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Abstract

Let G be a bounded N —connected domain, the boundary I' of
which consists of closed analytic Jordan curves. We assume that 0 € G.
For any nonnegative integers n and m, denote by M, ,,, the class of all
meromorphic functions on G that can be represented in the form h =
p/qz™, where p belongs to the Smirnov class Fo, (G), ¢ is a polynomial
of degree at most n, ¢ Z 0. Theorems giving necessary and sufficient
conditions for a function belonging to the class M,, ,,, to be an element
of best approximation to a continuous function f on I in the space
Lo (') by functions in the class M,, ,,, are proved. Some questions
concerning orthogonal polynomials and the theory of Hankel operators
are also considered.

1 Introduction

Let G be a bounded domain with boundary I' consisting of N disjoint closed
analytic Jordan curves, 0 € G. In the present paper we investigate the
problem describing properties of an element of best approximation to a
continuous complex—valued function f on I' in the space Lo (I") by functions
in the class M, ,,,. For any nonnegative integers n and m, the class M, ,,
consists of all meromorphic functions on G that can be represented in the
form h = p/qz™, where p € E(G), ¢ is a polynomial of degree at most
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n, ¢ # 0. We prove Theorems 1 and 2 giving necessary and sufficient
conditions for a function belonging to the class My, ,, to be an element of
best approximation.

The methods of this paper are closely related to the Carathéodory—Fejér
method (CF-method). The CF-method relates to the situation when the
function f being approximated is defined on the boundary of the unit disk.
In this regard we single out the works of Carathéodory and Fejér [4], Schur
[20], Takagi [21], Trefethen and Gutknecht [23]-[24]. We also mention the
paper of Hayashi, Trefethen and Gutknecht [8], in which the authors give
several characterizations of an element of best approximation. We remark
that in [8] the extension of the corresponding results to Faber—CF approxi-
mation on a Jordan region with rectifiable boundary is also considered. In
the present paper for the case when G is a multiply connected domain we
obtain the characterization of best approximation in terms different from
those in [8].

Let L,(T"), 1 < p < 00, be the Lebesgue space of functions with integrable
pth power. The norm is given by

loly = ([ totoyplacr) "

L (T") is the Lebesgue space of essentially bounded functions, with the
norm

l9lloc = esssup |g(&)].
cel

It will be assumed that the boundary I' is positively oriented with respect
to G.

Denote by E,(G), 1 < p < oo, the Smirnov class of analytic functions
on G. Each function in F,(G) has limit values at almost all points { € T
along paths nontangential to I'. The function determined on I' by these
limit values belongs to the space L,(T"). The condition

/M:o forall z€ C\G (1.1)
r {—=z

is necessary and sufficient for a function g, belonging to L;(T'), to be the
boundary value of a function in the Smirnov class £ (G) (see [14] and [25]
for more details about the classes E,(G)).

The outline of this paper is as follows. In Section 2 we state Theorems
1 and 2. In Sections 3 and 4 proofs of these theorems are given. Sections 5,
6 and 7 are devoted to some problems of the theory of Hankel operators. In
Section 8 questions relating to the orthogonal polynomials are considered.



2 Meromorphic Approximation

Let f be a continuous function on I'. Fix any nonnegative integers n and
m. The deviation of f in Lo (I') from the class M,, ,, is denoted by A, p,:

Bam = Bun(£iG) =, int If = Bl 2.1)

For each function h € M,, ,,, we define the defect def(h, My, ) of h in
the class M,, ;,, as the greatest nonnegative integer d such that h € M,,_q .

It is not difficult to prove that there exists a function Ay, ;, in the class
M, , for which the infimum in (2.1) is attained (for the case when m = 0
see [15]). Let d = def(hpm, Mpm). We can represent hy, p, in the form
hpm = P/QE™, where P € Eo(G), @ is a monic polynomial with zeros in
G,degQ =n —d, P # 0 at zeros of Q. We set Q =1 if hy;, =0. Let w
be an arbitrary monic polynomial of degree d with zeros in G (for d = 0 we
can take w = 1).

