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Abstract

In this paper some questions related to Hankel operators asso-
ciated with Markov functions are considered. Let G be a bounded
multiply connected domain with a boundary I' consisting of closed
analytic Jordan curves. We assume that G is symmetric with respect
to the real axis. Let p be a positive Borel measure with the support
supppu = E C R, E C G. We investigate a connection between the
Hankel operator Ay constructed from the Markov function
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and the embedding operator J : E3(G) — La(u, E), where E»(G)
is the Smirnov class of functions analytic on G. Moreover, in the
case when G is the open unit disk we state results characterizing the
rate of decrease of the sequence of singular numbers of the Hankel
operator Ay constructed from the Markov function with the measure
u satisfying the Szegd condition: supp p = [a,b] C (—1,1) and
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1 Hankel and Embedding Operators.

1.1 Notation and Statement of Theorem 1

Let G C C be a bounded domain symmetric with respect to the real axis
whose boundary I' consists of finitely many closed analytic Jordan curves.
We assume that I' is positively oriented with respect to G. Let L,(I"),1 <
p < 00, be the Lebesgue space of functions ¢ on I' such that

lotly = ( [ tetoiaer)” <o

Denote by Lo (I') the space of essentially bounded functions ¢,

lelloe = esssup (€)] < oo.

Let E,(G),1 < p < 0o, be the Smirnov class of analytic functions on G.
Here and in what follows we consider E,(G) as a subspace of the space
L,(T"). The condition

/ PO’y pral zeC\T
r {—z

is necessary and sufficient for a function ¢ € L;(I') to be the boundary
value of a function in the Smirnov class E;(G) (see [16] and [19] for more
details about the classes E,(G)).

We represent Ly(I') as the direct sum Ly(I') = Ey(G) @ Ey (G), where
E5-(G) is the orthogonal complement of E5(G) in Ly (T). Denote by P_ the
orthogonal projection from Ly(T') onto E3 (G). Let f be continuous on I'.
The Hankel operator A with symbol f is the map from E»(G) to B3 (G)
which takes ¢ € E»(G) to Arp = P_(pf). Note that Ay is a compact
operator.

Let p be a positive Borel measure with the support suppuy = E C
R, F C G. We assume that the support of y contains infinitely many points.
Denote by Lo(u, E) the Hilbert space with the inner product

(0 )ow = [ (GD@du@), ¢, € Lol B),

and the norm ||p||2,,.
For the Markov function

£2) = 5 [ 240 (1)

211 zZ—x




there is a connection between the singular numbers s, (Ay) of the

Hankel operator A; and the singular numbers of the embedding operator
J : B3(G) = La(p, E),

Jo = ¢|E, ¢ € E»(Q).

The compact operator J is given by restricting an element ¢ € E(G) to
E.

Let X and Y be the Hilbert spaces, and let A be a compact linear
operator from X to Y. For any nonnegative integer n denote by s,(A) the
n-th singular number of the operator A:

n(4) = inf[| A — K],

where the infimum is taken over the collection of all linear operators K :
X — Y of rank at most n, and || - || is the norm of the corresponding
linear operator. It can be seen that the sequence {s,(A)}, n=10,1,2,...,
coincides with the sequence of eigenvalues (counting multiplicity) of the
operator (A*A)'/2, where A* : Y — X is the adjoint of A, and

sn(A) = inf [[A]xe],

where X_,, runs over all possible subspaces of codimension n of X (see [12]
for more details about singular numbers).

We now formulate the main result of this section establishing a con-
nection between the operators A3 Ay and (J*J )2.

Theorem 1 Let G be a domain symmetric with respect to real azis and let
f be the Markov function of (1.1), where p is a positive Borel measure with
the support suppp = E C R, E C G, containing infinitely many points.
Then

AjAp = (J*J)% (1.2)
Consequently,

sn(J)? = sn(Af), n=0,1,2,.... (1.3)

Remark. In the case when G is the open unit disk {z : |z| < 1} and
E C (—1,1) it is not hard to prove (see [4]) that for |z| < 1

(AFAD)E) = TP = 15 [ [ (1_y§§f3_yz)du(mﬂ(y).



