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Summary. In this paper we examine the convergence rates in an adaptive version
of an orthonormalization method for approximating the conformal mappiof

an annular regioi onto a circular annulus. In particular, we consider the case
wheref has an analytic extension in com@j(and, for this case, we determine
optimal ray sequences of approximants that give the best possible geometric rate
of uniform convergence. We also estimate the rate of uniform convergence in the
case where the annular regidrhas piecewise analytic boundary without cusps.

In both cases we also give the corresponding rates for the approximations to the
conformal module of.

Mathematics Subject Classification (199B0C30, 65E05, 41A20

1 Introduction

Let A be an annular region of the complex plane bounded by two piecewise
analytic Jordan curveg, and I;, where [ is interior to I, and denote the
exterior of Iz by (2 (so thatoco € 2) and the interior off; by G. Also, assume
that Oc G, let z; be a fixed point or7; and denote by the conformal mapping

of A onto a circular annulug = {w : 1 < |w| < M}, so thatf (z) = 1. Here

the outer radius of E is uniquely determined bs and is called theonformal
moduleof A.
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490 N. Papamichael et al.

The work of this paper is concerned with certain aspects of the conver-
gence theory of an orthonormalization method (ONM) which was studied by
Papamichael et al [8], [9], [10], [11] and [12], for the purpose of approximating
the conformal mappin@ and the conformal modulll. The details of the basic
ONM are as follows:

Let Lo(A) be the Hilbert space of all square integrable functions that are
analytic inA, with inner product

(1.1) (u,v) := /ﬁu(z)@doz

(wheredo, denotes 2-dimensional Lebesgue measure) and corresponding norm
ull2 := (u,u)z. Also let LS(A) denote the set

L3(A) := {u : u € Ly(A) andu has a single-valued indefinite integyal

The setL3(A) is, in fact, a closed subspace bf(A) and, therefore, is itself a
Hilbert space with inner product (1.1). Next, let the functigrendH be defined
respectively by

(1.2) g(2) :=logf(z) — logz

and o 1
P - Z

(L3) HE@=d@ = 15— 5

so thatg is a branch analytic and single-valuedAnH € L5(A), and
(1.4) f(z) = ze9®.

With these notations, it is well known ([3, pp. 250-51], [10, p. 686] and [11, p.
101]) that the conformal modull of A is related toH by means of

(1.5) M :exp{ (% /aA '°gZ|Z|dz_ ||H|§> /zw}.

Let.72m n be the set of all rational functions of the form

n
(1.6) Ron(2) = ) &z .
o
Then, the basic ONM consists of the following steps:
(i) Orthonormalize the set of monomiafg*}J. .. k # —1, by means of the

Gram-Schmidt process in order to obtain the orthonorma{sget,-_,, k # —1.
(i) Approximate the functiorH by the Fourier sum

(1.7) Rin(@) = > (H,mdm =Y &z,

k=—m k=—m
k#—1 k#—1

where the coefficientsH, nx) and hence the coefficientg can be computed,
without the explicit knowledge ol , with the help of the formula
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Approximation of conformal mappings of annular regions 491

(1.8) (nk,H) = i/ 7k log|z|dz;
IA

see e.g. [3, pp. 249-50] and [11, p. 101]. (The Fourier &4y is of course the
best approximant téi in L5(A) out of the subspace?Zn; i.e.,

(19) IH = Rialz= inf[H = Ruallz )

nES

(i) Using (1.3)—(1.5), approximate the mapping functioand the conformal
moduleM respectively by

(1.10) to(@) = 2 exp ( / R,;,n(c)dc)
2%
and L |
1) Mnpsme{ (F [ 2z &) far )

The results of many numerical experiments ([8], [9], [10], [11] and [12])
suggest that (at least in the diagonal case n) uniform convergence df, » to
f holds onA, under some mild assumptions on the geometna.odn the other
hand, there is no adequate theory available to justify the ONM except for the case
whenf is analytic on the boundary & (see [3, p. 250] and [12, p. 654]). Even
in the latter case, the available theory concerns “diagonal” approximants with
“equal” number of positive and negative powerszofalthough it is reasonable
to expect that this diagonal selection of powers need not always be the best
choice.

In this paper we seek to overcome some of the above shortcomings in the
theory of the ONM. In particular, we consider the case where the funttion
can be extended analytically in comfsj(and, for this case, we derive optimal
ray sequences of approximantshia More specifically, we derive (in terms of
the analytic continuation properties Hf) the asymptotically optimal proportion
of positive and negative powers pfin the best approximatiorRy, , to H. We
also study the case whefeis not analytic ondA and fill partially the gap in
the theory of the ONM, by showing that uniform convergenceAoholds if A
is bounded by piecewise analytic curves without cusps. Finally, we consider the
convergence of the ONM approximants to the conformal motiland present
results that provide theoretical justification for certain experimental observations
concerning the quality of these approximants.

The organization of the paper is as follows: In Sect.2, we state (without
proofs) our main results. In Sect. 3, we describe an adaptive version of the ONM,
based on the choice of optimal ray sequences of approximants, and also present
the results of some numerical experiments illustrating the application of this
adaptive method. Finally, in Sect. 4 we present the proofs of the results of Sect. 2.
Here, our analysis is based mainly on methods of proof used in earlier papers ([1],
[5], [6] and [7]) in connection with the problem of approximating, by means of
Bieberbach polynomials, the conformal mapping of a simply-connected domain
onto a disk.
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2 Main results
2.1 Analytic case — optimal ray sequences

Let ¢ be the conformal mapping d := Int(Z;) onto the unit diskD = {w :
lw| < 1}, normalized by)(0) = 0 and¢ (0) > 0, and letd denote the conformal
mapping of the unbounded domain := Ext(/.) onto the exterior of the unit
circle D’ := {w : |w| > 1}, normalized byd(cc) = oo and lim,_., $(z)/z > 0.
Next, assume that the functidt of (1.3) is analytic onA and suppose that its
“nearest” singularities irG and in {2 are situated on the level curveg := {z :
|p(2)| =ri, 0O<r <1} andL,, = {z:|P(z)| =re, 1 < re < o0}, respectively.
In other words, we assume that the functidnis analytic in the annular region

(2.1) Ay = Ext(Ly,) Nint(Ly,),

bounded by the curvds, andL,,, and has singularities on each of these curves.
We now consider “ray sequence$Rn()ng)}i<; of rational functions of the
form (1.6) such that

(2.2) m(j) — oo, n(j) — oo, asj — oo,

and the following limit exists

- mG) .