It follows from the definition of the quantity A, ,, that

An,m = ueérolof(G) “f - U’/(Qw) (€)£m||oo

In view of the results of Tumarkin and Khavinson (see [26]-[28]; for the case
when G is the unit disk see [6] and [9]) obtained on the basis of duality rela-
tions, the last equality implies that there exists a function ¢ € F1(G), ¢ # 0,
such that

Q)" w(E)Y(E)(f — hnm)dE = Anm|Q(E)E™w(§)P(8)] |dE] (2.2)

almost everywhere on T'.

The key element in Theorem 1 (necessary conditions for a function be-
longing to the M,, ,,, to be an element of best approximation) is a constant
2 in the power of @) (see (2.3)). The presence of the constant 2 is due to
the fact that the extremal problem (2.1) is a problem of approximation by
meromorphic functions with partially free poles. We note that @ is deter-
mined by free poles of meromorphic approximants (compare with the factors
in (2.3) related to “fixed part” of the element of best approximation).

Equation (2.3) can be applied for investigating questions of meromorphic
and rational approximation. In fact, using (2.3) in Section 7 we prove a
generalization of the well-known Adamyan—Arov—Krein theorem (see [1],
[2]). The theorem proved allows one to investigate the rate of decrease
of ray sequences from the Walsh table of best rational approximations of



analytic functions (see [10], [18]). Moreover, it follows from equation (2.3)
that @ is the n-th nonhermitian orthogonal polynomial for a weight function
that varies with n (see Section 8). In this regard we also mention the paper

3.

Theorem 1 Let f be a continuous function onT', and let hy m be an element
of best approzimation to f in the class My m, d = def(hy m, My m). Then
there exists a function p € E1(G), ¢ £ 0, with at least d zeros in G, such
that

Q*OE™P(E)(f — hagn) (E)dE = Dy | Q° ()€™ (€) |dE ] (2.3)

almost everywhere on T'.

Note, that it follows directly from (2.2) and (2.3) that |(f — hpm)(€)] =
Ay m almost everywhere on I'.

Suppose that a continuous function g : I' — C is different from zero on
I'. We define the index indr g of the function g with respect to I' with the
help of the formula

. 1
indp g = 5 Arargg,

where Arargg is the increment of the argument of the function g upon
traversing I'.

It is not hard to see that the function Q%¢™¢ can be represented in the
form Q?¢™p = @12, where 1 € E1(G) and ¢3 is a polynomial with zeros
in G, indr w3 = 2n — d + m.

We now formulate Theorem 2 giving a sufficient condition for a function
h € My, m to be an element of best approximation to the function f in the
space L (T).

Theorem 2 Let f be a continuous function on I', and let h be a function in
the class My such that A = |(f —h)(&)], A > 0, almost everywhere on T,
d = def(h, My, ,,,). Suppose that there exists a function ® = 192, ® # 0,
where 1 € E1(G), w2 is a rational function with zeros and poles in G,
indr g =2n —d+m+ N — 1, such that

(&) (f — h)(§)dE = A[@(E)]]dE] (2.4)

almost everywhere on I', where N is the connectivity index of the domain
G.

Then A = Ay, and h is the unique element of best approzimation to
the function f in the class My, .



3 Proof of Theorem 1

This section is devoted to the proof of Theorem 1 giving necessary conditions
for an element of M,, ,, to be a best approximation to the function f in the
class My, .

Let w be an arbitrary polynomial of degree d with zeros in G (for d =0
we can take w = 1).

We first establish

Lemma 1 For any function u € Ex(G), there holds

m(ﬁ)u(£)> > 0. (3.1)

(Q*w)(§)e™

Proof. Fix an arbitrary u € E.(G). It is not hard to see that we can
represent « in the form v = a@Q — BP, where a € Eo(G), (3 is a polynomial,
and deg 8 < n.

For an arbitrary € > 0 denote by Ay, ¢ the following function belonging
to the class M, j:

esssupRe | —
ger

_ Pw+tea
hn,m,a - (QUJ 74_ 6,3)fm . (3.2)

Choose ¢ sufficiently small so that Qw + 8 # 0 on I'. Then we have almost
everywhere on I’

|(f - hn,m,s)(§)|2 = |(f - hn,m)(f)|2 - 2Re((f - hn,m)(hn,m,s - hn,m))(f)

+| (hn,m,s - hn,m)(f) |2

u(é) >
(Quw +£8)(§)Q(E)E™

+|(hn,m,s - hn,m)(f)|2- (3-3)

Letting now € tend to 0 and using the definition of A, ;,, and the fact
that Ay, ., belongs to the class M,, ,,,, we get (3.1).

