Matrix model of M-theory
1996. A conjecture by Banks, Fischler, Shenker

and Susskind:

M-theory is described by a matrix supersymmetric

quantum mechanics.

The Lagrangian of this theory dependson 10 NV x N
Hermitian matrices X*, 1 =0,...,9 and 16 Hermi-

tian matrices v*, o = 1,...,16 whose entries are

of odd Grassmann parity:
1 ; 1 >
L = TI’(EVtX th@’ — Z[XZ,XJ] —|—

150 1ottt X,
2%0 vtw+2w [¢, X5])

where V; = 0; + X, the indices 7, 5 run from 1 to

9.



Symmetries of M(atrix) Theory

This Lagrangian is invariant with respect to gauge
transformations

5X7, — [X’wg] ) 5XO — 8tg+[X07g] ) 5¢a — [waag]

where g = ¢g(t) € U(N) and with respect to two
kKinds of supersymmetry transformations:

0e X, = eo;

1 . :
EUES E[Xq;,Xj]UZJE + [V¢, Xjlo%Ye.
and transformations of the second kind
SEXZZCSXO:O) gewze.

The Lagrangian (1) is also invariant under SO(9)
rotations and under translations

X;— X, +¢ (1)

where ¢; belong to the center of u(NV).



Quantization of M(atrix) Model

To canonically quantize the model fix an orthonor-
mal basis 7, € u(N) so that f,,. = —2Tr1,[71T},T¢]
are structure constants in this basis.

Canonical operators with respect to this basis: 7,
z%, 9% satisfying the (anti)commutation relations

[29, 7] = iskog,  {d5, D)} = 6%,

The Hamiltonian is
1

_ () b d b _apb
H = Eﬁaﬂ-a + Zfabcmi Cngadexz’ 33; — Efabcx‘gzwao-j 1% :

Spectrum: One can prove that for each N > 1 the
spectrum of this model is continuous, starts from
zero and at zero one has a normalizable eigen-
state. (The presence of maximal number of su-
persymmetries is cruciall!)



Scattering in M(atrix) model quantum mechanics.

T he expression
1 i g 1 byc dyre
V= —Z[Xz'an][X , X7] = 7 abeXi X Jade Xi X

plays the role of potential energy. min(V) = 0,
the minimum is achieved when the matrices X; all
commute between themselves.

More generally consider a wave function concen-
trated on block-diagonal matrices

(X7 0 0 ...
0 X, O
0 0 X% ...
: : : )

\

where X! are N, x N, matrices and N1+ No+...+
N, = N. Define a relative distance between a pair
of blocks according to

Rab —

\ 2

Trxi Trxj\°
Na Nb .




In the limit R,;, — oo contribution of the blocks
Xa, X} to the potential energy vanishes power-like
(faster then the second power). Moreover this re-
mains true after one takes into account interaction
induced by off-diagonal blocks.

One can set up a scattering problem with the
asymptotic wave function

W (X)) @ WAL (X2)®... @ Wy, (Xn)

a tensor product of n ground states Wy (X,) for
each block.

Thus the Hilbert space of the model contains asymp-
totic multiparticle Fock space to be identified by
the BFSS conjecture with multigraviton states in
R1L.



SUPERSYMMETRY

U

Classical (pseudo)Riemannian geometry at large
distances.

no well-defined positions of gravitons at small separation

U

(primitive) Noncommutative Geometry




Compactifications of M(atrix) Theory

Compactification of the " coordinates” X’ on a d-dimensional
torus formally implies the following set of identifications

Xt Xt 41 Ry,

X2~ X2 41-Ry,

X4~ xT4 1. Ry

where 1 is the identity matrix and R, < 0- radii of com-
pactification. (Shifts by constant matrices are symmetries
of M(atrix) theory Lagrangian). The identification should
be generically understood as equality up to a gauge trans-
fromation:

-1 .
UijU] ZXk—F(SkaTFRkl, ],k:].,...,d,
UjX[Uj_l =X;, I>d,
—1
where U;, + = 1,...,d - unitary matrices. By taking a trace
of both sides of the above equations we immediately see

that they cannot be satisfied by finite matrices unless all R,
are identically zero.



