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Rational Approximation with Varying Weights I

P. Borwein, E. A. Rakhmanov, and E. B. Saff

Abstract. We investigate two problems concerning uniform approximation by
weighted rationals{wnrn}∞n=1, wherern = pn/qn is a rational function of ordern.
Namely, forw(x) := ex we prove that uniform convergence to 1 ofwnrn is not possible
on any interval [0,a] with a > 2π . Forw(x) := xθ , θ > 1, we show that uniform con-
vergence to 1 ofwnrn is not possible on any interval [b, 1] with b < tan4(π(θ−1)/4θ).
(The latter result can be interpreted as a rational analogue of results concerning “incom-
plete polynomials.”) More generally, forα ≥ 0, β ≥ 0, α + β > 0, we investigate for
w(x) = ex andw(x) = xθ , the possibility of approximation by{wn pn/qn}∞n=1, where
degpn ≤ αn, degqn ≤ βn. The analysis utilizes potential theoretic methods. These are
essentially sharp results though this will not be established in this paper.

1. Introduction and Main Results

1.1. For a positive, continuous functionf (x) onR+ = [0,+∞) we define

δn( f ; R) := inf
r∈Rn

∥∥∥∥ r (x)

f (x)
− 1

∥∥∥∥
[0,R]

,(1.1)

whereRn is the set of all real rational functions of order≤ n and‖·‖[a,b] denotes the sup
norm over the interval [a, b]. That is, we consider the best relative rational approximations
to f on [0, R]. It is clear thatδn( f ; R)→ 0 asn→∞ for any fixedR ∈ (0,+∞) and,
moreover, it is always possible to find an increasing sequenceRn → ∞ satisfying the
condition

δn( f, Rn)→ 0 as n→∞.(1.2)

On the other hand, iff (x), say, decreases asx→∞, thenRn satisfying (1.2) cannot
increase arbitrarily fast, which raises the question about the maximum possible rate of
increase ofRn.

Here we consider this question for the “model” functionf (x) = e−x.

Theorem 1. If (1.2) is true for f(x) = e−x, then

Rn ≤ (1+ ε)2πn

for anyε > 0 and n≥ n(ε).
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Remark A. We do not know whether the inequalityRn ≤ 2πn is true for large enough
n. However, Theorem1 is sharp in the sense that the constant 2π cannot be replaced by
any smaller constant. The proof of the last assertion will appear in [RSS].

Remark B. A weaker version of Theorem 1.1 with a constant of 8 replacing 2π follows
easily from a result in [B] which says that, for a nonzero rational function of order≤ n,

m

{
x ∈ R:

r ′n(x)
rn(x)

≥ n

}
≤ 8.

Herem denotes the Lebesgue measure. It is reasonable to hypothesize from the results
of this paper and its sequel that the constant in the above inequality should be 2π .

In Section 1.3 below we present a generalization of Theorem1 concerning approxi-
mation by ray sequences of rational functions.

We note that the corresponding question about relativepolynomialapproximation is
important for the investigation of strong asymptotics for orthogonal polynomials onR
andR+. Such results dealing with relative polynomial approximation were obtained in
[LS], [LR], [ST], and [To].

1.2. Another problem considered in this paper is the approximation of the sequence
xnθ on subintervals of [0, 1]. Forθ > 0, we set

1n(θ, b) := inf
r∈Rn

‖xnθr (x)− 1‖[b,1], b ∈ (0, 1).(1.3)

Theorem 2. If 1n(θ, b)→ 0 as n→∞ andθ > 1, then

b ≥ tan4

(
π

4

θ − 1

θ

)
.(1.4)

Remark C. It is clear that forθ ≤ 1 approximation is possible over [0, 1]. Furthermore,
if θ > 1, the right-hand side of (1.4) cannot be replaced by any larger constant (again
this fact will appear in [RSS]).

In Section 1.4 we present a more general result dealing with approximation by ray
sequences of rationals.

We note that Theorem2 is closely related to the completeness of the system of “in-
complete rational functions”{

xnθ pn(x)

qn(x)
: degpn, degqn ≤ n

}
in C[b, 1]. If nθ is an integer, thenxnθ pn(x)/qn(x) may be interpreted as a rational
function of ordern(1+θ)with nθ poles fixed at∞andnθ zeros fixed at 0. Corresponding
questions for incomplete polynomials are considered in [Lo] and [SV]. Related questions
for incomplete rationals in the complex plane are treated in [BC].
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1.3. For fixedα, β ≥ 0,α + β > 0, set

δn(a;α, β) := inf
p,q

∥∥∥∥enx p(x)

q(x)
− 1

∥∥∥∥
[0,a]

,(1.5)

where the infimum is taken over all polynomialsp,q with degp ≤ αn, degq ≤ βn.We
also define

a∗ := a∗(α, β) := sup{a : δn(a;α, β)→ 0 asn→∞}.(1.6)

Theorem 3. We have the inequality a∗ ≤ â, whereâ := 2πα for α = β and

â := 2(α − β)
1− 2ŷ

,(1.7)

whereŷ = ŷ(α, β) is the root of the equation

g(y) :=
√

y(1− y)

1− 2y
− sin−1√y = π

2

β

α − β(1.8)

for α 6= β.