= a2, - 2eRe (T ) (9

|

The following lemma, shows that A, ,, is also the solution of a related
extremal problem.



Lemma 2 The best approzimant to f by functions u/Q*wé™, u € Ex(G),
in the space Lo (T) is hy m, that is

A, = inf — 20E™| oo 3.4
: ueJIE‘EO(G)Hf u/Q wE™|| (3.4)

Proof. Fix an arbitrary u € E5(G). Let us estimate |(f — u/Q?*w&™)(€)|?
on I'. We have

|(f —u/Q*we™) ()P =A%, — 2Re((f = hnm) (€) (u/ Q*wE™ — hym)(€))
+ () QWE™ — hyp ) (€)?

almost everywhere on I'.
From this, the formula u/Q?wé™ — hy,,m = v/Q*wE™, where v = u —
PQuw € E(G), and Lemma 1 we get

“f - U/Q2w£m“oo > An,m-

Taking into account now that u is an arbitrary function in E,(G) and the
fact that hy,, can be represented in the form h,,, = u/Q*wé™, where
u = PQuw, we obtain (3.4).

|

Using Lemma 2, we get with the help of the duality relations (for more
details, see [26]-[28]) that

Do =sup| [ (vQ2wE™ ()], (3.5)

where the supremum is taken over all v € E1(G) such that [[vQ?w&™||; = 1.
Moreover, there exists a function ¢ € E;(G), [|¢Q*wé™||; = 1, for which the
supremum is attained in (3.5) and

(Q°w)()E™ A (f — hngn) (€)dE = A | (Q*w) (£)E™q(€)]|d€]

almost everywhere on I'. Letting ¢ = wq, we get (2.3). Theorem 1 is proved.

4 Sufficient Conditions for a Best Approximant

Proof of Theorem 2. It will be assumed that A > 0. For A = 0 the
corresponding assertion is obvious.



Assume that there exists a function hy € M,,,,,, h1 # h, such that the
inequality holds
I(f =h)(E)] <A

almost everywhere on I'. From this, by the equality

(hy =h)/(f —h)=1=(f = h1)/(f = h),
and the fact that [(f — h)(£)| = A almost everywhere on T', we get

Re(hi = h)(€)/(f = h)(§) =0, (4.1)

almost everywhere on I'; moreover, since hy #Z h, there exists a set of the
positive measure on the boundary I' on which Re(h; —h)(&)/(f —h)(§) > 0.
We represent the function (hy — h)/(f — h) in the form

(hy = h)/(f —h) = u+iv,

where, according to (4.1), u > 0 almost everywhere on I'. It follows from
the formula (2.4) that

(&) (h1 = h)(§)dE = A(u + i) (£)[P(E)||dE] (4.2)

almost everywhere on T'.
We note that the function h; — h can be represented in the form

By — h = pJwg™, (4.3)

where p € E(G), p # 0, and w is a polynomial with the zeros in G,
degw < 2n —d.

We now use the representation of the function ® in the form ® = ¢; ¢,
where p1 € F1(G) and @9 is a rational function with zeros and poles in G,
indr 92 = 2n —d+m + N — 1. By the formula (4.3), we can rewrite the
relation (4.2) in the form

w(§)E™
P2(§)

Since indp(w€™ /ps) <1 — N, it follows from the theory of boundary value
problems for analytic functions (see, for example, [5]) that there exists a
function g, g # 0 on I', holomorphic on G and continuous on G, such that

(gw€™[02)(§) = [(gw€™/02)(§)], € €T

(p1p)(§)dE = A (u(§) + i (§))[@(E)]|d¢]- (4.4)



Using now the last relation and (4.4), we get

(991p) (£)dE = A(u(€) + iv(8))|(9w€™ p1)(E)]]dE]

almost everywhere on I'. jFrom this, by the Cauchy theorem,

[ (ap)©)ds = & [ w(©l(gwer)(©llde] =0. (45)
r r

On the other hand, since there exists a set of positive measure on I' on which
u(€)|(gwepr)(€)| > 0, we obtain the inequality

[ wl©)ltgwen(©lide| > o.

which contradicts the relation (4.5). Therefore, for an arbitrary function
hl € Mn,ma hl ?_é h,
If = Palloo > A.

