HIGHER-ORDER THREE-TERM RECURRENCES AND
ASYMPTOTICS OF MULTIPLE ORTHOGONAL POLYNOMIALS

AL APTEKAREV, V.A. KALYAGIN AND E.B. SAFF

ABSTRACT. The asymptotic theory is developed for polynomial sequences that are gener-
ated by the three-term higher-order recurrence

Q7z+1 = ZQn - a7n—p+1Qn—p7 peN, n>p,
where z is a complex variable and the coefficients aj, are positive and satisfy the perturbation
condition > | |a, — a| < oo. Our results generalize known results for p = 1, that is, for
orthogonal polynomial sequences on the real line that belong to the Blumenthal-Nevai class.
As is known, for p > 2, the role of the interval is replaced by a starlike set S of p + 1
rays emanating from the origin on which the @Q,, satisfy a multiple orthogonality condition
involving p measures. Here we obtain strong asymptotics for the @, in the complex plane
outside the common support of these measures as well as on the (finite) open rays of their
support. In so doing, we obtain an extension of Weyl’s famous theorem dealing with compact
perturbations of bounded self-adjoint operators. Furthermore, we derive generalizations of
the classical Szegé functions, and we show that there is an underlying Nikishin system
hierarchy for the orthogonality measures that is related to the Weyl functions. Our results
also have application to Hermite-Padé approximants as well as to vector continued fractions.

1. INTRODUCTION

Let {Q,} be the sequence of algebraic polynomials in the complex variable z defined by
the higher-order recurrence relation

Qn+1 = ZQn - an—p-‘rlQn—m n 2 b, S C7 pE N7 (1>
with initial conditions

Qi) =4, j=01,. . p. (2)
Such recurrences provide examples of simple difference operators of order p + 1 and the
study of the associated polynomials {@Q,} facilitates an understanding of the spectral prop-
erties of such operators. Another application is to Hermite-Padé rational approximants of
a vector of analytic functions. The polynomial numerators and denominators of these ra-
tional approximants satisfy recurrence relations of higher order. We will present the main

definitions and elaborate on these applications below.
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For the constant coefficients case,
ap, :=a>0, n=12..., (3)

the recurrence (1) generalizes the recurrence relation defining the classical Tchebyshev poly-
nomials. (For the initial conditions (2), the generalization is that of second-kind Tchebyshev
polynomials.) The constant coefficients case also can be interpreted as the recurrence for the
Faber polynomials of a hypocycloidal region of p + 1 cusps, for which the first-kind Tcheby-
shev polynomials correspond to the case p = 1 (with the 2-cusp hypocycloid interpreted as
the interval [—2y/a, 24/a]). Such Faber polynomials have been studied in [10], [15], where
many interesting properties were discovered. For example, it was shown in [15] that the
zeros of these polynomials have some interlacing properties and lie on the starlike set

SO — [07 Oé] U [0, Oél] U [0, CY2] U [07 &P] (4)
with end points
1 2
Ar={a, ay = ggpzrl)oé? Qg = 8Ep)ﬂ)o" e Op = Egzrl)a}’ (5)

where o : = [(p+1)/p?/@V]a/ @+ and 68:1_1) :=exp(k2mi/(p+1)), k=1,...,p, are roots
of unity:.

The orthogonality property of the polynomials defined by (1) - (2) was investigated in [3].
In particular, for the case of positive coefficients in (1) :

a, >0, n>1, (6)
the following Favard-type theorem was proved.

Theorem 1.1 (cf.[3]). If a, > 0 for n > 1 in (1), then there exists a system of posi-
tive measures {ji;};_; such that the polynomials Q, defined by (1)-(2) satisfy the following
multiple-orthogonal (non-Hermitian) relations:

[ @Qut)t"dp;(t) =0, r=0,1,... .k, j=12,....d,
(7)
fSQn(t)t””d,uj(t):O, r=0,1,....k—1, j=d+1,d+2,...,p,

wheren =kp+d, 0 <d<(p—1), and S is the starlike set

p
S = U exp(27mik/(p + 1)) x [0, 00). (8)

k=0
Moreover, the measures p;, j = 1,...,p, have common support which is a subset of S and

they are invariant under rotations in the angles 2rk/(p+1), k=1,2,...,p.

As remarked in [3], the condition (6) is a sufficient but not a necessary condition for the
existence of such a system of positive measures {y;};_, . One corollary of this theorem
(cf. [3] and also [26]) is the existence of the global solution of the Cauchy problem with
positive, bounded initial data for a discrete nonlinear dynamical system, namely the so-
called Bogoyavlenskii lattice, (cf. [4]) :

p p
Qy = an(z Upik — Za"—k)’ n>1, a_, =0, n >0,
k=1 k=1
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which, for p = 1, reduces to the special case of the Toda lattice, also called Langmuire or
Volterra equations (cf. [16], [20], [24]).

In this paper we study the multiple orthogonal polynomials @,, defined by (1)-(2), where
the coefficients a,, satisfy (6) and the limiting relation
lim a, = a(>0). 9)
Condition (9) generalizes the Blumenthal-Nevai class in the theory of orthogonal polynomials
(cf. [6], [7], [22], [28] ). We prove here a Weyl-type theorem characterizing the support of
the measures of orthogonality {uj}gzl. By imposing an extra condition on the speed of
convergence in (9); namely,

> lan —af < oo, (10)
n=1

we investigate further the analytic properties of the measures {Nj}§=1 and obtain strong
asymptotics for the multiple orthogonal polynomials (),,. In other words, we deal with direct
spectral problems in the ' perturbation class (6) - (10).

2. OUTLINE AND MAIN RESULTS

The following two sections (Sections 3 and 4) have an introductory character. There
we present some notions related to difference operators and Hermite-Padé rational approx-
imants. It is known (cf. for example [2]) that a difference operator of order p 4+ 1 can be
restored from its spectral data consisting of p resolvent functions also called Weyl functions.
A procedure for the solution of this nverse spectral problem is based on the expansion,
by means of the Jacobi-Perron algorithm, of the vector of these p resolvent functions to
the vector continued fraction. The vector of convergents of this continued fraction is the
Hermite-Padé rational approximant of that vector of the resolvent functions.

In Section 5 we obtain some preliminary results regarding the constant coefficients case (3).
These results will be used latter to develop the asymptotic theory for the perturbed polyno-
mials (1) - (2) under conditions (6) - (10). We also perform an analysis of the characteristic
algebraic function w(z) := {w;(2)};_, of the difference equation (1) :

WPt — zwP +a = 0. (11)

The branch points of this function are points of the set (5). Also this function has a branch
point of order (p—1) at infinity. There is a unique branch wy(z) of this function meromorphic
at infinity that has a holomorphic continuation in the domain outside Sy:

Wy € H(Qo), Qo = (C\S(),

where Sy is defined in (4). The function wy plays an essential role in the theory since it
describes the main term of the asymptotics of the polynomials ¢),,. Then we prove that the
polynomials

Un(2) := Qn(2)
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defined by the recurrence relations (1) - (2) with constant coefficients a,, = a form the vector
of the rational Hermite-Padé approximants

Unfl Unf2 Unfp
TR
for the vector of functions (which are the Weyl functions of the associated difference operator)

1 1 1
w07w(2)7"‘7wg Y

which are holomorphic in C\Sy. Furthermore, we obtain some explicit relations and bounds
that will be used for the asymptotic analysis of the perturbed case.

In Section 6 we prove an analogue (Theorem 6.1) of Weyl’s theorem concerning the support
of the measures p; appearing in (7) for the perturbed case (9). This theorem states that the
support is the starlike set Sy (defined in (4)) plus a countable set of mass points with only
accumulation at the end points of Sy. We emphasize that this result is not a direct corollary
of the Weyl perturbation theorem (as it is for p = 1), because in the case p > 2 the spectrum
of the corresponding difference operator is not equal to the common support of the spectral
measures (i.e. the support of the measures in the multiple orthogonality relations (7)).

In Section 7 we consider the [* perturbation class (10). In the case p = 1, i.e. for standard
orthogonal polynomials on an interval (and their associated Jacobi operator), it is known
(see [12], [21], [19], [28]) that

(1) uniform asymptotics of associated orthogonal polynomials holds on any compact subset
outside of [—2,2];

(ii) uniform asymptotics of associated orthogonal polynomials holds on any compact sub-
set of (—2,2);

(iii) the spectral measure of the Jacobi operator on (—2,2) is absolutely continuous and
the Radon-Nikodym derivative of the spectral measure is continuous on (—2,2).

We shall prove analogues of these results for p > 2 for the perturbation class (10). The
techniques we use are similar to the methods of perturbation theory developed for the clas-
sical case p = 1 in the papers cited above. The starting point is a comparison equation
(Theorem 7.1) which connects the perturbed polynomials @,, defined by (1) - (2) with the
polynomials U,, defined by the recurrence with constant coefficients a,, = a (see, for example,
28] for the case p = 1). Namely, we show that

S
—

Qn = Un + (1 - akJrl)Unfpflkaka U,1 = U72 = ... = Ufp = 0. (12>
0

e
Il

Using bounds for the polynomials U, this equation allows us to obtain corresponding bounds
for the polynomials @),, and to introduce the series

Bo(2) = 1+i L —apr Q:(Z) 7
k=0

wé’“ wg (2)
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which converges on compact subsets of @ = C\ S, as well as on "both sides” of Sy, except
for the set of end points A. We further show that the function

wo(2)P Po(2)
Fole) = [Tz (wo — we)

plays the same role as the Szegd function for the classical case p = 1. Using this function
we derive (Theorem 7.2) the strong uniform asymptotics of @), on compact subsets K of the

domain 2 :
lim Qn(Z)

e w(2)

(13)

= Fy(z), ze KCQ,

and we further show (Theorem 7.5) that, uniformly on compact subsets K of Sy \ A, there
holds

Qn(t) _ <w0,+(t)>n Four(t) + (wo;(t))” Fo_(t) + o(1), te K CSy\ A (14)

jwo ()] |wo(t)] [wo(t)]

(We remark that the derivation of the asymptotics (14) on the starlike set requires a new
approach in comparison with the classical case p = 1.) The proven asymptotics imply the
convergence of the Hermite-Padé approximants to the vector of resolvent (Weyl) functions
{f;};=1, and the jumps of these functions give us the measures {u;};_, in (7), which are
absolutely continuous on Sy :

di(t) = pyOldt],  teSo, j=1,....p. (15)

The final two sections (Sections 8 and 9) are devoted to the study of the analytical prop-
erties of the measures {y;}_; and the Szegé function Fj (see (13) ). Section 8 deals with the
constant recurrence coefficients case (3), and, in Section 9, we consider the ! perturbation
class (10). Here an important role is played by the notion of a Nikishin system - the canon-
ical system of functions appearing in the asymptotic theory of Hermite-Padé approximants
(see [23], [24], [13], [8], [9], [5], [1])). Investigating the analytic continuation of the weight
functions in (15) we prove (Theorems 8.1 and 9.1) that they form a Nikishin system. This
allows us to obtain a system of boundary value problems on the Riemann surface of the
algebraic function (11) that characterizes the Szegé function Fy (cf. Theorems 8.4 and 9.2).

