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CONSTRAINED ENERGY PROBLEMS WITH
APPLICATIONS TO ORTHOGONAL POLYNOMIALS

OF A DISCRETE VARIABLE

By

P. D. DRAGNEV' AND E. B. SAFFt

Abstract. Given a positive measure 17 with 111711 > I, we write 1l E Mu if
1l is a probability measure and 17 -)J is a positive measure. Under some general
assumptions on the constraining measure 17 and a weight function w, we prove
existence and uniqueness ofameasure >'\,y that minimizes the weighted logarithmic
energy over the class MU. We also obtain a characterization theorem, a saturation
result and a balayage representation for the measure >.~. As applications of our
results, we determine the (normalized) limiting zero distribution for ray sequences
of a class of orthogonal polynomials of a discrete variable. Explicit results are
given for the class of Krawtchouk polynomials.

1. Introduction

In this paper we shall investigate constrained energy problems in the presence
of an external field. Before defining the problem, we briefly recall the classical
and the weighted energy problems of potential theory. In so doing, we introduce
the terminology that will be needed for stating our results.

The classical approach starts with the concepts of energy of measures and
capacity of sets (cf. [T], [L]). Let E be a compact subset of the complex plane
C and ME be the collection of all probability measures with support in E. The
logarithmic energy of a measure ~ is defined by

1(iJ.) := J J log Rd.u(Z)d.u(t)(1.1)

and the quantity
VE := inf{I(,u) I ,u E ME}

is called the Robin's constant. If V E < 00, there exists a unique measure JJ.E E ME
such that I(JJ.E) = VE. The extremal measure JJ.E is called the equilibrium measure
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of the set E. The logarithmic capacity of E is given by

cap(E):= e-VE

For an arbitrary finite Borel measure J1, with compact support, the logarithmi<
potential of J1,is defined by

( 1.3) UJ'(;:) := log R dJ.L{t)

We denote the support of J1, by 5jJ.
The following properties of the equilibrium measure were established by

o. Frostman [F]: If cap(E) > 0, then

UI£E(Z) $VE for all z E C

Ui'J:{z) = VE q.e. on E,

where by a property satisfied q.e. (quasi-everywhere) we mean everywhere except

on a subset of capacity zero.
For the weighted energy problem we shall follow the scheme given in [ST]. Let

E be a closed subset of C (we no longer require boundedness of E).

Definition 1.1 A weight function w : E -+ {O, 00) is said to be admissible if it

satisfies the following conditions:

(a) w is upper serni~continuous;

(b) Eo :={Z E Elw(z) > O} has positive capacity;

(c) If E is unbounded, then Izlw(z) -0 as Izl- 00, z E E.

We define the external field Q = Qw by w(z) = e-Q(z) , Then Q: E -+ (-00,00]

is lower semi-continuous, Q(z) < 00 on a set of positive capacity and, if E is

unbounded, then

ForJ,L E ME the weighted energy integral is defined by

Iw(jJ)

(1.5)

=I(,u)+2JQd,u.
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From the admissibility of w we have that the first integral is well-defined. The
second equality holds when both integrals are finite. Furthermore, the quantity

v, = inf{l~.{JJ.)!.JJ. E ME}

is finite and there exists a unique measure .uw E ME such that Iw(/!-,v) = Vwo The
measure.uw is called the extremal measure associated with w and has the foUowing

properties:
U#w(;:) + Q(z}~F, q.e. on E,

U/L,,(z}+ Q(z)~ Fw for n.liz E SlA,

whereFw := Vw -J Q{t)dJ;Lw(t).
In the unweighted case (w= 1) on the interval {-I, lJ, Rakhmanov [R}

introduced and studied the problem of minimal energy of measures that are subject
to a constraint. 5uchmeasures arise in connection with the zero distribution of the
Chebyshev polynomialsofa discrete variable (cf. [5z, §2.8}), ";Co.'

,
x~N~

n J

tn(X} = 1 ". =0, N-

Here ourgoalistostudy the weighted analogue of the constrained minimal energy
problem in a more general geometric setting. 1n so doing, we also obtain new
genera! results for the unweighted case.