Remark D. It can be shown that̂a(α, β)→ 2πα asβ → α (for fixedα), so the function
â(α, β) is continuous.

Remark E. Both functionsa∗(α, β) andâ(α, β) are symmetric and therefore we need
only consider the caseα ≥ β (the symmetry ofa∗ can be seen on making the change of
variablesx → a− x; the symmetry of̂a follows from the identityg(1− y)+ g(y) =
−π/2). The caseα ≥ β is equivalent tôy ∈ [0, 1/2]. In this interval we have

g(y) = 2
∫ y

0

√
t (1− t)

(1− 2t)2
dt,(1.9)

and thereforeg(y) is increasing from 0 to∞ on [0, 1/2]. Hence the equationg(y) =
(π/2) β/(α − β) has a unique root for anyα ≥ β ≥ 0 (α + β > 0).

Remark F. For α + β = 1 (i.e., for a fixed number of free parameters inpn/qn) the
function â(α, β) = â(1− β, β) takes its maximum value overβ ∈ [0, 1] at β = 1/2.
This means that diagonal approximations(al = β) are the most effective among all ray
sequences with the same number of free parameters.

1.4. For fixedθ > 0,α, β ≥ 0,α + β > 0, we define

1n(b, θ;α, β) := inf
p,q

∥∥∥∥xnθ p(x)

q(x)
− 1

∥∥∥∥
[b,1]

,(1.10)

where the infimum is taken over all polynomialsp,q satisfying degp ≤ αn,degq ≤ βn,
and we set

b∗ = b∗(θ;α, β) := inf{b : 1n(b, θ;α, β)→ 0 asn→∞}.(1.11)
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Theorem 4. We have the estimate b∗ ≥ b̂, whereb̂ = b̂(θ;α, β) is the unique root of
the equation

f (b) := 1

π

∫ b

0

√
(ξ −√t)(1− ξ√t)

t3/4(1− t)
dt = 1− β

θ
; ξ := 1+ α

θ
− β
θ
,(1.12)

whenβ/θ ≤ 1 andb̂ := 0 whenβ/θ > 1.

We note that forβ/θ > 1 the fact thatb∗ = 0 is easily seen.
We shall also obtain the following representation forf :

f (b) = 1− 2

π
sin−1

√
1− ξ√b

1− b
+ ξ 2

π
sin−1

√√
b

ξ

1− ξ√b

1− b
,(1.13)

when
√

b ≤ ξ ≤ 1/
√

b. (We shall see that̂b satisfies these inequalities.) The two
important particular casesα = 0 andβ = 0 have already been considered in [SV], [G],
and [BS] and the following results obtained:

• if β = 0, thenb∗ = (1+ α/θ)−2; and
• if α = 0, thenb∗ = (1− β/θ)2 for β/θ < 1 andb∗ = 0 if β/θ ≥ 1.

Note that the corresponding lower estimates are included in Theorem4.

2. Proofs of Theorems 1.1 and 1.3

We denote byV(x, µ) the logarithmic potential for the measuredµ:

V(x, µ) :=
∫

log
1

|x − t | dµ(t).
We fix a > 0 and define the two distributions:

σ1(t) := 1

π

√
a− t

t
, t ∈ [0,a],(2.1)

σ0(t) := 1

π

1√
t (a− t)

, t ∈ (0,a).(2.1a)

The following properties of the corresponding logarithmic potentials are easily verified
(see Appendix):

V(x, σ1 dt) = −x + const, x ∈ [0,a],(2.2)

V(x, σ0 dt) = log(4/a), x ∈ [0,a].(2.3)

For x ∈ R we define the function

σ(t, x) := σ1(t)− xσ0(t), 0≤ t ≤ a.(2.4)

For each fixedx, let σ(t, x) = σ+(t, x)− σ−(t, x) be the Jordan decomposition of the
measureσ(t, x) dt in [0,a] and set

p(x) := p(x,a) :=
∫
σ+(t, x) dt,(2.5)

n(x) := n(x,a) :=
∫
σ−(t, x) dt.(2.6)
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Lemma 5. With the notation of Theorem3 we have the following implication: if a =
a(α, β) < a∗ = a∗(α, β), then there exists an x∈ R such that

p(x,a) ≤ β and n(x,a) ≤ α.