1.2 Some Properties of Ay

In this subsection we investigate some properties of Hankel operators. We
first state a result giving necessary and sufficient conditions for a function
a belonging to the space Lz(T) to be an element of the subspace Ey (G)
(see [17]).

Suppose that a € Ly(T'). Then a € Ey (G) if and only if there exists a
function b € Ey(G) such that

a(&)|dE] =b(&)dE  a.e. on T. (1.4)

Let ¢ € Ey(G). Since App =P _(pf),

App=of =t =u, (1.5)
where u € Ef(G) and ¢ € F5(G). On the basis of the fact that Aju =

P, (uf), where P, is the orthogonal projection of Ly(T) onto E3(G), we
obtain that B
Aju=uf —v=uw, (1.6)

where w € E3(G) and v € E5 (G). Since u,v € FE5 (G), we can assert (see
(1.4)) that there exist a, f € E2(G) such that

u(§)|dé] = a(§)dE and v(£)|dE| = B(€)dE
a.e. on I'. Therefore, by (1.5) and (1.6), we get
(pf = 9)(€)dE = a(é) |dé|, and (af — B)(€)dé = w(€) |dE|

a.e. on I, and so for the Markov function (1.1) we have

(b5 [ 2D —p(9) @ =a@ lde] accon T, (1)

(005 [ - p©)) de =@ gl ac.on T (18)

Remark 1 Tt follows immediately from (1.4) and (1.5) that « and ¢ are
uniquely determined by equation (1.7). Namely, if for ¢, & € E5(G) we have

(005 [ 92 —i(©)) ds = a@lael, ae.on T.

then z/; =1 and @ = «. Analogously, § and w are uniquely determined by
(1.8).



1.3 The Embedding Operator J

Let J : Ey(G) — Lao(p, E) be the embedding operator Jp = ¢|g,p €
E5(G). By the Cauchy formula, for any function ¢ € FE5(G) we have

(Jo)(z) = %ﬁi/r%’ s € B

The adjoint operator J* : Ly(u, E) — E3(G) of J can be represented in the
form

(J*9)(§) =P (@), g€ La(p, E), (1.9)

_ (L[ g@)dp(z) |dE]
20 = <2m‘/E z—¢ ) ¢
Let ¢ € Ey(G). Equality (1.9) implies that
(" D)) = (@ = ¥)(§) = (), ae.on T,

where a1 € E(G) and ¥ € E3 (G). By (1.4), there exists a function 1 €
E5(G) such that U(&)|d¢| = 11 (£)d¢ ae. on T. Therefore, we get

where

1 [ p(z)dp(z) N
(2—m. / ﬁ—zm(a)) 0 = ar(@)de] ac.on T.  (L10)

Analogously, using the formula (J*J)a;(€) = wi(€), where wy € Ey(G), we
obtain that there exists 8, € E2(G) such that

(L / M—m(&)) d§ = wi(©))de] ae.on T. (L1
E
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1.4 Proof of Theorem 1

We shall prove that (J*J)%p = (A7 A)p for every ¢ € E»(G). Let us con-
sider equation (1.10). Replacing ¢ by £ and then taking the conjugate, we
get

2mi

(<5 [ 229 — i19)) (-d0) ~ @ 1de] ne.on T,

where *(€) = ¥1(€) € E2(G) and of(¢) = a1(€) € Ey(G). Therefore,

<i /E w +¢f(f)> dé = o (§)|dé| ae.on T. (1.12)



We now note that for ¢ € E2(G) the function

z)du(z du(x
/so()u( )_90(5)/ p(z)
e -z Ef—=
belongs to Eo(G). Then, from (1.7) and (1.12) we can conclude with the

help of Remark 1 that of = «. Using (1.11) and the fact oy (z) = af(z) for
z € E, we obtain

1 az)dp(zx) >
— | —— - d¢ = d €. .
(5 [ = 51(9)) de = an@lde] e on
From this, on account of (1.8) and Remark 1, we get w1 = w. Consequently,

for any ¢ € E(G) we have (J*J)?p = (A}Af)p, which implies (1.2) and
(1.3).

|

1.5 Connection between the Best Meromorphic Approxi-
mation Problem, the Theory of Hankel Operators, and
n-widths

There is a connection between the singular numbers s,(Ay) of the Hankel
operator Ay with symbol f € C(I") and the error

Apoo = An,OO(f? G) = he/\/%nf @) I1f = hlloo

n,00

in best meromorphic approximation of f in Ly (T') in the class
Mp.o(G) ={h =a/f:a € Ex(G), Bis a polynomial, deg3 < n, # 0}.