3. DIFFERENCE OPERATORS AND SPECTRAL DATA

Consider the following nonsymmetric (p + 2)-banded (lower Hessenberg) infinite matrix

Qp,0 Ao 0 0 0
1,0 a1 1,2 0 0

A= apo dp1 Qp2 ceo Appt1 0 N . (16)
0 @11 Gprr2 - Gpripr1 Gprips2

The matrix A defines in the space [ an operator that we will denote by the same symbol A.
Let {e,}& be the standard basis of (2. At first the operator A is defined on the linear space
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span(e; ) by

Aeg = appeo + arper + -+ apoep,

A@k = Qk—1,k€k—1 + A k€K + -+ Qk+p,kCk+p> k > 1
and then we take its closure, which always exists. The following functions are called resolvent
or Weyl functions of the operator A :

fi(2) = (R.ej_1,e0), j=12,..,p, (17)
where R, := (2I — A)~! is the resolvent operator of A, and (-,-) denotes the inner product
in the space [? of complex sequences . We remark that the operator A is a bounded operator
if and only if

sup |a; ;| < 00
4]
In this case, the Weyl functions (17) admit the following power (Neumannn) series expansion
at infinity:
- (Ake'—h €o)
fi(z) =) === 2> Al (18)

Sk+l
k=0
For a fixed 7 = 1,2, ..., p the quantities
zgj) = (Aej1, )

are called the moments of operator A associated with the Weyl function f;(z).

The recurrence (1) is associated with the following nonsymmetric difference operator with
only 2 nonzero diagonals :

e
]
—_
]
]

0 0 az 0 0 O

The special structure of the matrix (19) implies that the moments of this operator have the
following property: f,sj) = (L"ej_1,e0) =0, n# (p+1)k+j—1, k > 0. Theorem 1.1 states
that there exists a system of positive measures p; with common support on the starlike set
S and invariant under rotations such that

) _ /tkduj(t), k>0, j=1,2,...,p (20)

or, in the terms of Weyl functions,

Fi(2) = (2] — L) Ye;_1, e0) = / dp; (1)

Sz—t’

i=1,2,....p. (21)

The representations of the moments (20) and of the Weyl functions (21) can be considered
as spectral representations and the system of measures {/;} can be considered as the system
of spectral measures of the operator L. In the more general setting of banded Hessenberg
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operators, the spectral properties and connections with multiple orthogonal polynomials and
Hermite-Padé approximants were investigated in [2], [17], [18].

If lim,, .. a, = a, then the operator L is a compact perturbation of the background
operator with constant entries on the diagonals. In the case of a tridiagonal Jacobi operator
it corresponds to Blumenthal-Nevai class.

4. HERMITE-PADE APPROXIMANTS AND VECTOR-CONTINUED FRACTIONS

Here we briefly summarize some notions from the theory of Hermite-Padé approximants,
multiple orthogonal polynoimials and vector continued fractions. ( For the details, see [24],
2] and [14]).

Let §:= (g1, 92,---,9p) be a system of formal power series:
= 0
9i(2) := Z Sk (22)
k=0
For any vector index i = (ni,na,...,n,), nj € N, j = 1,2,...,p, the numerators P,
P® . P® and denominator Q of the (simultaneous) Hermite-Padé approximant to §

associated with 77 are defined by the following relations:

Cj

Q2)g(2) = PU(2) = g+ j=12...p.

where ) # 0, deg@ < n, and n = n; +ng + --- + n,. In this case the vector of rational
functions

T7

0O
is called the Hermite-Padé (H-P) approximant of the system g.

The spectral problem for the operator A defined by the matrix (16) leads to the following
difference equation of order (p + 1):

(p(l) P2 p(p))

Apn—pYn—p + Apn—p+1Yn—p+1 +- An,nYn + Apn+1Ynt+1 = ZYn- (23)

Let q,(2), pg)(z), j=1,2,...,p, be the (p+1) linearly independent solutions of (23) defined
by the following initial conditions:

QO:L QTLZOJn<Oa pgj)zl/a]—l,j7 pg):07n<]7 j:17277p7

where we assume that a;_; ; # 0. Then g,(z) is a polynomial of degree exactly n and Py )(z)
is a polynomial of degree exactly (n—j), 7 = 1,2,...,p. The connection between the spectral
problem and Hermite-Padé approximants of the system of the Weyl functions (17) of the
operator (16) is given by the following known result.

Theorem 4.1 (cf. [18]). Forn = kp+ s, the vector of rational functions

i im ( Ve ) p;m(,z))

Qn('z) ’ Qn(z) Y Qn('z)

is the Hermite-Padé approzimant of the system of the Weyl functions (17) of the operator
(16) corresponding to the index i = (k+ 1,k+1,....k+ 1,k,... k).
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In particular, for the operator L defined by (19), the denominators @),, and numerators
Py ) of the Hermite-Padé approximants are defined by the recurrences
Yn+1 = ZYn - an—p+1Yn—p, n > D,

with initial conditions

QO = 17 Ql = Z, QQ = Z27 Qp = 2F

Y =0 PY =1, PV =2 ... BY = »!
PP =0 PP =0 P =1 ..B = >
PP =0 PP =0 P’ =0 .. B =1.

Thus the polynomials defined by the recurrence (1) are exactly the common denominators
of the Hermite-Padé approximants of the system of Weyl functions for the operator L.

Hermite-Padé approximants are connected with vector continued fractions (cf. [24]). Ac-
cording to the Jacobi-Perron rule, the quotient and product of two vectors are defined by

(1,1, 1) (i& ypl)

(ylay27-'-ayp) ' yp’yp’ ’ Yp

($1,5U27 ce Jp)(ybyz’ cee ayp) = ($1y1,$2y2, e 7xpyp)'

Let g be a system of formal power series (22). Then it is possible to write
1 . q
92 95 g Ly pi4
g9 g o
where pi is a vector of polynomials (the polynomial parts of power series for g;/¢1), ¢
is a constant vector ¢1=(¢y,1,1,...,1) chosen so that the last component of pj is a monic

polynomial, and 77 is a quotient of the same type as ¢. This development may be repeated
and we can associate with the system ¢ the following infinite vector continued fraction:

g=

. dl 6 Gl
g~ +—=+...+—=+....
i P2 pn
This algorithm is called the (modified) Jacobi-Perron algorithm. The connection with the
system of Weyl functions of the operator A is given by the following.

Theorem 4.2 (cf . [17]). The (modified) Jacobi-Perron algorithm applied to the system of
the Weyl functions of the operator (16) gives the following vector continued fraction (VCF)
(1/ho,1,...,1)] (1/hy,1,...,1)]
|(0,O,...,0,Z+b070) |(0,0,...,b170,2+b171)

(1/hy_1,1,...,1)] - (buneps 1, ., 1)]
|(bp—1,07 bp—1,1> o2t bp—l,p—l) |(bn7n—p+1a bn,n—p—l—Za o2t bn,n)
where b@j = _(hj/hi)ai,j; 1 > O, ] > 0 and hk = 1/(&071(1172 . 'akfl,k); ho =1.

4.+

(24)

+.o..,
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In particular, for the vector of Weyl functions (21) of the operator L defined by (19) we
have the following VCF

(1,1,...,1)]  (1,1,...,1)| (1,1,...,1)]

Az 5 = 1676, 770, 10,0050, T T 10,0002

(car 1. V)] (—aa L. 1)
0,0,...,2)  1(0,0,....2)

We note that the continued fraction (25) solves the inverse spectral problem; namely, from
the spectral data (21), it recovers the coefficients of the operator L in (19). As in the scalar
case p = 1 (cf . [27], [30] ), the Jacobi-Perron VCF (25) can be transformed to a Stieltjes
VCF (for details, see [3] ).
We will make later use of the following observation.

Remark 4.1: If we transform the system of the Weyl functions f:: (f1, fas..., fp) into a
new system of resolvent functions g; = f - X, where X is upper triangular matrix, then the
essential part of the VCF for the new system of resolvent functions 5 is the same, only the
first p floors change. More precisely, one has the following VCF for the system qg

+..

(bO,—pala"'71)| + (bl,—P+1717"‘71)|
|(Do,—p+1,00,—p+2, - -2 bo,—1,2 +Doo)  |(D1,—ps2,b1,—py3,. .., b10, 2+ b11)
- (Bumpi L, 1)) N

o |(bn,n—p+17 bn,n—p+27 sy bn,n—h z+ bn,n) Y

where b; ; = —(hj/h;)a;;, i >0, 7 >0, and b; ; for j < 0 are given by the matrix equation
B = diag(1/ho,1/h1,...,1/hy_1) - X, where we put

bo,—p bo—pr1 .- bo-1

0 by —pt1 .. b1
B = .. .. R

0 0 oo by

We also mention that there exists transformation connecting general band operator (16)
with ”generic” operator (19) (for details see [3], [29]).

