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The following prOblernS1 ere contributed by the participants in the 1995-
199~ Approximati9n Theory Seminar conducted at the University of South
Flol1da, Tampa.

Problem No.7

04 rational bases
,ICommunicated by B. Shek~tman -University of South Florida;, Tampa

I

Definition 1. A basis (Schauder basis) forC[O,.1.] is a sequence {~j} in
Cfa,l] such that to every f E CfO,.1] therecorrespOlldsa unique sequence
{flj} C R for which the series EfLj~jCOnvergesto f unifonnly.
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A long standing open problem posed by Ulianoff in 1964 states the follow-

ing:

.Construct a sequence of polynomials {Pn} that forms a Schauder basis
in C[O,l] and deg(Pn) grows as slowly as possible.

It was shown ([1]) that there is a basis with deg(Pn) = 4n. It is also
known ([3]) that if {Pn} is a polynomial basis in C[O, 1] then there exists a
real Q > 0 such that deg(Pn) ? n + Q .n. See also [2].

A similar problem for rational functions had been posed by E. B. Saff in
[4]. In [5] B. Shekhtman showed the following:

Theorem 1. There exists a constant c > 0 and a sequence of rational
functions {Rn} such that {Rn} is a basis in C[O, 1] and deg(Rn) ::; c(logn)2.

Theorem 2. There exists no Schauder basis of the type {an/(x -bn)}.

The following questions arise:

(i) Is it possible to find a Schauder ba.sis of the form

00

anX2 +bnx + Cn
?

dnX2 + enX + in ,~=l

(ii) Is it possible to find such a constant k so that there is a Schauder basis
with deg(Rn) $ k?

Conjecture. Let {Rn} be a basis inC.fO,l] consisting of rational func-

tions. Then
lim sup deg( Rn) = 00
n-oo
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Problem No.8

Convergence of iterated Aitken's transform

Communicated by S. Suetin -Steklov Institute, Moscow

Consider the power serjes j(z) = L: Ckzk and let {5'n(z)} be the sequence
of its partial sums. Define the Aitken's transform by

We have that S~l)(Z) = [n/l]j(z), where [n/l]J(z) is the fade approximant
of j(z) of type (n,1). Now we iterate Aitken's transform m times to get the

sequence .S',~m). We ask the following questions:

.Do we have some kind of analog of the Montessus de Ballore theorem

{cr. [IT) for the sequence sim)?

.What about the analog of Markov's theorem for the corresponding diag-
onal sequence?
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Problem No.9

Points on the sphere

Communicated by E. A. Rakhmanov University of South Florida, Tampa

Let S2 := {x E R3 : Ilxll = I} denote the unit sphere in the 3-dimensional

Euclidean space and let N ?: 2 be an integer. Let XN := {Xl,X2, ...,XN} C S2
be N points on the sphere and we define the Vandennonde of these N points
to be

p(XN) := n Ilxi -xjll

p(Xj:,r) = max P(XN).
XNCS2

It is not difficult to show that for N = 4 the solution is the regular
tetrahedron. For N ~ 5 the solution is not known. Numerical results suggest
the following conjectures for the cases N = 5,6,7:

Conjecture.

k = O,1,2},x;
X6

=

=

=

Problem No. 10

Polynomials bounded on equally spaced points

Communicated by E. A. Rakhmanov University of South Florida, Tampa

Let N :;:: 2 be an integer and define

, .2(k -I} N2,

l~i<j~N

Let ':\;:-N be a so1ution of the optimization problem
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where C'{ a) is a constant independent of n. For related works see f2}, [3]..

Conjecture. Let lim,t-+ oonjN -= c E [0,1]. and 0 < r < rl :-= Ji~2,
Then

.lIP,t(x )llr-r,r] ~ ](,

where Ii is a con,c;ta,nt independent of n.
The author of the problem was able to prove the inequality with J( .log n

on the right-hand side.
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Problem No. 11

On a generalization of the Nehari theorem

Communicated by V. Prokhorov State University of Be]arussia, Minsk

Let G be a bounded domain whose boundary fconsists of Ndisjoint
closed analytic Jordan curves. .Denote by Ep = Ep( G), 1 ~ p ~ 00, the
Smitnov classes of functjons analytic inG.

We represent the space L2{f) as a direct sum 12(f) = E2$Et, where
Ef is the orthogonal complement of E2 in L2(.r)~

Let f ELo;>(f). The Hankel operatorAj : E2 -rEf is defined as follows:
Ajq ::= P_(qf),where P -is the orthogonal projection of 12(f.) ontoEt..

For a.1lynon-negative integer n., denote by nt~ the class of rational func-
tions of order at most'll., and by nn+ Eoo the class offunctiollS representable
in the form h. = r + </>, T E n,~, </> E Eoo. The deviation off in Loo{f) from

the class nn +Eoo is denoted by 6,~:

6,. :== ilU II
nER..+E"" -hlloo
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Let {Sn}, Sn = sn(f, G), n = 0,1,2, ..., be the sequence of singular numbers
of the operator A f:


