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tsr(A) = 1 = A is isometrically rich = A is
extremally rich.

Isometric richness and extremal richness are
equivalent for prime C*—algebras.

A simple C*—algebra is extremally rich if and
only if it is either purely infinite or has stable
rank one. Much of the success in the clas-
sification of simple C*—algebras has been for
these classes of algebras.

Since stable rank 1 implies stable finiteness,
one regards extremal richness as a generaliza-
tion of stable rank 1 suitable for infinite, not
necessarily simple, algebras.



Rieffel (1983): tsr(A) = 1 if and only if invert-
ibles are dense in A.

B—Pedersen (1995): A is extremally rich if and
only if quasi-invertible elements are dense in A.

A is isometrically rich if and only if one-sided
invertibles are dense in A.

Finally, a is quasi-invertible if there are ideals I
and J such that IJ = 0 and a is left invertible
mod [ and right invertible mod J.

Kadison’'s criterion for extreme points:

(1 —uu*)A(l —u*u) = 0.



Also, a is quasi-invertible if and only if it has
closed range and the partial isometry appearing
in its polar decomposition is in £(A), the set
of extreme points of the unit ball of A. This
explains the “extremal’ in “extremally rich™.

Analogies: quasi-invertible is to extremal as
invertible is to unitary as left inertible is to
iIsometry as  right invertible is to co-isometry.

Rgrdam (1988): For A unital, tsr(A) = 1 if and
only if the closed unit ball of A is the convex
hull of its unitaries.

B—Pedersen (1995): For A unital, A is ex-
tremally rich if and only if the closed unit ball
of A is the convex hull of its extreme points.



A C*—algebra A has weak cancellation if when-
ever p and q are projections in A which generate
the same (closed, two-sided) ideal I and have
the same class in Kg(I), then p is Murray-von
Neumann equivalent to ¢ (p ~ q). Of course,
p ~ q implies that they generate the same ideal
I and that [p] = [q] in Kg(I). Nevertheless, it
was observed by Rieffel that C*—algebras of
stable rank one satisfy a stronger property: If
[p] = [q] in Kg(A), then p ~ q. Of course this
stronger property can't hold in infinite alge-
bras. Cuntz showed that if A is purely infinite
simple, if p and ¢q are both non-zero, and if
[p] = [q] in Kg(A), then p ~ ¢; and the concept
of weak cancellation was designed to specialize
to this property in the simple case.

Does every extremally rich C*—algebra have
weak cancellation?



It is possible to reformulate weak cancellation
in a way that does not mention K-—theory.
Note that if p, g, and r are projections in an
ideal I and if p generates I as an ideal, then
[Q]KO(I) = [T]KO(I) if and only if g np ~r P np
for sufficiently large n. Thus the hypothe-
ses, id(p) =id(q) = I and [plg, () = lalk,n).
can be replaced by, p ®ng ~ (n + 1)g and
g ®np~ (n+ 1)p for sufficiently large n.

We say A has Kq—surjectivity if the map from
U(A) /Up(A) to K1(A) is surjective, K1—injectivity
if this map is injective, and Kji—bijectivity if
it is bijective. Cuntz showed that purely in-
finite simple C*—algebras have Kj—Dbijectivity
and Rieffel showed the same for algebras of
stable rank one.



In the third paper of the series we defined the
extremal K—set of A, K¢(A), which is an ana-
logue of Kq(A) that uses extremals instead of
unitaries (equivalently, quasi-invertibles instead
of invertibles).

Another analogy: Ky is to the extremal K—set
as index theory for Fredholm operators is to
index theory for semi-Fredholm operators.

The concepts Ke—surjectivity, Ke—injectivity,
and Ke—bijectivity are defined analogously to
the corresponding Kq— concepts.



We say that a (non-unital) C*—algebra K has
good index theory if whenever K is embedded
as an ideal in a unital C*—algebra A and u is
a unitary in A/K such that 91([u]lk,) = 0 in
Ko(K), there is a unitary in A which lifts wu.

The boundary map is often regarded as an in-
dex map, so this definition abstracts a basic
property of the Fredholm index.

Although the concept has been studied before,
we made up the name and contend that the
concept is deserving of emphasis.



Pimsner, Popa, and Voiculescu proved that

C(X) ® K has good index theory when X s

compact. Mingo showed that C(X) can be

replaced by an arbitrary unital C*—algebra and

asked whether every stable C*—algebra has good
index theory. Shortly after, G. Nagy proved

that csr(K) < 2 implies that K has good in-

dex theory. Here csr denotes connected sta-

ble rank (Rieffel), and csr(K) < 2 also implies

Kq—surjectivity for K. It had already been

proved by Sheu and Nistor (independently) that

csr(K) < 2 for all stable K. So Nagy com-

pleted the affirmative answer to Mingo’'s ques-

tion. Since Rieffel proved that csr(K) <tsr(K)-+
1, Nagy also established good index theory for

C*—algebras of stable rank one. The fact that

purely infinite simple C*—algebras have good

index theory should also be considered previ-

ously known, but we haven’'t found a precise

reference for it.
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For the proof of our Kq— injectivity result it is
necessary to work with concepts of Kg—surjectivity.