5. CONSTANT RECURRENCE COEFFICIENTS

5.1. Algebraic function. Let w(z) be the multiple-valued algebraic function defined by
the equation (11), where without lost of generality we set a = 1:

wPtt — zuwP 4+ 1 = 0. (26)
The inverse function with respect to w(z) is the rational function
1
z=w+ —. (27)
wP

Thus w(z) is an algebraic function of order p+ 1 and genus 0 and the rational function z(w)
gives the composition of a conformal map of the sphere to the Riemann surface R of the
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function w(z) and the projection of R to the complex plane. The finite branch points of this
function are the points of A in (5), i.e.

1 2
{a, a; = 5%}711)04, ay = egpzrl)a, ey Q= ggzrl)a},
with a = (p + 1)/p?/**Y and roots of unity 5gjll) =exp(k2mi/(p+1)), k=1,...,p. Also
w(z) has a branch point of order p — 1 at infinity and, as z — oo, its branches w; have the
following behavior:

wolz) ==+

(28)
wi(z) = O(L/27), j=1,...,p.

Clearly the function w(z) has no finite poles and no zeros.
Following Nuttall [25], we shall fix global piecewise holomorphic branches of w(z) pre-
scribed by the conditions

lwo(2)| > |wi(2)] > ... > |w,(2)], VzeC. (29)

To describe the domains of holomorphicity of such branches it is convenient, in addition to
the sets Sy in (4) and S in (8), to introduce the set (see Figure 1)

T
S = {z.z-fexp(m),fES}. (30)
cut Sy cut s cut S
o o0
00

FIGURE 1. Cuts of the complex plane forming Riemann surface of w(z) (p = 4)

Proposition 1. There exist global branches of w(z) satisfying (29) in C, with strict inequality
holding in C\{S U s}, such that

wjeH(QJ)7 j:0717"'7p7

where
R R C\SO7 b=
2o := C\5, =9 o\(SUsh, p>1
C\s p =2l (31)
Qp :=C\{suS}, (k<p), Q, = ’

C\ S, p=2+1"
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Proof. 1. We first consider w(z) for z € R* := [0,00]. The inverse function (27) (for
w € RT) is decreasing on the interval (0, w,) and increasing on (w,, 00), where w, := p*/®+1).
Consequently w(z) has two positive branches on («, +00), which we denote as wy and wy,
such that
wo(x) > wy > wy(z), z € (a, +00).

We also remark that for even p there also exists a negative branch of w(z) on R* which we
denote as w,. Moreover, it is possible to prove (introducing notation for other branches)
that

wpt = hwyl . p=2k+1

|w0|2|w1]>|w2|:|w3|>...>{_wp7 pZQkJ s

nRT.  (32)

2. To prolong the branches of w(z) from R™ to C we make use of some basic symmetry

relations. From (26) we have

27 27 27

(er+T w)PT! — zewt (epTi w)? +1 = 0;

hence, for any branch w;, there exists a choice of branch wy, j, k € {0,1,...,p} such that

27

w;j (2 e%) = ertl wy(2), z2eC. (33)

Another symmetry relation follows from the Schwarz reflection principle (because Sw; = 0
on [a, 00]); namely,

wy(z) = wi(2), z2eC. (34)
We shall use (34) also for other branches of w(z) when we consider them as the analytical
continuation of wj.
3. Now we define branches of w(z) globally in C.

Thanks to the Monodromy Theorem, the branch wg can be prolonged from a neighborhood
of infinity to the domain g defined in (31), i.e. wy € H(£). Furthermore in a neighborhood
of infinity we must have (33) for j = k = 0, and therefore this relation holds in Q:

2mi 27

wp (zertt) = ertl wy(z), z €.

The branch w; (due to the order of the infinity branch point (28)) has a holomorphic
continuation (from R \ [0, a]) to the simply connected domain A (see Figure 2) defined by

A= {z: |argz| <m}\[0,a].

Next we define the branch w; in ©Q; using (33) (starting from A) :

27 27

wy (zertt) = ertl wy(z), z €.

27i

Note that, due to (34) and (33), the branch w; has a jump on s : Wy, = er+ w;_. Thus
wy € H(Ql)
In a similar way we define the remaining branches of w(z). First, we define them in the
fundamental sector
—}
p+177

and then extend them to C\ A by means of the symmetry relation (33) :

A= {z:|argz| <

2mi 2mi
wj (zertt) = erttw;(z), j=2,...,p, z€;.
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A branch with even index, wsg, is defined in A as a direct analytic continuation of the

branch wqr_; to the domain AT = {2z : 0 < argz < Zﬁ} from the upper part of the
boundary of A%, and to the domain A~ := {z : - <argz < 0} from the lower part of

the boundary of A~ (see Figure 2).

A branch with odd index, w1, is defined in A as a direct analytic continuation of the
branch wsy, to the domain A™ from the lower part of the boundary of A", and to the domain
A~ from the upper part of the boundary of A~ (see Figure 2).

o

At AT
| Wak } Wk+1
l=

Wok+1 Wk

FIGURE 2. Fundamental domains for branches of w(z) (p = 4)
4. Tt remains to prove that the branches of w(z) as defined above satisfy the relations (29),
with strict inequality holding in C\{S U s}. To prove that
|wo(2)| > |wq(z)] z€C\ Sy, (35)
we define in the domain

2
B = {z:0<argz<—7r},

p+1
the holomorphic function wys € H(B) :
s 2m
wia(2) = wi(2) , o7 <argz <7rm
wa(z) , O<argz < 5

Applying the Phragmen-Lindel6f maximum principle to the function wy/wy € H(B) we
deduce (due to (32) and (33)) the validity of (35) in B, and therefore (because of (33))
inequality (35) holds throughout C.

The remaining relations in (29) can be verified in a similar way, using (32), (33) and the
definition of the branches {w;};_,. O

We now define a Riemann surface R for the function w(z) with sheet structure correspond-
ing to the choice of the branches as in (29), i.e. the projection of a sheet gives the domain
of meromorphicity (single-valuedness) of a branch of the algebraic function (29). Using the
notation m for the projection of R on C and 7r,;1 for its inverse branches, we have

p
R=JR, Ro=m"(QU{x}), Ri=m"(), j=1....p. (36)

J
Jj=0

We denote by OR; . a closed contour in C? separating sheets RR; and Ry. We assume that
the contour O, is orientated such that sheet 9R; lies to the left (4) side. We have (see
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Figures 1 and 3)
W(a%OJ) = GQO = S(]+ U Sof,

sy Us_, =20 —1 ‘ 37
ﬂ_(ag{]}j-‘rl) :{SJ;US, :;:21 7]217"'ap_1' ( )
Thus )
p pP—
N = {Usﬁj}U{Us@,jH}.
j=0 §=0
Ro Ry Ry

FIGURE 3. Nuttall’s sheet structure for the Riemann surface for function
w(z)(p = 2)

It is useful to recall the Vieta relations for (26) which hold at any point z of the complex

plane:
p p
[Tw =0 > w=2, (38)
j=0 j=0

and the remaining elementary symmetric functions of the branches (roots) {w;};_, must be
identically zero in C.

5.2. Polynomials with the constant recurrence coefficients. Here we consider gener-
alizations of Tchebyshev polynomials of the second kind, which are defined by the recurrences

Ups1 = 2U, = Up_p, n>0p, (39)
with initial conditions
U=1, U=z U,=2° LU, =2

The associated operator takes the form

0 1 0
0 0 1
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The spectral equation for the operator is equivalent to the recurrence equation : LoU = zU,
where UL = (Uy, Uy, Uy, ...) .
We present here an explicit form for these polynomials. With the help of the functions
w;(z) we have
Un :Aowg—l—Al’w?f—i-—l—pr; s

where the coefficients Ag(z2), Ai(2),..., A,(2) are defined (from initial conditions) by the
equations

A0+A1+A2+—|—Ap:1

Aowo + A1w1 + AQ'UJQ + -+ prp =z

Agwi + Ajwi 4+ Aywi + -+ 4+ Apw? = 2°

Agwg + Ajwy + Aywsy + - -+ + Apwh = 2P

From Cramer’s rule we find

p P
A; = H (z —wg)/ H (w; — wg).
k=0, ki k=0, k£i

It is easy to check from the Vieta formulas (38) that

P P P
[1G—w) =" =Y w4+ (1) [ [y =1,
k=0 j=0 §=0

and taking into account that

1
wf+1—zwf+1:0:> =wl,
Z — W;
one has
£ 1
H (z —wy) = T =w?!
k=0,k=i ¢
Thus

o= Z : A1
; zzo,k;éi<wi — wy) (41)

5.3. Hermite-Padé approximants for the Weyl functions. We can calculate explicitly
the Hermite-Padé approximants for the system of Weyl functions for the background operator

Ly using Theorem 4.1. In fact, the common denominator (), and numerators pY ), j =
1,2, ..., p are defined in this case by the recurrences

Yn+1 = ZYn - Yn—m n > b,

with initial conditions Q, = 2", 0 <n<p, PY =0,0<n<j, PY =27 j<n<p.
Consequently, @, (z) = U,(z) and

PY =0, ; j=12...p.

Thus the Hermite-Padé approximants are of the form

Unfl Un72 Unfp
. 42
(55 ) (12)
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5.4. Weyl functions of the operator and orthogonality measures (spectral mea-
sures of operator). The vector of Weyl functions for the operator Ly defined by (40) has

the continued fraction representation (cf.(25)):

(1,1,...,1)] (1,1,...,1) (=1,1,...,1)] (=1,1,...,1)]

U0 = 100 0.9 10,00 T 0.0, 02) T 10,0,-.2)

Consider the system of functions (g1, g2, ..., ¢,) associated with the tail of this VCF. Then
one has

(—1,1,..., 1) (=1,1,...,1)] (—1,1,...,1)|

(91’927'..7gp> - |(070;72) + |(O,07,2) +:m+<gl7927’gp)

This implies the following relations for the functions g;(2):

Go=—01, G=0s ga=—0g1....0= (1", (1)t 429, +1=0.

