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Course Description

The course builds on the basics about the Laplace, Wave and Heath equations.
It the theory of single and double layer potentials, integral equations, their re-
lation to the Dirichlet and Neuman problem and the eigenvlue problems. First
order equations are introduced along with their physical origin and basic solv-
ability issues are addressed. Generation of singularities, shocks, and the notions
of viscosity solution are presented. The Kruzkhov uniqueness theorem will be
given a central role.

The course will move to more advanced topics such as elliptic equations with
measurable corfficients. Their weak setting in some Sobolev space and varous
solvability methods (variational, Galerkin etc.) Part of this will be a spactrum
of techniques of apriori estimates in the sup and Holder norms.

TEXTBOOK

No textbook is required. The class notes should suffice. While I will follow my
book [3] (2nd Ed) as a general guiding line, a variety of topics and problems will
be taken from other of texts, mainly from Courant—Hilbert [2], Garabedian [6],
John [8], Weinberger [21]. The books in the bibliography list below have been
put on reserve for this course in the library.



SYLLABUS

1 The Double Layer Potential and Boundary
Value Problems

e The double layer potential

e On the Integral defining the Double Layer Potential
e The Jump Condition Across OF

e More on the Jump Condition Across OF

e The Normal Derivative Across OF

e The Dirichlet Problem by Integral Equations

e The Neumann Problem by Integral Equations

e Green’s Function for the Neumann Problem

e Eigenvalue Problems

e Compact Kernels in L?(E)

e Compact kernels in L?(E) and Green’s function

2 Integral Equations and Eigenvalue Problems

e Integral Equations

e The Homogeneous and Adjoint Equations
e Fxistence of Solutions for Small A

e Separable Kernels

e Solving the Homogeneous Equation

e Solving the Inhomogeneous Equation

e Small Perturbations of Separable Kernels
e General Kernels

e Potential Kernels

e Applications to the Neumann Problem

e Integral Equations and Operators in L?(E)
e Kernels in L?(E)



Integral Equations in L?(E)

Solving Integral Equations in L?(E)

Existence of Solutions for Small A

The Eigenvalue Problem

The first eigenvalue and eigenfunction

The Sequence of Eigenvalues

Questions of Completeness and the Hilbert-Schmidt Theorem
The Eigenvalue Problem for the Laplacean

An Expansion of the Green Function

Equations of First Order and Conservation
Laws

Quasilinear Equations

The Cauchy Problem

Solving the Cauchy Problem

Equations in Divergence Form and Weak Solutions
Surface of Discontinuity

The Shock Line

The Initial Value Problem

Conservation Laws in 1 Space Dimension

Weak Solutions and Shocks

Lack of Uniqueness

Lax Notion of Weak Solution

Constructing Weak Solution

The Theorems of Existence and Stability
Existence of Solutions

Stability

A Representation Formula



Initial Data in the Sense of L. (R)
Sup-Estimates and Invariants

More on Sup-Bounds and Invariants

Compactly Supported Initial Data

The Entropy Condition

Entropy Solutions

Remarks on the Shocks and Entropy Conditions
The Kruzhkov Uniqueness Theorem

The Maximum Principle for Entropy Solutions
Stability in L!(R"Y)

Asymptotic Behaviour of Solutions of Burgers Equation

Linear Elliptic Equations with Measurable Co-
efficients

Weak Formulations and Weak Derivatives
Introduction to Sobolev Spaces

Embedding Theorems

Traces and their characterizations

The Dirichlet and Neumann Problems
Solvability by Functional Analytical Methods
Solvability by variational methods

Solvability by Galerkin methods

Eigenvalue problems

A-priori bounds for local and global solutions

Quasi-Linear Equations and their solvability



References

1]

R. Courant and D. Hilbert, Methods of Mathematical Physics, Vol.I, In-
terscience, New York, 1953, 1962; (ISBN-10: 0471504475; ISBN-13: 978-
0471504474)

