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Abstract

We study the asymptotic behavior of orthogonal polynomials inside the unit circle for a subclass of measures that satisfy
Szegd’s condition. We give a connection between such behavior and a Montessus de Ballore-type theorem for Szego—Padé
rational approximants of the corresponding Szegd function. (©) 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

In [1] two of the authors of the present paper studied the ratio asymptotics of a sequence {®,}
of monic orthogonal polynomials on the unit circle under the conditions that

,(0
lim |6.0) =a; € (0,1], Tim —©

=b,cC, j=1,...,k
n=j mod k n=j mod k ‘15,,_1(0) / J

where k is a fixed positive integer. Here, we complete this study with the case when a; = 0. Notice
that the conditions above imply that if a;=0 for some j then a;=0, j=1,...,k. Thus, in the sequel,
we assume that

®,(0
lim [6,(0) =0, fim —®)

=b;,eC, j=12,...,k 1
n=j mod k (Dn_](O) / < ’ J > ’ ( )
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and k is the least value for which (1) takes place. Here, and in the following, the evaluation of the
ratio of two polynomials is that obtained after cancelling out common factors.
From the well-known recurrence relation

B,i1(2) = 28,(2) + B,1(0)B;(2) 2)
it is easy to verify that lim, .., ©,(0) =0 is equivalent to
. djn-H(Z)
1 = 3
T ee )

uniformly on [|z| >1]. As usual, ®!(z) = z"®,(1/Z) denotes the reversed polynomial of ®,. The
object of this paper is to study what occurs in [|z] < 1].

Notice that (1) implies that there exists an integer n; such that either ®,(0) =0, n > n, or
®,(0) # 0, n > n;. In the first case, from (2) we have

O, (z)=z2""®,(z), n>n,

and the picture becomes quite clear. Therefore, we assume in the following that @,(0) # 0, n > n,.
From (1), we have

PD,..(0

thus |b; - - - by| <1 (because lim,_ ., @,(0) =0), and
lim |®,(0)|"" = by - - by|". (5)

In the sequel, for each n =0,1,..., we denote by ¢,(z) = x,P,(z), x, > 0, the nth orthonormal
polynomial. The leading coefficient x, and the reflection coefficients are related by
1
K, =

" IEL (= [20)]2)
If |by---bi| < 1, then from (5) it follows that

S 18O < + o0 ©)

i=0

and Szegd’s condition is satisfied. Thus,

2n
lim x, :K:exp{—/ log,u’(H)dG} <+ o0 (7)
n—oo 0
where p denotes the orthogonality measure (for example, see [3, pp. 14—15]). Moreover, from
Theorem 1 in [5], the (exterior) Szegé function

el —z

1 2n ,
Sext<z>:exp{4n / log 1/(0) de}, 2 > 1, ®)

can be extended analytically to all the region {z: |z| > |b; ---b;|"¥} and according to Theorem 2.2
in [4],
lim 222)

n—oo Z"

= Sex(2) )
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uniformly on compact subsets of this region, where S, (z) also denotes the analytic extension of the
(exterior) Szegd function.
Set
§— { 0 if Szegd’s condition is not satisfied,
| {z: Sexi(z) =0} if Szegd’s condition is satisfied.

Notice that Se(z) # 0, |z| > 1, whenever it is defined. From what has been said above it follows
that if (1) takes place, then either by use of (1) or (9), we have

im QI’H‘](Z) — lim (PVH—I(Z) =z
nmee Dy(z) e @u(2)

(10)

uniformly on compact subsets of [|z| > |b,---b;|"¥]1\ S. Thus our study reduces to what occurs
inside the disk [|z| < |b - - - bi|¥].

Before stating the corresponding result, we introduce some needed notation. For j =1,2,..., set
A(()j)(z) =1 and

z + bj ij_H 0
1 z + bj+] ij+2
ADGzy=| 0 1 z4+bi, , m=12....
B zbjim1
1 z+4+bjyma
Denote
k .
A= J{z: 42 (z)=0}.
j=1
We shall prove
Theorem 1. Assume that (1) holds. Then,
. q)n z
lim ¢:l£§)):b1"'bk (11)

uniformly on compact subsets of {z: |z| < |byby - bi|V*}\ A.

