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Rational Approximation with Varying Weights |

P. Borwein, E. A. Rakhmanov, and E. B. Saff

Abstract. We investigate two problems concerning uniform approximation by

weighted rational§w"ry}°° ,, wherer, = pn/qn is a rational function of orden.
hted rat I§w"rn} ;. wh t | funct f ord

Namely, forw(x) := €* we prove that uniform convergence to Ludfry, is not possible

on any interval [0a] with a > 2. Forw(x) := x?, 68 > 1, we show that uniform con-
vergence to 1 of)"ry, is not possible on any intervad[1] with b < tarf( (9 — 1) /46).

(The latter result can be interpreted as a rational analogue of results concerning “incom-
plete polynomials.”) More generally, fer > 0, 8 > 0, « + 8 > 0, we investigate for

w(x) = e andw(x) = x?, the possibility of approximation bjw" Pn/0n}p ;. Where

degpn < an, deggn < Bn. The analysis utilizes potential theoretic methods. These are
essentially sharp results though this will not be established in this paper.

1. Introduction and Main Results

1.1. For a positive, continuous functioh(x) onR, = [0, +00) we define
r(x)
f (%) [0.R]
whereR, is the set of all real rational functions of ordem and|| - [|a, ;) denotes the sup
norm overtheintervaH, b]. Thatis, we consider the bestrelative rational approximations
to f on [0, R]. Itis clear thats,(f; R) — 0 asn — oo for any fixedR € (0, +00) and,
moreover, it is always possible to find an increasing sequéqce> oo satisfying the
condition
1.2) Sn(f,Ry) —> 0 as n— oo.

On the other hand, if (x), say, decreases as— oo, thenR, satisfying (L.2) cannot
increase arbitrarily fast, which raises the question about the maximum possible rate of

increase olR,.
Here we consider this question for the “model” functib(x) = e™*.

(1.1 Sn(f; R) = r|ergn

’

Theorem 1. If (1.2) is true for f(x) = 7%, then
Ry <1+ ¢)2rzn
foranye > Oand n> n(e).
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Remark A We do not know whether the inequali®, < 27 n is true for large enough
n. However, Theoren is sharp in the sense that the constantannot be replaced by
any smaller constant. The proof of the last assertion will appeat $H[

Remark B A weaker version of Theorem 1.1 with a constant of 8 replacinfpflows
easily from a result ing] which says that, for a nonzero rational function of orgen,

m {x eR: ()
n(X)
Herem denotes the Lebesgue measure. It is reasonable to hypothesize from the results
of this paper and its sequel that the constant in the above inequality shoutd be 2

In Section 1.3 below we present a generalization of Thedr@wncerning approxi-
mation by ray sequences of rational functions.

We note that the corresponding question about relglgnomialapproximation is
important for the investigation of strong asymptotics for orthogonal polynomial® on
andR.. Such results dealing with relative polynomial approximation were obtained in
[LS], [LR], [ST], and [To].

zn}s&

1.2.  Another problem considered in this paper is the approximation of the sequence
x" on subintervals of [01]. Foré > 0, we set

(1.3) An(0,b) = inf |x"r (0 = py,  be(©D.
reRn

Theorem 2. If Ap(0,b) - 0asn— oo andd > 1,then

(1.4) b > tarf (1 9—_1) .
4 6

Remark C ltis clearthatfop < 1 approximation is possible over,[0]. Furthermore,
if & > 1, the right-hand side ofL(4) cannot be replaced by any larger constant (again
this fact will appear inlRS9).

In Section 1.4 we present a more general result dealing with approximation by ray
sequences of rationals.