Proof. The conditiona < a∗ means that the(α, β)-approximation toenx on [0,a] is
possible. In other words, there exist two sequences of polynomials

pn ∈ P[αn], qn ∈ P[βn],(2.7)

with

δn :=
∥∥∥∥enx pn(x)

qn(x)
− 1

∥∥∥∥
[0,a]

→ 0 as n→∞.(2.8)

Set

χn,α := 1

n

∑
pn(z)=0

δ(z), χn,β := 1

n

∑
qn(z)=0

δ(z),

whereδ(z) denotes the unit point measure atz, and defineµn,α andµn,β to be the
balayage (see [La]) of χn,α andχn,β into [0,a], respectively. Then we have (see [La])

1

n
log

1

|pn(x)| = V(x, µn,α)+ ωn,α, x ∈ [0,a],(2.9)

1

n
log

1

|qn(x)| = V(x, µn,β)+ ωn,β , x ∈ [0,a],(2.10)

whereωn,α andωn,β are constants depending onn. It follows from these two represen-
tations and (2.2) that

1

n
log

∣∣∣∣enx pn(x)

qn(x)

∣∣∣∣ = V(x, µn,β − µn,α − σ1dt)+ ωn, x ∈ [0,a],(2.11)

whereωn is a constant.
From (2.8), we deduce that∣∣∣∣1n log

(
enx pn(x)

qn(x)

)∣∣∣∣ ≤ 1

n
|log(1− δn)| → 0

uniformly on [0,a] asn→∞. Therefore, with

µn := µn,β − µn,α − σ1 dt

we have, uniformly on [0,a],

V(x, µn)+ ωn→ 0.(2.12)

Furthermore, we see from (2.7) that∥∥µn,α

∥∥ = ∥∥χn,α

∥∥ = 1

n
degpn ≤ α,∥∥µn,β

∥∥ = ∥∥χn,β

∥∥ = 1

n
degqn ≤ β.
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Hence, we can find a subsequence3 ⊂ N and positive measuresµα,µβ such that as
n→∞, n ∈ 3,

µn,α
∗→ µα, ‖µα‖ ≤ α; µn,β

∗→ µβ, ‖µβ‖ ≤ β;(2.13)

where
∗→ denotes weak-star convergence.

It follows from (2.13) thatµn
∗→ µ := µβ − µα − σ1 dt and therefore asn → ∞,

n ∈ 3,

µn(C)→ µ(C), V(z, µn)→ V(z, µ), z ∈ C\[0,a].(2.14)

Furthermore, on integrating (2.12) with respect to the (unit) equilibrium measureσ0(x) dx
and utilizing (2.3) we obtain∫ a

0
V(x, µn)σ0(x) dx+ ωn =

∫ a

0
V(t, σ0 dx) dµn(t)+ ωn

= µn(C) log

(
4

a

)
+ ωn→ 0,

asn→∞, n ∈ 3, and so from (2.14) we have

lim
n→∞
n∈3

ωn = −µ(C) log

(
4

a

)
.(2.15)

Next observe that forn sufficiently large,pn(x) andqn(x) do not vanish on [0,a]; hence
from (2.9) and (2.10) it follows thatV(x, µn) is finite and continuous on supp(µn) and
thereforeV(z, µn) is continuous onC. Consequently,

hn(z) := V(z, µn)− µn(C)V(z, σ0 dt)

is continuous onC = C ∪ {∞} and harmonic inC\[0,a]. Thus, by (2.12), (2.14), and
(2.15), and the maximum principle, we have

lim
n→∞
n∈3

hn(z) = 0, z ∈ C.

On the other hand, (2.14) yields

lim
n→∞
n∈3

hn(z) = V(z, µ)− µ(C)V(z, σ0 dt), z ∈ C\[0,a],

and so

V(z, µ) = V(z, λσ0 dt), z ∈ C\[0,a],

whereλ := µ(C). Since the potential of the signed measureµ−λσ0 dt vanishes outside
a set of two-dimensional Lebesgue measure zero, we haveµ = λσ0 dt and we obtain

µβ − µα = σ1 dt − λσ0 dt = σ(t, λ)dt

(see (2.4)). Due to the minimizing property of the Jordan decomposition we then have

α ≥ ‖µα‖ ≥ ‖σ−(t, λ)dt‖ = n(λ,a),

β ≥ ‖µβ‖ ≥ ‖σ+(t, λ)dt‖ = p(λ,a),

which completes the proof.
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Lemma 6. The following properties of the functions p(x) := p(x,a) and n(x) :=
n(x,a) (see(2.5) and(2.6)) hold for any fixed a> 0:

p(x)− n(x) = a

2
− x, x ∈ R;(i)

p(x) = a

2
− x and n(x) = 0 for x ≤ 0,(ii)

p(x) = 0 and n(x) = x − a

2
for x ≥ a;

p(x) = a

π

{(
1− 2

x

a

)
sin−1

√
1− x

a
+
√

x

a

(
1− x

a

)}
, x ∈ [0,a];(iii)

p′(x) = − 2

π
sin−1

√
1− x

a
, x ∈ [0,a],(iv)

n′(x) = 2

π
cos−1

√
1− x

a
, x ∈ [0,a].