Using these relations in the representation

(L) (1,1,...,1)]
(fl>f27"'7fp>_‘(0’07.“70’2) .. KO’O’”.’Z)+(91,g2>---79p)7
where the same floor is repeated p times, we get for the Weyl functions of the operator Ly:
flz_glv f2:g%7 SRR fp:<_1)pg2107

with f7*' — 2, + 1 = 0. In general, f; = f/, j = 1,2,...,p, where the function f(z) is the
solution of the algebraic equation

{7+1_Zf1+1:07

with f; — 0 as z — oo. Hence f; = 1/wy(z), where wy is the holomorphic branch of w
defined in (28)-(29). Finally one has

1 1 1
= — 5 = —F 3 .. 9 = . 43
&)= 0 B2 = s 2) = 2 (43)
From the explicit representation (43) of the Weyl functions we can easily deduce properties
of the associated measures of orthogonality.

Lemma 5.1. The common support of the measures ug, j =1,...,p (spectral measures of
L) is the set Sy defined in (4). All measures j1) are absolutely continuous on S.

Proof. We have for the Weyl functions of the operator Ly:

1

fk zZ)= )

) = IR
where wy(z) is as above. This representation implies immediately that all measures have a
common support on the set Sy and they are absolutely continuous with respect to Lebesgue
measure on this set. Moreover, if we put du;(t) = p;(t)|dt|, t € Sy, then p;(t) is continuous
and positive on Sy, and the following symmetry property holds: p;(exp(27i/(p+1))t) = p;(t),
t e Sp. O

k=1,2,....p,
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Here we illustrate the connection between the two weight functions for the case p = 2.
Considering the boundary values of fji, 7 = 1,2 on the both sides of the intervals that
comprise the set Sy, we have from the explicit representation of the Weyl functions that

_ 1 1
;)= fi = f :w_g_w_g’
and
1 1

p2(t) = (1) = (f)" = (O (= + —).
Wy Wy
It remains to notice ( due to the sheet structure (31)-(37) and (38)) that on Sy we have

1 1 1 1

L L L =—— 0, tes
wg wy wo wnwy T Tyt e

5.5. Bounds for polynomials with the constant recurrence coefficients. To study
the asymptotics of perturbed polynomials, we need some special properties of the polynomials
U, generated from recurrences with constant coefficients (cf. (39)). The lemmas of this
section provide useful bounds for these polynomials.

We set

AGz) = [ (wilz) —w;(2)) - (44)
0<i<j

Lemma 5.2. The following bound for U,(z) holds in Qo = C\ S :

IAG)| - |Un(2)| - Jwo(2)| TP <C, 2€Qy, n=0,1,...,
for some constant C'.
Proof. We have from (41)
p A o A
— [ Teopzs(wi — wi) . wh ™! . (w_o) '
Recall that |wo(z)| > max{|w;(2)|, j = 1,2,...,p} in Qp, and that |w;(z)| < K for j =
1,2,...,p, for some constant K. Consequently, for z € €,

AU, -w," "=

A wp—l wo n+1 p
[T pso(0 — we) 21'(5) =] 1L Gz < G
k=0,kz0\ "0 k) wy 0 0<i<j

and for i = 1,2,...,p we deduce that

A wp—l ws n+1 p w p
it SRS i < 1__5>. (w; — w;)| < C.
Moo e () (=1L C-5) I e
The lemma now follows with C' = Cy + Cy + - - - + C,,. O

Lemma 5.3. The following bound holds on the open intervals of Sy :
[Un(®)] - lwo(®)[™" < M(n+1), teS\A n=01,...,

where A is given in (5).
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Proof. By symmetry, it is sufficient to prove the lemma for the interval [0, «). To fix the
branches of the algebraic function we will use their values on [0, ) obtained by approaching
the interval from above. We have

wo(t) = |wo(t)] exp(if), wi(t) = |wo(t)| exp(—if), 0<0 < u

p+1

and
wi(t) —w;(t)] = ¢>0, i # 74, 4,5 # 0,1, [wi(t) —wo(t)] = —2ifwo(t)] sin(h).
From formula (41) for U, (t) follows

0o i w?ﬂj B w6L+p N w?—&-p
= —
i—0 z:o,kﬁ(wi — wg) Hi:o,k;éo(w() — wg) Hi:o,k;ﬂ(wl — wg)

Furthermore,

+ O(lwo()]").

wg " N w ™ _wy TR (wn — wi) — wi P [T (wo — wi)
[Ticorzo(wo —wi)  [Ticgpm (w1 — wi) (wo — wi) [ [h—p (w1 — wy) (wo — wy)
On writing [Th_,(w — wy) = >_F_, bp(t)wP™", and taking into account that
p p p
wp ™ [ [ = wi) =™ T [ (wo = wi) = Y~ k() fwf ™ wi™ — wf ™ wi ™) =
k=2 k=2 k=2

= > b(®) wo(B)* P H(20) sin((n + K)9),
k=2
we get

0] ()] < 2y 3 | =D

and the lemma follows. O

‘+M2§M(n+1),

The maximum modulus principle applied to the preceding lemma yields

Corollary 5.1. There holds
\Un(2)] - |wo(2) ™" < M(n+1), z€Q.

6. A WEYL-TYPE THEOREM

Theorem 6.1. Suppose that a,, > 0 for alln > 1 and

lim a, = 1.
Then the measures j;, j = 1,2,...,p, of multiple orthogonality (7) for the polynomials (1) -
(2) have a common support consisting of the set Sy in (4) plus a countable set of mass points
that lie on the set

p
S = | exp(2mik/(p + 1)) x [0, 00)
k=0
with only accumulation points at the ends of the intervals of Sy.
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Proof. We first note that any operator L of the form (19) whose entries satisfy condition (9)
is a compact perturbation of the operator Ly in (40). By the Weyl perturbation theorem
for bounded operators, the essential spectrum of the operator L is the same as for Ly. For
a symmetric bounded Jacobi operator, the spectrum of Ly coincidess with the support of
the spectral measure ;° and the theorem follows for the case p = 1. For the case p > 1 the
situation is different; namely, the spectrum of the operator Ly can be a set that is larger than
the common support of the measures ,u?, j=1,2,...,p. On the other hand, it is clear that
the support of measures ,u? is connected with the properties of the Weyl functions f;(z) (see
the integral representation above). First we note that, by Lemma 5.1, the common support
of the measures u? is the set Sy.

To continue with the proof of the theorem, it is convenient to introduce the following
family of operators:

0O b 0 0 O
0 0 b 0 O
0O 0 0 b 0
LQ(C,b) = c 0 0 0 ... ... .. s (45)
0O ¢ 0 0 O
0 0 ¢ 0 0 O

and find their spectrums.

Lemma 6.1. The resolvent set Go(c,b) of the operator Lo(c,b) is described by the following
condition
Gole,b) = A EC + oW <1< oV, j=12....p}
where vo(A), vi(A), ..., v(A) are the branches of the algebraic function
cP™ — M 4+b=0,

with vo(N) having the smallest modulus.

Proof. To find the spectrum of the operator Lg(c, b) we transform it to the operator in the
Hardy space H? of analytic functions in the unit disk. For any sequence {z;}2, € I* we
associate the function z(v) := Y xyv* € H? and define the operator Ky(c,b) by

Ko(e,b)x =y, y)= bM + cvPz(v).

The operator Ky(c,b) is isomorphic to Lg(c,b) and therefore has the same spectrum. To
describe the resolvent set of Ky(c,b) we consider the operator [Ky(c,b) — AI] and find all A
such that this operator has a bounded inverse. By the Banach-Schauder theorem, a necessary
and sufficient for A to be in the resolvent set is that the equation (Ky(c,b) — Al)z = y has
a unique solution in H? for any function y(w) € H?. Clearly, if a solution of this equation
exists, it must have the form

vy(v) + bx(0)

coPtl — v+ b

z(v) =

The following cases are possible
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(1) The denominator cvoP™ — Av + b has no zeros in the disk {|v| < 1}. In this case
function z(v) is in the space H? but the solution of the equation (Ky(c,b) —A)z =y
is not unique because we can choose x(0) arbitrarily.

(2) The denominator cvo?™ — \v + b has only one zero in the disk {|v| < 1} (remember
that A is fixed). Denote this zero by vy. Then by choosing x(0) = —wvgy(vg)/b we get
z(v) € H? for any y € H? and this solution of the equation (Ky(c,b) — \)z = y is
unique.

(3) The denominator cvP™ — v + b has only one zero vy in the disk {|v| < 1} and this
zero has modulus one. In this case the equation (Ky(c,b) — AI)z = y has no solution
in H? for some y(v) € H? (it’s not possible to choose the appropriate value for z(0)).

(4) The denominator cvP*! — \v + b has more than one zero in the disk {|v| < 1}. In this
case, for y(v) = 1, there is no solution of the equation (Ky(c,b) — A\l )x = y analytic
in the unit disk.

The above analysis shows that the point A is in the resolvent set of the operator Ky(c,b)
if and only if one zero of the equation cvP*' — Av + b = 0 is inside the unit circle and all
other zeros are outside the unit circle. The lemma is proved. O

The next step in the proof of Theorem 6.1 is to describe the intersection of spectrums of
the family of operators Lg(c,b) (see Figure 4).

Spectrum for b=1.05 Spectrum for b=1.30 Spectrum for b=2.00

—05 -05

FIGURE 4. Boundary of the spectrum of operator Lo(c,b) for p =2, c¢b? =1 ,
and b = 1.05, 1.30, 2.00

Lemma 6.2. If the parameters ¢ and b of the operator (45) satisfy the relation cb? = 1, then
the intersection of the spectrums of the operators Lo(c,b) for b > 1 is the set Sy.

