and ¥ = A\g. Moreover, by definition of 3(g,) (see (3.5))
we can conclude that supp(v) C T'. From this and the fact that 7 = Ay we obtain
that v = A\g and then

Blgn) = XNg as n — oo, O

6. Some properties of \y and 1y

In the next two theorems we describe some properties of the extremal measures
Ao and pg, their supports, and the constants mg and mg. It will be convenient for
us to use the notation

w(k,op) and cap(K,0F)
for the Green equilibrium distribution and the condenser capacity of a compact
set K C D, respectively (cf. [10, Ch. II and VII)).
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Theorem 6.1. (a) The family {Sp}, 0 € [0,1], is a decreasing family of sets such

that
o= U S:€ () S={zel: UpE) —glz00 = m}
f<r<1 0<7<0
and
St = n Sr :{ZGF: g(z,oo) :7m1};
0<r<1
(b) the family {\g}, 0 € [0,1), is decreasing and continuous in the weak* sense.

Moreover,

1
/\9=/ w(s,,0E)dT;
0

(¢c) my is a continuous and strictly decreasing function of 6 on [0,1]. Further-

more,
N /1 dr
mg =m —
o ! o cap(S;,0F)
and 1
me
—_— 6 — 0;
o cap(T, OF) @ v
Ao — A«
@ = 7 L5 wirop) as 0 — 0;

(e) if S1 has positive capacity then 1/\90 5 w(s, o) as 0 — 1.

Proof. Statements (a), (b), and the first part of (c) follow from [6, Thm. 2.4]. (We
should remark that it is required in [6, Thm. 2.4] for any compact set K C T to
have connected complement. However, a direct examination of the proof shows
that the theorem still holds when F is contained in G and the later is simply
connected.) Further, by Lemma 4.2, mg = 0 and Sy = I". This means that

my _ 1 / T dr
0  0J), cap(S,,0E)"
Thus, the second part of (c¢) follows by the continuity of cap(Sy, OF) as function
of 6 at zero from the right [9, Thm. 5.1.3].
It has been proved in [6, Thm. 2.4] that
dAg
0 Wse.om) (6.1)
for any point of continuity of cap(Sg,0E) as a function of §. Then (d) follows
from continuity of cap(Sp,OF) at 6 = 0 and the fact Sy = I'. Now, assume that
S1 has positive logarithmic capacity and therefore well-defined Green equilibrium

distribution w(g, ap). As above, we can use (6.1). The continuity from the left of
cap(Sy, OF) at one follows from [9, Thm. 5.1.3] by the definition of Sj. O

The following theorem describes the connection between pg and Ay, some
properties of g and mg.



18 V. A. Prokhorov, E. B. Saff and M. Yattselev

Theorem 6.2. (a) The family {ug}, 0 € (0,1], is increasing, continuous in the
weak™ sense, and such that
supp(pg) = OE and g = wg — Ae.
Moreover,

% iuu(E,p) as 0 — 0;

(b) myg is a continuous and strictly increasing function of @ on [0, 1]. Furthermore,
ity = ~logeap(E) - [ g(t,0)dr(t).

Proof. Part (b) follows from (4.9) and Theorem 6.1(b). First part of (a) follows

from Lemma 4.3, the formula py = )\O/—\)\g (see (4.8)), and Theorem 6.1(b).
The continuity of {ug} follows from continuity of the family {Ag}, formula py =

Ao — Mg, and properties of the balayage (see, for example [5]). We have

Ao— A«
09 HHW(F,QE) as 0 — 0.

Thus, by properties of balayage,

Ao — Ao

—

i> W(F,OE) as 60— 0,

and then
po/0 = W om as 60— 0.
It remains only to remark that

W(r0E) = W(ET)- O

7. Proof of Theorem 3.2

Proof of Theorem 3.2. Since k, = o(n) as n — oo, [k, /0] < n for any fixed 6 €
(0,1) and n sufficiently large. Let I,, = [k, /6]. Therefore,

inf  sup Ipgll < Xn < dy, (A7 C(R))

PEPk, qePi,, 1, IPAlT
(compare (1.2) with the definition (1.3) of x,). Then by (3.6) and (1.1), we have
me _ .. . 1 . 1 1
9 < Yiminf [ — logxn | <1 logyn | < ————. 1
7 <t (e i (s < iy 0

Taking the limit # — 0, we obtain (3.12) from Theorem 6.1(c) and the fact that
cap(E,T') = cap(T', OF).

Let now p,, be asymptotically extremal polynomials in the sense of (3.9). Fix
an arbitrary 6 € (0,1). Let

1 ln—kn
On = 7= E : 6Ejaln7kn’
l, “ ot
j=
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where {&1,1, —k, s+ - > &ly—kn.lu—k, } 1S an extremal set for 67 _, . Observe that

*
Op — Ag as m — oo.