We note that Theorer is closely related to the completeness of the system of “in-
complete rational functions”

{ Xn@ pn (X) .

degp,, de <n
FNEY) dPn, degan }

in C[b, 1]. If no is an integer, thex" p,(x)/d.(X) may be interpreted as a rational
function of orden(1+6) with no poles fixed ato andn6 zeros fixed at 0. Corresponding
guestions for incomplete polynomials are considereth§nd [SV]. Related questions
for incomplete rationals in the complex plane are treate@®it||
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1.3. Forfixeda, 8 > 0,a + 8 > 0, set

. B) = inf e PX) _
(1.5) dn(@; o, B) i= |pn(1; e 400

where the infimum is taken over all polynomigsq with degp < an, degq < gn. We
also define

3

0.8

(1.6) a*:=a(a, B) :=supa: sn(a; a, B) — 0 asn — oo}.

Theorem 3. We have the inequality*a< &, wherea := 27« for o = 8 and

2(a — B)

wherey = Y(«, B) is the root of the equation

_wyad-y ., - 7
(1.8) gy) = T1-2y sin™/y = P
fora # B.

Remark D ltcanbe shownthdit(c, 8) — 2ra asp — « (for fixeda), so the function
a(a, B) is continuous.

Remark E Both functionsa*(«, 8) anda(x, B) are symmetric and therefore we need
only consider the case > 8 (the symmetry o&* can be seen on making the change of
variablesx — a — x; the symmetry of follows from the identityg(1 — y) + g(y) =
—n/2). The case > B is equivalent toy € [0, 1/2]. In this interval we have

JIT=D
ay) = f o

and thereforg(y) is increasing from 0 t@o on [0, 1/2]. Hence the equatiog(y) =
(m/2) B/(x — B) has a unique root forany > 8 > 0 (¢ + 8 > 0).

(1.9)

Remark F Fora + 8 = 1 (i.e., for a fixed number of free parameterspgyq,) the
functioné(a, 8) = &(1 — B, B) takes its maximum value ovgr € [0, 1] at 8 = 1/2.
This means that diagonal approximatiagak= 8) are the most effective among all ray
sequences with the same number of free parameters.

1.4. Forfixedd > 0,a, 8 > 0,a + B > 0, we define

PO _
ax)

where the infimum is taken over all polynomigisq satisfying degp < «n, degq < gn,
and we set

(2.10) An(b, 0;a, B) = ipncl;

[b.1] 7

(1.11) b* = b*(0; o, B) ;= inf{b : An(b, 8; a, B) — 0 ash — oo}.
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Theorem 4. We have the estimaté b- b, whereb = b(9; «, B) is the unique root of
the equation
dt=1-2.  g.—14

1
1.12) f(b):= 5/0 e -

wheng/6 < 1andb := Owheng/6 > 1.

SV NG YE RN B

| R
D™

We note that fopB/6 > 1 the fact thab* = 0 is easily seen.
We shall also obtain the following representation for

.2 g 1-&vb 2 [Vb1-£VD
(1.13) f(b)_l—;sm 1-b +$;sm ? b

whenvb < £ < 1/v/b. (We shall see thab satisfies these inequalities.) The two
important particular cases= 0 andg = 0 have already been considered®V], [G],
and BS] and the following results obtained:

e if =0, thenb* = (1+«/0)72; and
e if =0, thenb* = (1 — B/6)%for /6 < Landb* =0if g/6 > 1.

Note that the corresponding lower estimates are included in Thetarem

2. Proofs of Theorems 1.1 and 1.3

We denote by (X, n) the logarithmic potential for the measutg:
1

V (X, n) = / log X1 du(t).
We fix a > 0 and define the two distributions:
1 —
(2.1) o1(t) == — a—t, t € [0, al,
T t
(2.1a) ® : 1 ! te (0, a)
. fof e ,a).
0 7 Jt@a-1)

The following properties of the corresponding logarithmic potentials are easily verified
(see Appendix):

(2.2) V (X, 0pdt) = —x + const x € [0, a],

(2.3) V (X, opdt) = log(4/a), x € [0, a].
Forx € R we define the function

(2.4) o(t, X) ;= o1(t) — Xop(t), O<t<xa

For each fixek, leto (t, X) = o " (t, X) — o~ (t, X) be the Jordan decomposition of the
measurer (t, x) dt in [0, a] and set

(2.5) px) := p(x, a) :=/a+(t,x)dt,

(2.6) n(x) := n(x, a) ::/a*(t,x)dt.
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Lemma 5. With the notation of Theorefwe have the following implicationf a =
a(a, B) < a* = a*(a, B), then there exists an & R such that

p(x,a) < B and nx,a) < a.