This connection was first investigated by Adamyan, Arov, and Krein (see
(2], [3]) and is known as the AAK method. The Adamyan-Arov-Krein the-
orem relates to the situation when the Hankel operator is constructed from
a function given on the boundary I' of the unit disk G.

Theorem (Adamyan, Arov, Krein) Let f be continuous on the unit circle
I'={z:|z| =1}. Then

An,oo(f,G):Sn(Af)’ n:031a23"'a
and a unique best approximant hy, € My «(G) satisfying
An,OO(f§G) =||f — halleo



is given by h, = P (Qnf)/Qn, where Q, is the first element of some
(n 4 1)-st Schmidt pair of Ay, ||Qn]l2 = 1.

As shown in [17] we have the following connection between the quan-
tities A, (f; G) and the singular numbers s,(Ay) in the case when G is a
N-connected domain.

Let G be a N-connected domain with a boundary I' consisting of closed
analytic Jordan curves and let f be continuous on I'. Then, for all integers
n>N-—-1,

Anin 1(f:G) < sulAf) < Au(f: G). (1.13)

Let G be a bounded domain whose boundary I" consists of N closed
analytic Jordan curves. In this case the Smirnov class E,(G),1 < p < oo,
coincides with the Hardy space H,(G) of analytic functions on G (see [11],
[13], [20] for more details about the Hardy spaces). Let u be a positive
Borel measure with support supppu = E C G. There is a link between the
singular numbers s,(J) of the embedding operator J and n-widths of the
unit ball of the Hardy space H2(G) in Lo(u, E) as we now describe.

Let X be a Banach space and A be a convex, compact, centrally
symmetric subset of X. The Kolmogorov n-width of A in X is given by

d (A, X) :=inf inf || —
n(A, X) glnzggggg(nllso qll,

where the infimum is taken over all n dimensional subspaces X,, of X. The
Gel’fand n-width of A in X is defined as follows:

d"(A,X):= inf sup |[|z]|,
X_nazeX_,NnA

where X _,, is an arbitrary subspace of X of codimension n. The linear
n-width of A in X is given by

On(A, X) := inf sup |lp — Kol
K pEA
where K : X — X varies over all linear operators of rank n (see [15] for
more details about n-widths).

Let Ay be the restriction to E of the closed unit ball of Hy(G). We
have (see, for example, [10], [15])

Sn(‘]) = dn(A27L2(N7E)) = dn(A27L2(N7E)) < 5n(A27L2(:u7E))'



It is proved by S.D. Fisher [10] that there is a constant C' > 0 depending
on G and F but not n or y such that

1
E'YTL < dn(A%LQ(:“'aE)) < 5n(A27L2(N7E)) < C’YTH

where

Tn = inf  sup{||p|l2,u: @ € Az and ¢(z) =0,k =1,...,n}.

{21,...,2n}CG

Moreover, if E is small enough (see [10, Theorem 4]), then

Sn(J) = dn(A%LQ(NvE)):dn(A%LZ(NvE))
- 5n(A27L2(,U'7E)):7n

In the case when @ is the open unit disk, S.D. Fisher and C.A. Micchelli
(see [8], [9], and [7]) proved that always

Sn(‘]) = dn(AQaLQ(N’vE)):dn(AQaLQ(MaE))
= 6n(Ag, La(pt, E)) = n.