From Theorem 1 and the arguments above one obtains

Corollary 1. Assume that (1) holds. Then the accumulation points of the set of zeros of the
polynomials {®,} are contained in

{z:lz] = by - b yuSU{AN {z: |z] < |by -+ b}
Of particular interest is the case when k=1, then A\, = 1 thus 4=0 and the set of accumulation
points is contained in
{z: |z| = |b1|} US.

Various examples when this is the case may be found in [6, p. 369].
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It is not easy to calculate the sequence of reflection coefficients. Our next goal is to provide condi-
tions on the measure which allow us to assert that (1) is satisfied without having an explicit formula
for the reflection coefficients. We restrict our attention to measures satisfying Szeg6’s condition.

Let us denote by Si(z) the interior Szegd function; that is, the function which is defined by the
integral in (8) for |z| < 1 and its analytic extension across the unit circle. Formula (9) is equivalent
to

1
lim 9}(2)=S,'(2)= - > p0)ei2) (12)
i=0

uniformly on compact subsets of the largest disk centered at z = 0 inside of which S.' can be
extended analytically (see [3, p. 19; 5, Theorem 1; 4, Theorem 2.2]). Under (1) this disk is
{z: |z| < |by -+ bi| VF}.

For any m>0 denote by D,, = {z: |z| <R, } the largest disk centered at z =0 in which S,;' can

be extended to a meromorphic function having at most m poles (counting their multiplicities).

Theorem 2. Assume that Ry > 1. The following assertions are equivalent:
(1) S;! has exactly one pole in D;.

(2) There exists b, 0 < |b| < 1, such that

2,(0)
¢n71(0)

1/n

lim sup —-bl =0<1.

n

Either of these two conditions implies that the pole of S;;! in D, lies at point 1/b.
The paper is divided as follows. In Section 2, we prove Theorem 1 and Corollary 1. Section 3, is

devoted to the proof of Theorem 2. In the following, we maintain the notations introduced above.

2. Proof of Theorem 1

We begin by studying pointwise convergence. We can assume that b; # 0, j=1,...,k; otherwise,
we have nothing to prove. At z =0 the result is obviously true (see (4)). Additionally, as pointed
out in the introduction, we can assume that @,(0) # 0, n>n;,.

Set
D,(0) _D,(0) 2
2t D(0) 24’1(0)(1;5;(0” ) 8,(0) 0
z 2 72 1— 0)[?
D(z) = : T 2,0 3,(0)" ; Lﬁ;( ) . (13)
3
0 1 0

By D')(z) we denote the infinite matrix which is obtained eliminating from D(z) the first m
rows and columns (D(z) = D(z)), and D")(z) is the principal section of order n of D")(z). In
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[1, Lemma 4], it was shown that the polynomials @,(z) verify the following three-terms relation:

det D{"(z) det D' *V(z) — 0, det D7 (2) det DY (z)

P, - D,
+k(Z) detD,(::lkJrl)(Z) (Z)
detD;”ﬁ”(z)
+(ps1 - —i, < Pui(2) =0, 14
( k+1 )d tD]({n 1k+1)( ) k( ) ( )
where
dSerl(O) 2
= 1—12,00)).
=2 0) (1= [2,(0))

Here D™)(z) = 0 and D{"(z) = 1.
Under conditions (1), it is easy to see that the limit of the coefficients of —®,(z) and @, ,(z) in
(14) exist. Moreover, they equal, respectively,

p(z) = A1(z) — bizAD (),

det D" V(z)
Zkbbb = lim Oy ce 0L, #
( 102 k) n—»oo( k+1 )det D}({,q__lk+1)(z)

Notice that
lim detD" (z) = 4V (z),

n=j mod k

thus the points in 4 = jzl{z : A}j_) (z) =0} must be excluded. Regarding p(z), it may seem that
this coefficient depends on j if we take limit as n — oo, n=jmod k; but from Lemma 5 in [1] we
have that

AP (2) = bizAD ) (2) = A (2) — bzA ) (2),  j=1,....k
Let us prove that
p(z)=2"+by-- by
For k =1,2 it is straightforward. Let £ >3. We will show that
AV(2) = b1z4P,(z) =2 + by -- by, i=2,3,...,k
Expanding 4(z) by its last column, we obtain
A(2) = (2 4 birs_1)AY,(2) = zbips1 AV, (2).
From here it readily follows that
A0(2) = 241(2) = by [401(2) — 2405(2)] = -+ - = b+ by (15)
Analogously, developing A(-S)(z) by its first row, we have
A7(2) = (2 + b) AT (2) = 2bis1 4757(2),
therefore,