Proof. The conditiona < a* means that théx, 8)-approximation tee"* on [0, a] is
possible. In other words, there exist two sequences of polynomials

(2.7) Pn € Plan: Un € Pign)»
with
(2.8) 8y = ean -1 —0 as n— oo.
On(X) [0,a]
Set

Xn. :=% Y 8@, xnp :=% > 8@,

Pn(2)=0 0n(2)=0

where$(z) denotes the unit point measure zatand defineun, and un g to be the
balayage (seéd-f]) of xn, andyn g into [0, a], respectively. Then we have (see])

1 1
2.9 —lo = VX, Une) + ®ne, x €10, a],
(2.9) S10g g = Vna) +on [0. 2]
1 1
2.10 —lo = V(X, ng) + on g, x € [0, a],
(210) L1009 = VXesng) + o [0.2]

wherewn , andwn g are constants depending onlt follows from these two represen-
tations and (2.2) that

x Pn(X)
Qn(X)

wherew, is a constant.
From @.8), we deduce that

} Iog(enx pn(X)>
n On(X)

uniformly on [0, a] asn — oo. Therefore, with

1
(2.11) = log |€" =V (X, tn g — i — 01dt) + op, x € [0, a],

=

1
- [log(1—dn)| — O

Mn ‘= Mnpg — Mno — o1 dt
we have, uniformly on [0a],
(2.12) V (X, in) + on — 0.

Furthermore, we see from (/) that
1
ltnall = lnall = - degpn =< .

1
H,un,ﬁ” = || Xn,ﬁ” =n degq, < B.
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Hence, we can find a subsequence- N and positive measurgs,, ip such that as
n—oo,NeA,

* *
(2.13) Unae = Har el < o tnpg = g, gl < B;

where-> denotes weak-star convergence.
It follows from (2.13 that un — 1 = up — o — o1 dt and therefore as — oo,
neA,

(2.14)  un(C) > u(C), V@ u) = V@, zeC\0,al.

Furthermore, onintegrating (12 with respectto the (unit) equilibrium measuggXx) dx
and utilizing @.3) we obtain

a a
/V<x,un>oo<x>dx+wn =/ V(t, 50d%) djen(t) + on
0 0

4
= un(C)log (a) +wn — 0,

asn — oo, n € A, and so fromZ%.14) we have

(2.15) lim @, = —u(C) log <g) .

neA

Next observe that fan sufficiently large pn(X) andg, (x) do not vanish on [0a]; hence
from (2.9) and @.10 it follows thatV (X, ) is finite and continuous on sup,) and
thereforeV (z, un) is continuous orC. Consequently,

hn(2) ==V (z, tn) — un(C)V (Z, op dt)

is continuous orC = C U {oo} and harmonic irC\[0, a]. Thus, by ¢.12), (2.14), and
(2.15, and the maximum principle, we have

lim hy(2) =0, zeC.

neA

On the other hand2(14) yields
lim hn(2) = V(z, 1) — n(C)V(z, oo dt), ze C\[0, a],

and so
V(z, n) = V(z, Aop dt), z e C\[O, a],

where) := 1 (C). Since the potential of the signed measure Log dt vanishes outside
a set of two-dimensional Lebesgue measure zero, we jhave.op dt and we obtain

Up — o = o1dt — Aogdt = o (t, A) dt
(see £.4)). Due to the minimizing property of the Jordan decomposition we then have

litell = lo™(t, 2) dt]| = n(x, @),
gl = llot(t, ) dt| = p(r, a),

=
=

which completes the proof. ]
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Lemma 6. The following properties of the functiong>) = p(x,a) and nx) =
n(x, a) (see(2.5 and(2.6)) hold for any fixed a> 0:

0] p(x) —n(x) = g — X, X € R;