Proof. We have from definitions (2.1), (2.2), and (2.4)–(2.6)

p(x)− n(x) =
∫ a

0
σ(t, x) dt = 1

π

∫ a

0

√
a− t

t
dt − x

1

π

∫ a

0

dt√
t (a− t)

= a

2
− x.

Furthermore, we have

σ(t, x) = 1

π

a− t − x√
t (a− t)

≥ 0 for t ∈ [0,a], x ≤ 0,

and thereforen(x) = 0 for x ≤ 0. Likewiseσ(t, x) ≤ 0 for t ∈ [0,a] and x ≥ a;
therefore,p(x) = 0 for x ≥ a. Assertions (i) and (ii) immediately follow from these
remarks.

Next, we see from the representationσ(t, x) = (1/π)(a− t − x)/
√

t (a− t) that for
x ∈ (0,a) the functionσ(t, x) is positive fort ∈ [0,a− x) and negative in(a− x,a].
Hence,

p(x,a) = 1

π

∫ a−x

0
σ(t, x) dt = 1

π

∫ a−x

0

√
a− t

t
dt − x

π

∫ a−x

0

dt√
t (a− t)

(2.16)

= a

π

∫ b

0

√
1− t

t
dt − x

π

∫ b

0

dt√
t (1− t)

,

where

b := 1− x

a
.
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Using the identities ∫ b

0

√
1− t

t
dt = sin−1

√
b+

√
b(1− b)

and ∫ b

0

dt√
t (1− t)

= 2 sin−1
√

b,

we obtain assertion (iii) from (2.16).
The first equality in (iv) may be obtained by differentiation of (iii); the second in-

equality then follows from the first and (i).

We now investigate the set of values ofa > 0 satisfying the condition in the assertion
of Lemma5. For givenα, β ≥ 0,α + β > 0, we set

A := A(α, β) := {a : ∃x ∈ R with p(x,a) ≤ β, n(x,a) ≤ α}.(2.17)

Lemma 7. For any α, β ≥ 0, α + β > 0, and a > 0 there exists a unique root
x̄ = x̄(a;α, β) of the equation

αp(x,a) = βn(x,a)(2.18)

in [0,a]. Furthermore,

A = {a > 0 : p(x̄,a) ≤ β} for β > 0,(2.19a)

A = {a > 0 : n(x̄,a) ≤ α} for α > 0,(2.19b)

where A is defined in(2.17).

Proof. Consider first the caseα, β > 0. It follows by Lemma6 that for fixeda > 0 the
function p(x,a) decreases on(−∞,a) from+∞ to 0 andp(x,a) = 0 for x ≥ a. Also,
the functionn(x,a) increases from 0 to+∞ on (0,∞) andn(x,a) = 0 for x ≤ 0. The
same is true for(β/α)n(x,a) and therefore there exists a unique rootx̄ of the equation

p(x,a) = β

α
n(x,a), x ∈ (0,a),(2.20)

which is equivalent to (2.18) forα, β > 0. It also follows from the behavior ofn(x,a), p(x,a)
that

p(x,a) = β

α
n(x,a) = min

x∈R
max

{
p(x,a),

β

α
n(x,a)

}
.

On the other hand, the definition (2.17) may be written as

A =
{

a : min
x∈R

max

{
p(x,a),

β

α
n(x,a)

}
≤ β

}
providedα, β > 0. Assertions (2.19) and (2.19) follow by these remarks.

It remains to notice that forα = 0, β > 0, the representation (2.19a) holds withx̄ = 0,
which is the unique root of (2.18) in [0,a] for α = 0. Similarly, forα > 0, β = 0, the
representation (2.19b) is true withx̄ = a, which is the unique root of (2.18) in [0,a] for
α > 0,β = 0.
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We define the functionG(y) for y ∈ [0, 1] by

πG(y) := (1− 2y) sin−1
√

1− y+
√

y(1− y), y ∈ [0, 1].(2.21)

Lemma 8. The equation

(α − β)G(y) = β(y− 1
2

)
(2.22)

has a unique root̄y = ȳ(α, β) in [0, 1]. Furthermore, with x̄ as in Lemma7

x̄(a;α, β) = aȳ(α, β),(2.23)

p(x,a) = aG(x/a), a > 0, x ∈ [0,a].(2.24)

Proof. For α = β the unique root of (2.22) is ȳ = 1/2. Forα 6= β we can rewrite
(2.22) as

G(y) = (y− 1
2

) β

α − β .(2.25)

The range ofκ := β/(α − β) for α, β ≥ 0 is (−∞,−1] ∪ [0,∞). We also note that

G′(y) = − 2

π
sin−1

√
1− y ∈ [−1, 0] for y ∈ [0, 1].