Denote by Qn,(z H z2—&j 1, —k,, ) the corresponding polynomial degree [, — k.
By (3.9),
. 1 |ann|E>1/kn
lim sup ( <1. 7.2
n— o0 Xn ||ann||F ( )
We have
1 —— =M v (pn) + —0n |- 7.3

As in the proof of Theorem 3.1, we fix R > 0 such that G C U = {z : |z| < R}.
Let L = {z: |2| = R}. Let

Vp = V*(pn)IU + MNn s
where 7, is the balayage of v* (pn)m\ﬁ onto L. According to the properties of the

balayage,
M (y*(pn) + Ilg:lgn> =M (l/n + ]i:LLO'n) .

By (3.12) and (7.2),

l 1
li M(vy+ 20, ) < —— 7.4
'msup (” 5 ) =" cap(B,T) (74)

We select a convergent subsequence v, — v, n € A C N, |v| < 1, such that

ln . In
lim sup M (Vn + O'n) = lim M (Vn + Un) .

n—o00 kn n—o00,n€EA kn

Since FE and T are regular sets,

. l A
nﬂloloI,IiLGAM (Vn * ];:;U'rL) =M <V + ;) ’

Therefore, by (7.4), we get

M <u + éM) < _WIE,F)' (7.5)

Since Ao = wr and U“T(z) = —logcap(I') on G,
M<I/+;)\9) M<1/ A09A9>

Xo — Ao 1
M(v-— <- .
(” 6 ) = " cap(E,T)

and
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According to Theorem 6.1(d),

Ao — Ao«
00 9—>w(p,3E) as 60— 0.

Taking now the limit as § — 0, we get

1

M(v — < - 7.6
(v W(r,aE)) = cap(EI) (7.6)
Since
1
UwEDn—wYWreE) — FE
cap(E,T) "
and
yven=@woe =0 on I,
we obtain that
1
M(v — w(r,aE)) =M(v— W(E,F)) - m-
Thus, we derive from this and (7.6) that
M(V — W(E,F)) S 0
and
min UY™¥®E0 < min U™ “@E0, (7.7)
r E

Applying now the generalized minimum principle for superharmonic functions,
we can conclude that minp UY "D = ming UY~%®&ED UY~“ED =0 in D and
supp(v) C E. By Carleson’s unicity theorem, we obtain from this that ¥ = w(g ).
Since supp(v) C F, we get

M —0 as n—oo, neEA,

and

vi(pn) > v as n—oo, n€EA.

From this, by the properties of the balayage, we can write
o*(pn) S wEr) as n—oo, nEA,

and then

o*(pn) 5 WET) as n— oo. O
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8. Proof of Theorem 3.3

Proof of Theorem 3.3. We start by showing the lower bounds in (3.14) and (3.15).
Since

AX(Gy) C AX(G"), G’ C Gy,

we may take G’ = Gy.

Let {A,} be a sequence of measures defined as in (5.2). For each 6 € [0, 1) we
take {g,} to be the sequence of monic polynomials such that v(g,) = A, where
v(h) be the counting measure of the zeros of a polynomial h normalized by 1/n.
For 0 = 1 we take ¢, = 1. Then {pgq, : p € Pk, } is a linear space of continuous
functions on E of dimesion k,, + 1. Hence, it follows from [7, pg. 137] that for any
linear space of continuous functions on £ of dimension k,,, say Xy, , there exists a
polynomials px, such that

gei%in IPx4, a0 — 9llE = lIPx, @nllE-

In particular, it means that

lpx., @nllE > inf lpgn |l £

dy, (A;°;C(E)) > inf > . 8.1
U D 2 B T, = o T, &
When 6 = 1, we get from the Bernstein-Walsh inequality and (8.1) that

di, (A C(E)) > exp{knmi}. (8.2)

For 6 € [0,1), the lower estimate in (8.1) yields

di, (A7 C(E)) = pei%f% exp {n (Hllign Ur@+in _ mbin U”(p)+>‘"> }
> i ( Ao
> exp {n min (U5 (2) — g(z, oo))} , (8.3)
Ty

where Ty := 0Gy and we used (5.7) with Ty instead of T'. As before, by the
properties of weakly convergent sequences, it holds that

min (Ug(z) —g(z, oo)) — min (Ugg (z) — g(z, oo)) =my as n—oo. (8.4)
Fg FQ
Thus, we get from (8.2) and (8.3) with (8.4) that

lim inf <1log dg,, (AzO,C(E))) > my. (8.5)
n

When 6 = 0, we have that Gy = G. Further, we get exactly as in the first inequality
in (7.1) that

lim inf <kllogdkn (A?,C’(E))) > liminf <Il€nll log dy,, (A7° (G ); C’(E))) >

n—oo n—oo n ln
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for any 7 € (0, 1], where [,, := [k, /7] and we used (8.5) and the fact that G C G

Therefore,
1

~cap(E,T) (8.6)

n—oo

1
lim inf (klogdkn (A;’LO,C(E))) >
by Theorem 6.1(c).