(i) p(x) = ; — X and nx) =0 for x <0,

px) = 0 and nx) =Xx— g for x> a;

(i) poo = ; {(1—2§)sin‘1\/1—§+\/§ (1—2)} x e [0, al;

2
(iv) p(x) = ——=sint [1— X x € [0, a],
i a
’ 2 —1 X
nN(x) = —cos~_ [1— —, x € [0, a].
4 a

Proof. We have from definitions (2.1)2(2), and @.4)—(2.6)

(x)—n(x)—/aa(t x)dt—l/a,/a—_tdt—xl/aL—g—x
P Jo ’ 7)o t o Vi@—-1 2

Furthermore, we have

la—t—x
o, X)=———=2>0 for t€]0,aq], X <0,

wTJta—-t) —
and thereforan(x) = 0 for x < 0. Likewiseo (t,x) < Ofort € [0,a] andXx > a;
therefore,p(x) = 0 for x > a. Assertions (i) and (ii) immediately follow from these

remarks.
Next, we see from the representatiot, x) = (1/7)(@—t — x)//t(a —t) that for
X € (0, a) the functiono (t, X) is positive fort € [0, a — x) and negative ifa — X, a].

Hence,
1/a_x (t. %) dt 1/a_x /a—tdt X/a—x dt
—_ o . = — —_— _—— —_—
7 Jo T Jo t T Jo Jt@a—-1t

a/'b 1—t x/b dt
=— | [J—dt—-= | ——,
7 Jo t T Jo VEA=1

(2.16) p(x,a)

where
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Using the identities

b _
/ ,/% dt = sin"*vb ++/b(1 — b)
0
and

b dt I
/O =T 2sim v,
we obtain assertion (jii) from2(16).

The first equality in (iv) may be obtained by differentiation of (iii); the second in-
equality then follows from the first and (i). ]

We now investigate the set of valueseof- 0 satisfying the condition in the assertion
of Lemmab. For givena, 8 > 0, + 8 > 0, we set

(2.17) A= A, B) :={a:3Ix e Rwith p(x,a) < B, n(x,a) < a}.

Lemma?7. Foranya,B > 0,0+ 8 > 0,and a > 0 there exists a unique root
X = X(a; a, B) of the equation

(2.18) ap(x,a) = Bn(x, a)

in [0, a]. Furthermore

(2.19a) A=1{a>0:pKxa <8} for B >0,
(2.19b) A={a>0:nXa <a} for o >0,

where A is defined i(2.17).

Proof. Consider firstthe case g > 0. It follows by Lemm&b that for fixeda > 0 the
function p(x, a) decreases oft-oo, a) from +-oc to 0 andp(x, a) = 0 for x > a. Also,
the functionn(x, a) increases from 0 ta-oo on (0, co) andn(x, a) = 0 forx < 0. The
same is true fotg/a)n(x, a) and therefore there exists a unique raaif the equation

(2.20) p(x,a) = gn(x, a), x € (0, a),

whichis equivalenttod.18 fora, 8 > 0. Italso follows from the behavior of(x, a), p(x, a)
that

pX,a) = én(x a) = min max{ p(x, a), En(x, a)} .
o xeR o

On the other hand, the definitio&.(7) may be written as
A= {a : minmax{ p(x, a), én(x, a)} < ﬂ}
xeR o

providede, 8 > 0. AssertionsZ.19 and @.19 follow by these remarks.
Itremainsto notice thatfar = 0, 8 > 0, the representation (2.19a) holds witk- 0,
which is the unique root ofX(18) in [0, a] for « = 0. Similarly, fora > 0, 8 = 0, the
representation (2.19b) is true wixh= a, which is the unique root of( 18 in [0, a] for
a>0,8=0. [ |
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We define the functio(y) for y € [0, 1] by

(221) #G(y):=@A-2y)sinty/1-y+.yd-vy), y € [0, 1].