Now, if κ ∈ (−∞,−1], then the function

G1(y) := G(y)− κ(y− 1
2

)
is increasing in [0, 1] sinceG′1(y) = G′(y)−κ ≥ 0. We have alsoG1(0) = 1/2+κ/2≤ 0
andG1(1/2) = 1/2π > 0. Thus (2.25) has a unique root̄y for β/(α−β) ∈ (−∞,−1].
Next, if κ ∈ [0,∞), thenG′1(y) = G′(y)−κ ≤ 0 for y ∈ [0, 1] and soG1(y) decreases
on [0, 1]. SinceG1(1/2) = 1/2π andG1(1) = −κ/2≤ 0, (2.25) has in [0, 1] a unique
root ȳ which actually belongs to [1/2, 1].

The equality (2.24) follows by (2.21) and (iii) of Lemma6. It remains to compare
equations (2.22) and (2.18). Using (i) of Lemma6 we may rewrite (2.18) as

(−β + α)p(x,a) = β
(

x − a

2

)
or, using (2.24), as

(−β + α)G
(x

a

)
= β

(
x

a
− 1

2

)
.

The last equation coincides with (2.22) for y = x/a. Since both have a unique solution
we obtain the assertion (2.23).

Lemma 9. For anyα, β ≥ 0,α + β > 0, we have(see(2.17))

A = [0, ā],(2.26)
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whereā := ā(α, β) is defined by

ā = β

G(ȳ)
= α − β

ȳ− 1/2
for α 6= β,(2.27)

ā = 2πβ for α = β.(2.28)

Proof. Let α = β. Then (2.22) has the unique root̄y = 1/2 andG(ȳ) = G(1/2) =
1/2π by (2.21). Now, it follows by (2.23) and (2.24) that p(x̄,a) = a/2π and so (2.19)
may be written asA = {a > 0: a/2π ≤ β}. Assertion (2.26) follows.

Supposeα 6= β andβ > 0. It follows by (2.23) and (2.24) that (2.19) may be written
asA = {a: aG(ȳ) ≤ β}. Then (2.26) follows from the second equality in (2.27) and the
fact thatα > β implies thatȳ > 1/2 (see the proof of Lemma8).

In caseβ = 0 we rewrite (2.19b) using (i) of Lemma6 as

A =
{
a > 0: p(x̄,a)+ x̄ − a

2
≤ α

}
.(2.29)

On the other hand, we have by (2.23) and (2.22) that

p(x̄,a)+ x̄ − a

2
= a{G(ȳ)+ (ȳ− 1

2)} = a

(
β

α − β + 1

)
(ȳ− 1

2)

= a · α

α − β (ȳ−
1
2).

Therefore (2.29) is equivalent to (2.26).

Proof of Theorem 1.3. Using the notation of (2.17), the assertion of Lemma5 may be
written as follows. Ifa < a∗, thena ∈ A. In view of Lemma2.5this means that

(a < a∗)⇒ (a ≤ ā)

and therefore we havea∗ ≤ ā.
It remains to notice from (2.21) and (1.8) that̂y = 1− ȳ, and so from (2.27) and (1.7)

we haveâ = ā.

3. Proofs of Theorems 1.2 and 1.4

For a fixedb ∈ (0, 1) we let

σ̃0(t) := 1

π

1√
(t − b)(1− t)

, t ∈ [b, 1],(3.1)

σ̃1(t) :=
√

b
σ̃0(t)

t
, t ∈ [b, 1],(3.2)

σ̃ (t, x) := σ̃1(t)− xσ̃0(t), t ∈ [b, 1], x ∈ R.(3.3)

We note that̃σ0 dt is the equilibrium distribution for [b, 1] andσ̃1 dt is the balayage
of the unit mass atx = 0 to [b, 1]. Thus we have

V(x, σ̃0 dt) = log
4

1− b
, x ∈ [b, 1],(3.4)
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V(x, σ̃1 dt) = log
1

x
+ const, x ∈ [b, 1].(3.5)

For the measurẽσ(t, x) dt (x ∈ R is fixed) we consider its Jordan decomposition
σ̃ dt = σ̃+ dt − σ̃− dt and put

p(x) := p(x, b) :=
∫
1

σ̃+(t, x) dt,(3.6)

n(x) := n(x, b) :=
∫
1

σ̃−(t, x) dt,(3.7)

where1 := [b, 1].
Following the scheme of proof of Lemma5 we obtain the following:

Lemma 10. Let b∗ be defined as in(1.11). If 1 > b > b∗, then there exists an x∈ R
such that

p(x, b) ≤ β
θ

and n(x, b) ≤ α
θ
.