We also assume that there exists a constantO such that

0<a<l

(2.4) Im( +1)—m()| <c and [n( +1)—n()| <c,

forallj=1 2, ....

The result of the following theorem shows that the optimal proportion of
positive and negative powers afin the best approximatioRy, , to H can be
described asymptotically in terms of the location of the nearest singularities of
H.

Theorem 2.1.Let H be analytic oA and let R..n be the best $(A) approximation
to H out of. %, n. Then, a ray sequenciRy i o) }i<1, satisfying(2.2)—(2.4) is
optimal in the sense of geometric convergence rate if and only if

. m logr
2.5) lim =0T
jmcom+n logre — logr;
In this case,
(2.6) lim sup||f — fnn [T = lim sup||H — R:mHié(mm) = l=pe,
] —o0 ] —o0

Furthermore, an optimal ray sequen¢&;, ,} and the corresponding sequence
of approximants{fm n} to the mapping function f converge locally uniformly in
the annular region A.
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Approximation of conformal mappings of annular regions 493

In the above and in what follow}$- ||, denotes the uniform norm of, i.e.
for any functionh analytic inA and bounded o,

Il := suplh(2)] -
ZcA
Also, the statement that the rate of geometric convergence in (2.6) is optimal
means that for any ray sequenl@n()ng) }i<; satisfying (2.2)-(2.4),

limsup||H — Ry o2 > ra”,
j—>00
The following result gives the corresponding estimate of the error in the
ONM approximation to the conformal modul of A.

Theorem 2.2.Let{Mmg)n()}<; be a sequence of approximants to M correspond-
ing to an optimal ray sequen({&,*;lo)’n(j)}fjl. Then, this sequence of approximants
tends monotonically (with m n) to M from above, and

2.7) lim sup{Mm,n — M YY) = 267 —1) = 20"

J—o0

2.2 Piecewise analytic boundary

Here we assume that the boundary componéhtand Iz of A are piecewise
analytic Jordan curves without cusps. This means that ea¢h arid Iy consist
of a finite number of analytic arcs, where two adjacent arcs meet at a corner and
form there an interior (with respect #) anglevr, with 0 < v < 2. Thus, in
each case, the exterior (with respect¥pangle isAr with v+ )\ = 2.

Our next result extends Theorem 1 of [7] (concerning the convergence
of Bieberbach polynomials for approximating the conformal maps of simply-
connected regions) to the mapping of annular regions.

Theorem 2.3.Suppose that the boundary compondniand I ¢ of A are piecewise
analytic without cusps and letjr and A\em (0 < Aj, Ae < 2) be respectively the
smallest exterior (with respect to A) angles among all jointg pand I .. Suppose,
in addition, that m n € IN satisfy

(2.8) 0<01§%§02<oo,

for some fixed numberg and . Then, with §, , defined as ir{1.10) there exists
a constant K, depending only on,c, and the geometry of A, such that

log maxfm, n)

. - [e'e] S A )
(2 9) ||f fm7n || K m|n(m7i ’ n»ye)

with 5i = Ai/(2 = Ai) andve = Ae/(2 — Ae) -

Remark.Because of (2.8), the result of the theorem is equivalent to the estimate
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=0 (Iogn) -0 (Iogm> ’
nvy mY

where-~y := min(v, 7). We note that the exponentcannot be increased in gen-
eral. This is so becauseif > min(y;, ve), then the converse theorem argument
of [14] would imply thatf < Lip 3 for somes > (2 —min()\i, Xe))~* and would
contradict the known boundary behaviorfofsee Sect. 4, Lemma 4.4). It follows
that Theorem 2.3 is sharp up to the logarithmic factor in the numerator of (2.9).

(2.10) If —fmn

Theorem 2.4.Suppose that the annular region A satisfies the conditions of The-
orem2.3. Then there exists a constant K, depending only on the geometry of A,
such that

log maxfn, n)

W, mn=2 3 ...,

(211) 0<Mpn—M <

whereyi = Ai/(2 — Ai) andye = Ae/(2 — Ae) -

We end this section by noting that the results of Theorems 2.1-2.4 confirm
the experimental observation ([9, p. 47], [10, Sect.5] and [11, Sect. 4]) that the
ONM approximations to the conformal modul are more accurate than the
corresponding approximations to the mapping funcfion

3 Adaptive ONM — numerical examples

The results of Theorem 2.1 suggest a process for “balancing” the boundary errors

(3.1) max|f (z) — fmn(z)] and maxf (z) — fm n(2).
zel zele

In this section we show how this idea can be used in order to develop an adaptive
version of the classical ONM, in cases when the functidaz) := logf (z) —logz
can be extended analytically to an open set contaidingVe also present two
numerical examples illustrating the application of the adaptive ONM and the
convergence results of Sect. 2.1.

We let ™" and #{™" denote estimates of the maximum error in modulus
in the approximatiorfy, , to f on the boundary curves; and I respectively.
These are obtained, as indicated in [10], [11] and [12], by means of

(3.2) gmn .= mjax|1 — [fmn(@)] |
and
(3.3) gmn = mjax|Mmm — [fmn(@) |,

where {Zii} and {z?°} are two sets of “boundary test points” dn and I re-
spectively. (We expect (3.3) to be a reasonable estimate of the actual error in
modulus only because, as we remarked at the end of Sect. 2, the approximations
{Mmn} to M are more accurate than the corresponding approximatitns}

to f; see Theorems 2.1-2.4 and also Lemma 4.3 in Sect. 4.) Theaddpive

ONM algorithmcan be described as follows:
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1. Setm = Myin andn = npin, Wheremy,in and ny,in denote respectively the
minimum number of negative and positive powerszofo be used in the
basis set.