A0(z) = b A V(2) = 2[A0(z) — by 40T (2)] = (16)
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From (15) and (16), we have
AV (2) = by1zA%,(2) = AV (2) — 240, (2) + 24, (2) — byzAP,(2)
=by---bi+Z, i=2,...,k
and for i =k, we get p(z)=zF+b,---by.
Therefore, the characteristic equation associated with (14) is
= +byb)A+ 2By by)

whose roots are z* and b, ---b;. Only if [|z] = |b; - - bs|'*] do these roots have equal modulus.
Therefore, outside this circle, according to Poincaré’s Theorem (see [2, Chapter V, Section 5, p.
327]), either @,(z) =0 for all sufficiently large n = jmodk, or there exists lim,_; mod s Pp+4(2)/Pu(2)
and the limit equals one of the two roots of the characteristic equation.

In [1, Lemma 4], it was proved that

det D{" (), 11 11(z) = det DV (2) @, 4(2) — (tys -+ - i) Pu(2). (17)
Since z & A it cannot occur that @,(z)=0 for all sufficiently large n=j mod k because then @, ;,(z)
and &,,,(z) would have a common zero for all sufficiently large n = jmod k£ which is not possible
since @,(0) # 0, n=n; (see (2)).

Therefore, for z € C\ [4 U {z: |z| # |b; -+ b|'*}] and for each j € {1,...,k}, there exists

(pn+k(z)

1 . 1
Jim (1)
Let us show that the limit does not depend on j € {I1,...,k}.
In fact, from (17), we have that
Dyiii1(2) (n+1) D,(z)
= detD Z) — (Clpay = - O, .
D,i(z)  det DU D(2) @) = O +k)d5,,+k(z)
If the limit in (18) is z¥, using this relation and (15), it follows that
Dpiii1(2) _ (j+2) _ A(l+2)(2)
n=jmodk @, 4 (z) Agﬂz)(z)[Ak ()= b b= A6 ()
Analogously, if the limit in (18) is b, - - - b;, from (16), we obtain
Dyin(z) _, A45@)
n=j mod k ¢n+k(z) ]+2A(J+2)( )
In either cases, the right-hand side is not zero; therefore,
im ((I)rl+k+l(z)/(pn+k(z)) _ im ((pn+k+l(z)/(pn+l(z)) _
n=jmodk  (D,,1(2)/P,(2)) n=jmodk (@, 4(2)/P,(2))
The second equality indicates that
Pus®) _ o Dl)
n=j mod k (I),,(z) n=(j+1) mod k (Dn(z) )
Therefore, there exists
d)n-O-k (Z) (20)

n— o0 (Dn(z) ’
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From (3), we know that for all |z|>1

ganrk(Z) k
=z". 21
B, .
We have also proved that if for a given z the limit is z¥, then (see (19))
. ¢n+1(z) :|
1 —z|l =0. 22
ninolo[ o,(z) 0 (22)

Let us show that if |z| < 1 and (21) takes place then |z|>|b; ---b;|"*. In fact, on account of (2)
(for the indices n and n + k), (21), and (22), it follows that

(Dn+k+l (O) (Dn-&-k(z)* (Dn(Z)

@ P -
lim < n+k+l(z)_z>( n+1(z)_z> _ lm‘
n—oo |\ @,,1(z) D,(2) n—oo| @,.1(0)  Pr(z) Pp(z)
:MSI.
|[*

Therefore, |z|>|b; - - by|'* as indicated.

We have proved (11) in {z: |z| < |b;---bs|'¥} \ 4 pointwisely. In order to prove that the con-
vergence is uniform on compact subsets of this region it is sufficient to show that the sequence
{®@,4+/P,} is uniformly bounded on each compact subset of this region. In order to do this, the
procedure is the same as for the proof of the analogous statement in Theorem 2 in [1, pp. 17-19]);
therefore, we leave this to the reader. O

Proof of Corollary 1. The statement regarding the points in {z: |z| > |, - - - b;|'} is a consequence
of (9) and Hurwitz’s Theorem. That the points in {z: |z| < |b;---b;|"*} \ 4 are not accumulation
points of zeros of @, is a consequence of (11) (recall that @, and @, cannot have common zeros
for all sufficiently large n). O

Remark 1. Each point of the circle {z: |z| = |b; - b;|"*} is in fact a limit point of zeros of the
orthogonal polynomials. This is a consequence of (2.8) [4, Theorem 2.3]. By Hurwitz’s theorem the
points of S are also limit points of such zeros. Regarding the points in 4 we cannot say the same.
Though it seems that they are accumulation points, the construction of a sequence of converging
zeros may depend on j.