Proof. Under the condition ¢b? = 1 the equation cv?™ — \v + b = 0 becomes (v/b)PH —
A(v/b) + 1 = 0. Consider the algebraic function V' defined by the equation

VP AV +1=0.
The branches of V' are given by V;(\) = 1/w;(\), where the w;’s are given in Proposition 1 of
Section 5.1. Thus, Vo(A) — 0 as A — oo, Vj is analytic in the domain Qg := C\S, [Vo(N)] <
1 for A € Qg and [Vo(N)| < |V;(A)], A€ Qo for j=1,2,...,p.
For fixed ¢ and b > 0 with ¢b? = 1 we have the following relation for the algebraic functions
v(A) and V(A): vj(A) = bV;(A\). Thus the part of the resolvent set of the operator Ly(c,b)
that lies in € is given by

1 .
Gole,) = (A€ Q : [Vo(V] < 7 < [V;(N)], j =1, p}.
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The union of all these sets for b > 1 is exactly the set where |Vo| < |V;|, j =1,2,...,p, that
iS, Qo. [

Conclusion of Proof of Theorem 6.1. For the operator L we consider the family of

operators
0 b 0 0 0

0 0 b 0 O

0 0 0 b 0
Lc,b):=] ar-¢ 0 0 0

0 Qs - C 0 0o 0 ..

0 0 az-c 0 0 O

with additional condition ¢b? = 1. The operator L(c,b) is then a compact perturbation of
the operator Ly(c, b) for the same parameters ¢, b. The Weyl functions of the operator L(c, b)
are closely related with the Weyl functions of the operator L in (19). Indeed, the VCF for
the system of Weyl functions of the operator L(c,b) is the following (see (24)):
(1,1,...,1)] (b,1,...,1)] (b= 1,..., 1))
00,0,..0.2) (0,0, .02 T 0,0, .2

(car 1. )|, (~aa L. 1)
1(0,0,...,2) (0,0,...,2)

Here we used the relations by, ,,—p, = —(hn—p/hn)ann—p = —bPcty_p+1 = —an_p+1. By Remark
4.1 we deduce the following relations between the Weyl functions

fj[L(Cab)]:bjilfj[L]v j:1727~--7p-
The same relations are true for the Weyl functions of the operators Ly(c,b) and Ly. The
support of measures f; is situated on the starlike set Sy and all Weyl functions are analytic
outside the support. Consequently, the resolvent sets of the operators L(c, b) do not include
the support of Weyl functions. By the Weyl perturbation theorem for bounded operators we
conclude that the essential spectrum of the operator L(c, b) is the same as for Ly(c, b). Thus
the intersections of essential spectrums of L(c,b) for b > 1 is the same as for Ly(c,b). This
implies (cf. Lemmas 5.1, 6.1 - 6.2 ) that the intersection is Sy. The support of the measures
ft; is then the set Sy plus a countable number of mass points. These points can be situated
(due to Theorem 1.1) only on the starlike set S, and the theorem follows. U

+.o

7. I' PERTURBATION CLASS

7.1. Comparison equation. Our goal here is to establish a connection between the poly-
nomials U,, defined by (39) and the perturbed polynomials @,, defined by (1)-(2) (see [28]
for the case p = 1). As before, L denotes the operator associated with the @,,’s.

Theorem 7.1. The following comparison equation holds:

n—1

Qn = Un + Z(l - ak+l)Un—p—l—kaa (46>

k=0
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where U1 =U_9y=U_3=---=U_, = 0.
Proof. To simplify the calculations we put )_; =a_; =0, j =1,2,...,p. First we have
2Qr = Q1 + ap—pt1Qr—p, k=0,
2Un—p—t = Un—pty1 + Upn—op—r, k=>0.

Then we multiply the first equation by U,_,_k, the second by @)y and take the difference.
We get as the result

Un —p+1— ka + Un 2p— ka n p— ka+1 + ap_ p+1Un —p— ka —p> k 2 0.
Writing this relation for £ =0,1,2,...,n — p we have

Upnpt1Qo + Up—2,Q0 = U, Q1 +a_p1U,—,Q—p
Un—le + Un—2p—1Q1 - Un—p—lQQ + a—p+2Un—p—1Q—p+1
Upn—p-1Q2 +Up_2p2Q2 = Up_p2Q3+ a_p3U,_p 2Q_pio
n 2p+1Qp + Un Bpr = n—Qpr-‘rl + alUn 2pQO
Ul anp + Uprnfp - UOanp+1 + An—2p+1 UOan2p

Summing these relations we get (taking into account cancellations)

n—2p

Qn—p+1 = Up—pi1 + Z 1 — apt1)Up—op—i Q-
k=0
Writing n in place of n — p + 1 we get
n—p—1 n—1
Qn=U,+ Z (1 — aps1)Upep1-kQr = Up + Z(l — A1) Un—p1-1 Q.
k=0 k=0
and the theorem follows. O

7.2. Bounds for polynomials @,. In this subsection we find bounds for @, (z) in Qg and
on 5.

Lemma 7.1. The following bounds for Q,(z) hold on € :

[AE)] - 1@n(2)] - [wo(2)[ "7 < C-exp ( Nnte) Z - ak+1\> , 2 €Q,

where A(z) is defined in (44) and C' is the constant from the Lemma 5.2.

Proof. From the comparison equation (46), we have

AQuug"" _ AUug"™"
C C

— —k—
AUn k-1 n+k+1 AQ wy -p

) C C

IMi
>

For given z € )y put

1 C
= A 1R wo(2)| 7 dy = 1l k20

|A(2)]|wo(2)
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Then we get from Lemma 5.2 that

n—1
T'n <1+ Z dk Tk
k=0
Applying Gronwall’s inequality yields
n—1
< 1-exp(>dy),
k=0
and the lemma follows. O

In precisely the same way we deduce
Lemma 7.2. There holds on Sy \ A
Y -1
|Qn(®)] - [wo(t)| ™ < M(n + 1) exp Z (k+ D1 = apa] )
()77 &
where M s the constant from Lemma 5.3.
7.3. 1! perturbation. Asymptotics of ),,. Suppose now that

> 1= ap| < +oo (47)
k=0

and for z € )y define the function

S =} .

This series converges (Lemma 7.1) on a compact subsets of g = C\\Sy and on the both sides
of Sp\ A (Lemma 7.2). We now describe the asymptotics of @, in the domain 2.

Theorem 7.2. For the polynomials Q,,(2) defined by (1)-(2) with coefficients satisfying (47),
we have

lim ——= = Ay(2)Po(2),
e g (2)
uniformly on compact sets in €y, where
wo(2)P

(49)

Aolz) = [Tz (wo — wi)

Proof. From the comparison equation (46) we have

Qn Un — 1- Qg1 Un—p— —
&L

k—1
n p+1 n—p—k—1 k-
wy Wy w

Since (cf. (41))
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uniformly on a compact subsets of 2y, the Lebesgue dominated convergence theorem implies

that
@Qn(2)
n HAO(Z)(DU(Z)’
wg (2)
uniformly on compact subsets of 2. ([l

7.4. ' perturbation. Asymptotics of Hermite-Padé polynomials. Again we assume
that condition (47) is satisfied and we consider the Hermite-Padé approximants to the vector
of Weyl functions of the operator L. Recall that (), is the common denominator of the

Hermite-Padé approximants and the numerators of the approximants are pY ), j=12,....p
which are defined by the same recurrences

Yn+1 =2zY, — an—p-{—lYn—pa nz=p,
with initial conditions
PY =0, 0<n<j;, PY=2:"7 j<n<p.

n

ghe comparison equation for @), holds also for the polynomials PT(L‘QJ- but with ag,q replaced
Y Qk+j+1 -

n+] =U, +Z ak+ﬂ+1 n—p—1— kplg-i-)]

or what is the same (taking into account initial conditions)

n—1
P7(Lj) = Un_j + Z(l - ak-&-l)Un—p—l—kPéJ)
k=0

Proceeding in the same way as we obtained bounds for the polynomials (),, we can obtain
estimates for the polynomials PY.

Lemma 7.3. The following bounds for Péj)(z) hold on € :

‘ ‘ O n—1
A - |PY ()] - P < Ciexp [ o —— 1— . 2 € Q,
|AR)] - [P (2)] - Jwo(2)] < Xp(lA(z)Hwo(z)l;' ak+1|> z € Qo

and, on Sy \ A,

n—1
, o M
|PD(#)] - wo(t)| ™™ < M(n+ 1) exp (—|wo(t)|p+l Y (k11— ak+1|> :
k=0

These bounds enable us to determine the asymptotic behavior of the Hermite-Padé poly-

nomials P,gj ) For z € )y we define the function

“1—a PV(2)
Pi(z): =1+ . ~——  7=1,2,...,p. 50
i(2) g e STl p (50)

All series converge (Lemma 7.3) on a compact subsets of (2. In the same way as for Q,(z)
we get
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Theorem 7.3. For the numerators of the Hermite-Padé approrimants P,gj), j=12,...,p,
of the Weyl functions of the operator L satisfying condition (47) we have
p)
lim n <Z) = Ao(Z)CI)j(Z),

=00 wy’(z)

uniformly on compact sets in o, where Ao(2) is given in (49).

7.5. Weyl functions and spectral measures. For the [! perturbation class we now are
able to find the Weyl functions f;(z) of (17) for the associated operator L given by the
matrix (19) and use them to determine the measures of orthogonality p;, j = 1,2,...,p (see

(7))

Theorem 7.4. Suppose (47) is satisfied. Then for the Weyl functions of the operator L the
following representation holds for z € g :

PO 1 @

i(z) = lim = .2

fi(z) = lim Qu(z)  wl ¥

Proof. The theorem follows immediately from the asymptotic formulas for the Hermite-Padé
polynomials @,, and pY (see Theorems 7.2 and 7.3). O

J=12...,p. (51)

To find the asymptotics of polynomials @),, on Sy, we first establish the following important
relation.