This inequality implies the equality A, ,, = A and uniqueness of an element
of best approximation.

|

5 A Generalization of the Adamyan-Arov-Krein
Theorem

In recent years the theory of Hankel operators has been widely used in study-
ing the degree of rational approximation of analytic functions. The methods
of the theory of Hankel operators allow one to investigate the convergence
of best rational approximations, and to obtain estimates of the degree of
rational approximation for different classes of analytic functions. In this
regard we single out the papers [11], [16], [17] (see also [13], [12]). The
methods used are based on the Adamyan—Arov—Krein theorem [1], [2] and
a generalization of the Adamyan—Arov—Krein theorem for the case when a
function f from which the Hankel operator A; is constructed is given on
the boundary of a multiply connected domain (see [15]). It is essential to
underscore that the results obtained relate to the situation when analytic
functions are approximated by rational functions with free poles.

In connection with problems of rational approximation related to inves-
tigating the behavior of the ray sequences {p, ,, }, m/n — 6 as m+n — oo,



of the best uniform rational approximation of analytic functions it is im-
portant to develop the methods of the theory of Hankel operators such that
the corresponding methods can be applied to investigate the degree of ap-
proximation of analytic functions by rational functions with partially fixed
poles. In Section 7 we prove Theorem 3, which is a generalization of the
Adamyan-Arov-Krein theorem for the case when f is given on the boundary
of a multiply connected domain and approximated by meromorphic func-
tions with partially fixed poles.

Fix a nonnegative integer m. Let Lo,,(I") be the Lebesgue space of
functions g measurable on I' with the norm

lolaan = ( [ to@lelazt) < oo

The inner product in the Hilbert space Lg ,(T") is denoted by

(00) = [@PIOIEI" ds]. 0,15 € Lan(D).

Denote by H = H,, the class of all functions ¢ representable in the form
q = g/€™, where g € F5(G). Here and in what follows we will consider H
and F»(G) as the subspaces of Ly, (T').

Let f be a continuous function on I'. We define the Hankel operator
Ay as the composition of the operator of multiplication by the function f,
and the orthogonal projection P_ of Ly, (T) onto HY, where H is the
orthogonal complement of H in Ly ,,(I'). For any function ¢ € E3(G) we
have Arq = P_(qf) by definition.

Let {sx}, sk = sp(f; G), k =0,1,2..., be the sequence of singular num-
bers of the operator Ay (the sequence of eigenvalues of operator (A’}A f)l/ 2,
where A% : H' — F5(G) is the adjoint of A7). We assume that the sequence
{sn} is nonincreasing. The following formula is valid

se=inflld; — K[, k=0,1,2..., (5.1)

where the infimum is over the collection of all linear operators K : E5(G) —
H* of rank at most k, and || - || is the norm of the corresponding linear
operator (see, for example, [7]). It is not hard to see that the operator Ay
is a compact operator.

We formulate a theorem establishing a connection between the singular
numbers s;, of operator Ay and the best meromorphic approximations A, ,,
of f.



Theorem 3 Let G be a bounded domain with boundary U consisting of N
disjoint closed analytic Jordan curves and let f be a continuous function on
. Then for all integers n > N — 1,

An+N71,m <sp < An,m-

The Adamyan-Arov-Krein theorem relates to the case when G = {z :
|z| < 1}, m = 0. We then have s, = A,p, n = 0,1,2,.... In [L5]
a generalization of the Adamyan—Arov—Krein theorem was proved for the
case when G is an N—connected domain and m = 0.

We remark that in this paper we extend the definition of the Hankel
operator. Namely, the Hankel operator A is defined as an operator which
is operating from E3(G) into HL. In the case when m = 0 (see, for exam-
ple, [15]), we have A; : Es(G) — E5 (G). It is not hard to see that the
corresponding definitions coincide for m = 0.