2. Compute the ONM approximatiofig, to f andMp, , to M, using the basis
set

(3.4) {2, k# -1

3. Compute the error estimatég™" and ™", by means of (3.2)—(3.3).
4. 1F ™0 < Z M then:
— Introduce into the basis set (3.4) the next positive power,ofe. set
n:=n+1.
Otherwise:
— Introduce into the basis set (3.4) the next negative power, dfe. set
m:=m+1.
5. Check the termination criterion and either terminate the process or go to
Step 2.

Regarding Step 5, the procedure is terminated when after a certaimmaiy, (
due to the numerical instability of the Gram-Schmidt process, the maximum error
max( ™", £{™") does not decrease any further.

In presenting the numerical results we make use of the following notations:

— ¢ and(e: These denote the locations of the nearest singularitidd af G
and (2 respectively.

— rj andrg: As in Sect. 2, these denote the level indices of the nearest singu-
larities of the functionH, i.e. r; := |¢(¢)| andre := |$((e)|. (The values of
ri andre are obtained by using either the exact mapping functipres @,
when these are available, or are computed in approximate form by using the
conformal mapping package BKMPACK of Warby [17].)

— «*: This denotes the optimal ratio given by (2.5), i.e.

. logre
(3.5) “ " logre —logr;”

- ?Sf’(m’“): This denotes the larger of the two error estimates (3.2) and (3.3), i.e.
(3.6) # M = max@, ™", g mm).

- %,’\slm*“): This provides an estimate of the error in the approximakibn, to
the conformal modul& by means of

(3.7) A = M = M,

wherem + fi is the largest value of the sum of indices+ n used in the
adaptive ONM algorithm. (That is, this estimate is computed by using, instead
of the exact value oM, the most accurate approximationhb that we have
available.)
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— 6 anddy: These are respectively estimates of the orders of the errors (2.6)
and (2.7). They are determined as follows: Let (n;) and frp, ny) be two
pairs of indices such that

my My

(3.8) A ~a,
m +nNg mp + Ny

and let% ™™ and £ "™;j = 1,2, denote the error estimates (3.6) and (3.7)

corresponding to the pairsn(,n;); j = 1,2, respectively. Then, we assume
that
39)  H™ x ™Y and HM & Cyrue M,

and seek to estimat® anddéy by means of the formulae

1 _|O ;5’(mz,n2) (C)!’(ml,nl) 7
(3.10) & = 9 /AT
a*(mp+ny —mg — ny) logr;
and [ ( ) ( N
g mp, Nz (65/ my,Ng.
a*(Mp+np —my — ) | logri ]

see (2.6) and (2.7). (That is, from the theory we expect to obtain values
o =1 anddy =~ 2.)

Example 3.1. Square with circular hole.
Let A be the annular region bounded internally by the circle
I :={z:|z| = 0.8}
and externally by the square
Ie:={z:z=41+ly,ly| <1}u{z:z=x=1i,|x] < 1}.
Then, the nearest singularities idf occur at the points
(=04 and ¢ = 16;

see [11, p. 95]. Also, the mapping functigris known trivially, i.e.¢(z) = 1.25z.
Therefore,
ri =0.5.

Finally, the value ofre is found in approximate form by using BKMPACK for
the approximation of the mapping functi@n In this way we find that (correct
to six decimal places)e is given by

re=1413129
Hence, from (3.5)n* is given (correct to two decimal places) by

a* =0.33.
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Example 3.2. Ellipse with circular hole.

Let A be the annular region bounded internally by the circle
Ii={z:|z| = 2/3}
and externally by the ellipse
To:={z:z=x+iy, (x+1P/4+y>=1}.
In this case, the nearest singularitiestbfoccur at the points
¢ =0.113004586 +i®79182239 and(e = 4/(9C,),

where ¢ is correct to all figures quoted; see [11, p. 100]. Also, the mapping
functions¢ and® are known exactly, i.e.

15z and v =2 e (1o 2 ),
$(z) =15z an (Z)—T{ T @17 3
see e.g. [2, p. 225]. In this way we find that (correct to six decimal plages)
andr. are given by

ri =0.451778 andr. = 1.409707
Hence, from (3.5)n* is given (correct to two decimal places) by
o™ =0.30.

The results for Examples 3.1 and 3.2 are given in Tables 1, 2 and 3, 4,
respectively. All these results were obtained by using the adaptive ONM algo-
rithm with starting pairs of indicesngnin, hmin) = (9,7) for Example 3.1, and
(Mhin, Nmin) = (4, 4) for Example 3.2.

Tables 1 and 3 contain, in each case, the values of the pairs) that were
chosen by the adaptive process at each step of the algorithm, the corresponding
values of the ration/(m + n) and the values of the boundary errdfé”"“) and
ZdM" These results illustrate how the algorithm seeks to balance the magnitude
of the two errors (by introducing the “appropriate” powerzofto the basis set)
and show that, for the “optimal” values of(n) chosen by the algorithm, the
ratiosm/(m+n) are (as predicted by Theorem 2.1) close to the valug*ofThe
domain of Example 3.1 has 4-fold rotational symmetry about the origin. Because
of this the corresponding approximations (1.7) take the following form:

— k
Rr;,n(z) = Z a,j‘z ’
k=—m(4)n
k#—1

with
m:=m()=4+1, n:=n()=4-1;j=12, ... .
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Table 1. Square with circular hole: Steps of the adaptive algorithm