Lemma 7.4. For n > 0 there holds

P P P
Un = (O wi)Uncy + (Y wiw))Un—g + -+ (=1P(] [ wi) Uny = i (52)
i=1 0<i<j i=1
Proof. Putting V := (—1)p(+1)/2 [To<ic;(wi —wj), we have from (41) and (49)
P P
VU, — (Z wi)Up—1 + -+ + (_1)p(H wi)Un—p] =
i=1 =1
Uy 1 ... 1 Awl™ 1 .1 1 1 .1
Un—p+1 wy ... Wp Aowgip+1 wy ... Wy Wy Wy ... Wp
Un wy wh Aqwp wi oow? wh Wy wh
(p+1)/2 wo
= (_1)pp WP (wi _ w,) — w"V.
O Ty (wo — wy) qu ’ ‘
This implies the relation (52). O

Formula (52) implies the following lemma which we will use to obtain asymptotics for the
polynomials @), on Sy.
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Lemma 7.5. Suppose (47) is satisfied. Then the following limit holds uniformly on the open
subintervals of Sy (on the both sides of Sy):

z [Qn(t) — (X w)Qual)- + (1 ([] wmn_p(w] = 0n). (9

Proof. We substitute the comparison equation

lim
n—oo wU (t

m—1

Qm = Um + Z(l - ak+l)Umfp717k:Qk’a m > 0
k=0

into the left-hand side of (53). Using (52) we get
wozwn [Q"(” = Qo) Qua(®) -+ (1 wi>Qn_p<t>] _

l1—a
_1+Z k:+1Qk:

p-i-l

—p—1—k
wy + E — Qpy1)W Qr

wo n

This sequence converges to @0( ) on the both sides of Sy (see (48)) and the lemma is proved.
0

Theorem 7.5. If (47) is satisfied, then as n — oo,

B0~ (=Y ot + (220) o) + o),

|wo(t)[" |wo(t)] |wo(t)]
uniformly on a compact subsets of Sy \ A, where

F()(Z) = Ao(Z)(I)()(Z)
Proof. : Introducing the notation ®,, :

- (Z wz) Qn—l + -+ (_1)p <H wz) Qn—p = wg(I)O,n )
i=1

=1

we have from (53)
Qo — Do,

uniformly on a compact subsets of both sides of Sy (except extreme points).

Setting
(Ee)as s ([ o
=2 =2

Vn - wlvn—l - wg"bo,n-
From the definition we note an important relation:

Vot = Vo onSp,

we have the identity

which implies that on Sy
Vn - wl,Jranl = wg7+q)0,n,+

Vn - wl,—Vn—l = wg’_(I)Qm_
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From this and taking into account that

Wo,— = W1,+; Wi4 = Wo,—; Wo4 — W1,—; Wi = Wo4+ O S0,
we get
n n
w0,+®05n7+ w07—¢07n7_
V, = wo — T gy 2
Wo,4+ — W14+ Wp,— — Wq,—
Vi Qn
Put w, = T U = T Then
|wol |wol
"L w P w
7 —1 )
Wn = Up — E Up—1 + -+ (_1)1) H < ) ot =
= lwo iz \wol

" d -\ d
() (). () () o
|wol Wo — W1/ 4 |wol Wy — W1/ _

where 7, () — 0 uniformly on a compact subsets of Sy (except extreme points).
To complete the proof we need the following.

Lemma 7.6. Consider the linear recurrence equation with constant coefficients
Yn + dlynfl + -+ dsynfs =c- 0"+ Yn s (54>

where d;,c,b are constants, |b] = 1, ¢ # 0, v, — 0, as n — oo and all roots of the
characteristic equation

N d N+ 4 dy =0
are simple and satisfy |A\;| <1, j=1,2,...,s. Then every solution to ((54)) satisfies

c-b®

jljl(b =)

Yn = V" +0o(1), asn— oo .

Proof. Any solution of the recurrence equation can be written in the form
Yo = 1 (M)A +c2(n)Ay + -+ cs(n)AY, n=>0,
where ¢;1(n), ca(n), ..., cs(n) are defined by the system

(N A + N A + -+ AT A, = 0

NI A + AT Ay 4 AT A =0

\ NS Ae + MNP Acy + - + XS A, = ¢+ 0V + 7,

where we have introduced the notation Ac(n) := ¢(n+1) —c(n). The solution of this system
of equations for Ac;(n) is

1 )

o 1)S+]

n+1 (
Aj

Vi(A1, Agy ooy )

bn—‘rs nj)» ‘:1727"'7 )
VOu e ) @ m) s

De;n) =
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with
1 1 o1
VO Aoy ) = A Ao R W 7
)\ifl )\371 .. /\i_l
and V;(A1, Ag,..., ) is the same determinant but with the last row and column j deleted.
Summing we have
n—1
¢j(n) = ¢;(0) + > _[ej(k +1) — ¢5(k)] =
k=0
Vi, Aoy As) bt &2 b\ &
=¢;(0) + (=) ¢ [_ ' v R |
V(AL Aoy Ag) | A — A g

Thus, as n — oo,

S V](Al )\2 e ey )\S) . CbS bn n—1 fYk
e Y bl _1S+] e __1
=X Ve g 0 52y () v X
! k=0

j=1

s

1 b*
= 5 ' bc)\ 0" +o(1)
= T\ = M) (b= X))
)
because ¢;(0)AT — 0 and (since 7 — 0 and |\;] < 1)

2 AT =0,
k=1

Now consider the sum
S

> :
=t TT (A, — k) (b—A))

i)
which is a rational function in the variable b with poles at the A;’s. The numerator of this
function is polynomial in b of degree (s — 1) and one can easy check that it has the same
value at any point \;, j = 1,2,...,s. Thus

1 1 1
Z SN .<b_)\j):Hj’:1(b_)\j)’

and the lemma follows. O

To complete the proof of Theorem 7.5, we simply apply Lemma 7.6 with

wo®Po Wo

Wj+1
y Tn = P)/Tb(x)? )‘j = |71)_0|7

b:

, = — j:17p_1
Wo — Wy |w0]

Yn = Up, S:=p—1, c:=

We conclude this section with a description of the measures of orthogonality.
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Corollary 7.1. Suppose (47) is satisfied. Then, on Sy \ A, all measures p; from (7) are
absolutely continuous dpu;(t) = p;(t)|dt|, t € So \ A, where the weight functions p;(t) are
given by

wo(t)j q)o(t) wo(t>j @O(t)} , J=12....p.

8. ANALYTIC STRUCTURE OF THE WEYL FUNCTIONS AND THEIR HERMITE-PADE
APPROXIMANTS FOR THE OPERATOR WITH CONSTANT COEFFICIENTS.

Pj(t)z{ ! cpj(t)r_{ 1 %)

In this section we show that vector of Weyl functions (43) for the operator with constant
coefficients (40) has features of the so-called Nikishin system. The Nikishin system is one of
the model systems of functions with well understood asymptotic behavior of their Hermite-
Padé approximants (see 23], [24], [13], [8], [9], [5], [1]).

8.1. Analytic continuation of the jumps of the Weyl functions for the operator
with constant coefficients. We take the Riemann surface R defined in (36) and using the
notation (37) we define star-like contours

Sj—l = 7r(89‘ij_17j) y j = 1, ey P (55)

Let {o;}}_, be a system of locally integrable functions on {S; 1}/_,, respectively, which are

non-vanishing and have constant argument, so that
suppo; = Sj—1, Jj=1,...,p.

We say that the system of functions

{fj}7 ijH(@\SO)a j:17"'7p7 (56>
forms a Nikishin system with respect to the system of weights {ox}Yi_; on {Sk—1}e_y, if {f;}
have locally integrable boundary values on Sy, such that

2 .
fj+_fj* :Ul'fj‘()a jzla"'apv
So
where \ , B
=1, fPeHT\S), j=2....p,

and the functions { f]@) “_, in their turn form the Nikishin system with respect to {o%}}_,

on {Sk_1}h—s-

We see that the Nikishin system starting from f;l) = fj, 7=1,...,p, defines inductively
a hierarchy of analytic functions

"y, k=1,....p, j=k....p, (57)
by means of analytic continuation of their jumps
f]gk) _ f]@ . = oy - fj(k+1) : (58)
from Si_; to the whole domain of their holomorphicity :
=1, M eH@\S), k=1,....p, j=k....p. (59)

We remark that we use the notion of Nikishin system with respect to the system of sets
{Sk-1}%_1, which includes the unbounded sets, and weight functions {o}};_, that are not
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necessarily globally integrable on {Sk_;},_,. This differs from the usual definition of the
Nikishin system by means of Cauchy integrals on a system of intervals of the real axis (see

(23], [24], [13]).
Theorem 8.1. The system of the Weyl functions for the operator with constant coefficients

(see (43))
1

fj:_j7 jzlu"‘7p7
Wy

forms a Nikishin system (57) - (59) with respect to the system of weights

1 1
O = — on Sp_1, k=1,...,p. (60)
Wk—1,+ Wg—1,—

Moreover, the hierarchy of the Nikishin functions (57) has the form

1 — )
f(1)257 fj(l)EH((c\‘Sb)a ]:1,---,]3,

’ 0

@ = 1 ) = .
fj = Z j—1—vo_ 1o f] €H<C\Sl>’ .]:27"'ap7

1/0:0 wo wl
1 vo—1 Vip_o—1

(1) _ 1 1 1 (61)

f] o Z J—1-wo Z wVO*lfVl Z Vg—o—l—vp_1 Vg1’
V(J:k_l V1:k‘—2 1 Vi 1:0 wk—l k

Proof. We proceed by induction. We have
(1 1) ( 11 ) — 1
So wg wgf Wo+  Wo-/ = wéjrl_”‘)wﬁ '

i—1
1 1 @ X 1 .

o= ———), =Y o j=23.....p,

1 (w0+ w0_> J —~ Q)

Jj—1-wo
wWo Wy

fj(l) — W

Setting

we see that the f;Q)’s are symmetric functions with respect to wg and w;. Therefore the

boundary values of f]@) from both sides of the cut Sy are the same, and we have

£ €H(S), j=2....p.

J

So, we can analytically prolong the functions f]@) from Sy to the complex plane wherever w,
maintains its holomorphicity, i.e.