Lemma 11. The functions p(x, b) and n(x, b) defined in(3.6) and (3.7) satisfy the
following properties:

p(x, b)− n(x, b) = 1− x, x ∈ R, b ∈ (0, 1);(i)

p(x, b) = 1− x and n(x, b) = 0 for x ≤
√

b,(ii)

p(x, b) = 0 and n(x, b) = x − 1 for x ≥ 1/
√

b;

p(x, b) =
∫ √b/x

b
σ̃ (t, x) dt,

√
b ≤ x ≤ 1√

b
;(iii)

∂

∂x
p(x, b) = − 2

π
sin−1

√√
b

x

1− x
√

b

1− b
,

√
b < x ≤ 1√

b
;(iv)

p(x, b) = 2

π

∫ 1/
√

b

x
sin−1

√√
b

t

1− t
√

b

1− b
dt,

√
b ≤ x ≤ 1√

b
;(v)

p(x, b)= 2

π
sin−1

√
1− x

√
b

1− b
−x

2

π
sin−1

√√
b

x

1− x
√

b

1− b
,
√

b ≤ x ≤ 1√
b
;(vi)

p(x, b)= 2

π
tan−1

√
1√
b

1−x
√

b

x−√b
−x

2

π
tan−1

√
√

b
1−x
√

b

x−√b
,
√

b ≤ x ≤ 1√
b
;(vii)

∂

∂b
p(x, b) = − 1

π

√
(x −√b)(1− x

√
b)

b3/4(1− b)
,

√
b ≤ x ≤ 1√

b
;(viii)

p(x, b) = 1− 1

π

∫ b

0

√
(x −√t)(1− x

√
t)

t3/4(1− t)
dt,

√
b ≤ x ≤ 1√

b
.(ix)
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Proof. (i) With 1 = [b, 1], we have

p(x, b)− n(x, b) =
∫
1

σ̃ (t, x) dt =
∫
1

σ̃1(t) dt − x
∫
1

σ̃0(t) dt = 1− x.

(ii) The functionσ̃ (t, x) = (√b/t − x)σ̃0(t) satisfies the inequalities̃σ(t, x) ≥ 0 for
t ∈ 1 if x ≤ √b andσ̃ (t, x) ≤ 0 for t ∈ 1 if x ≥ 1/

√
b. Hence(ii) follows from (i).

(iii) This property follows immediately from the definition ofp.
(iv) We use (iii) to take derivative with respect tox. Sinceσ̃ (

√
b/x, x) = 0,we obtain

∂p

∂x
(x, b) = −

∫ √b/x

b
σ̃0(t) dt = − 1

π

∫ √b/x

b

dt√
(t − b)(1− t)

= − 1

π

∫ λ

0

dτ√
τ(1− τ) = −

2

π
sin−1

√
λ,

where

λ := λ(x, b) =
√

b/x − b

1− b
=
√

b

x

1− x
√

b

1− b
(3.8)

(we use this notation hereafter).
(v) Sincep(1/

√
b, b) = 0, (v) follows from (iv).

(vi) We integrate by parts in (v) to obtain

π

2
p(x, b) =

∫ 1/
√

b

x
sin−1

√
λ dt = t sin−1

√
λ

∣∣∣1/√b

x
−
∫ 1/

√
b

x
t

d

dt
(sin−1

√
λ) dt

= −x sin−1
√
λ(x, b)− 1

2

∫ 1/
√

b

x

t (∂λ/∂t)(t, b)√
λ(1− λ) dt.

For the integrand in the last term we have

t ∂λ/∂t√
λ(1− λ) =

−1√
(1/
√

b− t)(t −√b)
,

and after the substitutionτ = (1/√b− t)/(1/
√

b−√b) in the integral we obtain

−1

2

∫ 1/
√

b

x

t ∂λ/∂t dt√
λ(1− λ) =

1

2

∫ 1/
√

b

x

dt√
(1/
√

b− t)(t −√b)

= 1

2

∫ (1−x
√

b)/(1−b)

0

dτ√
τ(1− τ) = sin−1

√
1− x

√
b

1− b

and (vi) follows.
(vii) Since sin−1 α = tan−1(α/

√
1− α2), (vii) follows from (vi).
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(viii) We use (v):p(x, b) = (2/π) ∫ 1/
√

b
x sin−1√λ(t, b) dt to take the derivative with

respect tob. We have

∂

∂b
p(x, b) = 2

π

∫ 1/
√

b

x

∂

∂b
(sin−1

√
λ(t, b)) dt

= 1

π

∫ 1/
√

b

x

(∂λ/∂b)(t, b) dt√
λ(t, b)(1− λ(t, b)) ,

sinceλ(t, b) equals zero fort = 1/
√

b (see (3.8)). The integrand in the last term is

∂λ/∂b√
λ(1− λ) =

(1/
√

b+√b)− 2t

2t (1− b)2

/√√
b(1− t

√
b)(t −√b)

t2(1− b)2

= 1

2
√

b(1− b)

γ − 2t√
γ t − t2− 1

,

where

γ := 1√
b
+
√

b.