(mn) m/m+n) #™V £

(9,7) 0.56 6.5e-04 3.7e-03
(9,11) 0.45 7.6e-05 6.1e-04
(9,15) 0.38 45605 1.5e-04
(9,19) 0.32 5.3e-05 6.6e-05
(9,23) 0.28 5.1e-05 4.3e-05
(13,23) 0.36 2.7e-06  7.1e-06
(13,27) 0.32 2.8e-06 3.2e-06
(13,31) 0.30 2.9e-06 2.2e-06
(17.31) 0.35 1.4e-07 3.4e-07
(17,35) 0.33 1.5e-07 1.6e-07
(17,39) 0.30 1.5e-07 1.1e-07
(21,39) 0.35 7.4e-09 1.7e-08
(21,43) 0.33 7.4e-09  8.1e-09
(21,47) 0.31 7.5e-09  5.7e-09
(25,47) 0.35 3.8¢-10 9.3e-10
(25,51) 0.33 3.8¢-10 4.3e-10
(25,55) 0.31 3.8¢-10  3.0e-10
(29,55) 0.34 2.0e-11  5.1e-11
(29,59) 0.33 2.0e-11  2.4e-11
(29,63) 0.32 2.0e-11 1.7e-11
(33,63) 0.34 1.1e-12  3.6e-12

Tables 2 and 4 contain the ONM approximatiois, », for some of the
optimal pairs fn, n) of Tables 1 and 3, together with the corresponding estimates
6r anddy that measure respectively the orders of the errors in the approximations
fm,n tof andMp, , to M. These estimates were computed from (3.10) and (3.11)
by keeping the pairnf;, n;) fixed, as the initial pair in each table, and taking
recursively (mp, ny) to be each subsequent pair shown in the table. As expected
(see (2.6) and (2.7)), the values &fand 6y are, in all cases, close to 1 and 2,
respectively.

Table 2. Square with circular hole: Orders of the erréfd™" and #,{™"

(m,n) Mm,n i oM
(9,19) 1.342 990 380 6369 - -
(9,23) 1.342990 374 7144 0.20 0.54
(13,23) 1.342 990 3659443 120 2.05
(13,27) 1.342 990 365 6469 1.09 2.08
(13,31) 1.342 990 3656320 0.85 1.66
(17,31) 1.342 990 365 6002 1.14 2.10
(17,35) 1.342990 3655994 1.09 2.08
(17,39) 1.342 990 3655993 0.95 1.84
(21,39) 1.342990 3655992 1.12 2.10
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Table 3. Ellipse with circular hole: Steps of the adaptive algorithm

(mn) m/m+n) #™Y £

(4, %) 0.50 1.8e-02 4.5e-02
(4,5) 0.44 1.0e-02 3.3e-02
(4, 6) 0.40 5.2e-03 1.5e-02
(4,7) 0.36 5.7e-03  9.7¢-03
(4,8) 0.33 55e-03 9.5¢-03
(4,9) 0.31 54e-03  6.6e-03
(4,10) 0.29 5.6e-03 5.4e-03
(5,10) 0.33 6.5¢-03  6.3e-03
(6,10) 0.38 1.5e-03  2.3e-03
(6,11) 0.35 1.6e-03 2.2e-03
(6,12) 0.33 1.5e-03 1.8e-03
(6,13) 0.32 1.5e-03 1.2e-03
(7,13) 0.35 6.7€-04 1.1e-03
(7,14) 0.33 6.7€-04  8.1e-04
(7,15) 0.32 6.7€-04  8.0e-04
(7,16) 0.30 6.7€-04  6.9e-04
(7,17) 0.29 6.8e-04 5.7e-04
(8,17) 0.32 3.9¢-04  3.4e-04
(9,17) 0.35 4.6e-05 1.1e-04
(9,18) 0.33 4.86-05 9.6e-05
(9,19) 0.32 4.6e-05 7.9e-05
(9,20) 0.31 4.6e-05 4.7e-05
(9,21) 0.30 4.6e-05 4.5e-05
(10,21) 0.32 5.9e-05 8.3e-05
(10,22) 0.31 5.9e-05 7.4e-05
(10,23) 0.30 5.9e-05 7.1e-05

4 Proofs
4.1 Proofs of Theorems 2.1 and 2.2

For the proofs of our main results we shall make use of several lemmas. The first
of these is an analogue, for rational functions, of the well-known Bernstein-Walsh
lemma for polynomials.

Lemma 4.1. For any rational function of the form
n
(4.1) fmn(2) = > &z
k=—m

we have that

(4-2) |rm,n(z)| < ||rm,n||8(2 |¢)(Z)|n7 FAS Qu
and

r
(4.3) tmn(@)] < % z€G,

where|| - ||a and|| - [lac denote the uniform norms @2 anddG respectively.
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Table 4. Ellipse with circular hole: Orders of the erro&ﬁ(m’”) and &,™"

(m,n) Mm,n O¢ oM
(4,9) 1.419 811519 - -
(4,10) 1.419 765 672 .70 1.87
(6,12) 1419699037 1.08 1.82
(6,13) 1419694052 1.03 181
(7,14) 1419686002 110 2.36
(7,15) 1.419 686 000 .98 2.10
(7,16) 1.419 685 652 .94 2.01
(7,17) 1.419 685 406 .87 1.93
(8,17) 1.419 685 112 .98 1.94
(9,18) 1.419684686 1.26 2.33
(9,19) 1419684675 123 224
(9,20) 1419684652 129 232
(9,21) 1419684651 1.22 2.19
(10,21) 1419684641 101 231
(10,22) 1.419 684 636 .99 2.75
(10,23) 1.419 684 635 — —

Proof. The functionrm n(2)/[®(2)]" is analytic inf2 and continuous omi2. Thus,
by the maximum modulus principle,

|rm n(z)‘ Hrmn
[o@)" ~

_|| mn||397 2607

from which (4.2) follows.
Similarly, the functionrm n(z)[¢(2)]™ is analytic inG and continuous ofG.
Hence,

Fnn(@)] - [6@)|" < Irmnd™llog = IMmnllss» 2 € G,

from which (4.3) follows. O

Lemma 4.2. For any rational function of the fornf4.1) there exists a constant
K, depending only on the geometry of A, such that

IH = (rmn —a-1/2)|l2 < K[IH — a2

Proof. Let I := {z : |[f(2)| = r}, wherer € (1,M) is fixed. Then, since the
indefinite integral ofH is single-valued imA,

/ {H (t) — rma(t)}dt = —2ria_;.
r

On the other hand by [4, p. 4]

IN

[ RO rma®)t| < 17ImaH© - ()

||

< —_— — .
S rdistomy) M~ mollz
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Thus,

H = (mn—a-1/2)lz < [IH = rmall2+[aaf-[|11/2]2
S KHH - rm7n||2. I:I

Proof of Theorem 2.10ur first task is to show that

(4.4) limsup|H — Ry

] —o0

|2 > max(ré—t re)

for any ray sequence satisfying (2.2)—(2.4). We do this as follows:
Suppose that

(4.5) limsup|H — Ry, o[22 < max(rg =, 1),

j—oo
and assume that the max in (4.5) is equat;to so that

(4.6) limsup|H — Ry o [[X™ < 1.

