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RATIONAL INTERPOLATION OF THE EXPONENTIAL FUNCTION

L. BARATCHART, E. B. SAFF AND F. WIELONSKY

ABSTRACT. Let m, n be nonnegative integers and a<m+n) be a set of m + n + 1 real
in~lation points (not necessarily distinct). Let Rm.n = P m.n / Qm.n be the unique

rational function with degPm.n ::; m, deg Qm,n :$n, that in~lates e'" in the points of
a<nr+n). Ifm = mv, n = nv with mv + nv --+ 00, and mv /nv --+ A as v --+ 00, and the sets

a<nr+n) are uniformly bounded, we show that

Pm.n(z) --+ ~/(l+)'), Qm.n(z) --+ e-z/(l+).)

locally uniformly in the complex plane C, where the normalization Qm,n(O) = 1 has

been imposed. Moreover, for any compact set K C C we obtain sharp estimates for
the error leZ -Rm.n(z)1 whenz E K. These results generalize properties of the classical
Fade apProximants. Our convergence theorems also apply to best (real) Lp ratiQnal
approximants to e'" on a finite reaJl interval.

1. Introduction. The study of Pade approximants to the exponential function ~
was initiated by C. Hermite [8] and continued by his student H. Pade [12] [13] [14].
Given a pair (m, n) of nonnegative integers, the Pade approximant of type (m, n) to e" is
the unique rational function

deg~,n = m,R~,n = ~,n/ ~,n' ~,n(O) = 1,with

that satisfies
(1.1) , e"-R~,n(Z)=O(znt+n+l) asz-O;

that is~ R~,n interpolates eZ in the origin taken of multiplicity m + n + 1. (The superscript
0 is' used to emphasize that the interpolation points are all at z = 0). Unlike Pade
approximaIits'to most other functions, it is possible to write simple explicit formulas for

~,n and ~,n:

(1.2)
n (m + n -j)! n! (-zy' .

~,n(z) = ~ (m + n)!j! (n -j)!
m (m +n -})! m!zi

~,n(z) = ~ (m +n)!j! (m -})! '

The properties of these approximants form a classical subject that has application to
number theory (Hermite's proof of the transcendency of e and Lindemann's proof of
the transcendency of 7r; cf [21]), the stability of numerical methods for solving differ-
ential equations (cf [9], [23]), and continued fraction representations for the efficient

calculation of the exponential.
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Fade proved (cf also [15]) that any sequence { R~ n} for which m + n --+ 00 converges
,

to e locally unifomIly in the complex plane. (In particular, the zeros and poles of
such Fade approximants all tend to infinity). Moreover, if m = mv and n = nv. where
mv + nv --+ 00 and m" / nv --+ A as II --+ 00, then the Fade numerators ~v,nv and Fade

denominators ~v.nv themselves converge:

The location of the zeros and poles of the R~,n has also been a subject of substantial

interest (cf [20], [23]) for they display an elegant behavior of relevance to the stability
of numerical methodS as applied to the test differential equationy' (x) = ry(x).

It is therefore somewhat surprising that the study of so-called multi-point Fade ap-

proximants to e1:, that is, rational functions that interpolate e1: in some fixed triangular
scheme of points, has till now only received little attention. In the case when interpolation

points {xi2n}}r:o all lie in some fixed interval of the real axis of length Ct with Ct < 2,
P. Borwein [4], [5] has obtained estimates for the error

~ -RII,n(x),

where Rn,n(x) interpolates ~in {xi2ll)}r=o. However, his ~stimates (which are given only
for the diagonal case m = n), while sharp up to a multiplicative constant, were only

shown to hold for x in the same interval as the interpolation points and the multiplicative
constants involved become unbounded as the length a of the interval tends to 2.

The purpose of the present work is to analyze the behavior of multi-point Pade approx-
imants to e for any triangular scheme of real interpolation points that belong to some
fixed interval (of any finite length). For such points we establish a generalization of the

convergence properties of the classical Pade approximants which have all interpolation
points atz = O. Furthem1ore, we obtain sharp (up to multiplicative constants) error esti-

mates for these multi-point interpolants which are valid at every point z in the complex

plane C. Also, we apply our results to the study of best (real) Lp rational approximants
to ~ on a finite real interval.

2. Statements of main resllllts. We list our main results first, deferring their proofs
to the next section.

THEOREM 2.1. Let B<m+n) := {xim+n)}k:<Jn, m = m", n = n" be a triangular sequence of
-

-:!:

and denote by Rm,n
in ffim+n). Then

= P m,n / Qm,n the rational function of type (m,n) that interpolates ez

lim Rm.on.(Z) = ~
/'--00

(not necessarily distinct) real interpolation points contained in the interval [-p, p] such
that
(2.1) lim mv + nv = 00,

v-oo
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locally uniformly in C. /fin addition (m,n) is a ray sequence, that is,

mil
lim =.:\

v-ooo nv
(0 ~ .A ~ +00),

we have as 11 --+ 00

Pm.,n.(Z) -~/(1+.\) Qm.,n.(Z) -.e-Z/(I+A)and

locally unifonnly in C, where Qmv,nv is nonnalizedso that Qmv.nv (0) = 1.

The above statement tacitly assumes that Rm",nv has no pole at zero. We shall see in
Lemma 2.4 that this eventually becomes true as II increases to infinity. In the case where

mv > p -1, the nonvanishing of Qmv,nv at zero also follows from Proposition 2.8.
For simplicity, we shall usually omit the subscript v in the sequel, writing m instead

of mv and n instead of nv. The convergence asserted in Theorem 2.1 can be further

estimated as follows.

THEOREM 2.2. LetB<nr+1I), m = mv, n = nv and Rm", be~ in Theorem 2.1, where it is

assumed that (2.1) and (2.2) hold. For K C C a compact set, define

Co = mill I~IzeK ' c) = ma:x l~1zeK '

and put
C --p 2/(1+>') C -..D 2/(1+>')0 -e Co , I -t:" Cl .

Then, for any positive real number a < 1, there exists a positive integer L such that the
rational interpolants Rm,n(z) to ez satisfy for all z E K

as soon as m +n ~ L.

From Theorem 2.2 we shall deduce absolute error bounds which do not depend on a

particular ray sequence, namely:

THEOREM 2.3. For K C C a compact set, let Co and CI be as in Theorem 2.2. Define
mo to be c5 if Co :$ I and to be 1 otherwise. In a symmetric manner; let ml be q if Cl ~ 1
and 1 otherwise. Then,for any positive real number a < 1, there exists a positive integer
L depending only on p, K, and a such that any rational inte1polant Rm,n(z) of type (m, n)
to ez in m + n + 1 points off -p, p] satisfies for all z E K

'"';.

ePm m+n1 n \ (m+n)\.z-x
~ -m!n! a k=O k'

as soon as m + n ~ L. Inequality (2.5) is sharp, in the sense that it would not hold with
a larger constant than e-Pmo on the left nor a smaller constant than ePm 1 on the right.
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