Definition 1.2 Letw: E -.[0,00) be an admissible weight function. A finite
Borel measure (J is called anadmissibl.econstraint for w if

(i) S(7 =E:

(ii) o-(Eo) > 1, where Eo is defined in Definition l(b);

(iii) 0" has finite logarithmic energy over compact sets, i.e. for any compact set K,

fLxK

log Rda-(z)da-(t) < 00

Next we define the class of measures

MU:={.u1\1.u11=1 andO~.u~O"},

where by JJ. s: a we mean that a -JJ. is a positive Borel measure. As a consequence
we have that if JJ. E MO' , then S/, C SO' = E. The analogue of the Robin's constant

for this problem is given by

v~ := inf{lw(,u) I ,u E Mt7}
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where.Jw(Ji.) is defined in .5)

Definition .1.3 A measure ~ E MlT such that lw(~) = V~ is called a 0"-
constrained extremal measurefor the weight w. Such a measure will be denoted
by A~.. In the unweighted case{rY:: 1) we omit the subscript w.

The constrained energy problem deals with the existence and uniqueness of
the extremal measure in question, its characterization and the investigatio&of its

properties. T~~following electrostatical interpretation justifies our interest in this
type of problem. LetEbe a plane conductor and place a positive unit charge on
E. If the force between two charged particles is proportional to the reciprocal of
their distance, then the distribution of the charge with minimal energy will be J].E.
If, in addition, an external fieldQ= log( I jw) is present, then the solutio&will be
J].,,', Now what. if we relax the condition that E is a conductor and assume, more
generally, that E consists of matter with varying conductivity, what is known as
continuous media (see [LL])? Then one way to accommodate that generality in our
mathematical model is to invoke a constraint a on E.

Remark 1.4 Notice that if ()" ?;,uw, then the extremal measure will not depend
on the constraint and will coincide with ,uw.1n this sense, the constrained energy
problem generalizes the weighted energy problem.

The outline of this paper is the following. In Section 2 we state our main results,
the analogue of Frost man's characterization theorem, the satUration property, and a
balayage representation of the extremal measure, as well as some corollaries. The
proofs are presented in Section 5. Section 3 is devoted to studying the asymptotic
behavior of the zerosofLp-extremal po.1ynomialsgeneratedby a distribution withjumps 

at N points. In particular we obtain explicit results for ray sequences for1he
Krawtchouk polynomials. In Section 4 we find explicitly the constrained extremal
measure for several special cases.

2. Statements of main results

In this section we state our main results, deferring their proofs to Section 5. We
start with the fundamental theorem, which asserts the existence and uniqueness
of the constrained extremal measure and also provides us with a criterion for
recognizing that measure.

Theorem 2.1 Let w = e-Q be an admissible weight on a closed set E and 0" be
an admissible constraint for w. Let V~ be defined as in (1.8). Then the following

properties hold:

(a) V~ isfinite.
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(b) There exists a unique measure A = A';,; E M" such that

I".();) = v:

(c) There exists a constanf~ such that

U),(z) +Q{z) ~ ~ holds (0" -'\) a.e

and

ho/dsforaU ZE$,\U >' (- ) Q( - ) <-r:'IT ~ + ..~rw

(2.2)

: 

d) If J.L EM"" has compact support and there exists a constant c such that

U~(z) + Q(z) ~c holds (0'- fJ-J a.e,

and

U"{z) + Q(z)~ c holds JJ. a;e..,(2.4)

then p =~.

(e) For every measurelJ; EM/7 with compact support we define

= essinfO'-,,(U"\x)+Q(x»
FIJ

= max{K E RfU~(x) + Q(x) ~ K holds ((1 -J,L)a.e.}

Then F~ ~ FA. Moreove1; if the polynomial convex hull ofS/, U SA has
two-dimensional Lebesgue measure zero, then F~ = FA implies .u = A. (In

particula1; the last assertion holds if E c R..)

Remark 2.2 From the proofwe shall see that SA~ cEE for some E > 0, where

E. := {z Iw(z) ~ E}

Further, since w(z) is admissible, E. is a compact set and so the support of the

constrained extremal measure is also compact. Moreover, >.~ has finite logarithmic
energy since Iw(>'~) < 00 and Q is lower bounded on compact sets.

Remark 2.3 Lemma 5.2 below shows that if Ua- is continuous on C, so is

UA:., and if Q is also continuous, inequality (2.1) holds everywhere on Sa--A~. If,