The above equations imply that UjUkUj_lU,;l commute with

all X,;'s. Hence it is natural to assume that

U;Uy = 270", 1

where 6% is a constant d x d matrix that WLOG can be
chosen to be antisymmetric.

e [/;'s generate an algebra of functions on a d-dimensional
noncommutative torus 7.

e A representation of these commutation relations in terms
of operators in a Hilbert space specifies a module E over
the algebra 7.

e X,'s define a connection on FE.

e X; for I >d and ¢¥® are endomorphisms of E.

This description of compactification of M(atrix) theory on
noncommutative tori was obtained in a seminal paper by
A. Connes, M. Douglas and A. Schwarz "Noncommutative
Geometry and Matrix Theory: compactification on tori",
JHEP 02 (1998) 003.



Super Yang Mills Theory on projective modules

Yang-Mills theory. Let L be a Lie algebra acting on an
associative algebra A (by means of derivations). Consider
a projective module E over A and Vy, X € L. a connection
on E defined with respect to .. A curvature Fyy € A2L ®
End E:

Fxy =IVx,Vyl=Vixy]-

We assume that our module E is equipped with a Hermi-
tian A-valued inner product < .,. >4. We call a Yang-Mills
field on E a connection V x compatible with the Hermitian
Sstructure, that is a connection sutisfying

< VX&W? > A + < €7VX77 > A= 5X(< 6777 >A)'

Let g;; be a metric tensor on L. E - projective, A-unital =
EndyFE is equipped with a canonically normalized trace. We

can write then a functional

1 L
S(V;) = ngTrFingkQZlel

-Yang-Mills functional.

Its variation produces Yang-Mills equations of motion
[Vi, F] =0

(L is abelian here).



Super-Yang Mills theory.

The (maximally supersymmetric) super-Yang-Mills theory
functional depends on a connection V,;and endomorphisms
XnI=d+1,...,9, Yo,a=1,...,16 of even and odd Grass-
mann parity respectively.

S(Vi, X1, ta) = 75 Tr(Ej 70 +
[via XJ] [vz) XJ] + [Xfa XJ] [Xja XJ]
—2¢%7) 5[V, 7] = 290 51X 5, 4"])

where a;jﬁ are Dirac Gamma matrices for SO(9,1) spinor

representation.

Specializing to A = T} we take L - a commutative d-dimensional
algebra of translations whose generators 9, act on the torus
generators as

6Z'Uj = 271'7;57;]'(]]' .

Rank of the gauge group:

we say that N is the rank of the gauge group if the module E
can be represented as a direct sum of N isomorphic modules
E=FE&...0E'. More precisely we should take the largest
number N with this property. It is easy to see then that
the algebra of endomorphisms Endr, E is isomorphic to the
matrix algebra Maty(End;,E').
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This means that the group of gauge transformations is a
subalgebra in this matrix algebra that consists of unitary

endomorphisms.

Supersymmetry transformations of SYM action:

denoted §., 4. and defined as

1 . .
det)p = E(J]ijké + JJI[V]-,X]]G + o[ X1, X )1e),
5evj = 60]'@0, 0eX ] = coy¢,
dcth) =€, 6V; =0, 0.X;=0.

where ¢ is a constant 16-component Majorana-Weyl spinor.

To check that the SYM action is invariant under the above
transformations one needs to use the Fierz identities for
10-dimensional Gamma matrices and the identities

Tr[A,B] =0, Tr[V;,A] =0

that hold for any endomorphisms A, B. The first of these
identities is obvious while the last one can be easily proved by
noting that it suffices to prove it for a any single connection
VY and then explicitly checking that it holds for the Levi-
Civita connection.
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Solutions to the SYM equations of motions invariant under

half of the supersymmetries are called 1/2 BPS solutions.
One finds that such solutions satisfy

¢a=07 [v]7XJ] =0, [vaXK] =0

where 1 is the identity operator and f;, is a constant anti-
symmetric matrix. Thus we see that, as far as gauge fields

are concerned, 1/2 BPS configurations correspond to con-
stant curvature connections.
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M(atrix) model compactified on orbifolds
of n.c. tori

Let D C R? be a d-dimensional lattice embedded in R? and
let G be a finite group acting on R? by linear transformations
mapping the lattice D to itself. For an element g € G we

will denote the corresponding representation matrix R‘g(g).