2 Best Meromorphic Approximation of Markov
Functions on the Unit Circle

2.1 Some Formulas

Here and in what follows we consider the case when G is the open unit
disk with the center at 0. Let p be a positive Borel measure whose support
suppp = E C (—1,1) contains infinitely many points and let f be the
Markov function associated with p. In this case the singular values s, (Ay)
of Ay are strictly decreasing (i.e. the eigenspaces are one dimensional). It
follows from Theorem 1 and results of S. D. Fisher and C.A. Micchelli (see
18], [9], and [7]), where it is proved that the eigenvalues for J*J : Hy(G) —
HZ(G)a

() = 5 [ dutw), g€ B, el <1,

are simple, the corresponding eigenspaces are one dimensional and the (n +
1)-st eigenfunction has exactly n zeros in G. Thus (cf. [5]) an eigenfunction



Qn = Qn,00, ||Qnll2 = 1, for Ay corresponding to the singular value s, (Ay)
satisfies the equation

= —d 1. 2.1

Sn(Af)Qn (z)

We remark that @), is unique up to multiplication by a unimodular scalar.
As shown in [5], equation (2.1) implies that the polynomial w} (z) = [Tp_;(2—
Zk,pn) constructed from the zeros of @, is an orthogonal polynomial with a
varying weight function (see Subsection 2.2). It is possible to show further
that all n zeros z1,,...,Zy, of @, are simple, lie on the smallest closed
interval containing the support of u and that @), can be analytically con-
tinued from G to C\ E~!, where E-! = {1/z : 2 € E} (see [4] for more
details about properties of @,).

2.2 Orthogonality

We can represent 0, in the form Q,, = B, ¢,, where ¢, is an outer function
and B, is a Blaschke product constructed from the zeros @Q,,:

k=1 k=1
By (2.1),
/ Md,u(w) =0 for k=1,...,n.
El—xp,x

Thus the following orthogonality relations are valid:

/ ()2 44 = 0
FE

wp ()

and

* ©n(x) _
/. T(a)u () 5 () = 0 (2.2)

for any polynomial T, degT < n — 1.



3 Potential Theory

To describe the asymptotic behavior of the singular values and correspond-
ing singular functions for a Hankel operator whose symbol is a Markov
function, we need to recall some fundamental quantities from potential
theory.

Let g(z,£) be the Green function for the unit disk G with pole at
e G

Let E C G be a compact set. Denote by P(E) the set of all positive unit
Borel measures o with support suppoc C E. The Green potential of a
measure o € P(FE) is denoted by

Vi) = [ gz 6)do(c).

We consider the energy of a measure o € P(E) with respect to the Green
potential

15 = [ Vi@o() = [ [ gz ¢)do(e)do(o)

It is a well known fact (see, for example, [18]) that if logarithmic capacity
cap(E) > 0, then there exists a unique measure w € P(FE) such that

I =inf{I] : 0 € P(E)}.

Moreover,
Vi (z) =1] qe on E,

where q.e. (quasi-everywhere) means neglecting sets of zero logarithmic
capacity. The measure w is called the Green equilibrium measure. The con-
denser capacity is C(E,T') := 1/I. Let r = e~ /CETD) = 1§

Let us consider the case when E = [a,b] C (—1,1). Then

(~5%)
or r=exp|— )

K
1Y =
2K’

Y

where

! dx C(1=a®)(1-b?)
K_/O V(= 22)(1 = 7222)’ = (1—ab)? ~’

10



and K’ is the corresponding elliptic integral for 7/ = v/1 — 72 (see [1], [18]).
Moreover, the Green equilibrium measure is

kdx
N T T ML
where (1 — ab)
b=k

4 Statements of Convergence Theorems

4.1 Szeg6 Function Dy (2)

We assume that the support of p is E = [a,b] C (0,1) and the measure p
satisfies the Szeg6 condition

b log(du/da)

a V(x—a)b—x)

Let E-t =[1/b,1/a). Let ® : C\(EUE ') = {r < |2| < 1/r},®(1) =
1, be the conformal mapping of the region C\ (FE U E~!) onto the annulus
with the interior radius r and the exterior radius 1/r. Then |®| =7 on E
and r = e /C(ED) where C(E,T) is the capacity of the condenser (E,T).