6 Some Formulas

In this section we present the needed auxiliary assertions. Since for any
function ¢ € F5(G), we have

Apg=P_(qf),
where P _ is the orthogonal projection of Ly, (") onto Ht, the equality
Apg=qf —p
holds, where the function p € H is determined by the relation
laf = pllom = 0f laf = plam. (6.1)
It follows directly from (6.1) that

[A£I] < 11 lloo (6.2)

where ||Af|| is the operator norm of Ay.

Lemma 3 The following formulas hold for the singular numbers {sy}neg :

so =sup| | (qug™ [f)(£)d¢| (6.3)

q,v r

10



and

Sp = inf su vg™ |y, n=12,..., 6.4
n wl,...,wneE2(G){ q})' (g N(©)de]} (6.4)
where the suprema in (6.3) and (6.4) are taken over all functions q,v €
Ey(G), llqll2m =1, and ||v||2m = 1, with the functions q in (6.7) satisfying
the conditions (q,v;) =0,i=1,...,n.

Before proceeding to the proof of Lemma 3, we state some remarks.
First, for any function v € H* there exists a function v € Ey(G) such
that

w(&)[E[™ de| = v () €™ dE (6.5)
almost everywhere on I'. Indeed, for ¢(§) = 1/£™(£ — z) (z is an arbitrary
point in C\ G) we have

1 . m B
(@.0) = | gy O I e] = 0.

This implies ( see (1.1)) that there exists a function v € E2(G) such that
(6.5) holds.
Second, for any function v € E5(G) the function u belongs to H* if

w(&)[E]™|dE] = v(£)E™ d¢

almost everywhere on I'.
Third, it is a well-known fact that the following formulas hold for singular
numbers:

50 = supl (A70.1) (6.6)
and
Sp = inf (sup|(Afq,u)|), n=1,2,..., (6.7)

wl,---ﬂPnEEZ(G) q,u
where the suprema in (6.6) and (6.7) are taken over all functions ¢ € E»(G),
u € HL, |lqllam = 1, ||u|l2m = 1, with the functions ¢ in (6.7) satisfying
the conditions (q,1;) = 0,7 =1,...,n (see [7] for more details about the
singular numbers).
Proof of Lemma 3. Let ¢ € F5(G) and v € H*. Since the equality holds
Arq=qf —p,

11



where p € H, and p = g/{™, g € FE3(G), by (6.5), we have

(Araw) = [ (af =pD©Ie"ldel = [ ((af = phoe™)E)de
= [ (avgm e,

From the last formula, on account of (6.6) and (6.7), we obtain the required
equalities.

7 Proof of Theorem 3

7.1 Lower Bound for A, ,,

Fix a nonnegative integer n. Let h be any function in the class M, 4.
We set Kq = P_(qh), q € E2(G), where P_ is the orthogonal projection
of Lo m(T) onto HL. Tt is easy to see that K : Ey(G) — H=t is a linear
operator with rank at most n.
We have the following estimate of the norm of the operator Ay — K:
[Ar = Kl < [If = hlloo-

The inequalities
sn < Apm, n=0,1,2,..., (7.1)

follow immediately from the definition of A,, ;,, and formula (5.1) for singular
numbers.

7.2 Estimates for A, ,, from above

In this subsection we prove the inequalities

An-I—N—l,mSSna n:N—l,N,.... (72)
To prove (7.2) it is sufficient to show that for all integers n > 2N — 2

An,m < Sp-N+1- (73)

Fix an integer n > 2N — 2. We assume without loss of generality that
n—N+1>1.

12



We can assume that f is holomorphic on I'. Indeed, the general case can
be obtained directly from this case with help of the fact that there exists
a sequence {ry}, k = 0,1,2,..., of rational functions with poles off I" such
that ||f — ri]lec = 00 as k — oo, and the inequalities

s (f; G) = sn(r; G)| < N[ Ap = Arp | < UIF = rilloo

and
|An+N71,m(f; G) - An+N71,m(7dl~c; G)| S ||f - Tk“oo (74:)

which follows from general properties of singular numbers (see [7]), (6.2)
and the definition of Ay, N _1m.

We remark that in the case when f is holomorphic on I', the functions P
and ¢ can be continued analytically across I', and (2.3) holds for all £ € T
(see [26]-[28] for more details).

It follows from (2.3) that

QE)E™(f = bnm)(£)dE = (Q(E)f(§) — P(§)/&™)E™dE
= Aum(QE)eENIE™/Ie(E)NldE]  (7.5)

on I'. Let

AE) = (@Qp)(&)/Ip@)l,  EeT.