3. Proof of Theorem 2
The main tool in proving Theorem 2 is the use of row sequences of Fourier—Padé approximants.

Let f be a function which admits a Fourier expansion with respect to the orthonormal system
{¢a}; namely

F@) ~ S Ag). A= (f.q) = / F(@)oi@) du(z).
i=0
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The Fourier—Padé approximant of type (n,m), n,m € {0,1,...}, of f is the ratio 7, (/)= Pum/qnm
of any two polynomials p, , and g, , such that

(1) deg(pnm)<n, deg(gnm)<m, qum # 0.

(11) (qn,mf - pn,m)(Z) ~ An,lq)nerJrl(Z) +An,2¢n+m+2(z) +oee

In the sequel, we take ¢, , with leading coefficient equal to 1.

The existence of such polynomials reduces to solving a homogeneous linear system of m equations
on the m + 1 coefficients of ¢, ,. Thus a nontrivial solution is guaranteed. In general, the rational
function m, , is not uniquely determined, but if for every solution of (i), (ii), the polynomial g, ,
is of degree m, then m,,, is unique.

For m fixed, a sequence of type {m, .}, n € N, is called an mth row of the Fourier—Padé ap-
proximants relative to f. If f is such that Ry(f) > 1 and has in D, (f) exactly m poles then for
all sufficiently large n>ny, m,,, is uniquely determined and so is the sequence {=,,}, n>n,. Here
D, (f)={z:|z] <R.(f)} is the largest disk centered at z =0 in which f can be extended to a
meromorphic function with at most m poles.

This and other results for row sequences of Fourier—Padé approximants may be found in [7,8]
for Fourier expansion with respect to measures supported on an interval of the real line whose
absolutely continuous part with respect to Lebesgue’s measure is positive almost everywhere. Some
results were also stated without proof for orthonormal systems with respect to measures supported
in the complex plane. We have checked that in the case of measures supported on the unit circle the
arguments used for an interval of the real line are still applicable with little modifications. We state
in the form of a lemma the result which we will use. Compare the statement with the Corollary on
p. 583 of [8]. For the proof follow the scheme employed in proving Theorem 1 in [7] and Theorem
1 in [8].

Lemma 1. Let u be such that Ry = Ry(S,,') > 1. The following assertions are equivalent:

(a) S, has exactly m poles in D,, = D,,(S;,).

(b) The sequence {m, (S, )}, n=0,1,..., for all sufficiently large n has exactly m finite poles
and there exists a polynomial w,(z)=z" + --- such that

1/n

lmsup || gpm — wal " =0 < 1,
n
where || - || denotes (for example) the Euclidean norm on the space of polynomial coefficient
vectors in C™*1,
The poles of S;,' coincide with the zeros zi,...,z, of w,, and
Ry =5 max |7
=—-m |-
"S 1<.1a<Xm %

Proof of Theorem 2. We will use Lemma 1 for m = 1. To simplify the notation, we write ¢, 1 =g,
and p, ;= p,. If S;' has exactly one pole in Dy, then for all sufficiently large n, ¢, has exactly one

nt

zero and it can be written in the form ¢,(z) =z — ,. On the other hand, if the second case occurs
in Theorem 2, then @,(0) # 0 for all sufficiently large n. Notice (see (12)) that then
_ €0n+1(0)

<Si;tl7q)n+1> = i #0, n=n. (23)
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Since, by definition, (¢,S.', ¢,.1) =0, it follows that for n>n,, g, must be of degree 1 and again
q.(z) =z — a,. In either case, we restrict our attention to indexes n sufficiently large for which ¢, is
of degree 1.

Our next step is to find some connection between o, and &,,,(0)/®,(0). We have

<QnSj;tl — Pns ¢n+l> = <(Z — Uy, )Si;tlv q)n+1> =0.
Therefore,

<ZSi;tl’ (pn+1>

<Si;t1a (/’n+1>

Using (12), we find that

=0, n=n|. (24)

_ l S——
(2> Pus1) = p Z ?i(0)(z@i, Py1)- (25)

From (2) and the well-known relation

K97 (2) =Y 9,(0)g;(2),
=0

we obtain
Ki Kn .
= , l fry n’
Kit1 Kn+1
<Z(pia §0n+1> = * i Kpii
—®;,1(0)D,.1(0) ,izn+ 1.