J—o0

Next, suppose that the value of limsup in (4.6) is equa tao r; and lets > 0 be
such thatg +¢ < ri. Then, by making use of Lemma 4.1 (and Inequalities (2.4)),
we find that forz € Lo+ 1= {Z : [¢(2)| =q +¢}

Z IR +1).n+1)(Z) — Rigyng) @)

j=1

Z HR;;\(j+l).,n(j o)~ R:;}(j),n(j)HOO(q + 6)7ma><(m(j)>m(j +1))
j=1
j=1

IA

< {IIH = Rigyngyllse + IH = Rigatyng+nllee ) (@ + )~ Max().mG+1)

e min(m(j),m(j +1)) o
Ky Z (q " %) (q + &)~ maxmG)mG +1)
j=1

IN

IN

© (i)
q+5\"
j=1

This shows that the series

(4.7) Z {R:ﬁ(j wyni+n)(2) — Rr?](j),n(j)(z)} +Ra.n@(@)

j=1

converges uniformly orLq+.. Since (by (4.6)) the series converges uniformly
to H on A, it follows that it converges in the region betweé&hand Lg+e. IN

other words, we have shown that (4.7) converges to an analytic continuation
of H through the level curvé,,, which is a contradiction. A similar argument
can be used to establish a contradiction in the case when the max in (4.5) is
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equal tor&~1. This proves (4.4). (Observe that the right hand side of (4.4) takes
its minimal value whenx is given by (2.5), i.e. whem satisfies the equation
re~t=ro).

We shall now show that (2.6) holds for a ray sequence defined by (2.5). For
this, we first note that the functiod can be expressed as

H(2) = He(2) + Hi(2), z € An,

whereHg is analytic insidel;, andH; is analytic outsidé.,, (including the point

at co) andH;(oo) = 0. Also, by the results of Walsh [16, pp. 75-80], there exist
two sequences of polynomiaf$,(z)}2,, where ded®, < n, and {Qm(t)},,
where ded)n < m, such that

. 1
(4.8) lim sup|[He — Pl 25 = =,
n—oo re
and
(4.9) lim supl||H; — ( ) |2 = ;.
m—oo

Further, from Lemma 4.2,

1/(m+n)
limsup|[H — Ry, o[l/™™ < lim sup

j—o0 ] —0o0

et
(L

where, for the last step, we made use of (4.8), (4.9) and (2.5). Next, by using
Lemma 4.1 and the estimate (cf. [4, p.4])

2

<lim sup{|He — Pnlleo +

J—o0

(4.10) <r&l=r2,

H(2) - Ryn(@)] < H —Ranllzs €A

1
Vrdist(z, 0A)

we can show (with the help of series (4.7)) that

limsup|H — Ry, , ||1/(m+”)<l|msupHH Rin ||1/(m+")
j—

]4»00

which, in view of (4.4) and (4.10), gives that

4.11) limsup||H — R: 1/(m+n) — limsupllH — l/(m+n) O/ *—1 _ I’
P Rnn 5 p Rin
j—o0 j—o00

In order to show that an optimal ray sequen(@®, ,}<; converges toH
locally uniformly in Ay, we consider again the series (4.7) and repeat the argu-
ment of the first part of our proof faz lying respectively on two level curves
Li+e :={Z 1 |¢@2)| =1 +e} and L, _ := {z : |§(2)| = re — €}, wheree > 0
is sufficiently small. The local uniform convergence{®t;, ,};<; to H in Ay is
then established by letting— 0 in the two resulting estimates.

Numerische Mathematik Electronic Edition
page 502 of Numer. Math. (1997) 76: 489-513



Approximation of conformal mappings of annular regions 503

To complete the proof we recall thét is analytic and single-valued in the
annular regiomy and that

(4.12) f(z) = %exp (/ H (g)dg) ,
2

where the integration is carried over a rectifiable pathying in Ay (see (1.2),
(1.3) and (1.4)). Since far belonging to any compact subsetAf there is an
upper bound for the length of;, it follows from (4.12) and (1.10) that

exp( A “H (©dc) - exp / Z Ran(0)C ) ‘

If(2) = fmn(2)|

:

z z .

< o /ZO{H(o—Rm,n(o}dc‘
z *

< c glwaggng(o—Rm,n(cn.

This shows tha{fm n}<; also converges locally uniformly toin Ay. Thus, by

choosing arbitrarg € A and~, C A, we obtain from the previous estimate and
(4.11) that
limsup|f — f |20 < re”.

J—o0

To prove that equality holds, we recall that

92— o) :/ H(OdC, 2 € Ag,
2%

let
gm7n(z) ::/ R’:‘I,n(C)dC7 FAS AH7 m, n= 27 37 R
4

and observe that far € Ay

C

z z .
g‘ /Z0 {H(C)_Rm}n(C)}dC‘ <f @) — fun(2)]-
This gives

limsup|lg — g(zo) — gmnl|Z™™ < limsup|[f — fr o[22

j—oo J—o0
Finally, if we assume that

limsup|[f — fpn || 2™ < e
]4'00
then by applying the same argument as in the first part of this proof to the
sequence of rational§gmn}<; (instead of{Ry, ,}7<;) we can show that this
sequence convergesd(®)—g(zo) in a region that containdy in its interior. That
is we can show thag, and hencéd , are analytic ol which is a contradiction.
O
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Lemma 4.3. For the ONM approximation M, to the conformal module M we
have that
(4.13) 0<Mmnn—M~|[H-R |

where a~ b means that there exist two constantsdfid K (that depend only
on the geometry of the annular region A) such thaj bKa < bK;.