R. Courant and D. Hilbert, Methods of Mathematical Physics, Vol.Il, Wiley-
Interscience, New York, 1953, 1962; (ISBN-10: 0471504394; ISBN-13: 978-
0471504399)

E. DiBenedetto, Partial Differential Equations, Birkhduser, Boston, 1995;
(ISBN: 0-8176-3708-7).

E. DiBenedetto, Real Analysis, Birkhduser, Boston, 2002 (ISBN 0-8176—
4231-5).

C.L. Evans, Partial Differential Equations, Amer. Math. Soc., 1996; (ISBN-
10: 0821807722; ISBN-13: 978-0821807729)

P.R. Garabedian, Partial Differential Equations, AMS Chelsea (2nd rev
Ed. 1998) (ISBN-10: 0821813773; ISBN-13: 987-0821813775).

D. Gilbarg and N.S. Trudinger, FElliptic Partial Differential Equations of
second order, (2°4 ed.), Springer—Verlag, 2001, (ISBN-10: 3540411607;
ISBN-13: 978-3540411604).

F. John,Partial Differential Equations, Springer—Verlag, New York, 1986
(ISBN 0387-90609-6).

F. John, Plane Waves and Spherical Means Applied to Partial Differen-
tial Equations, Springer, (1981); (ISBN-10: 0387905650; ISBN-13: 978-
0387905655).

F. John, Nonlinear Wave Equations Formation of Singularities, Univ. Lec-
ture Series Vol. 2, AMS, 1989, (ISBN 0-8218-7001-7).

0.D. Kellogg, Foundations of Potential Theory, Springer Verlag, Berlin
1929, reprinted 1967. (ISBN-10: 0387038159; ISBN-13: 978-0387038155).

O.A. Ladyzenskajia, N.N. Ural’tzeva, Linear and Quasilinear Elliptic Equa-
tions, Academic Press, London—New York 1968r; (ISBN-10: 0124328504;
ISBN-13: 978-0124328501).

O.A. Ladyzenskajia, N.A. Solonnikov, N.N. Ural’'tzeva, Linear and Quasi-
linear Equations of Parabolic Type, Transl. Math. Monographs, 23, AMS
Providence R. I., 1968 (ISBN 0-8218-1573-3).

M.M. Lavrentiev, Some Improperly Posed Problems of Mathemati-
cal Physics, Springer—Verlag, Tracts in Nat. Philosophy, 11, Berlin—
Heidelberg—New York, 1967. (ASIN: BOOOM3VTGY)



[15] PLax, Hyperbolic Systems of Conservation Laws and the Mathematical The-
ory of Shock Waves, SIAM, Philadelphia, (1973) (ISBN-10: 0898711770;
(ISBN-13: 978-0898711776)

[16] L. Nirenberg, Lectures on Linear Partial Differential equations, AMS, 1972
(ISBN 0-8218-1667-5).

[17] M.H. Protter and H. F. Weinberger, Mazimum Principles in Differential
Equations, Prentice Hall, 1967. (ASIN: BOO0JEU412).

[18] W. Strauss, Non Linear Wave Equations, Conference Board of the Mathe-
matical Sciences Regional Conf. Series in Math. 73, AMS, Providence R.I.
1989 (ISBN 0-8218-0725-0).

[19] A.N. Tychonov and V.Y. Arsenin, Solutions of Ill Posed Problems, Win-
ston/Wiley, 1977. (ISBN-10: 0470991240; ISBN-13: 978-0470991244)

[20] R. Von Mises and K.O. Friedrichs, Fluid Dynamics, Springer Verlag, Appl.
Math. Sc., 5, New York 1971; (ASIN: B0028H3SQ6).

[21] H. Weinberger, A First Course in Partial Differential Equations, Dover,
New York 1995; (ISBN-10: 048668640X; ISBN-13: 978-0486686400)