Ki
Using this, (23)—(25), it follows that
n 0 Kn o~ ——
1= 2O Jo S 5 0)1..(0).

n VA~
Pnt1(0) Kt i=n-+1

On account of the formula 1 — k2/k2, | = |®,,1(0)|?, the last equality can be rewritten as

(pn(o) _ o~
®,.(0) — Oy = ; :(0)P;1(0). (26)

From the Cauchy—Schwarz inequality, we obtain
;”(0) — o, <D [2,0). (27)

n+1(0) izn

It is well known (see [5, Theorem 1]) that

Ry= - ! .
lim sup|®,(0)|"/

Our general assumption is that Ry > 1. This and (27) imply
1/n

&y

2,(0)

1
50 < <L (28)

\RO

lim sup

n

n
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From (28) and the triangular inequality, it follows that
limsup |, — | =0, < 1

if and only if

1/n

%,0) <t

_ —
¢n+1(0)

Assume that S;' has exactly one pole in D; (and Ry > 1). From Lemma 1, we have that

lim sup

n

lim sup |o, — o' =6 < 1,
n

where o, 1 < |o| < oo, is the unique pole which Sfl has in D,. Therefore,

nt

1/n
P,(0
limsup |0 4l o <1
n (anrl(O)
Since 1 < |o| < 0o, we obtain
, ®,.1(0) 1"
hmnsup d):E(())) 5 = 0 <1

Thus the first assertion in Theorem 2 implies the second one with b =1/4.
Reciprocally, assume that the second assertion takes place. Since 0 < |b| < 1, we get

1/n
®,(0 1
lim sup © _ —| =o0<1.
n (anrl(O) b
Thus,
1 1/n
lim sup Ofn—g =0 <1

This is equivalent to the second part of Lemma 1 which in turn implies that S,
pole in Dy at a=1/b. I

! has exactly one

The following example illustrates that ¢; and g, (in the notation used in the proof of
Theorem 2) need not be equal. Therefore, we cannot obtain a formula for R, similar to the one
displayed in Lemma 1 in terms of the rate of convergence of the sequence {®,(0)/®,_1(0)} to b. In
fact, take @,(0)=a", n € N, where 0 < |a| < 1. In this case, @,,,(0)/®,(0)=a for all n; therefore,

1/n

@,1(0)
2,(0)
On the other hand, formula (26) gives us

1 | |af*"
- — o, = Z = .
a n a — |a| al _ |a‘2

lim

n

=0.

From here, we obtain
1 l/l‘l

lim |- — o, =]la.
n |a




D. Barrios Rolania et al. | Journal of Computational and Applied Mathematics 133 (2001) 171-181 181

References

(1]
(2]
(3]
(4]

(5]
(6]

(7]
(8]

D. Barrios Rolania, G. Lopez Lagomasino, Ratio asymptotics for polynomials orthogonal on arcs of the unit circle,
Constr. Approx. 15 (1999) 1-31.

A.O. Gel’fond, The Calculus of Finite Differences, Fizmatgif, Moscow, 1967 (in Russian).

L.Ya. Geronimus, Orthogonal Polynomials, Consultants Bureau, New York, 1961.

H.N. Mhaskar, E.B. Saff, On the distribution of zeros of polynomials orthogonal on the unit circle, J. Approx. Theory
63(1) (1990) 30-38.

P. Nevai, V. Totik, Orthogonal polynomials and their zeros, Acta Sci. Math. (Szeged) 53 (1989) 99-114.

E.B. Saff, Orthogonal polynomials from a complex perspective, in: Orthogonal Polynomials: Theory and Practice,
Vol. 294, NATO ASI Series, Kluwer Academic, 1989, pp. 363-393.

S.P. Suetin, On the convergence of rational approximations to polynomials expansions in domains of meromorphy of
a given function, Mat. Sb. 105(147) (1978) 413—-430 (English transl. in Math USSR Sb. 34 (1978) 367-381.

S.P. Suetin, Inverse theorems on generalized Padé approximants, Mat. Sb. 109 (151) (1979) (English transl. in Math.
USSR Sb. 37(4) (1980) 581-597).