2
25

Proof. One can readily see from (1.5) and (1.11) that
Mmn =M ~ [H 3 — [[Rs0 13-

The result follows because, sin&, , is the Fourier sum oH,
IH1IZ = IRsall2 = IIH = Reyall2. O

Proof of Theorem 2.2The sequence of approximatiofisly, ,} to M, given by
(1.11), decrease monotonically with+ n. This is so because, from (1.7),

n

IRmAlZ =D IH, m) 2.

k=—m
k#—1

Therefore, the result of Theorem 2.2 follows immediately from Lemma 4.3 and
(4.11). ©

4.2 Proofs of Theorems 2.3 and 2.4

We shall follow essentially the methods of proof used by Andrievskii [1] and
Gaier [6], in connection with the use of Bieberbach polynomials for the conformal
mapping of simply-connected domains. In particular, the proof of Theorem 2.3
involves the following three steps: (i) estimating theerror in the approximation
Rn.n to H, using the extremal property (1.9); (ii) relating the noring » || and

||rr/n’n |l2, wherery, , is a rational approximant of the form (4.1); (iii) estimating the
uniform error in the approximatiofy, , to f, thus proving (2.9). First, however,

we present a lemma concerning the boundary behavior of the mapping function
f and its derivatives. This extends a well-known result of Warschawski [18] (for
the conformal mapping of simply-connected domains) to the mapping of annular
regions. The lemma follows immediately from Warschawski’s result through the
localization principle, i.e. by considering a small simply-connected neighborhood
of a boundary point.

Lemma 4.4. With the hypotheses of Theorem 2.3, suppose that two analytic arcs,
of either I; or I, meet at a point and form there a corner of interior (with
respect to A) angler, 0 < v < 2. Then, all the limits

(4.14) lim (f(2) = 1(O)/ (2 ~ Q)% = 4o, A0 #0,

and
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(4.15) Iimc(z —O)" P EM(Z)= Ay, n=1, 2, ..., A1 #0,
Z—

exist for unrestricted approach z (, z € A. Similarly, for the inverse mapping
r:=f~1 all the limits

(4.16) Jim () = O/ w = F(Q)” = 4, 4g#0,
and
(4.17) lim(w — )T W)= A, n=1,2 ..., A #0,

exist for unrestricted approachr — f({), w € E.

() The Ly-error in the approximation to H

Lemma 4.5. Under the hypotheses of Theoré@13, there exists a constant K,
depending only on the geometry of A, such that

{Iogmaxmn)}l/2 mon=2 3
min(my,ne) 0 T T T

(418) [|H —Rynll2<K

wherey = Ai/(2 — Ai) and e = Ae/(2 — Xe).

Proof. The proof consists of the following three main steps: (i) reducing the prob-
lem of estimating theé_,-error of the approximation tél to that of estimating
the uniform error of an approximation to a modified function; (ii) estimating this
uniform error by making use of results from the theory of uniform approxima-
tions; (iii) establishing the result of the lemma by making use of the extremal
property ofRy, .

(i) Let h denote the function

(4.19) h(z) := (H(2) + 1/2)w(2),
where |
w(z) =[]z - 3),
j=1
and the product extends over all corner poigtg 0A, j =1, 2, ... , |. Also,
letyym, 0 <y <2,j =1, 2, ..., |, be respectively the inner angles at the

pointsz. Then, (1.3) and (4.15) imply that farc A, nearz,j =1, 2, ... , I,
1
Ih(2)| = O(jz — |"),

and this in turn implies that is continuous orA.
Consider the set of rational functions of the form

(4.20) fma@ = &,

k=—m
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and letr; | be the best uniform approximant toon A out of this set. Next,
forn > 1, let p_; be the Lagrange polynomial interpolating ,, at the points
()] e

@)=Y 28 e @,
j=1

= w(z)z-13)
and define the function, ,—; by means of the equation
(4.21) r%,n(z) —Pi-1(2) = w(z) Tmn-1(2).

Our next task is to consider using the functiop,—; — 1/z in order to
approximateH in the L»(A) norm. For this we first note that, sin¢g€z) = 0
j=1, 2, ..., 1, and the degree qf _; is fixed,

 w@)
<
|p|71(2)| = 1r21a2?| mn(zj)| Z |(.¢) (Zj)”Z |
(4.22) < C@B)|h- m_’nHoo, zeB,

whereB C C is an arbitrary compact set. Next, we choose a positive number
dmn < 1 small enough so that each disk = {z : |z — 7| < émn}, ] =

1, 2, ... ,l,is contained in the annular regi@w, , bounded by the level curves
Litvyn :={z:[®(2)| =1+1/n} andLly_1/m :={z : [¢(2)| = 1 — 1/m}. (For this

it is sufficient to take

dman=0(min(m=2 n72)) m n=1 2 ...;

see [15, p. 181].)

Sincerp, ,(z) —pi-1(2) is uniformly bounded o\, by a constant independent
of m andn, it follows (from Lemma 4.1) that the same is true ﬁm,n. Thus,
by the maximum modulus principle,

w(2)
T z ze§,
m,n— I( ) —z ‘ = 5mn S
and therefore,
(4.23) [Pt (2)] < =% C2 ,z€ Ua
m,n
Lets ={z:|z—7z|<6%,}, ] =1 2 ..., |, and note that

|
H(@) — (fmna — 1/2) 5= H(2) + 1/ — Tmn-i(2)|?do,
|| A= [ M@ 1z

(4.2) g @1z T @,
Ui=1S

where, as beforedo, denotes 2-dimensional Lebesgue measure. Then, for the
integrals in (4.24), the triangle inequality gives that
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1/2 1/2
<//A |H(Z)+1/Z_Fm,nl(z)|2d0'z> < <//Am |H(Z)+1/Z|2daz>
ns s
1/2
= 2
. (//m Pt 2)| daz> ,

i=1 2 ..., 1, where from (4.15) and (1.3),

// H(@) + 1/2f’do, < C // 2 2|7 2do, = O(82,).
AN AN

and from (4.23),

[Fnn—1(2)|?do, = O(ér?n,n)'
ANs

Also, from (4.21) and (4.22),

//A\U!=1ﬁ H(2)+1/2 — Tmni(2)’do, = //Al\u!=1§

do,
<clh-rlt [[ S
mn A\ULs |w(z)[?