Hence, we have

∂

∂b
p(x, b) = 1

2π
√

b(1− b)

∫ 1/
√

b

x

γ − 2t√
γ t − t2− 1

dt

= −
√
γ x − x2− 1

π
√

b(1− b)

(sinceγ t − t2− 1= 0 for t = 1/
√

b). The representation (viii) now follows.
(ix) We havep(x, 0) = 1 from (vi). Now if

√
b ≤ x ≤ 1/

√
b, then

√
t ≤ x ≤ 1/

√
t

for t ∈ [0, b] and we can integrate (viii) with respect tot instead ofb over [0, b].
Next we define

B = B(θ;α, β)(3.9)

:=
{

b ∈ (0, 1) : ∃x ∈ R with p(x, b) ≤ β
θ
, n(x, b) ≤ α

θ

}
and we set

b̄ = b̄(θ, α, β) := inf B.(3.10)

Lemma 12.

(i) If β/θ ≥ 1, thenb̄ = 0.
(ii) If β/θ < 1, thenb̄ is the unique root of the equation

p

(
1− β

θ
+ α
θ
, b

)
= β

θ

satisfying
√

b ≤ 1− β/θ + α/θ ≤ 1/
√

b.
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Proof. We consider first the caseα, β > 0. Using the notation

h(b) := min
x∈R

max

{
p(x, b),

β

α
n(x, b)

}
(3.11)

we can rewrite the definition (3.9) of B as

B =
{

b ∈ (0, 1) : h(b) ≤ β
θ

}
.(3.12)

It follows by (i) and (viii) of Lemma11 that

∂

∂b
p(x, b) = ∂

∂b
n(x, b) < 0 for

√
b < x <

1√
b
;(3.13)

hence both functions (ofb) p(x, b) andn(x, b) decrease for fixedx in the indicated
domain.

On the other hand, it follows by (i), (ii), and (iv) of Lemma11that for fixedb ∈ (0, 1)
the functionp(x, b) decreases from+∞ at x = −∞ to 0 atx = 1/

√
b andn(x, b)

increases from 0 atx = √b to+∞ at x = +∞. This means that the equation

αp(x, b) = βn(x, b)(3.14)

has a unique rootx1(b) ∈ (
√

b, 1/
√

b) and

h(b) = p(x1(b), b).(3.15)

We note thatx1(b) is a continuous function ofb and we can conclude that for any fixed
b ∈ (0, 1), definition (3.11) may be written as

h(b) = min
x∈[x1−ε, x1+ε]

max

{
p(x, b),

β

α
n(x, b)

}
,(3.16)

wherex1 = x1(b). Moreover, this equality holds in some neighborhood ofb with the
same value ofx1 as defined by the original value ofb. If ε > 0 is small enough, then
(x1 − ε, x1 + ε) × (b− ε, b+ ε) ⊂ D := {(x, b): b ∈ (0, 1),√b < x < 1/

√
b}

since(x1(b), b) ∈ D. Hence, it follows by (3.13) and (3.16) thath(b) is decreasing in
some neighborhood ofb ∈ (0, 1). Sinceb ∈ (0, 1) is arbitrary, we conclude thath(b) is
decreasing on(0, 1).

Next, we observe thatp(x, b)→ 1 asb→ 0 uniformly over any intervalx ∈ [0, R]
(see (ii) and (vi) of Lemma11). Also, asb → 0, (β/α)n(x, b) → (β/α)x (see (i) of
Lemma11), so thatx1(b)→ α/β andh(b) = p(x1(b), b)→ 1.On the other hand, we
have 0≤ p(x1(b), b) ≤ p(

√
b, b) = 1− √b. Therefore,h(b) = p(x1(b), b) → 0 as

b→ 1. Henceh(b) decreases from 1 to 0 on(0, 1).
Now, if β/θ ≥ 1, thenh(b) ≤ β/θ for anyb ∈ (0, 1) and assertion (i) of the lemma

follows by (3.12). If β/θ < 1, then from the properties ofh andp described above, the
value ofb is determined by the system of equations

αp(x, b) = βn(x, b), p(x, b) = β

θ
,(3.17)

which has the unique solution(x1(b̄), b̄). Using (i) of Lemma11 the first equation may
be written asp(x) = (β/α){p(x)+ x−1} or p(x) = β(x−1)/(α−β). If we substitute
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this expression forp(x) in the second equation of (3.17) we see that the system (3.17)
is equivalent to {

x = 1− β/θ + α/θ,
p(x, b) = β/θ.

Hence assertion (ii) of the lemma follows.
Now suppose thatα = 0, β > 0. The requirementn(x, b) ≤ 0 is included in the

definition (3.9) of the setB, which implies thatx ≤ √b . The minimal value forp(x, b)
over(−∞,√b] is achieved atx = √b; hence (3.9) may be written in this case as

B =
{

b ∈ (0, 1) : p(
√

b, b) ≤ β
θ

}
.