Lemma8. The equation

(2.22) (a = B)G(Y) = B(y — 3)

has a unique rooy = y(«, B) in [0, 1]. Furthermore with X as in Lemma?
(2.23) X(@; a, p) = ay(a, ),

(2.24) p(x, a) = aG(x/a), a>0, xe[0,a]

Proof. Fora = g the unique root of4.22) isy = 1/2. Fora # S we can rewrite
(2.22 as
B

(2.25) G(y) = (y - %) m-

The range ok := B/(a¢ — B) fora, B > 0 is(—o0, —1] U [0, c0). We also note that

2
G(y)y=—-=sint/1—-y e[-1,00 for yel0,1]
T
Now, if « € (—o0, —1], then the function
Gi(y) :=G(y) —«(y—3)

isincreasingin [01] sinceG}(y) = G'(y)—« > 0.Wehave als®1(0) = 1/2+«x/2 <0
andG;i(1/2) = 1/2x > 0. Thus .25 has a unique roat for 8/(« — B8) € (—oo, —1].
Next, if « € [0, 0o), thenG}(y) = G'(y) —« < Ofory € [0, 1] and soG(y) decreases
on [0, 1]. SinceG1(1/2) = 1/27 andG1(1) = —«/2 < 0, (2.295 has in [Q 1] a unique
root ¥ which actually belongs to [2, 1].

The equality .24 follows by (2.21) and (iii) of Lemmas. It remains to compare
equationsZ.22 and £.18). Using (i) of Lemmat we may rewrite .18 as

(—f+arpxa) =p(x-3)

or, using @.24), as

(- +w6 (%) =ﬂ(§—%>.

The last equation coincides wit.@2) for y = x/a. Since both have a unique solution
we obtain the assertio 23. ]

Lemma9. Foranyea, 8 > 0,0 + 8 > 0,we havgsee(2.17)
(2.26) A =0, 3],



232 P. Borwein, E. A. Rakhmanov, and E. B. Saff

wherea ;= a(a, B) is defined by

- L _a—p
(2.27) a= Gy 7}7_ 12 for o # B,
(2.28) a = 2n8 for a«=§.

Proof. Leta = B. Then Q.22 has the unique root = 1/2 andG(y) = G(1/2) =
1/27 by (2.21). Now, it follows by 2.23 and @.24) that p(X, a) = a/27 and s0 £.19
may be written aA = {a > 0: a/27 < B}. Assertion 2.26) follows.

Supposer # 8 andB > 0. It follows by (2.23 and @.24) that (2.19 may be written
asA = {a: aG(y) < B}. Then .26 follows from the second equality i2(27) and the
fact thate > B implies thaty > 1/2 (see the proof of Lemm?a).

In cases = 0 we rewrite .1%) using (i) of Lemméb as

(2.29) A=la>o: p()'(,a)—i—)‘(—gfcx}.

On the other hand, we have b¥.23 and @.22) that

_ _a _ _ B _
pP(R.a)+X -3 = a{G(y)+(y—%)}=a<m+1)<y—%)

—a —— -}
= .my 3).

Therefore £.29 is equivalent to%.26). ]

Proof of Theorem 1.3. Using the notation of{.17), the assertion of Lemntamay be
written as follows. Ifa < a*, thena € A. In view of Lemma2.5this means that

(a<a’)=>(@<a

and therefore we haw < a.
It remains to notice from.21) and (1.8) thay = 1 — y, and so fromZ2.27) and (1.7)
we havea = a. [ |

3. Proofs of Theorems 1.2 and 1.4

For a fixedb € (0, 1) we let

1 1
(3.1) B0 = s telb )
(3.2) G1(t) = \/EGOT(U, t e b, 1],
(3.3) G(t, %) = 61(t) — xdot),  te[b 1], xeR.

We note thaty dt is the equilibrium distribution forlj, 1] anda; dt is the balayage
of the unit mass at = 0 to [b, 1]. Thus we have

4
(34) V(X, &0 dt) == |Og m, X e [b, 1],
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1
(3.5) V (X, 61 dt) = log ” + const X € [b, 1].