Now we shall show the upper bounds in (3.14) and (3.15). Observe that
d, (A7 C(E)) < di, (A% C(E)).
Thus, (3.15) follows from (8.6) and (1.1). Since for § = 0 limit (3.14) follows from
(3.15), we may assume that 6 € (0, 1]. Moreover, since
AX(G) CAY(G), GCd,

we may take G’ = G. To proceed with the upper bound we need to construct a
special sequence of domains. Fix 6 € (0, 1] and define

Qo5 := {ze(C: Ug"(z)—g(z7oo)<mg+6}, 0 € (0, —my).

Each such domain Qg s is unbounded and contains Sp = supp(Ag) by (2.3). Also
denote

G®:={2€C: gg(z ) <4},
where gz(+,00) is the Green function with pole at infinity for C\ G. Now, for each
fixed 6 € (0, —my) take Us to be a connected domain (possibly unbounded) with
regular boundary and such that

Sy C @\ﬁg, EcUs, and Lg:=0UsC 9975 nNGo.

Then the harmonic measure (cf. [9, Sec. 4.3]) for Us, say ws(-,-), exists,

[1hllLs < lIhllogs < [[hllr exp{nd}, h € Pn, (8.7)
by the Bernstein-Walsh inequality, and
max (Uj:\,g (2) — g(z, oo)) < mg+4. (8.8)
Ls

Therefore, if Sy = I', then Us is an open subset of G that contains F and whose
boundary is regular and close enough to I" so (8.8) holds. If Sy is a proper subset
of I, the Uy is an unbounded open set that contains E, whose boundary is regular,
encompasses Sy, and is close enough to it so (8.7) and (8.8) hold.

Let {p1,} be defined as in (5.4) and {p,} be a sequence of monic polynomials
such that v(p,) = u,. Further, let {¢,} be a sequence of polynomials defined as
at the beginning of the theorem when 6 € (0,1) and take ¢, to be an arbitrary
polynomial of degree n — k,, with zeros on S; when 6 = 1. Define

h(r)
Tgh z) = pn(2)qn(z /
T = mledan(s) [ D
Then T is an operator from P,, N H>(Us) to C(E) such that

Th <<,p"q"”E ) Bl 8.9
3l < (et ) il (39)

dws(t,2), z€E, he€P,,
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Recall that

| Pndnll 1™ — exp {— min U"”)“’} =exp{—my} as n — o0
by (5.2) and (5.4), (4.15), and since F is regular. Moreover, the counting measures
of zeros of p,q,, namely p,, + A,, are supported on EFUTI" and converge weakly to
-+ A that is supported on E'U Sy. Therefore, we always can modify g, if needed,
in such a manner that no zeros of g, lie in some neighborhood of Ls and A, still

have the same asymptotic behavior. Hence, since the supports of u, + A, stay
away from Ls, it holds that

[Pngn|*™ — exp {—U“9+’\9} as m — oo uniformly on Ls.

Thus, we get for the operator norm of 7% that

limsup ||T2]/" < exp {HE%XU“QJF}\G - 7?19}

n—oo

= exp {HEZX (Uge(z) —g(z, oo))} < exp {mg + 6}(8.10)
by (4.10) and (8.8).
On the other hand, it holds that
T h=h, h(zjn)=0, heP,,

where 21, . . ., 2k, ,n arve the zeros of p,,. Indeed, this holds because the ratio h/pnqy,
is analytic in Us (including at infinity since deg(pnqn) = n) and continuous on Lg.
Let ¢4, ..., ¢k, be polynomials of degree at most n such that ¢;(z; ) = J;;, where
d;; is the usual Kronecker symbol. Then for any h € P, we have

k‘"’l,
(Tah)(2) = h(z) = > h(z;) (65() = (T3¢5)(2)) - (8.11)
j=1
Clearly, the sum on the right-hand sum of (8.11) belongs to a k,-dimensional
subspace of C(E) spanned by ¢; — T3¢, 7 =1,..., k. Hence,
dy,, (A7; C(E)) < exp{nd}|T7]| (8.12)
y (8.7). Combining (8.12) with (8.10), we get

1
lim sup (n log dy,, (A7°; C(E))) < mg

n—00

since ¢ was arbitrary. Thus, (3.14) follows from (8.5) and the last limit. O
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