We say that A has (strong) Kg—surjectivity
if the group Kg(A) is generated by {[p] | p
iSs a projection in A}. Zhang's Riesz decom-
position result shows that C*—algebras of real
rank zero have strong Kg—surjectivity. Cuntz
had previously shown that purely infinite sim-
ple C*—algebras satisfy a still stronger prop-
erty, which, however, is too strong for our pur-
poses. We say that A has weak Kqg—surjectivity
if SA has Kq—surjectivity. Note that Bott pe-
riodicity implies that Kg(A) = K1(SA). The
Bott map can be used to show that strong
Kop—surjectivity implies weak Kg—surjectivity.
Since Rieffel showed that csr(A) < 2 implies
K1 —surjectivity for A and also that tsr(A) <1
implies csr(SA) < 2, we see that all C*—algebras
of stable rank one have weak Kgy—surjectivity.
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Theorem 3.5. For an extremally rich C*—
algebra A the following conditions are equiv-
alent:

(i) A has weak cancellation;

(ii) If B = pAp for some projection p in A and
u € E(M»(B)), there is a projection ¢ in B such
that

q®0~ (pdp) —uwu™ (in Msy(B));

(iii) If B = pAp for some projection p in A, and
{u1,...,un} is a finite subset of £(B) there is
a projection q in B such that

¢®0~ P—uu;) (in Mu(B)).
i=1
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Corollary 3.6. Every isometrically rich C*—
algebra has stable weak cancellation.

In the fourth paper of the series we defined the
defect ideal of A, denoted D(A), as the ideal
generated by all defect projection of elements
of £(A). When A is extremally rich, D(A) is
the smallest ideal such that the quotient has
stable rank one.

Corollary 3.7. If A is an extremally rich C*—
algebra such that D(I) = I whenever I is the
left defect ideal of an element of £(A), then
A has weak cancellation. In particular, this
applies if every defect projection is properly in-
finite or if A is purely infinite.

Theorem 3.10. Every extremally rich C*—
algebra A of real rank zero has stable weak
cancellation.
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Proposition 3.15. If A is an extremally rich
C*—algebra with weak cancellation, then:

(i) There is for every projection p in D(A ® K)
(= D(A)®K) a projection q in D(A) such that
p~q.

(ii) If p is a projection in D(A) ® K, then there
is an infinite set {pn} of mutually orthogonal
projections in D(A) such that p, ~ p,Vn.

(iii) If D(A) is o—unital, then D(A) has a full,
hereditary, stable, oc—unital C*—subalgebra B.

Corollary 3.17. If A is extremally rich with
weak cancellation and if p is a projection in A
such that D(pAp) = pAp (equivalently D(I) =1
where I = id(p)), then p is properly infinite.
In particular, the hypotheses of Corollary 3.7
imply that every defect projection is properly

infinite.
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Lemma 3.11. Let A be an extremally rich
C*—algebra and I a closed ideal of A. Assume
that both I and A/I have weak cancellation
and that eAe/ele has Kji—surjectivity for every
projection e in A. Then A has weak cancella-
tion.

Theorem 4.5. In the category of extremally
rich C*—algebras the subcategory of algebras
that also have weak cancellation is stable un-
der the formation of quotients, hereditary C*—
subalgebras (in particular ideals), matrix ten-
soring, Rieffel-Morita equivalence, arbitrary ex-
tensions, and inductive limits. Also if the ex-
tremally rich C*—algebra A has a composition
series of ideals, {Ia}, such that each I,41/1Ia
has weak cancellation, then A has weak can-
cellation.
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Theorem 4.4. Every extremally rich C*—algebra
with weak cancellation has Kji—surjectivity.

Theorem 4.7. Every extremally rich C*—algebra
with weak cancellation has Ke—surjectivity.

Theorem 5.1. Every extremally rich C*—algebra
with weak cancellation has good index theory.

Corollary 5.3. If A is extremally rich with
weak cancellation, then K (A) = Ex0(A).

Theorem 5.5. Let K be a closed ideal in
a unital C*—algebra A and assume that K is
extremally rich with weak cancellation. If w €
E(A/K), v € EMn(A)), and [mu(v)]e,, = [ulg,,,
where 7wy, : My (A) — M, (A/K) is the quotient
map, then there is u € £(A) such that m1(u) =

u and [u]g, = [v]e,..

Theorem 6.7. If Ais an extremally rich C*—algebra
with weak cancellation, then A has Kq—injectivity
and weak Kg—surjectivity.
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Theorem 6.10. If A is an extremally rich
C*—algebra, then, under any one of the hy-
potheses listed below, A has weak cancellation,
K1 —Dbijectivity, good index theory, K.—Dbijectivity,
and weak Kg—surjectivity. Moreover, D(A) has
strong Kg—surjectivity.

(i) A has real rank zero.

(ii) If I is the left defect ideal of an element
of £(A), then D(I) = I. In particular, this
applies if A is purely infinite or if every defect
projection is properly infinite.

(iii) A is isometrically rich.
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T here are additional interplays between the con-
cepts.

Proposition 6.6. Let I be an ideal of a C*—algebra
A. Then:

(i) If I and A/I have Kq—injectivity and A/I has
weak Kg—surjectivity, then A has Kqi—injectivity.

(ii) If I and A/I have weak Kp—surjectivity and
I has Kq—injectivity, then A has weak Kg—surjectivity.

Proposition 7.2.4. Let I be an ideal of a
C*—algebra A. Then:

(i) If If I and A/I have Kq—surjectivity and [
has good index theory, then A has Kq1—surjectivity.

(ii) If I and A/I have good index theory and
A/I has Kq—surjectivity, then A has good index
theory.
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