We choose arbitrary functions 1, ...,%,_n11 € E2(G). Since indp X <
—n (the function Q¢ has at least n zeros in G), there exist functions u,v
holomorphic on G and continuous on G, u,v # 0 (see [29]), such that

(Au)(€) =v(¢),  &eT. (7.6)

Moreover, since there are n — N + 2 linearly independent solutions of the
equation (7.6),

(q,q,/;z):O, z:l,,n—N—l—l, (77)
where ¢ = uQ. Let p = uP/¢{™. By (7.5),

(af —=p)(€)E™ d& = Anmv(§) €] |dE], € €T.

13



i From this we deduce that
[ @€ P = Bnn [ 10(©F €7 1]
r r

Taking into account now that |v| = |g| on T', we get

sup| [ (@€ 1)(€)d¢] = A

q’v

where the supremum is taken over all ¢,0 € F3(G), such that |||ls = 1,
|||l = 1, and (q,%;) =0,i=1,...,n — N + 1. Minimizing over all choices
of 1,...,9¥n—nN41, we obtain (see (6.4)) the desired estimates for A, ;,:

Sp-N+41 = An,m-

|

8 A Connection with the Orthogonal Polynomials

8.1 The Case when G is the Unit Disk

In this section we prove that the polynomial @ constructed from the (nonzero)
poles of hy, ,, is the n-th orthogonal polynomial with respect to a weight that
varies with n.

Here and in what follows we assume that f is a holomorphic on C\ E,
where F is a compact set, £ C G. Let D be an arbitrary domain lying
with its closure in G and containing the compact set £. We assume that D
is bounded by finitely many disjoint contours and the boundary v of D is
positively oriented with respect to D.

Let G be the unit disk with the center at 0. We assume without loss of
generality that () is monic and deg Q = n—d > 1. Denote by a1 4,...,@,_qn
the zeros of @, (counting multiplicity) so that

n—d

Qz) = H (z — agp).

k=1

Let B be the corresponding Blaschke product
1:[ = Qi

14



and
n—d

wp(z) = H (1 —an2).

k=1
Let us consider equation (2.3), which, mentioned in Section 7, holds for
all £ € T'. Assume that ¢ # 0 on I'. We represent the function Q?¢ in the
form

(Q%¢)(2) = B(2) B1(2)¢° (2),
where Bj(z) is the Blaschke product constructed from the zeros of ¢ in G.

Note that since ¢ # 0 on T, we have ¢ # 0 on G. Denote by I,,, I, > d, the
number of zeros of ¢ in G. In the case when [,, > 1, we set

In

wa(2) = [T (1 = Brn2),

k=1

where 1 ,,..., 0, n are the zeros of ¢ in G. For [, = 0 let wy(2) = 1. In
what follows we assume without loss of generality that [,, > 1.
We can rewrite the relation (2.3) in the form

B(€)B1(&)E™ D () (f = hun)(€) dé = Du | (€)] e, € €T (8.1)

Denote by E~! the reflection of E in the unit circle. Let ¢*(z) =
¥(Z), z € G.

We have the following assertion.

Theorem 4 With the assumption that the function ¢ of (2.3) does not van-
ish on T, the function BE™)(f — hnm) can be extended analytically to C\ E
and has zeros at the points 1)@y, k = 1,...,n —d, and 1/Bk,n, k =
1,...,1ln, and

z € C\D. (8.2)

2 m
R e e

The function ¢* can be extended analytically to C\ E~', and satisfies
the equation

2 m
1 /7 (BEBE" ) _ e (%) L Leo\D (8.3)

% zZ — f z
The following orthogonality relations are valid:
oy EEOT ) _ B )
Lf Q&) W2 (Own(€) 0 for v=0,1,...,n—1. (8.4)

15



Proof. It follows from the relation (8.1) that on I’

BEEH(E)(f — hom)(€) = Ammm%
AN
- Sopgme? (e ©9

Using now the last formula we can conclude that BE™(f — hym) can be
extended analytically to C\ E and has zeros at the points 1/@y.,, k =
1,...,n—d, and I/Bk,n, k=1,...,l,, and a zero at infinity. From (8.5) we
also obtain that 1*(¢) can be extended analytically to C \ E~.

