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Abstract.  Weak-star asymptotic results are obtained for the zeros of or-
thogonal matrix polynomials (i.e., the zeros of their determinants) on X from two
different assumptions: first from the convergence of matrix coefficients occurring
in the three-term recurrence for these polynomials; and. second, from conditions
on the generating matrix measure. The matrix analogues of the Chebyshev poly-
nomials of the first kind are also investigated.

1 Introduction

The study of zeros of orthogonal polynomials plays an important role in classical
analysis because of its application to quadrature formulae, spectral analysis, digital
filter design. etc. The asvmptotic theory for such zeros has its origins in the works of
Jentzsch [J] and Szegd [Sz] dealing with zeros of partial sums of power series. More
recently, potential theoretic methods (see, e.g.. [BSS]. [SaT]) have been effectively
utilized to obtain weak-star convergence of normalized zero counting distributions
for asymptotically extremal sequences of polynomials (in particular, for orthogonal
polynomials). In the matrix setting, the zeros of orthogonal polynomials again arise
as nodes in quadrarure formulae and as eigenvalues of block Jacobi matrices.

The purpose of this paper is to investigate zero asvmptotics for orthogonal
matrix polynomials.

We consider a ' x \ positive definite matrix of measures 11" for any Borel
set A C K. WW(4) is a positive semidefinite numerical matrix) having moments of
every order. i.e., the marrix integral [, t"d11(t) exists for any nonnegative integer

n.
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Assuming that [ P(t)dW(t)P*(t) is nonsingular for all matrix polynomials P
with nonsingular leading coefficient, the matrix inner product defined in the usual
way by W in the space of matrix polynomials generates a sequence of orthonormal
matrix polynomials (P, ), satisfying

/ Pa(t)dW (£)Pa(t) = bpm], n.m 2 0.

Here P,(t) is a matrix polynomial of degree n with a nonsingular leading coefficient
and is defined up to a multiplication on the left by a unitary matrix.

As in the scalar case, the sequence of orthonormal matrix polynomials (P, ),
satisfies a three-term recurrence relation

(1.1) Pa(t) = Ane1Pat1(t) + BuPa(t) + A2 Pa_iiti. n >0,

where _1(t) = 6, Py(t) € CV*¥ \ {8}, A, are nonsingular matrices and B, are
hermitian. (Here and in the rest of this paper. we write # tor the null matrix. the
dimension of which can be determined from the context.) The polynomials R, (¢ =
U, P,(t) with U,U: = I are also orthonormal with respect to the same positive
definite matrix of measures with respect to which (P, ), are orthonormal and satisfy
a three-term recurrence relation like (1.1) with coefficients [,—; 4,U,; instead of
A, and U, B, U, instead of B,,. This three-term recurrence relation characterizes
the orthonormality of a sequence of matrix polynomials with respect to a positive
definite matrix of measures (see, for instance, [AN] or [DL)]). In [D2], [D3] and
[DV], a very close relationship between orthogonal matrix polynomials and scalar
polynomials satisfying a higher order recurrence relation was established: this
relationship has been used to show that matrix orthogonality is a useful tool for
solving certain problems of scalar orthogonality (see [D2. Sect. 3]).

In [DL]. it is proved that the zeros of the n-th orthonormal matrix polynomial
P, are real and have multiplicity at most .\ (by a zero of a matrix polynomial P )
we mean a zéro of det( P, (¢))). (We show in Section 4 that the zeros of (Py), are in
the convex hull of the support of W.) We write rp . Ak =1..... m for the distinct
zeros of the polynomial P,, and I, for the multiplicity of rnx. The aim of this
paper is the study of the asymptotic behaviour of the discrete positive measures

1 m
(1.2) On=— ;tkéz.‘.k. n>L
The notion of convergence for measures (or matrices of measures) we use is the
usual weak convergence: a sequence of measures (u,)n (Or matrices of measures)
on a metric space X converges weakly to u if

li'rln/fdy,, =/fd;z.
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for any continuous and bounded function f : X — C (f : X — CV*¥ | respec-
tively). For a treatment of this classical concept see [B].

We develop this study from two different perspectives: first, assuming that the
sequences which appear in the three-term recurrence formula for (P, ),, converge;
and second, assuming some conditions on the matrix of measures .

In Section 2, we study the zero behaviour from the recurrence formula. To do
that, we consider the matrix Nevai class, which was introduced in [D1]: given two
matrices A and B, with B hermitian, we say that a sequence of orthonormal matrix
polynomials (P, ), satisfying (1.1) is in the matrix Nevai class M(A, B) iflim, 4, =
A, lim, B, = B. Furthermore, we say that a positive definite matrix of measures
W is in the matrix Nevai class M(A, B) if some of its sequences of orthonormal
polynomials are in M (A, B). Let us notice that a positive matrix of measures 11" can
belong to several Nevai classes, since the sequence of orthonormal polynomials
with respect to W is not unique (recall that it is defined upto multiplication on the
left by unitary matrices: see above).

