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Introduction

Recently, there has been considerable interest in the
idea of a “noncommutative manifold”. There are several
different approaches to this problem.

Connes’ operator-algebraic approach takes as its start-
ing point the commutative algebra C*°(M), where M
is a compact Riemannian spin manifold, together with
the Dirac operator coming from the spin connection,
and then gives an axiomatic algebraic formulation which
extends to noncommutative algebras.

The most accessible examples of “noncommutative
differentiable manifolds” in this sense are provided by
the noncommutative tori. Recently Connes’ program
has enjoyed considerable success.

A second approach, via quantum groups, has been
much more examples driven, proceeding with case by
case studies of the many interesting algebras arising
from quantum groups. Rather than constructing spec-
tral triples, this work has focussed on classifying the
possible differential calculi over a given algebra.



This talk falls between these two approaches. We
wanted to see how much of Connes’ formalism could be
extended to the setting of (reduced) group C*-algebras
of discrete groups. This talk concerns one specific ex-
ample - the group C*-algebra of the (three-dimensional)
discrete Heisenberg group.

In Connes’ picture, a noncommutative geometry over
a C*-algebra A consists of a spectral triple (or K-cycle)
over A equipped with additional structures. The bounded
formulation of spectral triples are Fredholm modules,
equivalence classes of which make up the Kasparov K-
homology groups K K'(A, C). The main focus of this
work is thus to calculate the K-homology groups and
exhibit the generating Fredholm modules.

Also of interest for noncommutative geometry are the
derivations and cyclic cohomology of appropriate dense
subalgebras of the group C*-algebra.



Analytic K-homology
Let A be a C*-algebra.

The odd K-homology group K'(A) = KK'(A,C)
consists of equivalence classes of odd Fredholm modules.

An odd Fredholm module over A is a triple (H, 7, F'),
with H a Hilbert space, a *-representation

m:A— B(H)
and F' € B(H) satisfying F' = F*, F* = 1 and
[F,m(a)] = Fr(a) — m(a)F € K(H)

forall a € A.

The even K-homology group K°(A) = KK"(A, C)
consists of equivalence classes of even Fredholm modules
<H7 7-‘-7 F7 7)

An even Fredholm module is the same data as the
odd case, plus a Zs-grading ~v of the Hilbert space H,
yEBH), v=17" 7' =1

that satisfies [y, m(a)] =0, Fvy=—+F
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The discrete Heisenberg group

The discrete Heisenberg group Hs can be defined ab-
stractly as the group generated by elements a and b
such that the commutator ¢ = aba~'b~! is central.

1l z 2z
H3={|0 1y |:xy,2€Z}.
001

[t is a semidirect product Hy = Z?x,Z, with the
action a of Z on Z? being given by

o (m,n) = (m, km + n)

Hj; is amenable and nilpotent.



The group C*-algebra C*(Hj)
C*(Hj3) is the universal C*-algebra generated by uni-
taries U, V' and W satisfying
VU =WUV
with W central.

It is a crossed product C'(T?) x,, Z, where the action
a of Z on C*(U, W) = C(T?) is given by

aU)=VUV*=WU, aoW)=VWV* =W

For an irreducible representation
m:C*"(H3) — B(H)
W central, hence (W) = A, for some A € C, |\| =1,
A = exp(27if).

For each # € R we have a surjective *~homomorphism
qo - C*(Hg) — Ag
U—U, V=V, WA

Hence C*(Hs) is a continuous field of rotation algebras
Ay over the circle.



Classification of derivations

We classify derivations of a smooth subalgebra A> of
the group C*-algebra A.

A = {Sa, ., UPVIW"}

where {a,,,} € S(Z%), functions on Z’ vanishing at
infinity faster than any polynomial in p, ¢ and 7.

A coincides with Jollisaint’s rapid decay algebra
H®°[(Hj3) for the word length function on Hj. Hence

Hj has property (RD) and the algebra A is closed
under holomorphic functional calculus.

Let Der(A™) be the vector space of all derivations
0: A — A~

“Derivation” means a linear map 0 satisfying the Leib-
nitz rule

d(ab) = d(a)b + ad(b)



We define fiberwise derivations 0y, 0y by
HhU)=U, o (V)=0, 0(W)=0

HU)=0, V)=V, 8W)=0.

and extend to A* by linearity. 0y and 0, are unbounded
derivations and hence not inner.