For the measuré (t, x) dt (x € R is fixed) we consider its Jordan decomposition
o dt=o6"dt -6 dtand put

(3.6) p(x)

p(x, b) := f & (t, x) dt,
A

(3.7) n(x) = n(x, b) :=/5’(t,x)dt,
A

whereA = [b, 1].
Following the scheme of proof of Lemniawe obtain the following:

Lemma 10. Letb* be defined as i(1.11). If 1 > b > b*, then there exists an & R
such that

D(X,b)fg and  nx,b) <

| R

Lemma 11. The functions X, b) and n(x, b) defined in(3.6) and (3.7) satisfy the
following properties

() p(x,b) —n(x,b) =1-x, xeR, be(01;
(ii) pix,b) = 1—x and nx,b)=0 for x <+/h,
px,b) = 0 and nx,b)=x—-1 for x> 1/vb;
Vb/x N

,b=/ 5 (t, X) dt, b < <—
(i) Pty = [ 50 X<

: 0 vb1-xvb 1
(iv) &p(X, b) = ——sm b vb<x< NG

1/vb ~
(v) IO(X,b):E/ sin? fl tf «/nggi;
T Jx 1-b b

(vi) D(X,b)zgsin‘l 1—xvb —xZ it @l_X\/E, Bexs =
7T 1-b x Xx 1-b b

(vii) - pex, b)—gtan \/1_1)( X;/__ gtan‘l «/Elx__x;/_f Vb<x< ib;
o 1/ (x = vB)(A - xv/B) 1

(vii) PO b) = —— 51 —D) ., Wb<x< N

: _ PV - VDA -V 1

60 pocby=1- - [ bexs
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Proof. (i) With A = [b, 1], we have
p(x, b) — n(x, b) = / o(t,x)dt = / o (t)dt — x/ oo(H)dt=1—x.
A A A

(i) The functioné (t, x) = (vb/t — X)6p(t) satisfies the inequalitigs(t, x) > 0 for
te Aif x <+/bands(t,x) <0fort € Aif x > 1/+/b. Henceii) follows from (i).

(i) This property follows immediately from the definition qf.

(iv) We use (jii) to take derivative with respecttoSinces (v/b/x, x) = 0, we obtain

ap o «5/><~ g 1 Vb/x dt
1 [* dt 2 .
o _;/o JT(A—1) N _;Sm ﬁ’
where
(3.8) A= A, b) = M — @1_7)(\/5

1-b ~ x 1-b

(we use this notation hereafter).
(v) Sincep(1/+/b, b) = 0, (v) follows from (iv).
(vi) We integrate by parts in (v) to obtain

1/+/b

X

T 1/v/b 1/v/b d
L b) f sintv/adt =tsin™t v / ta(sin*l V) dt
X X

1/v/b

For the integrand in the last term we have
tor/ot -1
VAA=H - JayvB- b - v

and after the substitution= (1/+/b — t)/(1/+/b — v/b) in the integral we obtain

1 [YVP tar/atdt

1/1/\/6 dt
2ho VA= 2k v - - V)

1 @-xvb)/1-b) dr 1= x+/b
= = ——— =sin",| ——
Zfo JTd=7) V 1-b
and (vi) follows.

(vii) Since simt«a = tan (a/+v/1 — «?), (vii) follows from (vi).
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(viii) We use (v): p(x, b) = (2/7) fxl/‘/B sin~1 \/A(t, b) dt to take the derivative with
respect td. We have

3 2 [UVh
—px,b) = —/ —(sin™* /A(t, b)) dt
ab « b

T

1 [YYP (da/ab)t, b)dt

T Jy VAT DA =i, b))’

sinceA(t, b) equals zero fot = 1/+/b (see 8.9)). The integrand in the last term is

91/ _ (1/Vb+vb) -2t / JbL—tvB)(t — V)
VA =N 2t(1 —b)2 t2(1 — b)2
_ 1 y — 2t

C2vbd—-b) Syt —t12—1

where
1
= — ++b.
"=
Hence, we have
1/vb _
9 hxb) = - y=—2 g
ab 2rv/b(A-b) Jx  Jyt—t2-1
_ Wyx=x2-1
~ aJ/b(l—h)

(sinceyt —t?2 — 1 = 0fort = 1/+/b). The representation (viii) now follows.