One can write down a formal set of constraints describing
compactification of M(atrix) theory on the orbifold 77/G,
where 79 = R?/D:

_ —1
X = U@‘_lXIUi Yo = Ui_1¢an7
RI(g)X,;, =W Hg)X;W(g),

Nos(@)s =W g vaW (g),
Xr=wW Yg)XW(g).

Here 7,7 = 1,...,d are indices for directions along the torus
, I =d+1,...,9 is an index corresponding to the trans-
verse directions, « is a spinor index; A,3(g) is the matrix of
spinor representation of G obeying Af(g)[A(g) = Ri;(g);;
U;, W(g) - unitary operators.
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One can check that the quantities U;U;U; 'U. ",
W(gh)W H(g)W *(h) and W *(g)UnW (g)U *g-1(y)n COMmute
with all X;, X, and v¢,. It is natural to set them to be pro-

portional to the identity operator.

One can define an algebra of functions on a noncommutative
orbifold as an algebra generated by the operators U, - linear
generators of a noncommutative torus and W (g) satisfying

W H@)UnW () = Ug-1(yn

Wi(g)W(h) = W(gh).

T his construction specifies a crossed product 7y xgr G. This
algebra can be equipped with an involution % by setting
Ur = U_n, W*(g) = W(g). A projective module over an
orbifold can be considered as a projective module E over Ty
equipped with operators W (g), g € G satisfying the above
commutation relations. X, specifies a G- equivariant con-
nection on E, i.e. X; = iV; where V; is a Tp-connection

satisfying
RI(g)V; =W HgViW(g).
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The fields X; are endomorphisms of E, commuting both
with U, and W (g) and the spinor fields v, can be called
equivariant spinors.

Compactification of M(atrix) Theory on

orbifolds of n.c. tori

U

Equivariant Yang-Mills Theory on projective modules

over crossed products of n.c. tori
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Above we obtained SYM theory on projective modules over
noncommutative tori following the procedure of compacti-
fication of M(atrix) theory. The last one is a conjectured
nonperturbative theory that unifies all known string theories.
A different approach to noncommutative spaces within per-
turbative string theory was put forward by N. Seiberg and
E. Witten in their seminal 1999 paper " String Theory and
Noncommutative Geometry' .

The developments that followed that paper brought into
consideration classical and quantum field theories on vari-
ous noncommutative spaces including noncommutative Eu-
clidean spaces R4, noncommutative tori 7} and fuzzy spheres.
T he construction of classical field theories proceeds via writ-
ing down a real numbers valued functional over the set of
fields (variables) which can be:

e clements of the algebra itself (scalar fields)

e clements of projective module over the algebra (scalar
fields in the fundamental representation of the gauge
group)

e connections (YYang-Mills fields)

e endomorphisms (scalar fields in the adjoint representa-
tion)
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The construction of the action functional uses algebraic
operations, algebra-valued inner products on modules and
traces defined on the algebra and the algebra of endomor-
phisms of a given projective module.

For example suppose we have a projective module E over an
involutive unital algebra A. One can construct a functional
that depends on a number of elements W, € E (sections)
and a (Hermitian) connection V;:

S(WaA, Vi) = S Tr(GF PV + 554V Wa, VW) 4 +
V(<WA7 WB>A))

where V' is a polynomial function specifying a potential for
scalar fields W 4.

Once the action functional is written its variation produces
equations of motion. One is interested then in finding

e Spaces of solutions to the equations of motion modulo
gauge transformations

e As the moduli spaces break into connected components
according to topological numbers of projective modules
one needs to know K-theory ( D-brane charges)

e spaces of solutions that preserve a certain number of
supersymmetries. For example constant curvature con-
nections, instanton solutions

17