P e HT\S).
Thus the first step of the induction is proved.
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Now suppose that (61), (58) and (60) hold for some k. Then

= i 1 1 1
’ s wzgzlu% e Vggiou%ﬁf e lwd w (92

Here we used the fact that f;kﬂ) is also a symmetric function with respect to the consecutive
branches w, and wy;1, p = 0,1,...,k — 2. Moreover, we notice that the term with index
vk—1 = 0 does not contribute to the sums of (62), which permits a shift of lower indices in
all sums of (62) :

7j—1 1 Vg—2—1 1 1 1
(k+1) (k+1) _
fiv  —fi- S Z wi Z V2= 1=V [w”’“‘l - Vk_l] ’

vo=k 0 Vp—1=1 wk‘fl k+ wk*

and using the boundary condition
Wg,+ = Wr4+1,7 ON Sk,

we continue

ﬁiﬂ)_ﬂﬁﬂ)

Jj—1 Vg—2—1 vg—1—1
)Y > e Y 1
Sp, Wi W Jj—1l-vo """ Vg—2—1-vg_1 l/k71—1—l/kwuk

vo=k 0 vp_1=1 W1 vp=0 W+ k1,4
Thus for the index k + 1 we obtained the boundary condition (58) and the expressions for
0k+1 as in (60) and for f;k“), j=k+2,... pasin (61). Analyticity of f](k”) on Sy and the
domain of holomorphicity for f;kﬂ) € H(C\Sk;1) is checked in the same way as in the first

step of the induction, i.e. using the symmetry of f;k”) with respect to consecutive branches
of w. 0

8.2. Hierarchy of the functions of the second kind for H-P approximants. Following
the asymptotic theory of Hermite-Padé approximants for Nikishin systems (see, for example,

24|, [13]), we inductively define (for each fixed n € N) a system of functions \1/2“) P b
[ y y heo DY
means of the following Riemann-Hilbert BVP problems :

(0P e HC\S)_1)

K _ g®)
v

n—

. (k—1)
= 03,0}, . k=1,....p. (63)

Sk—1

_ ntp—k+1

\I/%k)(z):O(z T) , 22— 00

\
Here {0} }_, are the weight functions (60) on {Sk_1},_,, forming the Nikishin system (56) of
the Weyl functions (43) for the operator with the constant coefficients. The initial function
for the system {\If,(f)} is chosen as

v —q,, (64)
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where (),, is the common denominator of the H-P approximants.
We note that, for k£ =1,

op=p1 on Sy
(65)
U = R = Qufi - BV

In our case, since the polynomials

are defined by means of the recurrence relations (39) with constant coefficients, we can
express the system { \D%k)} explicitly. We have

Theorem 8.2. For the system {oy}i_, of the weight functions (60), the solutions of the
Riemann-Hilbert problems (63) - (64) have a form:

p 1
=y, = S wl P

=0T (s — w)

)

k=0
ki
1 <& 1
\IIS) _ n—p+1
O DR ,
=1 [T (wi — wy)
pos (66)
P
o._ 1 n+p—l 1
Un -1 Z Wi P ’
[T w; = [ (wi —wy)
7=0 k=t
k#1
L — A
Wo ... Wy_1 T p
Proof. We have (see (65) and (42))
g0 _gol g0
n n wo n—1
We define \Ifg), [=1,2,...,p, inductively by the same formula, just shifting indices :
1 _
L = (67)

Wir—1
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and first we prove that for WY defined by (67) we get the expressions (66). We proceed by
induction. For [ =1 we have

— _Z wn+p _Z ntp-1__ 1 _
o kHO (w; —wy,) =0 [T (w; — wy,)

= k=
k#i k#

:_an+pp __wan-i—pl 1 _
=1 [ (wi — wy)

o

:_Z ntp-1__ - 1 )
i=1 [T (wi —wy)

k=1
k#1

Elal
= O

Similarly we establish the induction step :

n+4p—Il 1 P n—1+p—I

p
RN wj w; _
U= I—1 Z P -1 Z P -
w [Tw; = [Twi—w)  TTw; = 1w —wy)
- k=l

ol k=l -
J=0 ki j=0 kti

1 P w;ﬁl+pfl
= Z p :
[T w, =+ [T (w; — wy)

ol k=141
J=0 ket

Thus the formulas (66) are proven for {\If( o defined by (67). Now we check that these
functions satisfy the system of Riemann- Hllbert problems (63). The first and the third rela-
tions in (63) follow from the representation (66) and the analytic properties of the branches
{w;};_y of the algebraic function (11). The second relation in (63) follows from the repre-
sentation (67) and from the definition (60) of the weights {oy}. O

8.3. Asymptotics of H-P approximants and BVP for the Szeg6 functions. A pe-
culiarity of the H-P approximants for Nikishin systems is that analysis of their asymptotics
(see [13]) 1nvolves not only asymptotics of polynomials denominators ), and functions of the

second kind RY = fiQn — pY , 7 =1,...,p, but also the Whole hlerarchy of the functions

of the second kind {\I/,(Ik) M_o is involved (we recall, that v =Q,, v =R but B for
k > 2 have no direct meaning in terms of approximation or orthogonahty). However, from

the explicit formulas (66) for the system {\Ifglk)} we can derive asymptotic formulas

Theorem 8.3. The solutions of the Riemann-Hilbert problems (63) - (64) for the system of
the weight functions {oy},_, defined in (60) have the following uniform asymptotic behavior
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asn — oo :
n F —
1w = = ot i (14+0(q")), on compacta of C\{S;_1US;};
I (i — 1)
ol 1 wp F, 1 wp F .
2)]wl|" = ol | T o | T + O(q") on compacta of S,
I (wm —w) [T (wim —wi)
m=0 + m=0
D wi' Fi n
IV =|77———| 1+0(¢"). on compacta of Sp-1,
[T (wn —w)
m=0 +
(68)
Here ¢ € (0,1), 1 =0,1,2,...,p, and the functions F; are given by
-1
. wffl ]__[O(wm — wy)
F, = = pm_ , (69)
ITwn II (w—w)
and satisfy
FeHE@SUSY). R() — F(o) £0,00. (70)

Proof. The asymptotic formulas 1) and 3) are direct corollaries of (66) and the ordering of
the branches of the algebraic function w in (29). For the formula 2) we use the fact that

> Ll = wlpﬂ on S;.
IT (wi—wy) (w1 —wy) [I (wier — wy)
k=l+1 L k=142 -

We remark that Theorem 7.3 gives asymptotics of the H-P denominators

U, =0 =upFy(1+0(q") in C\S ,

Un n n
( il ) F0_|_ + <ﬂ> FO_ + O(q”) on So s
+ —

Jwol™ — \ |wol |wol

(we use in (68) the convention that a product over an empty set of indices is equal to 1),
and also it gives asymptotics of the remainder function of the H-P approximants for the first
function f; = 1/wy :

RO = Qufi = PO = Uy — Uy = 0.

Wo "
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Thus we have

RV =—"" ma1+0(@") in C\{SoUS)} .

Wy — Wy

R "( F "( F
= (o), @), () G==). = s o
w1 || + \Wo —w1/ o [wi] )~ \wo — w1 ) _

RELQ:(LE) (1+0(¢") on Sp.
+

Wy — W1

We see from the second formula in (71) that the Hermite-Padé approximants to f; = 1/wy
not only interpolate the function at the point infinity, but they also interpolate this function
in some points of the set S;. This phenomena is typical for the H-P approximants of Nikishin
systems (see [13]).

The functions {F}}/_, in the asymptotical formula (68) are called Szegd functions (anal-
ogous to the asymptotics for classical orthogonal polynomials). The main feature of such
functions is that they can be characterized by means of a boundary value problem which we
describe below.

Given a set of locally integrable weight functions

o; on Slfl, l:1,2,...,p,

we set

wp = (wl—17+ - wl—L—) s ) l= L2...,p. (72>
-1

Consider the Riemann surface R (see (36)) and contours 0R,;_1, (see (55)) that separate the
consecutive sheets. We define on each such contour the function
ow; on  Sp_q_
o) = ) (73>

oW on 51—1,+

lift the values of o; to d%_1, in accordance with (55), (37), and formulate the following
BVP on fR.

Find a piecewise holomorphic function F on R with locally integrable boundary values
such that

p p
1) FeH (ER\ U 8%[1’1) , dF; € Llloc (U 8%11,1) ,
=1

=1

1
2) f—‘r:f—T on 8ml—17la l:17"'7p7 (74)
g

3) F(oo®) FlooW) ... Foo®) =1

Proposition 2. If o, is defined on OR;_1; as in (73), by means of a continuous, non-
vanishing function oy, then the solution of the BVP (74) on the Riemann surface (37)
exists and unique. Moreover, for all z € C we have

FENYFED) ... Fz) =1, (75)
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where 29 = 7(2), j=0,1,...,p.

Proof. Existence. The Riemann surface (37) has genus 0. Therefore our BVP is equivalent to
the BVP on the complex plane with boundary conditions on the union of contours. However,
due to (73) and the fact that ¢, is continuous and non-vanishing, the index of this BVP is
equal to zero. Such a BVP always has a solution (see [11]).

Uniqueness. Suppose we have two solutions F; and F». Then the function F;/F, is holo-
morphic on the whole of R and therefore this function is a constant which must equal one,
because of condition 3) in (74). Analogously, (75) follows from the fact that the function of
variable z € C, on the left-hand side of (75) is holomorphic on the whole plane C. O

Now we obtain a characterization of the Szegé functions from the asymptotics (68) by
means of a BVP on fR.