2

h(2) — o1 @@,

w(2)

where it is easy to see that

do /1 dr
<C = =0(|10g6mnl).
//A\U}_lq |W(Z)|2 - & r (| g m,n|)

Hence, by combining all the above estimates we find that

IH — (Fmn—1 = 1/2)[13 = O(10g8mn [N — 1[5 + O 1):

i.e.
(4.25) [|H — Fmnt — 1/2)[2 = O(l10g8mnl™? - |h =175 nlloo + mn)-

(i) In order to investigate the rate of decreaséof-r, .|| We need to consider
the smoothness properties fofon A, i.e. we need to determine the behavior of
h in the neighborhood of every corngr,j =1, 2, ... , |. For this we proceed
as follows:

By differentiating (1.3) and applying induction we find, from (4.15), that for
zeOA nearz,j=1,2, ..., 1,

(H@) +1/2)®=0(z - 7|5 * ), k=012 ....
Hence, by using (4.19), we can verify that foe 0A, nearz,j =1, 2, ... , |,
k ok
(4.26) @) =0(z-z" "), k=01, 2, ... ;

see the proof of Theorem 3 in [7]).
Next, with the help of Cauchy’s formula we exprdsss
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(4.27) h(z) = he(z) + hi(2), z € A,

whereh is analytic inside and continuous dn := 92 andh; is analytic outside
and continuous ot := 9G. Moreover, since is analytic on/;, the functionh;
has the same boundary propertiesi¢ms the functiorh. Similarly, the behavior
of h on Iy is inherited byhe. Thus, in particular, from (4.26) we have that

(4.28) @) =0(z—7|" ), k=01 2 ...,

for z € I'; near a corner poirg; € I.

Let ¥ be the conformal mapping @ = {w : |w| > 1} onto the exterior of
Iz normalized by (oo) = oo and lim,_,, ¥(w)/w > 0. Then, by following the
proof of Theorem 3 of [7], we find thahgo )@~ ¢ Lip 4 in a neighborhood
of wy =¥~(3), € I, where

2
;:qj+6,-, geN, 0<f <L
]

Further, sincel\e = 2 — max,cr, vj, there exists a polynomid?, of degree at
mostn in z such that
(4.29) |lhe = Pnlloe =0O(N™%), n=1 2, ...,

where ve = Xe/(2 — Ae); See Equation (2.3) of [7]. Similarly, there exists a
polynomial Qn, of degree at most in 1/z such that

(4.30) I — Qm(1/2)]loc = OM™™), m=1, 2, ...,
wherev; = Ai/(2— X)), i =2 —max,cr, vj. Thus, since
Ih =t alloo < Ihe — Pallac + I — Qu(1/2)lac.
(4.29) and (4.30) give that
[h —ranlleo = O(maxm™",n"7%), m, n=1, 2, ... .

Finally, we recall that the quantityn, in (4.25) can be made sufficiently
small so that
Omn < maxm™™, n~7e).
Therefore,

1/2
(4.31)[H — (1 — 1/Z)|2:O<{|Og max{n, n)} ) mon=23 ...

min(mi, n7e)
(iii) Let
n—I
Tmn-1(2) — 1/z= Z akzk-

k=—m
Then, from Lemma 4.2 we have that

H = (Fmna —1/z2=a1/2)l2 <K[H = (Fmn1 — 1/2)[]2,

where K depends only on the geometry &f Therefore, (4.18) follows from
(4.31) and the extremal property (1.9)Rf,,. O
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(I Relating the norms

The result of this subsection (i.e. of Lemma 4.6) holds under much weaker
assumptions about the geometryfothan those of Theorem 2.3. In fact, for our
purposes here we need only assume that the two boundary compdhemtd

I, of A are arbitrary Jordan curves.

We note that Lemma 4.6 is the doubly-connected analogue of Andrievskii's
lemma [1] for simply-connected domains with quasiconformal boundaries. We
also note that a simpler proof and some extensions of Andrievskii's lemma were
given by Gaier [5], that Gaier's approach served as the basis for generalizing
the lemma to arbitrary Jordan domains in [13] and that our method of proving
Lemma 4.6 is also based on Gaier’s approach.

Lemma 4.6. LetE := {w : 1 < |w| < M} and assume that the mapping
functionT :=f~1: E — A satisfies a KIder condition

(4.32) |7(w1) — 7(w)| < Clwy — wy|”, w1, ws € E,

for somer € (0, 1]. Also, let i, , be a rational function of the form

n
(4.33) fmn(2)= Y &z, m n=23 ...,

k=—m

such that there exist a poigte A and a constant b> 0 for which |ry n(¢)| < b.
Then, there exists a constant K, depending only ob and the geometry of A,
such that

(4.34) [Fmnlloe < K {log maxn, n)}™2(|rm oll2-

Proof. In the proof we shall use the lettér to denote constants (not necessarily
the same), depending only @nb and the geometry oA.