We would like a third derivation 03, corresponding to
“going round the circle”, satisfying

Os(W) =W, 05(U) =27, 95(V) =77

Then we could make an obvious Dirac operator
8 = 0161 + 0'282 + 0'3(93

where o; are appropriate Pauli matrices.
However ..

Proposition: For any derivation 9 : A — A,
we have O(W) = 0.



Proposition: 9(W) =0 for any 0.

Proof: We have W =VUV*U*. So
OW) =0V UVU* +VoU)V U+
VUO(VHU* +VUV*IU™).
Since U and V' are unitaries,

DU = —U*AU)U*, (V*) = —V*a(V)V*.

Suppose that
O(U) = Xay, ., U VW,  0(V)=23%b,, UVIW"
where {ay, ., }, {bpqr} € S(Z?). Then

8(W) = Zp,q,r[(bp,q+1,r—1 - bp,q+1,7’+q—1)+

(ap+1,q,7“—p+q—1 - ap+1,q,r+q—1)]UquWT-

Terms in W' have coefficients

bo1y—1—bo1,—1+ai0r-1—aior—1 = 0.

So all terms in W vanish. But (W) must be central,
so we must have O(W) =0. O



Theorem: As a left Z(A™)-module, Der(A>) is
spanned by the derivations 9; and 0, together with
the inner derivations 0,. Any derivation 9 : A — A
can be written uniquely as

0= z181 + 22(92 + 83;

for some 21, 20 € Z(A®), and x € A*.

Viewing A = C*(Hs) as a continuous field of C*-
algebras over the circle, this tells us that derivations
only act fiberwise - there is no derivation correspond-
ing to “going round the circle”. From the viewpoint of
derivations, this group C*-algebra does not really look
three-dimensional.



K-theory: (Anderson-Paschke) The K-groups of
C*(H3) are both Z3.

K-homology: The K-homology groups of C*(Hj3)
are

K'(C*(Hy) = 2%, (i=0,1)

Proof: Rosenberg and Schochet’s Universal Coefhi-
cient Theorem:
For an algebra A, if the K-groups K;(A) are both free

abelian, then so are the K-homology groups, and
K'(A) 2 K;(A). O

Want to identify the generating Fredholm modules.
1. Via the quotient maps gy : C*(H3) — Ay

2. Via the Pimsner-Voiculescu six term cyclic se-
quence on K-homology for crossed products by Z :

C*(H3) = O(T?) x, Z



C*(Hs3) is a continuous field of rotation algebras Ay
over the circle. For each 8 € R, we have a surjective
*“homomorphism ¢y : C*(H3z) — Ay,

U—U, V=V WA
where A = exp(27if).

Pull back Fredholm modules over the Ay to Fredholm
modules over C*(H3) :

qQ* . K%Ag) — Kz(O*(Hg))
(H,m,F)w— (H,moq,F)

Sufficient just to do this for =0 :
qo - C*(Hg) — AQ = C(Tz)
U—U, V=V W—I
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Canonical even Fredholm module

Given a C*-algebra A, and a *-homomorphism
p:A—C

Canonical even Fredholm module zg € K'(A) :

et (49 (051 )

In general z; may be a trivial element of K-homology:.

Lemma: If A is unital, and ¢ nonzero, then

< chy(zg), [1] >=1
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Canonical odd Fredholm module

Given a unital C*-algebra A, a nonzero *~homomorphism
p:A—C

and an automorphism « of A.

The crossed product algebra A X, Z is generated by
a € A, together with a unitary V' implementing « :

VaV* = ala)

Canonical odd Fredholm module
zy = (H=1*Z),ny,F) € K'(Ax,Z)
my(a)e, = ¢(a”(a))e,
WV(V)BH = €n+1

my is the usual representation of A X, Z induced from
the representation ¢ of A.

e, n>0

Fe, = sign(n)e, = { e in <0

Lemma: < ch.(zy),[V] >=1.
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The commutative C*-algebra C(T?)

Universal C*-algebra generated by commuting uni-
taries U and V.

Ko(C(T?) = Z2, generated by [1] and [Bott], the
Bott projection Bott € Mo(C(T?)).

K1(C(T?)) = Z?, generated by [U] and [V].

K-homology:

The even K-homology K(C(T?)) = Z? is generated
by Fredholm modules z; and Dirac.