When 4 is hermitian and nonsingular, we associate to the matrix Nevai class
M(A. B) the orthonormal matrix polynomials (T;*-%), defined by the recurrencé
formula

[ T8 (t) = v2AT B(t) + BT B (1),
3) T,V () = AT 2(t) + BT B (1) = V2AT B ().
TAB(t) = ATXB(t) + BTAB(t) + AT B(t). n>2.

n-l

with initial conditions Td“‘B(t) = [. This sequence is orthonormal with respect to a
positive definite matrix of measures which we denote by X 4 g. and constitutes the
matrix analogue of the orthonormal Chebyshev polynomials of the first kind. Let
us notice that from Td*'B(t) = I it follows that [ dX 4 () = I. (Chebyshev marrix
polynomials of the second kind were introduced in [D1].)

As the main result of this section, we state the existence of the zero asymprotic
behaviour for the matrix Nevai class M(4.B) (sce Lemma 2.1), although we
only find this asymptotic zero distribution explicitly when A is hermitian and

nonsingular.

Theorem 1.1. Ler (P,), be orthonormal matrix polvnomials satisfving the
three-term recurrence relation (1.1). Assume that lim, 4, = A. lim, B, = B with
A hermitian and nonsingular. Then the sequence of discrete positive measures

defined by (1.2) has the asympiotic behaviour

- 1 -
lim o, = tr (:\—,-\A.B)

n—x
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where X 4 g is the matrix weight for the Chebyshev matrix polynomials of the first
kind defined by (1.3).

The key to establish this zero asymptotic behaviour is to consider the
auxiliary sequence of discrete positive definite matrices of measures given by

1 ™m n—1 ‘
(14) Hn = ﬁ Z (z R(zn.k)rn.kp;(-rn.k)) 5::,._k n>1

k=1 \i=0

where I',, ;, is the weight in the quadrature formula for (P, ), associated to the zero
Zn.k (see [D4, Th. 3.1, p. 1186]). We then prove that (a,,),, has the same asymptotic
behaviour as (tr(yn)> and that u, — (1/N)X .4 g. as n tends to oo.

It is worth noting tﬁa_t in the scalar case (N = 1)

Py

T izo P} (Enk)

/da,, _
z—t  npa(2)

Neither of these facts is true in the matrix case. Indeed, only when z,,; is a zero
of the largest multiplicity ({, = N) do we have

n—1
rn.k = (Z Pz-(In.k)Pl(In.k))
=1

. . . . . - -1 = .
Otherwise, the matrix I',, ;. is singular. while the matrix Y|, P’ (zn.x)Pi(Tn k) is
always nonsingular: moreover,

n—1
rn.k <Z R-(Iu.k)PI(I':.K; )

=1

rn.k =

and so u,, = a,; also,

could be non-hermitian.
For A hermitian and nonsingular. we have proved that the zero asvmptotic

behaviour is given by the matrix of measures X4 5, with respect to which the
Chebyshev matrix polynomials of the first kind are orthonormal. This sequence
of matrix polynomials satisfies a three-term recurrence formula with constant
coefficients (A,)n>2, and (B,),. This three-term recurrence formula is the same
as the one for the Chebyshev matrix polynomials of the second kind. but with
different initial conditions. In [D1]itis proved that the matrix weight for Chebyshev
matrix polynomials of the second kind controls the ratio asymptotic behaviour of
orthonormal matrix polynomials in the matrix Nevai class. Hence, for A hermitian
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~1l/m -

2

KA,B(Z) = -

where 4% is the inverse of the unique positive definite square root of 4. Since
for r real Kap(z) is hermitian, we can diagonalize it in the form K, p(t) =
U(t)D(t)U*(t), where D(t)is a diagonal matrix with entriesd, (t) €ER, i=1.... N
and U(z)U(z)* = I. Then

ATRU() U™ (514 Hdz,

1
w

(1.5) dX4.p(z) =

where T'(r) is the diagonal matrix with entries

1

tii(z) = { V1-d%(z)

0. ifd; r)g(-1.1).

A

ifdij(z) € (-1, 1).

The support of X 4 p is then the set of real numbers
supp(Xag)={r€R A %(zl - B)A™% hasan eigenvalue in [-2, 2;

which consists of a finite union of at most 2\ disjoint bounded nondegenerate
intervals. whose endpoints are roots of the scalar polsnomial

det(K} p(z) - 1)

where b, by are the eigenvalues of the matrix B.