We assume, without loss of generality, thﬁiﬁ],n\\z < 1 and note that the
functionh(w) := rm n(7(w)) is analytic inE. Thereforeh has a Laurent expansion

(4.35) h(w) = Z cw®, w e E,
k=—
and hence
(4.36) [0 @pda, =7 3 Kodm® -1
E k=—o0

On the other hand,

(4.37) //E Ih (w)do,, = //A|rr;17n(z)|2daz <1

Thus, for|w| = p, 1 < p < M, the use of Schwarz’s inequality gives that
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1/2
(4.38) |h(w)| < Z |lp < lcof + (Z k(MZk_l)) -

K=— o0

Regarding the sum on the right of (4.38), this can be estimated by means of

MZ o 2k MZ 1
- < |
;k(MZK—l) S MZo12 kM S M2-191- /M

M?2 M
(4.39) = M2—1|ogM—p
and
> M?2 1
<
k; k(|v|2k = 1ka2k—|v|2 19971/,
M2 M
) < ———log——.
(4.40) < Mzillogpi1

Also, for any fixedpog, 1 < po < M, we have that

1 h
(4.41) ol < & / Gl g, < max a0
27 Jywi=po |w] F )=

Further, it is easy to see that the poiptcan be connected to any other point
z € {t:[f(t)] = po} by a pathv, such that|y;| < K; and distf,, 0A) > Ky,
whereK; andK; are positive constants independentzofThus, with the help of
T
mn = rdist, 0A) | ™2 = /rdist, 0A)

we find that

€A,

(4.42) Irmn(@)] < [rmn(Q)] +

z
’ K]_
<
/c rm)n(t)dt’ <b+ NS
for z € {t : |f(t)| = po}. Hence, from (4.38)—(4.42),

1/2
(4.43) |h(w)] <b+ Ki M (Iog M? ) ,
VK2 /7(M2 = 1) M =p)p—1)

for lw|=p, 1< p <M.
Consider now an annular regiok, ,. := {z : pi < |f(z)| < pe}, where

1 < pi < pe < M, and denote by, andL, its outer and inner boundary
components. Also, lef?,, and G, denote respectively the domains exterior to
L and |nter|or tol,,, and let®,, and ¢, denote the conformal mappings

D, : Qpe — D' ={w: |w| > 1}, W|th P, (00) = 00 and IlmhOO ?,.(z)/z > 0,
and ¢, : G, — D = {w: |w| < 1}, W|th $,(0) =0 andgzs .(0) > 0. Next,
denote byAmn the annular region bounded by the level cunkg;n ={z:
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|9,.(2)] =1+ 1/n} andL, m = {z: |¢,(z)] =1—1/m}, and note thap; and
pe Can be chosen so that the regi@ries entirely withinAn, . The latter can be
shown as follows:

From [15, p. 181] we have that

. diamL, . dist(Q.L,,)
distLpe.n, Lpe) > 4n2” and dist(, m,L,) > sz'
On the other hand,
|T(M eig) - T(Peeig)‘ <C(M —pe)”
and
m(€%) — 7(n€”)| < Cpi - 1),
wheref € [0, 2r). Therefore, by choosing; and pe so that
diamL y dist(Q L, y
e s oM —p and PO - ¢ -y,

we can ensure tha C Ay n.
Finally, from Lemma 4.1 and (4.43) we find that

[rmnlle < ZrenAii:f]“m,n(ZN

IN

K { log max, n)}*/2 max((l +1/n)", (1 1/m)_m)
K{log max(n,n)}l/z. O

A

We remark that the result of Lemma 4.6 is sharp in the sense that the factor
{log maxfn, n)}*/? cannot be improved even @ = {w : 1 < |w| < M }. This
can be seen by considering the functions

n k
Z 4
rO,n (Z) = kM k
k=1

and

-1

7K
'm,o(z) = Z K

k=—m
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(1) Estimating the errors||f — fy.n||cc @nd|M — Mp |

Proof of Theorem 2.3Me now use the lette® to denote constants, not necessarily
the same, that depend only on the geometrA.of

We first integrate along some rectifiable pathAinfrom 7z, to z, and obtain
the single-valued analytic functions

(4.44) @) - 9(20) = / H(OdC, z € A
2
and ,
(4.45) gmm(Z):/ R;7H(C)dc, zeA mn=2 3, ....
2

We then seek to estimate the erfigr— g(Zo) — gm n |/, by following the technique
of [1] and [6]. For this we proceed as follows:

For anym, n € I satisfying (2.8) we choosk(m) andk(n) so that 5™ <
m < 2+ gnd XM < n < 2kM*1 Then, it follows from Lemma 4.5 that

{ log maxfn, n)}l/2
min(mm,ny)

(4.46) |2 g — Gmynll2 <

Next, we note that the functiogm-: s+ — gmn Satisfies all the conditions of
Lemma 4.6. (This follows from Lemma 4.4 and the fact tRgt, converges to
H locally uniformly in A.) Therefore,

log maxfm, n)

(447) ngk(m)+1’2k(n)+1 — gm,n”oo S CW

Similarly,

maxf +1,k+1) .

_ k=1 2
min@~, %) * )

(448) gz s — g3 plloc < C 2

Since, for anyz € A,
9(2) — 9(20) — gmn(2) = {g2w 2x01(2) — gmn(2)}

+ Z {QZJ +172k(n)—k(m)+j+1(z) — G2 2k —km)+ (Z)}7
j=k(m)+1
it follows, from (4.47) and (4.48), that
log maxfn, n)
min(m?i, n7e)

. max( +1,k(n) — k(m) +j + 1)
ve Z min(27i, 2km—kMm+)we) -

llg — 9(z0) — gm,n”oo <

j=k(m)+1

Therefore, in view of (2.8),

Numerische Mathematik Electronic Edition
page 512 of Numer. Math. (1997) 76: 489-513



Approximation of conformal mappings of annular regions 513

(4.49) lg — 9(20) — gmnlloe <K

log maxfn, n)
min(m, nv)’

whereK depends on the geometry Afand the numbers; andc; in (2.8).

Finally, by recalling
f(2) = 26/ = Zeg@-9@) 7 c A
%

and taking into account (1.10), we obtain
If —fmnlloc < [flloclll = fmn/flloc < M1~ exp{gmn — (9 — 9(20))}|oo

< Cllgmn — (9 — 9(20))l 00

Thus, (2.9) follows from (4.49). O
Proof of Theorem 2.4This follows at once from Lemmas 4.3 and 4.50
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