(ix) We havep(x, 0) = 1 from (vi). Now if v/b < x < 1/+/b, theny/t < x < 1/t
fort € [0, b] and we can integrate (viii) with respecttanstead ot over [0, b].

Next we define

(3.9 B = B;a,p)
= {b € (0,1) : Ix € Rwith p(x,b) < g n(x, b) < %}

and we set

(3.10) b = b@®,«, p) :=infB. [

Lemma 12.

(i) If B/6 = 1, thenb = 0.
(i) If B/6 < 1, thenb is the unique root of the equation

B o \_B
o(1-84%0) -

satisfyingy/b < 1— B/6 + «/0 < 1/+/b.
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Proof. We consider first the case B > 0. Using the notation

(3.11) h(b) := minmax{ p(x, b), én(x, b)}
xeR o
we can rewrite the definitiorB(9) of B as
(3.12) B:{be(o,l):h(b)fg}.
It follows by (i) and (viii) of Lemmallthat
d a 1
(3.13) S5 P b) = S5 by <0 for vb<x< 7

hence both functions (df) p(x, b) andn(x, b) decrease for fixed in the indicated
domain.

On the other hand, it follows by (i), (ii), and (iv) of Lemni4 that for fixedb € (0, 1)
the functionp(x, b) decreases from-oo atx = —oo to 0 atx = 1/+/b andn(x, b)
increases from 0 at = +/b to +0o atx = +oco. This means that the equation

(3.14) ap(x, b) = Bn(x, b)
has a unique root;(b) € (v/b, 1/+/b) and
(3.15) h(b) = p(x1(b), b).

We note thak; (b) is a continuous function df and we can conclude that for any fixed
b € (0, 1), definition 3.11) may be written as
(3.16) h(b) = min max{ p(x, b), én(x, b)} ,

X€[X1—¢, X1+¢€] o
wherex; = x1(b). Moreover, this equality holds in some neighborhood efith the
same value ok; as defined by the original value bf If ¢ > 0 is small enough, then
(X1—é& Xa+e) x(b—¢ b+e)c D:={xb):be(01),vb<x < 1/Vb}
since(xi(b), b) € D. Hence, it follows by 8.13 and @3.16) thath(b) is decreasing in
some neighborhood df € (0, 1). Sinceb € (0, 1) is arbitrary, we conclude thatb) is
decreasing o, 1).

Next, we observe thagt(x, b) — 1 asb — 0 uniformly over any intervak € [0, R]
(see (ii) and (vi) of Lemmad.1). Also, asb — 0, (8/a)n(x,b) — (B/a)x (see (i) of
Lemmall), so thatx; (b) — «/B andh(b) = p(x1(b), b) — 1. On the other hand, we
have 0< p(x1(b), b) < p(+/b,b) = 1 — /b. Thereforeh(b) = p(x1(b), b) — 0 as
b — 1. Henceh(b) decreases from 1 to 0 a0, 1).

Now, if 8/6 > 1, thenh(b) < 8/6 for anyb € (0, 1) and assertion (i) of the lemma
follows by (3.12). If 8/6 < 1, then from the properties &f and p described above, the
value ofb is determined by the system of equations

(3.17) ap(x.b) = Bn(x.b),  p(x.b) = g,

which has the unique solutiam, (b), b). Using (i) of Lemmal 1 the first equation may
be written agpp(x) = (8/a){p(X) +X —1} or p(X) = B(x—1)/(a — B). If we substitute
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this expression fop(x) in the second equation 08 (L7) we see that the systeri.(7)
is equivalent to

{x =1-8/0+a/b,
p(x, b) = /6.
Hence assertion (ii) of the lemma follows.