Let dw be the Green equilibrium measure for E = [a,b]. We can write
the Riesz decomposition of

dr > —o00.

dp = pdw + dps,

where 1) = dp/dw denotes the Radon-Nikodym derivative of x4 with respect
to w, and s is a singular measure. We also need the geometric mean G, (1))
of 1) with respect to w:

0.(5) = exp ( [ logp o)

and the Szegd function Dy, for a doubly-connected region C \ (E U E 1)
(see [14]). The Szegd function Dy(z) for C\ (E U E~!) has the following
properties:

1) Dy(z) is analytic and non-vanishing in C\ (E U E~1);

2) the increment Ararg Dy, of the argument of Dy, along I' is equal to 0;

11



3) |Dy(2)|> = (2) a.e. on E; more precisely, the nontangential limits of
1Dy (€)|? as & approaches z € E equal 9(z) a

)
4) [Dy(2)* = Gu () on T
We have (cf. [6])

Dy(x) = \/Gul®)exp (wz —a)(z — b)(1 —az)(1 — b2)

log( ( )/Gu (1)) (1 = 222 + 2%)dz )
27r \/m—a r)(1 —az)(1 —bz)(z —z)(1 —z2) )

4.2 Main Results

In this subsection we formulate theorems characterizing the limiting dis-
tribution of poles and degree of convergence of best meromorphic approx-
imants h, = hyp,1 < p < oo, to the Markov function of (1.1) in the
space Ly(I"). The methods used are based on an investigation of Szeg6 type
asymptotics for the orthogonal polynomials (cf. (2.2)) associated with the
poles of h,,.

Let 1 < p < oo and let M,, ,(G) be the following class of meromorphic
functions on the unit disk G:

Mpp(G) ={h=0a/f:a € Hy,(G), B is a polynomial, deg3 < n, 3 # 0}.

The deviation of f € L,(T") from the class M, ,(G) will be denoted by
Ay pt

)

Bap = BuglfiG) =, _inf _|If =, (@1)

Let 1/p +1/q = 1. There exists a best approximant h,, = hyp in M, ,(G)
to f in the space L,(I'):

An,p = ||f - hn||p

such that all n poles of h, in G are simple and belong to E. The function
hy, can be represented in the form h, = P, /Qy, where P,, = P, , € Hy(G)
and Qn, = Qnp € Hog(G),||Qnll2g = 1. We have @, = Bypyy, where By, is
a Blaschke product degree n constructed from the zeros of @), and ¢, €
Hy(G), |lgnll2g = 1, ¢n is positive on (—1,1). It is possible to show that

12



0% and B,p2~9(f —hy) can be extended analytically to C\ E~! and C\ E,
respectively (see [4]).
Let ¢* € Hyy(G), ¢*(0) > 0, satisfy

Gu(le™?) = sup G ().

PEH2¢(G),|lp]]24=1

It is easy to prove that ¢*(z) = 1 for p = 1. In the case when 1 < p < 0o
we have

k
0" () = ! e

2/(1 —az)(1 —bz)’
where k; = ¥/k/2.

We now state a theorem characterizing the degree of convergence of
A, , to zero as n — oo and the limiting behavior of B,, and ¢, (see [4]). In
the following theorems we assume that f is a Markov function generated
by a measure p satisfying the Szeg6 condition in Subsection 4.1.

Theorem 2 We have for 1 < p < oo,
(i)
Anyp
2r20 G, (¥)Gw ((#%)?)

In particular, for p = oo, (4.2) describes the asymptotic behavior of
the singular values sp(Af) = Ap oo

=1 as n— 0. (4.2)

(ii) For 1 < p < oo, the sequence B2p2du/ Ay, converges weak® to dw :

BZ 2
n—%d,u—*>dw as mn — oo.
n’p
Moreover,
(BnD¢D(@*)2)(Z)

" (2) /G (¥) G (%)
uniformly on compact subsets of C\ (EUE 1) as n — oo, and
on(2) = " (2)

and
on(z) = (¢")(2)

uniformly on compact subsets of G and C\ E~", respectively, as
n — oo.

13



The next theorem describes the convergence of h,, to f (see [4]).

Theorem 3 Let 1 < p < oo. We have for z € G\ E,

 — () L
2(DiD§*z)(z)r2”\/(1 —az)(1 — bz) ((1 —az)(1— bz)><1q>/q ’
P21 (2) (z—a)(z —b) k/2
and for z € C\ (EUE 1)
(B —h)E) P
2(D12pD§)*2)(z)r2” iv/(z—a)(z—b)’
D20 (7)

where both limits as n — oo are locally uniform.
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