The odd K-homology K*(C(T?)) = Z? is generated
by Fredholm modules zy and zy .
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Even K-homology of C(T?)

7 is the canonical even Fredholm module correspond-
ing to the unital *~homomorphism

¢:C(T*) - C, UV i—1

B e (01 (1 0
ZO_(H_Caﬂ-_ngBO)F_(lO V= O—1>

The Fredholm module Dirac is the bounded formu-

lation of the Dirac operator on T?:
Dirac = (H, 7, F)
H = 1XZ°) & IX(Z°)
T = T D T

7TO(Uv)em,n = Em+1.n, 7"'O(‘/)em,n = Em,n+1

(0 R
F_(Fo* 0)

m +n
F0€m,n - 5 5 1/2€m,n
(m? + n?)
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Odd K-homology of C(T?)

C(T?) is a crossed product C(T) X4 Z via a trivial
action of Z.

Taking C'(T) = C*(V), and then C(T) = C*(U),
with the trivial Z-action being implemented by U and
then V' respectively, gives the Fredholm modules

zy = (I*(Z), my, F),
zy = (I*(Z), 7y, F)
with
m(U) =295, my(V)=1,
mwwU)=1, m(V)=S9
S is the shift Se,, = e, 1, F' the diagonal operator

Fe, = sign(n)e,
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Identification of K-theory and K-homology

In this situation, we can identify
K'(C(T?%)) = K;(C(T?))

via the Fourier transform.

K'(C(T?)) < Ki(C(T?)
zo < £[1]
zy <« +|U]
zy < V]
Dirac < +|Bott]
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K-homology of the rotation algebras Ay
First studied - as Fxt - by Popa and Rieffel

The commutative algebra C'(T?) corresponds to Ay
for & = 0. The K-groups (and the K-homology groups)
are unchanged by the passage to noncommutativity,
they are all Z2 for all values of 0.

Three of the generators of the K-theory of Ay =
C(T?), [1] € Ko(Ap) and [U], [V] € K;1(Ap) are still
generators of K,(Ay) for 8 # 0. However the second
generator of Ky(Ay) is the Powers-Rieffel projection
p € Ay, which satisfies 7(p) = 0.

The situation for K-homology is similar. The Fred-
holm modules zg, zy and Dirac are impervious to the
transition to noncommutativity. However the canoni-
cal even Fredholm module zy corresponding to the *-
homomorphism

Ag—C, UV i1
vanishes.
My paper K-homology of the rotation algebras Ay

uses Pimsner and Voiculescu’s work on AF-embeddings
of the Ay to study this missing generator.
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Back to C*(Hs)

Via the quotient map gy : C*(H3) — C(T?) Fred-
holm modules over C'(T?) pull back to Fredholm mod-
ules over C*(H3).

" : K'(C(T?%) — K'(C*(Hz))
(H,7,F)— (H,mwoq,F)

The Fredholm module zy pulls back to the canoni-
cal even Fredholm module zy corresponding to the *-
homomorphism

C*(H;) - C, UV,W—1

The Fredholm modules zy and zy pull back to Fred-
holm modules which we also denote zy, zy:

7y — (ZQ(Z),WU,F)
7TU(U) = S, WU(V) =1 = WU(W)

Zy — (ZQ(Z),Wv,F)
7Tv<U):], Wv(V):S, Wv(W)I[

The Fredholm module Dirac pulls back to a Fred-
holm module ¢o*(Dirac) which is a trivial element of
K-homology.
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Six term cyclic sequence for K-homology of
crossed products by Z

Given a crossed product A x, Z there is a short
exact sequence of C*-algebras, the Pimsner-Voiculescu
“Toeplitz extension”

0—-ARK —>T, > Ax,Z —0

T, is the C*-subalgebra of (Ax,Z) ® T generated
bya®1l,a€ Aand V ® f.

Here V' is the unitary implementing the automor-
phism «, and f is the non-unitary isometry generating
the ordinary Toeplitz algebra T,

fE€B(AN)), fe,=eni1.

This extension defines the Toeplitz element

x € KK'(Ax,Z,A)

Applying the K-functor gives the Pimsner-Voiculescu
six term cyclic sequence for K-theory.
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Six term cyclic sequence for K-homology

KO(A) 40 KO(4) <& K9(Ax,Z)
% 0l
KYAx,Z) - KYA) 1= K(A)

Inclusion map i : A — A X, Z.