Now suppose that = 0, 8 > 0. The requirement(x, b) < 0 is included in the
definition (3.9) of the setB, which implies thak < +/b . The minimal value fop(x, b)
over(—oo, v/b] is achieved ak = +/b; hence 8.9 may be written in this case as

B= {be(o,l): p(vb, b) < g}
Sincep(v/b, b) = 1 — /b, this yields forb = inf{b € B},

2
(3.18) b=0 ifg/6>1, b= (1— g) if B/6 < 1.

ForB/6 < 1, itis clear thatb = (1 — 8/6)? is a root of the equation
p(l—B/0,b) =p/o.
It remains to show that this root is unique; i.e.,
(3.19) pix,b)y£1—x  for +vb<x=<1/vb.

It follows from (iv) of Lemmall that
a
S PO > -1 for Vb < x <1/vb.

Therefore,

p(x,b) = pb, b)+/ 3p(t,b)olt
Vb ot
>1-vb—(x—+vb=1-x for vb<x=<1/b,

which yields 8.19. Thus assertions (i) and (ii) of the lemma hold wheg: 0.

Finally, fora > 0, 8 = 0, we have from definition3 9) that forb € B, there exists
an x such thatp(x, b) < 0, and sox > 1/+/b. The minimal value fom(x, b) over
x > 1/+/bis achieved only at = 1/+/band thusB = {b € (0, 1): n(1/+/b, b) < «/6}
or

- 1

Clearlyb = (1+ «/6)~2is a root of p(1 + «/6, b) = 0 satisfyingvb < (1 +
a/0) < 1/4/b. Moreover, according to (i) and (v) of Lemnid, b is the only root of
p(l + «/6,b) = 0 satisfyingvb < 1+ «/6 < 1/+/b. This completes the proof of
Lemmal2. [ ]
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Proof of Theorem4. The assertion of LemmieDcombined with the definition of(.9)
may now be written agl > b > b*) = (b € B) = (b > b). This implies that

b* > b.
Using (ix) of Lemmal 1 the equation fob in (i) of Lemma3.3may be written as

1/W(&—ﬁ)<l—sﬁ>dt_l_5
7 Jo t3/4(1—t) - 0

(3.21)

with &€ = 1 — B/6 + /6. Thusb = b and the proof of Theoremis complete. ]

Proof of Theorem?2. In the casexr = 8 we havet = 1 — 8/0 + «/0 = 1 and the
integral on the left-hand side 03.21) becomes

1/b 1-VE 1/“ dt 4fb dt¥/4
o BAL-O"  wo A+ o 14112

4 _
= — tan Y(bY%).
T

(3 (-2)

Theorem? now follows from Theorem (with o = g8 = 1). [ ]

Hence, 8.21) has the solution

4. Appendix

Here we prove the identity (2.2):

1 /@ 1
(A.1) u(x) = —/ log a- dt = —X+C, x € [0, a],
7 Jo X —t]

wherec is a constant.
The integral in A.1) defines a functiom(x) continuous in the whole plar@. In the
upper half-plane, we have

(A.2) u(x) = ReU (x), Imx > 0,
where

(A.3) U@ = —l/ log(z — t),/a—_t dt, Imz > 0,
T Jo t

and the branch of log is determined by the normalization &gz—t) <x, t €
[0, a], Im z > 0. The derivative

(A.4) U'(2 = / - td_tz ze D :=C\[0,a],
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is a single-valued analytic function . Let

f(2):= 2;2617 ze D, f(o0):i=1,

and denote byf T (x), f~(x), x € [0, a], the boundary values of (z) from the upper
and lower half-planes, respectively. Then we have

(A5) fi(x)zii,/a;x,

Using (A.5) we can rewrite £.4) as

oy L f(
(A6) U (Z) = % . :

dt, ze D,

whered D is the boundary ob with positive orientation with respect . The integral
in (A.6) is the Cauchy integral fof (z) in D and therefore

U@ =f@- f(oo):,/?—l,
U(z)=/ %dg—zjtconst Imz > 0.
oV

Now (A.1) follows from the last representation andl 2).
Finally, we remark that (2.3) is well known (s€&qd]) sinceo dt is the equilibrium
distribution for the interval [0a], which has logarithmic capacity/4.

so that
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