Theorem 8.4. The Szegd functions {F}_,, which satisfy the asymptotics (68), give the
solution of the BVP (74) on R; namely

FE=F , [=01,....p. (76)

Ry

Proof. The first condition in (74) is fulfilled because of (70). To check the second condition
in (74) we consider (69) on S; ,l=0,1,...,p—1:

Iy w— wi! _ Wy, Wi+ _
Fry - _wp_l_l(w — W14+ ) (W - — wpgg,—) (Wi —wi ) (W —wp )
) 141,— 1+ 1+1,+ 1,— 1+1,— + I+1,+ l I+1,

Fi_ 1

Frioe  wigioga

Here we used (72) and (60). Thus (73) holds, which implies the second condition in (74).
Finally, the third condition in (74) follows directly from (69) :

-1 p—1
p—l _ _
- wy wzf_l(wo — wy) i ml_:lo(wm w) ml_:[o(wm wp-1)
[1r=- . o ; s =1.
[=0 [T (wo —wy) wo [T (w1 —wy) IT wn IT (w—wy) IT wn
k=1 k=2 m=0 k=141 m=0
By uniqueness of the solution (Proposition 2), the proof is complete. O

9. ANALYTIC STRUCTURE OF THE WEYL AND OF THE SZEGO FUNCTIONS FOR THE
PERTURBED OPERATOR

The goal of this section is to show that after a perturbation satisfying (10), the vector of
Weyl functions remains to be a Nikishin system (56)-(57). Using this link we then obtain a
characterization of the Szeg6 functions for the strong asymptotics of the polynomials @), in
(1) (see Theorems 7.2 and 7.5) by means of the BVP (74) on the Riemann surface fR.
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9.1. Analysis of the system {f;}’_,. Determination of the jumps {0;}/_, on the
stars {S;_1}7_,. For the vector of the Weyl functions (18) for the perturbed operator (19)
we have the formula (51) of the Theorem 7.4 :

where &, € H(C\Sp), [ = 0,1,...,p are defined by (48) and (50). We also use the
following representations of {®;};_, (for I = 0 it becomes (53) of Lemma 7.5 ; for [ > 1 these
representations can be proved analogously) :

(Z wz> T (ﬁ wl.) PO,

where convergence is uniform, not only on compact subsets of C\ Sy, but also on the compacta
containing the boundary points of the domain C\ Sy, i.e. on both sides 4 of the starlike set
So \ A.

(I)j s PV(LO) = Qna (77>

Using the identity

P J
P9 - (Z wl> PO 4 (1) (E wi> P, = Aé) , (78)
where
1 1 pY 1 1
A | e Pl o (79)
wh wP P;gj) w171 w{.?‘l
we have for the Weyl functions
N
fi=lm fin s fin ENOR J=12,....p, (80)

where convergence is uniform on compact subsets of the domain @\So, including its boundary
points.

The goal of this subsection is to prove that the system of the Weyl function (80) is a
Nikishin system and to find the system of weights o, on Sy_1, k=1,...,p, forming {f;k)},
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the hierarchy of the Nikishin functions (57) - (59), as follows:
V=t € HT\S), j=1....p

I L S
o 0
............................................. a1)
l l l l (
-1 =af, =1,

We have

Theorem 9.1. The system of Weyl functions (80) for the operator (19) with coefficients
satisfying (10) forms a Nikishin system (56) with respect to the system of weights

0,1,..0—2) A (0,1,...,]
A0 )A?(l+ )

n

op=—limoy,, o,: on S, l=1,...,p, (82)

e = AOL 1) A (01, 1=T)
n+ n—
where , : j
1 T A P,
S Wity --. Wp PTEJ—O;H Pnj—l;t)J—H e Pﬁ”—%l
ASO’J““’”) — : : ) (83)
wy, o .. wh puo) py .. p
1 1 1
Wy Wi Wp
Ago,l,...,l—?) = A = , (84)
=1 wl w? ... wP
o Wy D

and the convergence in (82)is uniform on compact subsets of S;_1. The hierarchy of the
Nikishin functions (81) has the form

A(071»7l71?.])

(+1) _ 1: (+1) (+1) _ n - i
fj _TLILI{.IOfJW ) fj,n _W7 ]_l+17"'ap7l_07"'7p_17 (85>

where convergence is uniform on compact subsets of the domain C\ S}, including its boundary
points (except for points of A).

Remark 9.1. We note, that in passing from S;_1); to S;—1)— we interchange neighbor-
ing columns of the determinants in (83). This produces a sign change in the product of
determinants in (82) :

A(OJ’M’ZJ)A;Oil’m’l) _ _A;O_;—l,...,l—Q)A;O_,l,...,l)‘

n—



38 A.I APTEKAREV, V.A. KALYAGIN AND E.B. SAFF

Proof. We first prove (by induction) that for each n € N, the system (see (80))
fj,n7 j:177p (86>

is a Nikishin system with respect to the weight functions {0y, };_, from (82), and the cor-

responding hierarchy { fj(?l} is given by (85). Then convergence in (82) and (85) will follow

from the convergence in (80).

To prove that (86) is a Nikishin system we use a determinant identity. We denote by
— —

@, b,C,d vector-columns of size (p + 1) and by X a matrix with (p — 1) columns and

(p+1) rows. Let [7 L] b L] X] be the (p+1) x (p+ 1) matrix that is obtained by adjoining

(as first two columns) @ and b to the matrix X. Then the following identity holds:

det [@ || X[ * det [?|_|X|_|7] — det [?uxu?} x det [?uxuﬂ -

87
= det [WU?UX}*det [XU?uE)} (87)

Now we proceed with the induction. For the first step we have

()
fin = fj’”:i_go)a i=1,2....p,
and, on Sy,
fie = Fia|, = ASQAEEO)—A%?AS? | .
A

Note that the first column is changed in the boundary values of the determinants Aﬁfl and

AD (see (79)). The changes of the boundary values of the other columns (2nd and 3rd, 4th
and 5th, etc.) produce a change in sign of the determinant (interchanging two columns).
This change of sign does not affect (88) because there determinants occur in pairs. Thus we
can apply the identity (87) to the numerator of (88) :

0, 0,1 0,
U 0) A0 (0) A (0) 0,1)
So An—i—An— An-i-An— An-‘r
The same reasoning (see also Remark 9.1) implies that
0, 0,
Ay(pr]) B A (0:9)

n—

A(Ojrl) = A(O,l) on Sp.

n—

Thus the function fJ(Qn) = AP /A%O’l) , j=2,...,p, has no jump on Sy and therefore

£ e H(T\S) . (90)
Setting
AARY _ NN
0 0 0 0) ?’
ADAY AP AD

we have from (89), (90) that the theorem holds for [ = 1.

0'17»,1 =
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Now suppose that

A(OJ ,,,,, 1-2,5)

M. _On T P —
fim = 0L © H(C\S.1), j=L1+1,...,p,

is true. For the jump of ff}t on S;_1 we have

AOL1=2.0) A O d=21=1) A (0,1,0=2,5) A (01,000=2,0-1)

— n—+ n— n— n+

S, A0 L, Z_Q’l_l)A(Of ..... 1—2,1-1)

n—+ n

(@ (@
fj,nJr - fj,nf

Again using (87) we obtain
AOLnd=2) A (01,00-1.5)

() @ _ n— n+ _ (1+1)
fj,n+ - fj,n— S, o A(Ojrl ..... l_l)A(Of ..... -1 = Ulfj,n )
in accordance with (82), (85) and (81). This completes the induction. O

9.2. BVP on ‘R for the Szeg6 functions related to the ),,. We have from Theorem 7.2
the asymptotic formula
@n

lim —
n—0o0 wg‘

= Ag®y =: Iy,

uniformly on compact subsets of C\\Sy. Substituting the expressions for Ay and ®q (see (77),

(78))

1 ... 1 P9
wl “ e U)p Pétl)p+1
wy wg PT(LO)
P 1
A() = D %o ) q)o = lim — 5
H (wo B wk) n—00 W 1 1
k=1 w1 Wy
wh™! wh~

we have (uniformly on compact subsets of C\Sj including the boundary points of Sps \ A)

1 A
Fy=limFy,,, Fop=—7—"7, 91
0 nl_{{.lo 0, 0, wgpA (91)

where we use the notation of (79) and (84).

Next we prove that the function Fj is the solution (76) to the BVP (74)-(73)-(72) on the
Riemann surface R, where the jumps in the BVP are formed by the weight functions {o;}7_,
defined in (82).

Theorem 9.2. Let F be the solution of the BVP (74) on R, with jumps {o;}}_, in (73)
defined by (82). Let {F}}}_, be the values of the solution taken from the different sheets of
R

F=F [=0,1,...,p.
Ry
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Then Fy is the Szegd function (91), and for the remaining of F;’s we have

(w; —w—1) ... (w; — wp) AOLD

n—p (0,1,...,1-1)
wy An

E = lim E,n 5 E,n = 5 (92)

uniformly on compact subsets of C\Sy, including the boundary points of So+ (cf. (83) for
notation,).

Proof. Again, as in the proof of the Theorem 9.1, it is enough to prove that {F;,} forms
the solution of the BVP (74) with jumps {0y, }, and then the convergence in (91) yields the
result. Thus, for {F},} in (92), we have to check the conditions 1), 2) and 3) from (74).

1) Evidently
Fl,neH(@\{Sl,luSl}), lzl,...,p—l,
Fo. € H(C\So) , F,. € H(C\S,1) .
2) We need to prove that on S;, [ =0,1,...,p — 1, there holds
Fiiine = Flor o1 wiy - (93)
We begin with the case = 0. From (91), (82) and (72) we have on S

1 ALY A_APY

n— (woy — wo-) .
wor” B Agg)r A

FO,n:F O1W1 = —

Taking into account Remark 9.1 we can continue :

1 A(O) A A(O»l) 1 A(O’l)
FO,n:F O1W1 = —— = nF F ot (ZUOi - wo:p) T - (wl - wO):&: = Fl,n:l: on Sy .
wor” Bz AP ALY wiy” A

Thus for [ = 0 the boundary condition (93) is verified. Now we consider [ = 1,2,...,p — 1.
We have on .S

-Fl,n:F Ol41 W41 =

0,1,...0 0,1,.0,l=1) A (0,1, 041
(o —w)g - (W —wo)s AL A AN (s — wre) =
- WP AOLT=T) A O1,00) A 0100) Wix — Wig) =
== nF n-+ n—
0,1,....1+1
(i —wi) e (Wi — wig)+ . (Wi — wo)+ Aéi” s (w1 — wpar)s = F
wn_p A(O’l 77777 l) l l+1 :t l+1,n:t M
l+1,i n+

Thus condition (93) holds.

3) Finally, taking the product of the Fj,,, we have

p (0,1,...,p)

JADY A
H F,= B —— 1,
1=0 n
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where we used the fact that

(1]
2]

3]

[10]
[11]
[12]

[13]

G o
0.1 ) Qn—p+1 Pnprrl s Pnpfp+1 ﬁ
AN : : = I[wi.
Q P(l) P(p) 1=0
n i S A
O
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