Sincep(
√

b, b) = 1−√b, this yields forb̄ = inf{b ∈ B},

b̄ = 0 if β/θ ≥ 1, b̄ =
(

1− β
θ

)2

if β/θ < 1.(3.18)

Forβ/θ < 1, it is clear thatb̄ = (1− β/θ)2 is a root of the equation

p(1− β/θ, b) = β/θ.
It remains to show that this root is unique; i.e.,

p(x, b) 6= 1− x for
√

b < x ≤ 1/
√

b.(3.19)

It follows from (iv) of Lemma11 that

∂

∂x
p(x, b) > −1 for

√
b < x ≤ 1/

√
b.

Therefore,

p(x, b) = p(
√

b, b)+
∫ x

√
b

∂

∂t
p(t, b) dt

> 1−
√

b− (x −
√

b) = 1− x for
√

b < x ≤ 1/
√

b,

which yields (3.19). Thus assertions (i) and (ii) of the lemma hold whenα = 0.
Finally, for α > 0, β = 0, we have from definition (3.9) that forb ∈ B, there exists

an x such thatp(x, b) ≤ 0, and sox ≥ 1/
√

b. The minimal value forn(x, b) over
x ≥ 1/

√
b is achieved only atx = 1/

√
b and thusB = {b ∈ (0, 1): n(1/

√
b, b) ≤ α/θ}

or

b̄ = inf B = 1

(1+ α/θ)2 .(3.20)

Clearly b̄ = (1 + α/θ)−2 is a root of p(1 + α/θ, b) = 0 satisfying
√

b ≤ (1 +
α/θ) ≤ 1/

√
b. Moreover, according to (ii) and (v) of Lemma11, b̄ is the only root of

p(1+ α/θ, b) = 0 satisfying
√

b ≤ 1+ α/θ ≤ 1/
√

b. This completes the proof of
Lemma12.
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Proof of Theorem4. The assertion of Lemma10combined with the definition of (3.9)
may now be written as(1> b > b∗)⇒ (b ∈ B)⇒ (b ≥ b̄). This implies that

b∗ ≥ b̄.

Using (ix) of Lemma11 the equation for̄b in (ii) of Lemma3.3may be written as

1

π

∫ b̄

0

√
(ξ −√t)(1− ξ√t)

t3/4(1− t)
dt = 1− β

θ
(3.21)

with ξ = 1− β/θ + α/θ . Thusb̄ = b̂ and the proof of Theorem4 is complete.

Proof of Theorem2. In the caseα = β we haveξ = 1− β/θ + α/θ = 1 and the
integral on the left-hand side of (3.21) becomes

1

π

∫ b̄

0

1−√t

t3/4(1− t)
dt = 1

π

∫ b̄

0

dt

t3/4(1+√t)
= 4

π

∫ b̄

0

d(t1/4)

1+ t1/2

= 4

π
tan−1(b̄1/4).

Hence, (3.21) has the solution

b̄ = tan4

(
π

4

(
1− β

θ

))
.

Theorem2 now follows from Theorem4 (with α = β = 1).

4. Appendix

Here we prove the identity (2.2):

u(x) := 1

π

∫ a

0
log

1

|x − t |

√
a− t

t
dt = −x + c, x ∈ [0,a],(A.1)

wherec is a constant.
The integral in (A.1) defines a functionu(x) continuous in the whole planeC. In the

upper half-plane, we have

u(x) = ReU (x), Im x > 0,(A.2)

where

U (z) := − 1

π

∫ a

0
log(z− t)

√
a− t

t
dt, Im z> 0,(A.3)

and the branch of log is determined by the normalization 0< arg(z− t) < π, t ∈
[0,a], Im z> 0. The derivative

U ′(z) = 1

π

∫ a

0

√
a− t

t

dt

t − z
, z ∈ D := C\[0,a],(A.4)
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is a single-valued analytic function inD. Let

f (z) :=
√

z− a

z
, z ∈ D, f (∞) := 1,

and denote byf +(x), f −(x), x ∈ [0,a], the boundary values off (z) from the upper
and lower half-planes, respectively. Then we have

f ±(x) = ±i

√
a− x

x
,(A.5)

Using (A.5) we can rewrite (A.4) as

U ′(z) = 1

2π i

∫
∂D

f (t)

t − z
dt, z ∈ D,(A.6)

where∂D is the boundary ofD with positive orientation with respect toD. The integral
in (A.6) is the Cauchy integral forf (z) in D and therefore

U ′(z) = f (z)− f (∞) =
√

z− a

z
− 1,

so that

U (z) =
∫ z

0

√
ζ − a

ζ
dζ − z+ const, Im z> 0.

Now (A.1) follows from the last representation and (A.2).
Finally, we remark that (2.3) is well known (see [Ts]) sinceσ0 dt is the equilibrium

distribution for the interval [0,a], which has logarithmic capacitya/4.
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