The vertical maps oy and d; are given by taking the

Kasparov product with the Toeplitz element
x € KKYAx,Z,A):

0; 1 Z — XQAZ

Let A be a unital C*-algebra with an automorphism
a, ¢ : A — C a nonzero *~homomorphism, and z
and zy the canonical even and odd Fredholm modules
associated to ¢.

Proposition: Under the map
do KO(A) — Kl(AX@Z)

we have dy(zo) = zy.
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Proof: The Toeplitz element x € KKY(A x, Z, A)
is represented by the Kasparov triple (Fy, 71, F1)

B, = 1*(Z, A)®C; is a Hilbert module over AQC;.

Here C; is the Clifford algebra of the 1-dimensional
complex vector space, generated by elements 1, €, with
€2 =1, and ® is the graded tensor product.

m(2)((@w) = (m'()§)@w

for x € A X, 74, where
m'(a)é(n) = o"(a)é(n)

™' (V)§(n) =&(n +1)
fora € A, £ €1*Z,A)RC,.

Fy = F®e, with (F&)(n) = sign(n)é(n)

Calculation of the product x®4z¢ comes down to
careful book-keeping. O
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For the discrete Heisenberg group we have A = C(T?),
generated by commuting unitaries U and W. The au-
tomorphism « acts by

aU)=WU, «oW)=W.
Then A x, Z = C*(Hj3).

KO(A) 4 Kgo4) < KY(C*(H3))
% 0]

-3k

KYC*(H;)) - KYA) =25 Kl(4)

Note that we are now considering A = C(T?) =
C*(U,W) as a subalgebra, rather than a quotient, of
C*(H3).

K(A) is generated by Fredholm modules zy and Dirac.

K1(A) is generated by Fredholm modules zg and zyy-.
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Highlights of a diagram chase

1. For the map (id —a*) : K*(A) — K'(A) we have
(id — a*)(zy) =0, (id — a*)(zw) = —zp.

2. (id — o*) : KY(A) — K°(A) is the zero map.
In particular o*(Dirac) = Dirac as elements of K°(A).

3. The image of 6y : K°(A) — KY(C*(H3)) is a copy
of Z*, and &y(zg) = zy.

4. KY(C*(Hs)) is generated (as a Z-module) by the
Fredholm modules z;;, zy and dy(Dirac).

5. For i* : KYC*(H3)) — K'(A), we have

i*<Zv) = 0, i*(ZU) = Zy
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Highlights ... continued

6. For the map d; : K'(A) — K°(C*(Hj3)) we have
51(ZU) = 0.
The Fredholm module d1(zy) is a nontrivial element of
K'(C*(Hj3)) not in the span of z.

7. The map i* : K°(C*(H3)) — K°(A) is surjective.
Let Dirac’ be a generator of K(C*(H3)) satisfying

i*(Dirac’) = Dirac.

8. The Fredholm modules zy, Dirac’ and 6&;(zy)
generate K'(C*(Hs)) = Z°.
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The Fredholm modules zy, Dirac’ and §1(zy) gen-
erate K'(C*(H3)) = Z°.

Even case | zg | Dirac’ | 61(zy)
1] 1 0 0
[P, 1 1 0
[Py)] 1 0 1

The Fredholm modules zy;, zy and §y(Dirac) gener-
ate K1(C*(H3)) = Z°.

Odd case || zy | zy | dg(Dirac)
U] 110 0
vl o1 0
v Jol1]

For C*(Hj3) the pairing between K-theory and K-
homology via the Chern character is faithful.
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Correspondence between K-theory and K-
homology

K'(C*(Hj)) < K;(C*(Hj))

7y < [1}

zy < U]
Zy < [V]

Dirac’ < [P)]
01(zw) = [F)

do(Dirac) < [V,]
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We have been able to give a detailed description of
the even and odd K-homology of C*(Hj).

The Fredholm module §y(Dirac) is our candidate for
the fundamental class of this ‘“noncommutative mani-

fold”.

If we were to try to build a three-dimensional non-
commutative geometry over C*(Hjs), we would start
with the corresponding spectral triple and try to find
the required extra structures.

It is not clear whether in general this “fundamental
class” should exist at all, or whether it should be unique.
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