Fix z € C\ D. Using now the fact that B2B£™)(f — h,,) is holomorphic
in the region C\ E, we get, by the Cauchy formula,

2p em _ 1 (BPBiE™yf)(§)dE S\ B
(BBE" A ~ () = 5 [ S5, 2eC\D.
(8.6)
;From this and from (8.5), we obtain
L (B*Bigm™pf)(€)dE _ L S\
The function
B (f — hn)
Wy Wy,
is holomorphic on C \ E, and in a neighborhood of infinity
Bg™ —hy, A
¢ z({d ) () = e (8.7)

where the right-hand side is a series in increasing powers of 1/z.
By (8.7), we get

v §m¢ )f(€)§
/f n(f) =0 for

The last relations imply that the polynomial Q(z) is the nth orthogonal
polynomial with respect to the complex-valued measure ™) fd€ /w2 wy,.

vr=0,1,...,n—1.
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Remark 1. Concerning the assumption that ¢ does not vanish on I' we
remark that a verification of this property in specific cases requires a more
detailed analysis (see e.g. [3]). In case ¢ does vanish at points on T, the
orthogonality equation (8.4) must be modified accordingly.

Remark 2. In connection with Theorem 4 we single out the paper [3], where
the authors (together with L. Baratchart) investigate the rate of decrease of
Ay, m, convergence of the best meromorphic approximants, and the limiting
distribution of poles of the best approximants in the case when f is the

Markov function . by (@)
T
$@) =g [ F
a

21 zZ—

with the measure p, supp u = [a,b] C (—1, 1), satisfying the Szegé condition

b log(du/de)
a V(2 —a)(b—x)
The methods used are based on the orthogonality relations (8.4), the equa-

tion (8.3) and the results of Totik [22] and Stahl [19] concerning Szegé type
asymptotics for orthogonal polynomials with a weight that varies with n.

dr > —o0.

8.2 ( is a Multiply Connected Domain
In this subsection we consider the case when G is N—conn?vcteld domain.

We assume without loss of generality that N > 2. Let I' = U ', where
Iy, k=0,...,N — 1, are disjoint closed analytic Jordan curgeso. It will be
assumed that G lies interior to I'g. For k = 1,2,...,N — 1 let a; be an
arbitrary point lying inside of I'y.

We assume that ¢ # 0 on I'. Let d¢ = S(§)|d¢|, € € T, and let x =
indr ((eQ)(&)1E™]/(|e(&)|S(€)). It is not hard to see that x < N — 2 —n.
We assume that n > N. In this case we have xy < —2.

Since x < —2, we obtain, by virtue of the results of the theory of bound-
ary value problems for analytic functions (see, for example, [5]), that there
exists a function g, ¢ # 0 on I', holomorphic on G and continuous on G,
such that (see (7.5)) the function (¢Q&™)(&)(f — hn,m)(§) can be extended
analytically to C \ G,

(gQE™)(EN(f — bnm)(§) = Anmg(§)QE)0(E)E™/(I0(€)IS(£)) on T, (8.8)
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and in a neighborhood of infinity
A

(9Qz") (] = ) (2) = —7 4 (8.9)
where the right-hand side is a series in increasing powers of 1/z.
From (8.9) it follows immediately that ) satisfies the orthogonality re-

lations

/7 (gQEmF)E)dE =0, v =0,...,[x] - 2.

Let T be arbitrary polynomial T" of degree at most |x|—1. By the Cauchy
formula, we get
(T9Qz")(2)(f — ham)(2) = z€ C\D.

- 2mi

1 / (TgQE™f)(€)de
Y z—=¢ ’

Moreover, we have the following formulas (see (8.8))

LL (TgQE™ f)(§)dE _ AT (2)g()0ED 2@ |71/ (|0(2)|S(2)), 2 €T,

271 z—¢
and (see [5]) o
g9(2) = [ (z —ap) exp(=¥(2)), z€G,
k=1
where

N-1
. log <£X IT €~ ak)Q(é)w(é“)Ié“ml/(lw(é“)ls(é“)))

_ 1 k=1
V(z) = 27 Jr £E—2 dz.
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